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S. V. Talalov"

Department of Applied Mathematics, Togliatti State University, 14 Belorusskaya Str.,
Tolyatti, Samara Region, 445020, Russia

® (Received 13 July 2022; accepted 9 March 2023; published 30 March 2023)

This paper investigates quantized thin vortex rings with an internal structure. The
quantization scheme of this dynamical system is based on an earlier approach proposed by
the author. Both energy spectrum and circulation spectrum are calculated. Examples show
that the set of permissible circulation values has a fractal structure. The suggested model
allows us to describe the system of isolated vortex rings as well as the vortex rings with
interaction. Furthermore, the application to the quantum turbulence theory is discussed.
The general expression for the partition function of a turbulent flow is suggested.
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I. INTRODUCTION

The complexity of such a phenomenon as turbulence leads to the emergence of different ap-
proaches to its description. For example, any attempts to describe turbulent motion of a fluid using
the Navier-Stokes equations lead to significant difficulties, even at the classical level. This fact, in
particular, stimulates the search for other approaches to the description of this phenomenon. The
description of such motion at the quantum level presents an even more complex problem. It is now
an established fact that vortex structures play a primary role in the formation of turbulent flows of
quantum fluids. A large number of works are devoted to this issue. Without reviewing the literature
on this topic, we will mention some of the works [1-6]. It can be assumed that investigation of
simplified models of quantum turbulence will be no less useful than, for example, simplified models
in the quantum field theory. For example, such models could provide some progress in calculating
the thermodynamic characteristics of a turbulent flow (entropy, Gibbs free energy, etc.)

In this paper, we propose a simple model of quantized vortices that demonstrates the following
properties:

(1) Scale and Galilean invariance of the theory.

(2) A broad spectrum of energy and circulation values. In particular, the set of circulation values
found has a fractal structure. In our opinion, this result is quite suitable for describing the random
distribution of circulation in turbulent flows.

(3) The ability to describe the interaction of vortex loops, as well as the reconnecting of such a
loop and resizing it.

Of course, the phenomenon of quantum turbulence is too complicated to be described completely
in one paper. Here we consider a simple model that allows us to calculate the permissible values
of energy, circulation, and certain other variables. For example, the suggested approach gives
explicit formulas for quantized fluid velocity in some points of the fluid flow. We also describe the
interaction of quantized vortex rings, creation and annihilation of the vortices included. Within the
framework of our assumptions, the proposed theory makes it possible to write a general expression
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for the partition function of a turbulent flow. The author hopes that the subsequent development of
the model, including the refinement of the resulting expression for the partition function, will be
useful for some thermodynamic calculations.

As a starting point of our research, we consider the special configurations of the closed vortex
filaments with an internal core structure. We suppose that the dynamics of such objects is restricted
by the local induction approximation. Under certain assumptions [7], a vortex filament r(z, s) with
a nonzero flow inside the core is described by the equation

dr(t,s) = Ad;r(t,s) x a7r(t,s) + B(d,’r(t, s) + 3 | 3]r(t, s)| 2o, (t, 5)). (1)

We use notations ¢ and s for the time and the natural curve parameter correspondingly. Coeffi-
cients A and B are some dimensional coefficients which depend on circulation I', the radius a of the
vortex core, and the components of the flow velocity in the core. Regarding the value a, we consider
it finite and small enough. In general, all these values can vary from vortex to vortex in a turbulent
flow.

The theory has three natural dimensional constants that are relevant to the physical system being
described. These constants are the fluid’s density pg, the speed of sound in this fluid vy, and the
natural scale length Ry,

Rye{RR=|r—nrl, r,rneV}

where symbol V denotes the domain where the investigated objects evolve. For example, the
constant Ry may be the radius of the pipe in which the fluid in question flows. Despite the fact
that value fip = npoRg is a natural parameter that determines the scale of the masses, we will also
use the additional mass parameter po. In our theory, this parameter denotes the central charge
for central extension of the Galilei group % (the appearance of the extended Galilei group in
the considered approach was discussed in the author’s work [8] in detail). Therefore, we have an
additional dimensionless parameter here: o, = 1o/ flo. We will clarify its role in our theory later.
Along with constants pg, vg, Ry, we will use the auxiliary constants 7o = Ry/vg and &y = g v%.
The model under consideration allows us to consider a separate vortex ring as a particle with
an internal degree of freedom. As a consequence, it becomes possible to use the standard tools of
quantum many body theory to describe the interaction of such rings. For example, processes of
creation and annihilation of the vortices in a fluid flow can be described. Note that the suggested
approach is much simpler than using field string theory which is usually discussed in this context.

II. CLASSICAL DYNAMICS OF A SINGLE VORTEX

Let the symbol R denotes the arbitrary positive constant with the dimension of length. Along with
the physical vectors r, we will use a projective vector r/R, denoting it with the same symbol. Further,
to describe the considered vortex filament, we introduce the dimensionless parameters T = ¢ /fy and
& = 5/R. As a consequence, Eq. (1) will be rewritten as

0er(z, €) = B1 (der(r, &) x 32r(z, ) + f(207r(x, ) + 3| 32r(r, &) er(x. £)). ()

The values 8; and 8, are dimensionless constants here.
Equation (2) has a certain solution that is of interest to the proposed model. This solution is

r(1.£) = (% + cos(E + ¢ + Bot), % + sin(E + ¢o + o), % + ﬁ1r>, 3)

where the angle ¢ € [0, 27) and the coordinates gy, gy, g, are some (time-independent) variables.
This solution describes the vortex filament in the shape of a circle with a radius R. The filament
moves along the axis e = e, with velocity |u,| = 1R/t and rotates with the frequency f,/#,. The
rotation simulates here the flow ® inside the filament core. This flow is

® = Bom poa’vo(R/Ro).
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We will further consider only such solutions of Eq. (2). Thus, the set of possible vortex loops is
reduced to the rings of an arbitrary radius and some fluid flow in the core here.

In addition to Eq. (2) that describes the evolution of the curve r(-, &), we postulate the standard
hydrodynamic formula [9] for the momentum p:

p= % r x w(r)dV. 4)

The vector w(r) stands for vorticity. In our model,
o(r) = w1 (r) + w(r),

where the vorticity w;(r) is due to the fluid rotation around the filament and the vorticity w,(r) is
due to the fluid flow in the filament core. Let us consider these summands separately. In cylindrical
coordinates (p, ¢, z), the fluid flow velosity u in the filament core is described by the formula

u(r) = const x §(p — R)§(2)e,(¢).
Therefore,
rx m()=rx(Vxu))=C(p, 2)e,(p).

Because the equality fOZ” e,(¢)de = 0 holds, the value w,(r) does not contribute to the integral
Eq. (4). Regarding the first summand w (r), the vorticity of the closed vortex filament is calculated
by means of the formula (see, for example, Ref. [7])

2
on(r) =T / 5(r — r(8))dr(€)dE, 5)
0

where the symbol I" stands for circulation.
Taking into account the formulas Eqgs. (4) and (5), we deduce the following expression for the
canonical momentum:

pol'R?
2
The notation [x] means the integer part of the number x/27 here.

For our solution Eq. (3), the integral on the right-hand side of the formula Eq. (6) is easily
calculated. Therefore,

2
p— / /0 [& — n]8,x(z, 1) x der(z, §)dEd. ©®)

p=mpoRTe, el =1, (7)

where constant unit vector e defines the axis of the rotating ring Eq. (3).

Earlier, a new approach to the Hamiltonian description and quantization of a single vortex loop
was proposed by the author [8]. In this paper, we modify the suggested approach for our purposes.
Moreover we perform the reduction of the considered dynamical system to the finite number of
degrees of freedom.

As can be seen from the formulas Egs. (3) and (4), the natural variables that parametrize our
dynamical system are variables

q = (qX’ %’» qZ)’ Rv ¢ = ¢(T) = ¢0 + ﬁZTs Fv €, (8)

where |e| = 1. It must be noted that we describe the vortex ring as an abstract closed curve which
evolves in accordance with Eq. (2). The variable as velocity of the fluid will not be needed for this
purpose, and still we intend to take into account the dynamics of the surrounding fluid in a minimal
way: we declare the value I" as a dynamic variable, in addition to variables q, R, ¢, and e.
The variables Eqs. (8), for example, enable us to determine the core radius a in our model. Indeed,
if a ~ 0, the following formula for the vortex ring velocity u, takes place [10]:
8R

> 1
u, =~ —In —.
v 47 R a
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In our model, |u,| = B;R/ty; therefore, the following expression is true for the value a:

47'[,31R2
tol! ’

a >~ 8Rexp (— )
As the next step, we replace the natural set of variables Egs. (8) by another one which is more
convenient. Let us define the variables

R R .
@w = —cos(¢o + fa7), X = - sin(¢o + 7).
Ro RO

Dynamical equations for these variables are canonical Hamiltonian equations for a harmonic
oscillator:

0. = —pox,
81’X = IBZw--

Next, we introduce a vector p = ;P instead the canonical momentum p. The formula Eq. (7) is
than rewritten as follows:

P = 7ampoRe’T(@? + xP)e, le| =1. (10)

Apparently, the set of the variables p, q, @, and x adequately describes our dynamical system
Eq. (3) as a structured 3D particle with an internal degree of the freedom. The formula Eqgs. (10)
together with the definition of the variables @ and y provides one-to-one correspondence between
the set Egs. (8) and the new set (p, q, @, x). Note that the variables @ and x are invariants under
Galilean and scale transformations of space E3. It might be appropriate to remember Lord Kelvin’s
old idea [11] about interpretation of vortices as some structured particles. This idea is still being
discussed [12].

The next step in the development of our model is the Hamiltonian description of the considered
dynamical system. Pursuant to the Dirac’s prescriptions about the primacy of the Hamiltonian
structure, we define such structure axiomatically here. The relevant definitions are given below.

(1) Phase space ¢ = ¢, x ;. The space ¢, is the phase space of a 3D free structureless
particle. It is parametrized by the variables q and p. The space .74, is a phase space for one-
dimensional harmonic oscillators.

(2) Poisson structure:

. 1
{pHQJ}:(Slj (ls]:xsy?z)v {w X} é,; (1])
ofo
All other brackets vanish.
(3) Hamiltonian:
&
H=-— +ﬁ2°( 240, (12)
2[1,0 2
One of the main questions here is how we can describe the energy of the vortex rings under
consideration. It is a well-known fact that the canonical formula [10]

// w(l‘)w(r) // Jer(§)0er(§") dEde’

KT lr— /I B |r(§) —r()l

leads to the unsatisfactory result for thin filaments. Indeed, the integral in this formula diverges for
the filament with the core radius a — 0. The standard approach to solving this problem is to use
various regularization methods. In our case, where the value a depends on dynamic variables of the

theory [see Eq. (9)], such a procedure would look somewhat ambiguous. There exists yet another
method proposed in Ref. [8]: the energy of an arbitrary closed vortex filament is considered from a
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group-theoretic point of view there. This approach is based on the fact that Lee algebra of the group
%, has three Cazimir functions:

A PO N L A N 1 N
Ci=ml. Co=|Mi~ Y euPiBi| Ci=H-5— ?
k. i=x.y 2/”“0 .

s J=X 0,2 1=X,¥,Z
where [ is the unit operator, M;, H, P, and B; (i = x,y, 7) are the respective generators of rotations,
time and space translations, and Galilean boosts. Traditionally, the function C5 can be interpreted as
an internal energy of the particle. In our case, it is a natural postulate that

X +iw
V2o
Therefore, the identification £ = H is justified in our approach.

Finally, the proposed approach enables us to consider the vortex as a point particle with coordi-
nates q and momentum p. Each such particle has an internal degree of freedom which is described
by oscillator variables x and @ . These variables define the radius R of the vortex and the flow in the
vortex core. We assume that the coordinates q are the coordinates of the center of the vortex ring.

Therefore, taking into account the definition of circulation, the following expression for the fluid
velocity u takes place in this point:

C; = &l b)>, b=

+ L AR, T P (13)
ur=u,+—e=|—+-—1J]e, e=—.
f 2R to 2R

III. QUANTIZATION

The constructed Hamiltonian structure defines the way for quantization of the vortex ring being
studied. First, we must define a Hilbert space H; of the quantum states of our dynamical system.
The structure of the phase space .7 leads to the following natural structure of the space Hj,

H] = Hpq ® Hha (14)

where the symbol H,,, denotes the Hilbert space of a free structureless 3D particle [space L*(R3),
for example] and the symbol H,, denotes the Hilbert space of the quantum states for the harmonic
oscillator. The creation and annihilation operators b*, b as well as the standard orthonormal basis
| n) in the space H;, are defined by well-known formulas
b6 =l B0 =0, [m) = —=G"10,) 10,) € H,
b b 9 m 9
where the operator /;, is a unit operator in the space H.

Let us quantize our theory. For certainty, we will consider the case when H,, = L*(R3) and
H, = L*(R). According to the classical quantization scheme, we must construct the function A — A,
where symbol A denotes some classical variable and symbol A denotes some operator in the space
H,. For fundamental Hamiltonian variables, the relation

[A, B] = —ih{A, B)

must be satisfied. This equality can possess some anomalous terms if the observables A, B are the
functions of the fundamental variables. These terms depend on the ordering rule of noncommuting
operators. We will not discuss these issues here [13]. Thus, our postulate of quantization is as

follows:
9 ®L, b— f (l,, @ b)
bs — )
8%6,)/.1 tOéaO =
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where operator qu is a unit operator in the space H,,. We will not subsequently write the construc-
tions (--- ® I) and (ipq ® ...) explicitly, hoping that this will not lead to misunderstandings. In
accordance with our quantization postulates, the Hamiltonian is defined by the operator

h ~ 1
PO . (b+b+—). (15)
2[1,0 1o 2
To find possible values of circulation I', let’s square the equality Egs. (10). After quantization,
we have the following equation:

(A + w202, oo TR (B0 + 26T + 1 ])|¥) =0, |¥) e H. (16)

The eigenvalues & of the operator H and specific values of the quantity I' depend on the domain
V in which the motion of the vortex ring in question occurs. Before considering a specific example,
we would like to say a few words about the possible values of quantized circulation I' =T, in a
turbulent flow. In our opinion:

(1) The conventional formula

fi
r”z?{uw)dezn— n=0,1,2,... (17)
) w

can be refined for a turbulence. Apparently, the set of values of the quantized quantity ', is
significantly wider here than the natural series. Of course, in the simplest cases, the formula Eq. (17)
remains valid, possibly with some correcting terms (see author’s work [14]). Note that the known
experimental measurements of the magnitude of I' were made for special single vortices and not
in a turbulent flow. An overview of the results on this issue is given Ref. [2]. In Ref. [6], the
formula Eq. (17) was confirmed by the results of numerical modeling in the framework of the
Gross-Pitaevskii model. Let us note that these works predict the large peaks in the integer values
and certain small peaks at the noninteger values, which was explained by errors. From the author’s
point of view, alternative models are quite appropriate for such a complex phenomenon as a quantum
turbulence.

(2) The rule Eq. (17) is usually postulated. As has been repeatedly stated in the literature, such
quantization rules are similar to the quantization rules in the old Bohr quantum theory. The author
believes that quantum values I, should be deduced from the general postulates of quantum theory
and not postulated separately.

(3) As for the arguments that rule Eq. (17) is a consequence of the unambiguity of the wave
function of certain quasiparticles (in a two-fluid model, which we are not considering here), we
will make the following remark. We consider the fluid medium where the closed vortex loops with
zero thickness are present. This medium can be considered as a realization of multiconnected space.
Thus, any quasiparticle here can possess the fractional statistics. In this case, the wave function
of a quasiparticle can receive a phase multiplier when moving along a closed path around a vortex
filament. Therefore, the condition Eq. (17) may not hold even for a single vortex in general. Here we
should mention Ref. [15], where the anyon superconductivity was investigated (as is well-known,
this phenomenon is similar to superfluidity).

Let us consider the following example. We assume that the fluid moves in the domain V, which
is determined by the following boundary conditions ([in this case, H,, = L*(V)]:

X +y* <R}, z€l0,27R] (mod27R;), R, = const.

This domain models a round tube with a radius Ry in the shape of a torus of radius R; > Ry.

The effects on the boundaries of domain V can be modeled by conditions on the wave function
U(r) € H, on the surface x* + y* = RZ. It is clear that W(r) = ¥ (x, y)¥(z) here. Therefore, we
can consider the following conditions:

Y (x,y)
qED )| =0,
on x,yeS x,yeS

034607-6



TOWARDS QUANTUM TURBULENCE THEORY: A SIMPLE ...

where n is the normal vector for the circle S : {x,y : x> +y> = ROZ}. Let us consider the simplest
case when ¢; = 0 and ¢, = const. It is known that eigenvalues —A” of the Laplace operator in this

case will be values ki,k = ({,f") /Ro)?, where quantities g“k("), k=1,2,... stand for zeros of the

Bessel function J,(p). Thus, the eigenvalues —A? of the Laplace operator A in the domain V take
the following values:

AT Ay
A =|— =1, =0,1,2,... k=1,2,....
v (o) + (%)
As a result, we find the following formulas for energy & and circulation I':
g i Boli 1
Fumis = med y PR, 1) 13
m, 0k ito + P n+2 (18)
21iRom +2h mRy\* 2
Tom s = £ bk @J>+@%, (19)
mo(n+1)  po@n+ DY \ 2R,
where natural numbers n,m, £ =0,1,2,... and number k = 1,2,.... As is well-known, the

asymptotic behavior of values {,iz) for large values ¢ and k will be g“k(e) ~ Br/4)+ (w/2) + 7k.
Therefore, any asymptotics s — oo, where number s is the number m, £ or k gives the formula
Eq. (17) for circulation I'y, ,,, ¢ ¢ if other quantum numbers are fixed.

Let’s establish the properties of the set {I";, ;. ¢.x}-

(1) The set {T"ym.e.x} has a fractal structure. First, we verify the property of self-similarity. It is
more convenient to take the set

T ={r7, s nm €=0,1,2,... . k=12,...}

for this purpose. Indeed,

{r2) =J DTl ),

where the set {Y'} is the set of points 27 {,fe)R 1 /Ry on the real axis, symbol 7}, stands for translation
x — x + const x m? and symbol D,, stands for dilatation x — x - (i/110(2n + 1))2. To calculate the
fractal dimension, let’s write the set {I", , ¢.x} in the form

{Fn,m,ﬁ.k} = U {Xm,i,k}a

m, .,k

where the sets {X,, ¢} are the sequences X, = ', uex, n =0, 1,2, ..., where numbers m, ¢, k are
fixed. These sequences have asymptotic behavior as const/n when n — oo. Then, the distance
8 between neighboring elements X, and X, at n — oo is equal to 8(n) = 1/n>. Applying the
standard formula for calculating the fractal dimension &, we find
Dy = lim —2 1
n—»oo In(1/6(n)) 2
This result is well-known for the fractal dimension of the natural series. Therefore, the set of the
circulation values in our model demonstrates fractal properties. In our opinion, such a structure of
the set {I";, n.¢.x} 1s more suitable for describing a turbulent flow then the regular structure due to the
formula Eq. (17).
(2) The set {I'y ¢} is bounded. Indeed, the following inequality takes place for the physical
reasons:

242
h )"m,i,k

2“0 < gmax ’
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where the constant &y, is some maximal energy in the considered flow. Consequently,

2(§max
I' < 2nRy . (20)
Ho

The pure quantum states |n;m, £, k) € H; that correspond to the values Egs. (18) and (19) are
written as follows:

|n;m1£1k) = |m! Esk”n)? |m1 Esk> € Hpq’ |n) € Ha7 (2])

where the notation |m, £, k) was used for the eigenvectors of Laplace operator.

Similarly, we can calculate the values of & and I' in an arbitrary domain V. Indeed, let the
numbers —)\IZS] be the eigenvalues of the Laplace operator in domain V, where the notation [s] means
some multi-index (such as the complex index {m, £, k} in example above). Corresponding formulas
for the values of £ and I" will be similar to the formulas Eqgs. (18) and (19). Having excluded the
value —)Lé] from these formulas, we find a connection between energy and circulation:

1ol %), (n+1/2\? n+1/2
Egn = ' h . 22
Is1. 2 Ry + B2hivg Ry (22)

The radius R of considered vortices is also quantized. Indeed,
N RR2 /. n 1

R — R = —0(b+b+ —).

t()éa() 2

Therefore, we have following values for the radius R = R,:

/ 1
R, = o,Rg n+§, n=0,1,...,. 23)

The dimensionless constant o, = +//i/ovoRo was introduced here. This constant, in addition to
the previously introduced dimensionless constant «,,, naturally appears in the quantum version of
the considered dynamical system. These constants depend on both specific fluid and domain V. For
example, if the value 11 equals the “He mass, the value vy =~ 3.4 m/c (the sound speed in the liquid
helium) and the pipe radius Ry >~ 0.03 m, we have values o, >~ 2 X 10~%" and Opip 1073 for these
constants.

IV. DESCRIPTION OF THE MANY-VORTEX SYSTEMS

Here we describe the vortex loop as some pointlike particle with the internal degree of the
freedom. This approach gives possibilities for studying many-vortex flows. First, we consider the
fluid flow which contains N noninteracting vortices numbered by some multi-index [#]. For the sake
of clarity, we will assume that the fluid is in the volume V, which was introduced in the previous
section. We will also make the following assumptions:

(1) As is well-known, some space averaging is needed for the description of a turbulent flow in
a concrete physical system. We assume that the number of vortices N is sufficiently large, so the
space averaging volume §V contains a large number of the vortex loops with centers qyy;.

(2) The unequalities R, < [,/2 take place for every vortex of radius R, where the value
I, ~ JV/N is average distance between the vortex centers.

(3) Let the value /; be the distance in the fluid flow such that correlation for any parameters in
points q; and q is absent if |q; — q2| > [;. We suppose that the unequality /, > /; takes place.

As mentioned earlier, we suppose that coordinates q; of our structured particle coincide with
the center of the vortex ring. What is the quantized fluid velocity uy; in the point qg;? This value
can be calculated as follows:

Fn.m,f,k
2R,

uy =u, + e, lel=1,
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where the velocity u, = (8;R/fy)e of the vortex ring is defined in accordance with formula Eq. (3).
Therefore, the formulas Eqgs. (13), (19), and (23) that were deduced earlier give the following
expression for the quantized fluid velocity in the point q4:

1 1 Ro \*
uy = ophvo[—ﬁ,,/n 3t T2y /2\/ ( 2”:[ R01> + (ck“))z}e, (24)

where the numbers n, m, £, k are random natural numbers and the vector e is a random unit
vector. In accordance with the assumptions made, formula Eq. (24) models a quasirandom velocity
distribution in a turbulent flow.

The suggested theory allows us to calculate the partition function 2 for any concrete domain V.
In the simplest case, when there is no interaction between vortices, the 2 function can be written
out explicitly. Taking into account the example from the previous section, we can write the following
expression:

Snm
¥ =N Z exp (—ﬁ)

n,m, .k

where value T is the temperature, the constant kg is Boltzmann constant, and the energy levels
E, .0k have been determined earlier by the formula Eq. (18).

Of course, a system of noninteracting vortices is too unsatisfactory an approximation to describe
a turbulent flow. To get closer to reality, we must consider the interaction of vortices. The proposed
theory allows us to do this. Indeed, we can apply the standard formalism of the many-body systems
theory here. Let us introduce the N-vortex space Hy:

Hy=H ® - ®@H, =9 ®9),
N
where
g)zlq:Hpq@"'@Hpqy 57)2]:Hb®®Hb
— —
N N

In Dirac notation, any vector |®") € Hy takes the form (N > 1)

.....

oMy = > /---fdm...prN(pl,...,pNnoﬁ P PV ), (25)

Tyeens ny

where the vectors |p;) are corresponding eigenvectors of the operators p;.
The Fock space

o0
H=EHy =) ® . Hy=10,) ® |0,) =C,
N=0

is defined in a standard way. Here we have introduced the notation

90 =P 9N, S =EP9).
N=0 N=0

The creation and annihilation operators &;fq(p), apq(p) and &L(n), aine(n) act in the space $) as
&;q (p) ® Iin and so on. They are defined in a standard way. For example, let us suppose that vectors
D, € Hin take the form (vector in the form of a string):
0 1 N
o, = ((p s Py oo s Op, nN,...).
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Then the definition of operators &, (n) and & (n) will be as follows (@ = 1)

1nt

@ iy = VN@Y e @) =0,

,,,,,

where the symbol #; as well as the symbol ny both mean the absence of the corresponding number.
In addition, the symbol n without any subscript is not a summation index in the formula Eq. (25).
As usual, the constructions (- - - ® I,) and (/,; ® ... ) will not be explicitly written out. We will also
consider the operators

aT(psn) = &), (p) ® & (n),  G(P; 1) = pg(P) ® in(n)

which act in the space §).
Thus, the suggested method allows us to describe the processes of creation and annihilation of
closed vortex rings of a variable radius. Indeed, let us consider the Hamiltonian

H=Hy+U, (26)
where
N 1 B2k 1Y, A
Hy = 20 ) P 2at (P (p) + . HX; (n + 5>a$l(n)aim(n)- 27
This operator has continuous spectrum,
Hy® = &7,

where the eigenvalues & are positive numbers. Let’s find the eigenvectors @1} € Hy of the operator
Hy. Introducing the designation

OV =(0,0,.... NP1, ....pN) . 0,.0)

.....

and performing the direct calculations, we find for the vector ®":

ﬁOGDNch(pl,...pN;nl,...nN)CDN, (28)
where
N N
1 Boh 1
éo(pl,...pN;nl,...nN)z2—Zp§+LZ(nj+—>. (29)
Mo 5 L 2
Therefore,

|o%) = Z[ fdpl PNE DL Py )
np,

SN

X@n el Pl ), (30)

where the function f f;’ is proportional to the Dirac § function:

fg(pl,...,pN;nl,...nN) = const X §(& — &Py, ...PN3 AL, .- - AN)).

Thus, the vector |Cl>ga) is some entangled state of states of N vortexes with momenta py, ..., py and
radii R;,i = 1, ..., N which are defined by the numbers 7; in accordance with the formula Eq. (23).
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TOWARDS QUANTUM TURBULENCE THEORY: A SIMPLE ...

Let us discuss the term U that is responsible for the interaction in the formula Eq. (26). In general,
operator U has the following form:

00
0 = Z Em,n0m<—>m (31)
m,n=1

where the sequence ¢, , is some finite decreasing sequence. The constants ¢, , are the coupling
constants which define the intensity of the vortex interaction. Operators U,,.,, define the reconnec-
tion of the considered vortex filaments in the flow. Each such operator describes the transformation
of m vortex rings into n rings and vice versa, n — m. To fix the exact form of operators Unons
additional assumptions are needed.

For example, let us consider the operator Us.,, in case of a paired interaction between our
structured particles. Thus, any two particles located in the points with coordinates q; and ( interact
by means of potential 77(q] — (). In this case,

N N .,
Ureor = E Uroa(ny, no, 0y, my),

ny,ng,ny,n

where (see Ref. [16], for instance)

02<—>2(ﬂ1, ny, n/l, n’z) = / .. / d‘11dqza+(q1;n])ﬁ+(q2;n2)”//(q1 _ 42)ﬁ(qz;n’2)ﬁ(q1;n’1). (32)
The notations
A = /a(p;”)eiqul’v it (q;n) = / a*(p;n)e"®dp
were introduced here. Note that the conjugation rules
Uyt (i, o, 0y, nh) = Uan (0, 1, ny, ma)

are fulfilled so the operator UL, is self-adjoint operator.
Let us consider the § interaction between the particles:

Y (q — q2) = 8(q — q2).

In this case, and taking into account the conservation laws for the momentum and the energy, we
can write the following expression for the function U, (11, na, 1y, ny):

UZ(—)Z(nlv ny, n/lv n/z) = 8n1+n2.n']+n’2 / : / dpldp2dp/1dp/2

X 8(p1 + P2 — Py — P& (P13 n)ET (P23 m2) AP m)E(PY; 1)),

As it seems, some function %, , (p1, p2) should be added in the integrand expression for the
reasons of convergence of the integrals. For example, % = 1 for &(p1, p2; 11, 12) < Smax and 7 =
0 in the opposite case. The function & (py, p2; 11, n2) is defined by the formula Eq. (29). Of course,
other methods of the ultraviolet cutoff procedure are also possible.

Taking into account the vortex nature of our structured particles, it also makes sense to consider

nonlocal interactions of a general kind. This can be done, for example, by replacing in the formula
Eq. (32)

a+(ql;”1)ﬁ+(‘lz;”2)7/(41 - 42)3(42;”,2)6(111;71,1)
— / '~/dq’ldq’zﬁ+(qﬁ;nl)a+(q’2;nz)£z(ql — 4. 4> — 4)8(g5: 1y)a(g): m)),
where the function .% (-, -) is certain form-factor.
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Any summands U,,..,, in the sum Eq. (31) can be constructed similarly. Definitely, the description
of a turbulent flow in the framework of the suggested method requires a large number of terms in
the sum Eq. (31).

In this paper, we consider the simplest case when interacting rings retain their shape. Of course,
the general case of interaction must take into account the change in the shape of the rings. The
shape change can be taken into account by replacing the H}, space to the Fock space Hp, which is
introduced in the work [8]. The author hopes to return to this issue in subsequent works.

Finally, we have the following general expression for the partition function of the quantum

turbulent flow in our model:
A
Z =Trexp (—k—> (33)

V. CONCLUDING REMARKS

In this paper, we have proposed the basics of the approach to the description of a quantum
turbulent flow as a system of interacting vortices. Specific calculations of any thermodynamic
quantities with a help of the formula Eq. (33) involve the refinement of the model. So, we have to
concretize the formula Eq. (31) in some way. In our opinion, the values ¢, , together with the vortex
concentration V/N define the living time of the single vortex. Consequently, we can implement
Prandtl’s hypothesis about the length of the mixing path [17] in a turbulent flow within the
framework of our theory. The complexity of describing such a phenomenon as quantum turbulence
will require additional assumptions and subsequent investigations. The author hopes to return to this
issue in the future.
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