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In this study, we perform boundary-integral simulations to understand the role of inter-
facial viscosity on the early stages of coalescence of two equal-sized droplets approaching
under uniaxial compressional flow in the Stokes flow limit. We model the surface rheology
of the droplet using the Boussinesq-Scriven constitutive relationship for a Newtonian
interface. Previous studies have shown that colliding droplets at low capillary numbers
Ca ∼ O(10−4) (i.e., low impact velocities) remain almost spherical up to the point of
film rupture, while droplets at large values of capillary number form a dimpled film
that significantly slows down the drainage time. Here we explore how the interfacial
viscosity affects the thin film formation and drainage time in a head-on collision between
two droplets with capillary number values in the range 10−4−10−2. We observe that the
surface viscosity significantly arrests the thinning of the film between the coalescing
droplets compared to a clean interface. We find that the film drainage time at a given
capillary number increases upon increasing the Boussinesq parameter for total surface
viscosity and is independent of the ratio of surface dilatational viscosity to the surface
shear viscosity. We also explore the coupled influence of surface viscosity and Marangoni
stresses on droplet coalescence. We incorporate the effect of surfactant transport by solving
the time-dependent convection-diffusion equation and consider a nonlinear equation of
state (Langmuir adsorption isotherm) to correlate the interfacial tension with the changes
in surfactant concentration.

DOI: 10.1103/PhysRevFluids.8.083602

I. INTRODUCTION

Understanding how interfacial rheology, i.e., the elastic and viscous resistances of the interface,
alters droplet coalescence and breakup plays an essential role in understanding how complex
foams/emulsions are created and stabilized. Complex interfacial interactions in droplet coalescence
and breakup influence the dynamics of various industrial applications like inkjet printing, spraying
systems, fuel/water separations, stabilization of food emulsions, drug formulation, and drug encap-
sulation [1–9]. Droplet breakup occurs above a critical external flow velocity or capillary number
value. On the contrary, coalescence is favored by gentle collisions between two droplets, i.e., weak
flows or small capillary numbers [10–12]. The external flow governs the total collision time for
coalescence, and the total collision time decreases upon increasing the capillary number. On the
other hand, the film’s drainage time increases upon increasing the capillary number. Under weak
flows, collisions are long enough to allow the thin film to drain and eventually rupture. Therefore, a
critical capillary number exists beyond which no coalescence is observed for two colliding droplets.
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The flow-induced coalescence between two droplets occurs in three sequential stages: (a) ap-
proach of droplets under external flow, (b) formation of thin film between the two droplets and
subsequent drainage, and (c) rupture of thin film, at which point the droplets are close enough for
the destabilizing van der Waals force across the film to overcome the stabilizing interfacial tension
force. The first stage is characterized by the properties of the external flow [10]. Several factors
can influence the formation and drainage of the film: the ratio of the drop fluid viscosity to the
suspending fluid viscosity, external flow rate, droplet radius, surfactant concentration, surfactant
mobility on the interface, surfactant solubility in the drop and suspending fluid, surface tension, and
interfacial stresses due to Marangoni effects and surface rheology. Depending on these factors, the
mobility of the thin film can be classified as immobile, partially mobile, or fully mobile [10,13]. The
theoretical scaling of the film thickness with drainage time, assuming either a flat film approximation
or lubrication model, has been developed in many studies in the limiting situations of immobile,
partially mobile, and fully mobile surfaces for clean droplets and droplets covered with simple
surfactants [10,12–18].

For flow-induced head-on collision between two equal-sized clean droplets at very low capillary
numbers, studies have shown that the droplet shape remains almost spherical up to the point of
film rupture [11,12]. The total time for the film to drain, scaled by the external flow extension rate,
has been reported to be independent of the droplet size [11,12]. However, as the capillary number
increases Ca � O(10−3), the droplet forms a more deformed film, and at a sufficiently large capil-
lary number, the film develops a dimpled shape [11]. The total time for the film to drain increases
upon increasing the capillary number. Numerical simulations to model the full coalescence process
from collision to the point where the film approaches rupture using the boundary element method
are developed by [11,19,20]. The numerical results of axisymmetric boundary integral simulations
for clean droplet coalescence from [11] were reported to be in good quantitative agreement with
the experimental results from [12] for polybutadiene drops suspended in polydimethylsiloxane. It is
well known that the adsorption of simple surfactants on the droplet interface inhibits or slows down
the coalescence process due to Marangoni stresses [21–25]. As the film drains, the surfactant is
swept toward the film edges, which gives rise to nonhomogenous surfactant distribution. Resultant
surface tension gradients over the thin film oppose the film drainage and enhance the dimpling of the
film compared to a clean droplet at the same value of the capillary number. Axisymmetric boundary
element simulations to model the effect of surfactant transport on droplet coalescence are developed
by [24,25]. An extensive review of the effect of surfactants on droplet coalescence using numerical
and various experimental techniques at the macroscale and microscale is provided by [26].

Surface rheology plays an essential role in droplet dynamics for interfaces embedded with
a monolayer of proteins, lipid bilayers, polymers, and solid particulates [27–34]. The effect of
surface rheology on droplet coalescence remains underexplored. In the case of certain alcohols,
lipids, and proteins adsorbed onto a droplet, the droplet forms a predominantly viscous interface
[28,35–37]. The resulting interfacial stresses for such surfactant surfaces can be modeled using
the Boussinesq-Scriven equation. In this work, we examine the interplay of surface shear and
dilatational viscosity and surfactant transport on the dynamics of droplet coalescence under head-on
collision using boundary-element simulation.

II. PROBLEM SETUP AND METHODOLOGY

A. Problem statement

Figure 1 shows the schematic of the problem statement. We model the coalescence of two equal-
sized droplets approaching under axisymmetric compressional flow in the Stokes flow limit. The
undisturbed external flow field u′∞ is given by the expression

u′
∞ = G′

2
·

⎡
⎢⎣−2 0 0

0 1 0
0 0 1

⎤
⎥⎦ · x′, (1)
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FIG. 1. (a) Problem overview, (b) Zoomed-in image of the thin film formed between the two droplets as
they coalesce under external flow.

where G′ represents the external extension rate, and x′ = [ z′, r′ cos φ′, r′ sin φ′ ] represents the
position vector. All quantities are expressed in polar cylindrical coordinates (z′, r′, φ′) and the
system is axisymmetric about the z′ -axis. We assume both the drop and suspending fluid have
equal fluid viscosity η′ and density ρ ′. Initially, the shapes of the two droplets are spherical with
an undeformed radius R′. At time t ′ = 0, the droplets are placed at a separation of 4R′ measured
from the center of one droplet to another, as shown in Fig. 1. The interface of the droplet is covered
with a viscous insoluble monolayer of surfactant. The surface rheology of the viscous interface is
modeled using the Boussinesq-Scriven constitutive relationship for a Newtonian interface [38,39].
The interface has a surface shear viscosity η′

μ and a surface dilatational viscosity η′
κ . Quantities σ ′

and �′ represent the local surface tension and the local surfactant concentration on the interface,
respectively. Figure 1(b) shows the zoomed-in image of the thin film that is formed between the two
droplets as they coalesce under the external flow. The objective of this study is to understand how
interfacial rheology alters the shape and drainage time of this thin liquid film.

B. Nondimensionalization

We nondimensionalize all lengths by radius R′, viscosities by η′, times by G′−1, velocities by
G′R′, bulk stresses by η′G′, surface stresses by R′η′G′, surface tension by its equilibrium value σ ′

eq,
and surface concentration by �′

eq. Throughout the manuscript, primed variables are in dimensional
form, and unprimed variables are in dimensionless form.

C. Governing equations

The fluid flow in the drop and the suspending fluid is governed by the Stokes and continuity
equations. Stokes and continuity equations in the dimensionless form are given below:

λ∇2ud = ∇pd , ∇ · ud = 0, (2a)

∇2uc = ∇pc, ∇ · uc = 0. (2b)

In the above equations, the quantities in the drop phase have a superscript d , and the quantities in
the suspending phase have a superscript c. The viscosity ratio of the drop fluid to the suspending
fluid is λ = 1. At the droplet interface, the boundary conditions are
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(i) Continuity of velocity

ud = uc = us, (3)

where us is the velocity of the droplet interface.
(ii) Traction balance in dimensionless form

(τc − τd ) · n = fμ + fκ + 1

Ca
(σn∇ · n − ∇sσ ) − A

Ca h3
n. (4)

In the above equation, τc − τd is the traction jump across the interface, fμ is the interfacial shear
traction, and fκ is the interfacial dilatational traction. The last two terms on the left side of Eq. 4
denote the traction contribution from variable surface tension and attractive van der Waals force,
respectively. Ca = G′η′R′/σ ′

eq represents the capillary number, σ is the dimensionless surface
tension, n is the outward pointing normal, ∇s = P · ∇ is the surface gradient (P = I − nn is the
projection operator on the surface), A = Ah

6πR′2σ ′
eq

is the dimensionless Hamaker constant, and h is

the local film thickness.
The expressions for the interfacial shear traction fμ and the interfacial dilatational traction fκ are

given by the Boussinesq-Scriven constitutive relationship [38,39]:

fκ = −∇s · [BqκP(∇s · us)], (5)

fμ = ∇s · Bqμ

[
P(∇s · us) − P · (∇sus + ∇sus

T
) · P

]
. (6)

Bqμ = η′
μ

R′η′ is the Boussinesq number for the surface shear viscosity, and Bqκ = η′
κ

R′η′ is the Boussi-
nesq number for the surface dilatational viscosity. Bq = Bqμ + Bqκ is the total Boussinesq number
representing the ratio of the interfacial viscous forces to the bulk viscous forces. We define
λds = η′

κ/η
′
μ as the ratio of surface dilatational viscosity to the surface shear viscosity.

The evolution of surfactant concentration � on the interface with time is modeled using the
time-dependent convection-diffusion equation [40,41]:

∂�

∂t
+ ∇s · (�ut ) + �(∇s · n)(us · n) = 1

Pes
∇2

s �. (7)

In the above equation, ut = us − n(us · n) is the tangential component of the interfacial velocity,
Pes = G′R′2

D′
s

is the surface Peclet number, and D′
s is the interface diffusivity of the surfactant.

We assume a nonlinear Langmuir equation of state to relate the surface tension to surfactant
concentration on the interface at any point. The Langmuir equation in dimensionless form is

σ = σ ′
o

σ ′
eq

+ R′
GT ′�′

∞
σ ′

eq

ln

(
1 − �

�∞

)
, (8)

where, σ = σ ′
σ ′

eq
, � = �′

�′
eq

, R′
G is the ideal gas constant, T ′ is the absolute temperature, �′

∞ is the

maximum packing density for a given surfactant system, and �∞ = �′
∞

�′
eq

.

The equilibrium surface tension σ ′
eq can be related to the equilibrium surfactant concentration

�′
eq as follows:

1 = σ ′
o

σ ′
eq

+ R′
GT ′�′

∞
σ ′

eq

ln

(
1 − �′

eq

�′∞

)
. (9)

Upon subtracting Eq. (9) from Eq. (8), we get

σ = 1 + E ln

(
�∞ − �

�∞ − 1

)
, (10)
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TABLE I. Dimensionless parameters.

Ca Capillary number Ca = G′η′R′
σ ′

eq
10−4 � Ca � 10−2

Bqμ Boussinesq parameter for surface shear viscosity Bqμ = η′
μ

R′η′ 0 � Bqμ � 2

Bqκ Boussinesq parameter for surface dilatational viscosity Bqκ = η′
κ

R′η′ 0 � Bqκ � 2

Bq Boussinesq parameter for total surface viscosity Bq = η′
κ+η′

μ

R′η′ 0 � Bq � 2

Pes Surface Peclet number Pes = CaR′σ ′
eq

D′
sη

′ Pes = 25.7 × 103 × Ca

E Surface elasticity number E = R′
GT ′�′∞
σ ′

eq
E = 0.25

�∞ Initial surfactant coverage �∞ = �′∞
�′

eq
�∞ = 24.5

where E = R′
GT ′�′

∞
σ ′

eq
is the surface elasticity number. Using the above equation, the traction contribu-

tion from surface tension in Eq. (4) can be written as

1

Ca
(σn∇ · n − ∇sσ ) = 1

Ca

(
n∇ · n + E ln

�∞ − �

�∞ − 1
n∇ · n + E

�∞ − �
∇s�

)
. (11)

The surface shear and dilatational viscosity can depend greatly on surface pressure �′ = σ ′
c − σ ′

[27,36,42–44]. To incorporate the effect of pressure-dependent surface viscosity, we describe the
Boussinesq numbers for pressure thickening/thinning surface shear and dilatational viscosity as

Bq±
μ = Bqμ,eq e± 1−σ

�c , (12)

Bq±
κ = Bqκ,eq e± 1−σ

�c . (13)

In the above equations, a positive sign indicates a pressure-thickening surfactant, while a neg-
ative sign indicates a pressure-thinning surfactant. Quantity �c denotes the dimensionless surface
pressure scale.

D. Dimensionless parameters and typical experimental values

Table I summarizes the characteristic dimensionless parameters in this study. Since the coales-
cence between two droplets is facilitated by slow, gentle collisions, we look at capillary number
values in the range 10−4−10−2. The experimentally measured value of surface shear viscosity η′

μ

for different viscous interfaces (for instance: eicosanol, hexadecanol, sodium dodecyl sulfate, β−
casein, and POPC) generally lies in the range (10−6−10−2) N · s/m [27,28,37,45–49]. Also, the
ratio of surface shear to dilatational viscosity λds = η′

κ

η′
μ

is found to be very large λds ∼ O(1 − 106)

for many lipids, proteins, and fatty alcohols [35,42,43,50–54]. Assuming suspending fluid viscosity
η′ varies in the range (10−3–10 Ns/m2) and droplet radius R′ in the range (10–1000 µm), the value
of Boussinesq number Bq can vary in the range O(10−4−106). In this study, we consider values of
total Boussinesq number Bq = Bqμ + Bqκ ∼ O(1) and interfacial viscosity ratio λds values in the
range 0 � λds � ∞.

The typical value of compression rate G′ in experiments is found to be G′ ∼ O(1) s−1 [55].
The surfactant diffusivity D′

s is found to vary in the range D′
s ∼ O(10−14–10−8) m2/s for different

materials [56]. Assuming droplet radius R′ in the range (10–1000 µm), the surface Peclet number
can vary in the range (10−2−108). For different materials, experimental value of surface elasticity
E = R′

GT ′�′
∞

σ ′
eq

is found to be of O(10−1) [27,28,35,37,43,45,47–49,57,58]. In this work, for surfactant

transport parameters, we take the values from previous experimental and computational studies
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on droplet coalescence that considered a system of polybutadiene (PBd) droplets suspended in
polydimethylsiloxane (PDMS) with insoluble block copolymer on the interface [11,24]. For the
PBd-PDMS-PBd droplet system studied in [24], the value of Hamaker constant is 3.2 × 10−21 J,
the radius of the initially spherical droplet is 27 μm, the quantity R′

GT ′�′
∞ = 1.2 mN /m, the

surface diffusivity of surfactant is 1.7 × 10−9 cm2/s, the surface tension of clean interface is
σ ′

o = 4.8 mN/m, the viscosity of the suspending fluid PDMS is 29.3 Pa · s. For the simulations
shown in this study, we assume the equilibrium surface tension in the presence of surfactants to
be σ ′

eq = 4.75 mN/m. Upon substituting the above values in the dimensionless parameters, we
get initial surfactant coverage �∞ = 24.5, surface elasticity number E = 0.25, and surface Peclet
number Pes = 25.7 × 103 × Ca.

We lastly make a general comment on when surface rheology would be important compared
to Marangoni effects. The relative magnitude of the Marangoni effects to surface viscous effects
Ma
Bq = Pes E

Ca Bq tells when one effect is more important than another. For capillary number Ca =
O(10−3), surface diffusivity Ds = O(10−10) m2/s, elasticity E = O(10−1), and Boussinesq number
Bq = O(1), Ma

Bq = R′2 ∗ 1012. Thus, if surface rheology were present, it would become important for

droplets in nano and microemulsions (R′ = 10−8−10−6m) and less important for millimeter-sized
droplets (R′ = 10−3 m).

E. Numerical implementation

We discretize each droplet’s interface into a set of N connecting nodes. The velocity of a
node at interfacial location xo is numerically computed using the axisymmetric boundary-integral
equation [59,60]:

us(x0) = u∞(x0) − 1

8π

∫
C1+C2

M(x, x0) · [[τ · n]] dl (x). (14)

In the above equation, u∞(x0) is the contribution from applied flow field. The second term on the
right-hand side of the equation denotes the single-layer potential, where M is the axisymmetric free
space Green’s function [59,60], [[τ · n]] = (τc − τd ) · n is the traction jump across the interface,
and dl is the differential arc length along the droplet interface. The integral is carried out along the
contour of both droplets (C1 + C2). Because of the symmetry of the problem about the r′ axis, we
carry out all the computations on one droplet.

We represent the position and velocity vector at any interfacial location on the droplet using cubic
spline interpolation parametrized in terms of the cumulative polygonal arclength s. The numerical
details on spline parametrization of position and velocity vectors and on computation of single layer
line integral in Eq. (14) can be found in [61].

At t = 0, the center-to-center distance between the two droplets is 4R′, and the shapes are
spherical. The surfactant concentration is initially assumed to be uniformly distributed over the
droplet’s interface. We consider cubic spline parametrization for surfactant concentration on the
droplet’s interface similar to the position vector and at t = 0, � = 1 at the N node locations. The
simulations at t = 0 are started using N = 100 mesh points on each droplet’s interface.

We perform the following procedure to obtain the evolution of droplet shapes with time:
(i) Compute velocity: At the time t , given the droplet shape and surfactant concentration values,

the velocity vector is computed using the boundary integral equation (14).
(ii) Update droplet shape: The updated droplet shape at time t + t is obtained by advancing

the nodes on the droplet interface using the explicit Euler method.
(iii) Remeshing: A node is inserted between the two nodes using cubic spline interpolation if

(a) the distance between two mesh points becomes large d > 1.3π
N or (b) the distance between two

mesh points is greater than the local film thickness d > h.
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FIG. 2. Evolution of film thickness hmin and hcenter with drainage time td for a clean droplet at Ca = 0.001
(Bq = 0, E = 0).

Similarly, we remove one of the nodes if (a) away from the thin film region, the distance between
two mesh points becomes too small, i.e., d < 0.16π

N or (b) in the thin film region, the distance
becomes too small compared to local film thickness d < (0.4 × h).

(iv) Update surfactant concentration: The surfactant concentration is updated using the im-
plicit Euler method. The numerical procedure to solve the convection-diffusion equation using cubic
splines is similar to that described in [61].

We rescale the node’s position and surfactant concentration after each time step to conserve the
droplet volume and total surfactant on the droplet’s interface.

The initial time step ts in simulations where surfactant transport effects are neglected is set to
ts = 0.01 · Ca. In the presence of surfactant transport effects, the initial time step is set to ts =
0.005 · Ca. As the film between the two droplets begins to drain, the time step is further reduced
to maintain numerical accuracy. In both cases (with and without surfactant transport effects), when
the minimum element size in the mesh dmin < 0.01, the time step after each iteration is modified
using the relation t = (dmin/0.01) × ts.

The computational cost of a typical numerical simulation at Ca = 0.001 and Bq = 0.1 for a
droplet without surfactant transport is roughly 500 CPU hours with 64 MPI cores. The computa-
tional cost increases as the capillary number, total Boussinesq number, surface elasticity, or surface
Peclect number increases.

F. Film drainage

In this manuscript, we define to as the start of the drainage process, which is the time when the
center-to-center distance between the two droplets is 2 × R′. The drainage time td = t − to is the
time elapsed from to, while the total film drainage time Td = tc − to is the time between film rupture
(tc, defined below) and the start of drainage (to).

In Fig. 2, we plot the minimum film thickness (hmin) and the film thickness along the line of
droplet centers (hcenter) as a function of drainage time (td ) for a clean droplet without surfactant at
Ca = 0.001. As shown in Fig. 2, hmin drops dramatically from 10−4 to 10−5 with drainage time as
the film approaches rupture. For the simulation results presented in this manuscript, we approximate
the total time for the film drainage Td by the drainage time td at which the minimum film thickness
is in the range hmin ∼ (10−5–10−4).
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FIG. 3. Total drainage time scaled by droplet radius (Td/R′5/4
μm−5/4) as a function of capillary number

Ca for a clean droplet system (Bq = 0, E = 0). The red triangles represent our numerical results, and the blue
curve represents the boundary element simulation results from [11,24].

III. RESULTS

A. Validation

To validate the accuracy of our code, we compare our numerical results with boundary element
simulation results from previous studies investigating clean droplet coalescence [11,24] and the
effect of surfactant transport on droplet coalescence [24].

Figure 3 shows how the total drainage time scaled by droplet radius (Td/R′5/4 µm −5/4) changes
with the capillary number Ca for clean droplet coalescence. The red triangles represent our numer-
ical results, and the blue curve represents the boundary element simulation results from [11,24].
We see that our results compare well with previous literature. In Fig. 4, we show how the thin film
profiles evolve with drainage time for clean droplet coalescence at Ca = 0.001. The normalized
arclength is s = 0 at the center of the thin film and s = 1 at the rear end of the droplet. Figure 5 shows
the film profiles for coalescence in the presence of surfactant transport with σ ′

eq = 4.75 mN /m and
Ca = 0.001 (E = 0.25, Pes = 25.7). In Figs. 4 and 5, we benchmark our simulation results (shown
by black solid curves) against boundary element simulations from [24] (shown by red dashed
curves). At the same value of capillary number Ca = 0.001, we can see that surfactant transport
increases the drainage time compared to a clean droplet. This increase in drainage time can be
attributed to the enhanced dimpling effect that arises due to the Marangoni stresses within the thin
film for a droplet with surfactant transport [24].

In this study, we assume that at time t = 0− when the droplets are at a separation of 4R′, the sur-
factant is uniformly distributed over the droplet’s interface with equilibrium surface tension σ ′

eq and
equilibrium surfactant concentration �′

eq. We note that even if the simulation is started with a higher
initial separation of 16R′ (measured from the center of one droplet to another) instead of 4R′, by the
time the droplet system is at a separation of 2R′ (i.e., when drainage starts td = 0), the surfactant
concentration distribution is similar in the two cases (with separation 16R′ and 4R′) at td = 0. The
assumption of uniform surfactant concentration at t = 0 does not impact the drainage time calcu-
lations as the drainage time is found to be independent of the initial separation for distances greater
than 4R′.
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FIG. 4. Film drainage profiles for clean droplet coalescence. The dimensionless parameters are Ca = 0.001,
Bq = 0, and E = 0. The black solid curves represent our numerical results, and the red dashed curves represent
boundary element simulation results from [24].

B. Results: Droplet with constant surface viscosity and without Marangoni flows

In this section, we look at the role of interfacial viscosity on droplet coalescence. We assume
the surface tension remains constant and that the surfactant is homogeneously distributed on the
interface (E = 0). The first subsection (III B 1) will discuss the individual role of surface shear and
dilatational viscosity on the coalescence dynamics, while the next subsection (III B 2) will discuss
how the effects of surface viscosity change with capillary number. The combined impact of surface
viscosity and Marangoni stresses will be considered later in the manuscript (Sec. III C).

FIG. 5. Film drainage profiles in the presence of surfactant transport. The dimensionless parameters are
Ca = 0.001, Bq = 0, E = 0.25, and Pes = 25.7. The black solid curves represent our numerical results, and
the red dashed curves represent boundary element simulation results from [24].
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(a) (b)

FIG. 6. Evolution of (a) film thickness (hmin and hcenter) and (b) film drainage profiles with drainage time
(td ) at Ca = 0.001 and Bq = 0.1. For (b), blue dotted curves represent results for a droplet with only surface
shear viscosity (λds = 0), and red solid curves represent results for a droplet with only surface dilatational
viscosity (λds = ∞).

1. Individual role of constant surface shear and dilatational viscosity

Figures 6(a) and 6(b) show the time evolution of (a) film thicknesses (hmin and hcenter) and (b) film
shapes at Ca = 0.001 for a droplet with only surface shear viscosity Bq = 0.1, λds = 0 (shown by
blue curves) and a droplet with only surface dilatational viscosity Bq = 0.1, λds = ∞ (shown by
red curves). Interestingly, we observe that the results for these two cases overlap—in other words,
the results appear to depend only on the sum Bq = Bqμ + Bqκ rather than the ratio λds = η′

κ

η′
μ

. To

understand this phenomenon, let us look at the lubrication equation for a perfectly planar Newtonian
thin film. The stress balance equation at the interface in dimensionless form can be written as [62]

∂ud
r

∂z
= ∂uc

r

∂z
+ 1

Ca

∂σ

∂r
+ (Bqμ + Bqκ )

∂

∂r

[
1

r

∂ (rus,r )

∂r

]
. (15)

In the above equation, ud
r , uc

r , and us,r are the radial components of the velocity in the drop phase,
suspending phase, and at the droplet interface, respectively. The lubrication approximation in the
thin film also suggests that the coalescence dynamics of a droplet with surface viscosity depend on
the sum of shear and dilatational Boussinesq numbers Bq. We find that even for cases when the film
is not perfectly planar (e.g., dimpled), this basic observation does not change appreciably. From
here on out, we will show results as a function of Bq = Bqκ + Bqμ, assuming a value of λds = 1
unless otherwise stated.

2. Effect of Ca and Bq

This section discusses the role of Ca and Bq on coalescence dynamics. We will start with
observations at a very low capillary number (Ca = 0.0002) and then march toward a large capillary
number (Ca = 0.05). Figure 7 shows the evolution of droplet film shapes as a function of drainage
time at a very low capillary number (Ca = 0.0002). Three cases are considered: (a) a clean droplet
(Bq = 0), (b) a droplet with Bq = 0.2, and (c) a droplet with Bq = 2.0. When the capillary number
is as small as is described here, a clean droplet is almost spherical as it drains, and the film eventually
ruptures at the center of the droplet. The effect of interfacial viscosity is to widen the film and slow
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(a)

(c)

(b)

FIG. 7. Film drainage profiles for a clean droplet and droplets with surface viscosity at capillary num-
ber Ca = 0.0002. (a) Clean droplet (Bq = 0), (b) Droplet with surface viscosity: Bq = 0.2, λds = 1, and
(c) Droplet with surface viscosity: Bq = 2.0, λds = 1.

the drainage time compared to a clean droplet. For the droplet with Bq = 2.0, the film is widened
enough to rupture at the film edges rather than the center. Thus, at low capillary numbers, interfacial
viscosity can alter the rupture point for coalescence. Figure 8 plots the increase in total film drainage
time Td upon increasing the total Boussinesq number Bq at capillary number Ca = 0.0002. Even
a small increase in Bq from 0 to 0.1 increases the total drainage time by 170% with respect to the
clean droplet.

At a moderate capillary number value Ca = 0.001, we observe that a clean droplet forms a
dimple during its drainage process and ruptures at the film edges [Fig. 9(a)]. When interfacial
viscosity is added, we observe that rupture also occurs at the film edges, but dimpling is much
less pronounced with a wider and flatter film than the clean droplet case [Figs. 9(b) and 9(c)].
The drainage time also increases considerably. For example, upon increasing Bq from 0 to 0.2,
we observe that the total drainage time rises from 0.20 to 0.93. We note that this behavior is very
different from what occurs with Marangoni stresses, which typically stabilize the film by increasing

083602-11



NATASHA SINGH AND VIVEK NARSIMHAN

FIG. 8. Total film drainage time Td as a function of Boussinesq number Bq = Bqμ + Bqκ at capillary
number value Ca = 0.0002.

the dimpling rather than widening the film. To understand this process in more detail, we plot the
tractions and velocities at the interface.

In Figs. 10(a) and 10(b), we show how the normal and tangential components of the interfacial
viscosity traction [i.e., ( fμ + fκ ) · n and ( fμ + fκ ) · t] vary along the thin film for the droplet shape
shown in Fig. 9(b) at drainage time td = 0.25. The direction of normal vector n is assumed to be
pointing outward toward the continuous phase from the interface, and the direction of the tangent
vector t is along the increasing value of the normalized arclength s. The interfacial viscosity traction
( fμ + fκ ) is computed using Eqs. (5) and (6). We observe that the magnitude of the tangential
component of the interfacial viscosity traction is much larger than the normal component along
the thin film. We also observe that the traction around the films edges opposes the drainage of
the fluid, while the traction in the films center region acts along the positive tangent direction and
stretches the film. Overall, these effects reduce the pressure gradients in the thin film and widen the
film. In Figs. 11(a) and 11(b), we also plot the tangential velocity along the film surface for shape
profiles shown in Figs. 9(a) and 9(b), respectively. Upon comparing, we can see that the surface
viscosity traction significantly reduces the film’s tangential velocity compared to the clean droplet.
Both a wider film and reduced drainage velocity contribute to the increased drainage time observed
for droplets with surface viscosity. Lowered radial pressure gradients within a wider film for the
droplet also inhibit shape dimpling, which is otherwise observed at high values of capillary number
and large Marangoni numbers.

Next, we discuss the impact of surface viscosity on droplet coalescence at large capillary numbers
Ca ∼ O(10−2). At Ca = 0.01, Figs. 12(a) and 12(b) show the evolution of film shapes with drainage
time for a clean droplet and a droplet with surface viscosity at Bq = 0.1. We see that the clean
droplet reaches hmin = 2 × 10−4 at td = 3.1, and the same minimum film thickness is reached for
the droplet with surface viscosity at td = 9.03. When we compare the two shapes at the same height
hmin, we see that the lateral extent of the droplets are the same, but dimpling is less for the droplet
with surface viscosity. This behavior is different from the observations discussed previously at Ca =
0.0002 and Ca = 0.001, where surface viscosity was found to simultaneously reduce dimpling and
increase the lateral extent. At capillary number Ca = 0.04, Fig. 13 shows the film shape formed for a
clean droplet (Bq = 0) and a droplet with surface viscosity (Bq = 0.1) at drainage times td = 18.9
and td = 53.7, respectively. Interestingly, a drainage profile similar to that of a clean droplet is
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(a) (b)

(c)

FIG. 9. Film drainage profiles for a clean droplet and droplets with surface viscosity at capillary number
Ca = 0.001. (a) Clean droplet (Bq = 0), (b) Droplet with surface viscosity: Bq = 0.1, λds = 1, and (c) Droplet
with surface viscosity: Bq = 0.2, λds = 1.

obtained for a droplet with surface viscosity but at a later drainage time td . Thus, at Ca = 0.04,
surface viscosity increases the drainage time but does not alter the film dimpling and lateral extent of
the dimpled region compared to a clean droplet. At even higher capillary number Ca = 0.05, Fig. 14
shows the evolution of film thickness hmin and hcenter with drainage time td for a clean droplet Bq = 0
(red curves) and a droplet with surface viscosity Bq = 0.1, λds = 1 (blue curves). We observe that
both the clean droplet and the droplet with surface viscosity do not show coalescence and instead
attain a steady droplet shape. It has been argued in the previous study on clean droplet coalescence
that at very large capillary number values, the internal circulation inhibits the drainage process. As
a result, the droplet system reaches a steady configuration, and coalescence is not observed [11].

Figure 15 shows how the total drainage time scaled by droplet radius (Td/R′5/4
μm−5/4) changes

with the capillary number Ca for a clean droplet Bq = 0 (blue and red points) and droplet with
surface viscosity at Bq = 0.1 (green points) and Bq = 0.2 (yellow points). It has been shown
in previous literature on coalescence that for a droplet without surfactant (Bq = 0), the drainage
time scales as Ca4/3 at large values of capillary number when the thin film is significantly de-
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(a) (b)

FIG. 10. Normal and tangential component of the interfacial viscosity traction along the thin film corre-
sponding to the droplet shape shown in 9(b) at drainage time td = 0.25. (a) Normal component of the interfacial
viscosity traction. The direction of the normal vector is assumed to be pointing outward towards the continuous
phase from the interface and (b) Tangential component of the interfacial viscosity traction. The direction of the
tangent vector is along the increasing value of normalized arclength s.

formed/dimpled. This scaling is derived by assuming the thin film is flat and disklike near the
point of contact [11,24]. However, at very small values of capillary number, it has been shown that
drainage time scales as Ca1 since the droplet is almost spherical near the point of contact [11,24].
In Fig. 15, the scaling of drainage time at large capillary number values is shown as Td ∼ Ca4/3

using dashed lines, and at small capillary number values as Td ∼ Ca by bold lines. We observe that
surface viscosity increases the drainage time with respect to the clean droplet for the entire range

(a) (b)

FIG. 11. Tangential component of interfacial velocity computed along the thin film for film shapes shown
in (a) Fig. 9(a), and (b) Fig. 9(b). (a) Droplet with Bq = 0 at Ca = 0.001. (b) Droplet with Bq = 0.1 at
Ca = 0.001.
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(a) (b)

FIG. 12. Film drainage profiles for clean droplet and a droplet with surface viscosity at Ca = 0.01
(a) Clean droplet (Bq = 0) and (b) Droplet with surface viscosity: Bq = 0.1, λds = 1.

of capillary number [O(10−4) − O(10−2)], and scaling results similar to that of a clean droplet are
observed at low and high values of capillary number.

C. Results: Droplet with constant surface viscosity and Marangoni flows

As the thin film drains, the surfactant gets swept toward the film’s edges and gives rise to
Marangoni stresses. The Marangoni stresses within the film enhance the film dimpling and increase
the total drainage time compared to a clean droplet at the same capillary number. The effect of
surfactant on droplet coalescence has been numerically studied in [24]. In the previous section, we
saw the isolated impact of surface viscosity also increases the drainage time compared to a clean
droplet at the same value of the capillary number. Unlike Marangoni stresses which increase the

FIG. 13. Film drainage profiles at Ca = 0.04 for two cases: (a) Clean droplet Bq = 0 at drainage time
td = 18.9 (red curve) and (b) Droplet with surface viscosity Bq = 0.1, λds = 1 at drainage time td = 53.7
(blue curve).
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FIG. 14. Evolution of film thickness hmin and hcenter with drainage time td at Ca = 0.05 for a clean droplet
Bq = 0 (red curves) and a droplet with surface viscosity Bq = 0.1, λds = 1 (blue curves).

dimpling of the film, surface viscosity appears to lessen the dimpling but widen the thin film. In this
section, we discuss the coupling between surface viscosity effects and surfactant transport.

First, we look at a relatively low value of capillary number Ca = 0.0002. Figure 16(a) shows
the film drainage profiles for a droplet with Marangoni effects (Pes = 5.15, E = 0.25) and without
surface rheology. The total drainage time is Td = 0.25, which is higher than that of a clean droplet
[Td = 0.038, see Fig. 7(a)] and a droplet with surface viscosity Bq = 0.2 and no surfactant transport
[Td = 0.16, see Fig. 7(b)]. Figure 16(b) shows the drainage profile for droplet with both surface
viscosity Bq = 0.2 and surfactant transport (Pes = 5.15, E = 0.25). Relative to droplets with only

FIG. 15. Total drainage time scaled by droplet radius (Td/R′5/4
μm−5/4) as a function of capillary number

Ca for a clean droplet (Bq = 0, shown by blue points) and droplet with surface viscosity at Bq = 0.1 (shown by
green points) and Bq = 0.2 (shown by yellow points). The scaling of drainage time at large capillary number
values is shown as Td ∼ Ca4/3 using dashed lines and at small capillary number values as Td ∼ Ca by bold
lines.
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(a) (b)

FIG. 16. Film drainage profiles for a droplet with Marangoni effects. The dimensionless parameters are
Ca = 0.0002, E = 0.25, and Pes = 5.15. (a) Droplet without surface viscosity Bq = 0 and (b) Droplet with
surface viscosity Bq = 0.2.

surfactant transport, we observe that a droplet with both surface viscosity and surfactant transport
form a wider film and has higher drainage time Td = 0.34. No dimpling is observed at this value of
capillary number.

Next, we will look at capillary number Ca = 0.001. In the previous section, we observed that at
Ca = 0.001, the drainage time for a clean droplet is Td = 0.20 [see Fig. 9(a)], while the drainage
time for a droplet with surface viscosity Bq = 0.1 and without surfactant transport is Td = 0.59
[see Fig. 9(b)]. Figure 17(a) shows the film drainage profiles for a droplet with surfactant transport
and without surface viscosity (Pes = 25.7, E = 0.25, Bq = 0). We observe that Marangoni stresses
enhance the dimpling of the film and increase the drainage time relative to droplet shapes shown
in Figs. 9(b) and 9(a). Figure 17(b) shows the combined effect of surface viscosity and surfactant

(a) (b)

FIG. 17. Film drainage profiles for a droplet with Marangoni effects. The dimensionless parameters are
Ca = 0.001, E = 0.25, and Pes = 25.7. (a) Droplet without surface viscosity Bq = 0 and (b) Droplet with
surface viscosity Bq = 0.1.
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(a) (b)

FIG. 18. Film drainage profiles for a droplet with Marangoni effects. The dimensionless parameters are
Ca = 0.001, E = 0.1, and Pes = 25.7. (a) Droplet without surface viscosity Bq = 0 and (b) Droplet with
surface viscosity Bq = 0.1.

transport (Pes = 25.7, E = 0.25, Bq = 0.1). Unlike a droplet with only surface viscosity, which
appears to form a flat film, the droplet with both surface viscosity and surfactant transport forms a
dimpled film. Upon comparing Figs. 17(a) and 17(b), we see that surface viscosity widens the film
and lessens the film dimpling. The combined effect of surface viscosity and surfactant transport also
increases the drainage time compared to a droplet with only surfactant transport.

In Fig. 18, we reduce the surface elasticity number and plot the drainage profiles at E = 0.1,
Pe = 25.7, and Ca = 0.001 for a droplet with and without surface viscosity [Figs. 18(a) and 18(b),
respectively]. We find that surface viscosity flattens the film and increases the drainage time at
E = 0.1. Upon comparing Fig. 18 with Fig. 17, we find that the impact of surface viscosity on
drainage time is more significant at E = 0.1. We note that as the surface elasticity/surface Peclet
number increases, the Marangoni effects become more important compared to surface viscosity
effects.

D. Results: Droplet with pressure-dependent surface viscosity and Marangoni flows

In the previous section, we assumed the surface viscosity remains constant on the interface.
Generally, surface viscosity does not remain constant and can vary strongly with surface pressure.
In the following discussion, we assume an exponential dependence of surface viscosity on surface
pressure:

Bq± = Bqeq e± 1−σ
�c . (16)

Figure 19 shows the drainage profiles for a droplet with surface viscosity Bq = 0.2 at
Ca = 0.0002 for two cases: (a) pressure-thickening surfactant �C = 0.1, and (b) pressure-thinning
surfactant �C = 0.1. The surfactant parameters are Pes = 5.15, E = 0.25. As we can see, the re-
sults for a pressure-thickening surfactant overlap with the results for a pressure-thinning surfactant.
The drainage time is the same as that of a droplet with a pressure-independent surfactant.

In Fig. 20 we plot the effect of pressure thickening and thinning surfactants on drainage profiles at
Ca = 0.001, Pes = 25.75, Bq = 0.1, and E = 0.25. We see that, even at a higher value of capillary
number Ca = 0.001 with dimpling effects, the results for a pressure thickening and a pressure-
thinning surfactant overlap.
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FIG. 19. Film drainage profiles for a droplet with pressure-dependent surface viscosity at Ca = 0.0002 and
Bq = 0.2. Blue curves represent results for pressure-thinning surfactant �C = 0.1, and red curves represent
results for pressure-thickening surfactant �C = 0.1. Surfactant parameters are: Pes = 5.15, E = 0.25.

For the surfactant parameter values considered in this work, the effect of pressure-
thinning/thickening surfactant does not change coalescence dynamics. We note that in this work,
the equilibrium surface coverage is dilute (as described in experiment [11]), and the Boussinesq
number values are small. The dilute equilibrium surfactant concentration leads to a small de-
crease/increase in Bq that does not change the coalescence dynamics significantly compared to a
pressure-independent surfactant.

For larger equilibrium surfactant concentrations, both the Marangoni effects and the variation
in Bq from its equilibrium value for pressure thickening and thinning surfactants will increase.

FIG. 20. Film drainage profiles for a droplet with pressure-dependent surface viscosity at Ca = 0.001 and
Bq = 0.1. Blue curves represent results for pressure-thickening surfactant �C = 0.1, and red curves represent
results for pressure-thinning surfactant �C = 0.1. Surfactant parameters are: Pes = 25.75, E = 0.25.

083602-19



NATASHA SINGH AND VIVEK NARSIMHAN

For stronger Marangoni stresses, the surface rheology effects can become less important, and
it is unclear whether the combined influence would show different behavior for pressure thin-
ning/thickening surfactants. We will not comment on this point further and leave it for a future
manuscript.

IV. CONCLUSION AND FUTURE WORK

In this work, we explore how the surface rheology of adsorbed viscous surfactants alters droplet
coalescence. We develop axisymmetric boundary-integral simulations to model the full coalescence
process from the approach of two equal sized spherical droplets under uniaxial compressional flow
to the eventual formation and drainage of the thin film formed between the two droplets. We model
the viscous droplet interface using the Boussinesq-Scriven constitutive relationship. We assume
the adsorbed surfactant is insoluble and incorporate the effect of surfactant transport using the
convection-diffusion equation. We assume the Langmuir equation of state to correlate interfacial
tension with surfactant concentration changes.

We examine the role of interfacial viscosity on film profiles and drainage time. We find that
the film drainage behavior of a droplet with surface viscosity is not altered by the relative ratio of
shear to dilatational viscosity but rather depends on the sum of shear and dilatational Boussinesq
numbers. This is in contrast to the effect of surface viscosity on droplet breakup in a linear flow field
and droplet instabilities during sedimentation. For these processes, surface shear viscosity is found
to reduce droplet deformation and increase the critical capillary number, while surface dilatational
viscosity is found to have the opposite effect (i.e., increase deformation and reduce the critical
capillary number) [61,63–65].

In droplet coalescence, the interfacial traction significantly reduces the film’s drainage velocity
compared to a clean droplet. As a result, surface viscosity substantially slows down the film
drainage. At Bq = 0.1, we observe that the total film drainage time increases by roughly the same
scale factor relative to a clean droplet for the capillary number in the range O(10−4)–O(10−2).
However, the impact of surface viscosity on the film profiles differs at each capillary number order.

(i) At a low capillary number value Ca = 2 · 10−4, for a clean droplet, the shape of the thin film
remains spherical as the film drains, and rupture occurs at the center of the droplet. However, in the
case of a droplet with surface viscosity, we observe that the droplet develops a relatively flatter film,
and at a sufficiently high value of Boussinesq number Bq = 0.2, the rupture occurs at the edges of
the planar center region.

(ii) At a moderate value of capillary number Ca = 10−3, a clean droplet develops a dimpled
shape. For a droplet with surface viscosity, we observe that the surface viscosity flattens and widens
the film and reduces the film dimpling compared to a clean droplet.

(iii) At large capillary numbers Ca = O(10−2), a clean droplet forms a highly dimpled film. We
observe that, at this order of capillary number, surface viscosity does not alter the lateral extent of the
dimpled region compared to the clean droplet. The influence of surface viscosity on film dimpling
also decreases as the capillary number increases in this range. At Ca = 4 · 10−2, for a droplet with
surface viscosity, the drainage profiles are similar to that observed for a clean droplet, even though
we observe a higher total film drainage time than a clean droplet. And at Ca = 5 · 10−2, we find
that both a clean droplet and a droplet with surface viscosity (Bq = 0.1) do not coalesce. At this
capillary number, the droplet system attains a steady configuration under flow.

Lastly, it is well known that at moderate values of capillary number, surfactant transport delays
the coalescence by increasing the dimpling of the film. This stabilization mechanism differs from
surface viscosity, which delays drainage by reducing dimpling and widening the film. We performed
simulations to find the combined effect of surface viscosity and Marangoni stresses. We find that
including both effects increases the drainage time compared to a droplet with only surfactant
transport. The film formed is less dimpled and wider than the droplet without surface viscosity and
with surfactant transport. We also discuss the impact of pressure thickening/thinning surfactant on
film drainage. Pressure thickening and thinning surfactants have been shown to alter droplet breakup
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and sedimentation in previous studies [61,64], but for droplet coalescence, we observe that the film
drainage is not altered by pressure-thickening/thinning surfactants and results are the same as that
of a pressure-independent surfactant. This is because, during coalescence, the change in surface
pressure along the film is not large enough to exhibit significant changes in Boussinesq numbers.

In this study, we assume an axisymmetric geometry and that the collision between the two
droplets is head-on. However, in real systems, it is difficult to achieve a head-on collision. Even
small ambient disturbances can cause offsets from the inflow axes of the flow leading to glancing
collisions. Since the extension felt by the droplet is time dependent in glancing collisions, a
finite time is available for coalescence to occur before the pair of droplets rotate and move apart.
Therefore, a critical capillary number is observed below which the coalescence occurs. For glancing
collision, it has been shown in previous literature that the critical capillary number for coalescence
reduces with increasing the initial offset. The results from this work can provide an approximate
analysis in situations where either the offset from the inflow axes of the flow is very small, or the
capillary number is very low, as this has also been the case with clean droplets and droplets with
surfactant transport [11,24].

In this work, we also assume the adsorbed surfactant is insoluble and viscous. In the future, it will
be important to include the effect of surfactant elasticity in our numerical simulations to examine
its role in the drainage between two droplets undergoing coalescence for generalized surface-active
agents [66]. In a future publication, we would also like to include the effects of surfactant solubility
in the limit of kinetically limited adsorption/desorption.
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