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Delaying dynamic wetting failure using thermal Marangoni flow
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Coating processes are limited by the onset of dynamic wetting failure beyond a critical
substrate speed. In this work, we study the influence of thermal Marangoni flow on
dynamic wetting with the objective of delaying wetting failure to higher substrate speeds.
A two-dimensional hydrodynamic model is developed to examine steady-state dynamic
wetting of a Newtonian liquid in a parallel-plate geometry where a temperature gradient
between the plates generates thermal Marangoni flow. The dynamics of the air displaced
by the liquid are accounted for, and the Galerkin finite-element method is used to calculate
steady-state solutions and find the critical substrate (bottom plate) speed at which wetting
failure occurs. It is found that thermal Marangoni flow directed toward the dynamic contact
line at the substrate delays wetting failure to a higher speed, whereas flow away from the
contact line causes wetting failure at a lower speed. Flow toward the contact line reduces
the bending of the air-liquid interface and increases the thickness of the air film near the
contact line. This lowers the magnitude of pressure gradients in the air phase and facilitates
removal of air from the contact line, delaying the entrainment of air and consequently
wetting failure to higher speeds. In contrast, flow away from the contact line increases
interface bending at a given speed, leading to thinning of the air film near the contact line
and causing wetting failure at lower speeds. The findings presented in this study suggest
a novel strategy for designing faster coating processes through the application of thermal
Marangoni flow.

DOI: 10.1103/PhysRevFluids.7.124002

I. INTRODUCTION

Dynamic wetting involves the displacement of one fluid by another on a solid substrate. The
displaced fluid is called the receding phase and the displacing fluid is called the advancing phase.
This phenomenon is important in areas as diverse as microfluidics and oil recovery [1–3]. Dynamic
wetting also plays a key role in coating processes, where the coating liquid (advancing phase)
displaces the air (receding phase) which surrounds the surface to be coated [4]. Increasing the
substrate speed beyond a critical value (denoted by Ucrit) leads to incomplete displacement of the air,
causing dynamic wetting failure. The onset of wetting failure is accompanied by a transition from
steady two-dimensional flow to a transient three-dimensional flow and the entrainment of air in the
liquid phase [5]. This leads to nonuniformity in the coating layer and worsens product quality [6,7].
As a result, coating processes are operated below Ucrit to ensure steady dynamic wetting, but this
limits the production rate. Thus, delaying the onset of wetting failure to a higher Ucrit enables faster
coating processes. In this work, we use numerical simulations to investigate the influence of thermal
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Marangoni flow on dynamic wetting failure in a model geometry, with the objective of delaying
wetting failure to higher speeds.

Marangoni flow is generated due to the presence of surface-tension gradients at a fluid-fluid
interface and is directed from low-surface-tension regions to high-surface-tension regions [8].
Surface-tension gradients can be caused by solute concentration gradients or temperature gradients
at a fluid-fluid interface, and the resultant flows are called solutal Marangoni flow and thermal
Marangoni flow, respectively [9]. It should be noted that all the examples of solutal Marangoni flow
discussed in this work refer to systems where the solute is a surfactant. Generally, the surface tension
at a fluid-fluid interface decreases with increasing surfactant concentration and temperature. As a
result, in the presence of surfactant concentration or temperature gradients, the resultant Marangoni
flow is driven from high-surfactant-concentration to low-surfactant-concentration regions (solu-
tal Marangoni flow) or from high-temperature to low-temperature regions (thermal Marangoni
flow) [10].

Liu et al. conducted a theoretical study to examine the effects of solutal Marangoni flow on
dynamic wetting failure in a parallel-plate geometry, where the bottom plate moves to the right with
a fixed speed and the top plate is stationary [11]. A Newtonian liquid and air along with insoluble
surfactant are confined between the two plates. When the liquid (advancing phase) displaces the
air (receding phase) completely, steady dynamic wetting occurs. It was found that the presence of
surfactant caused wetting failure to occur at a lower capillary number (dimensionless number pro-
portional to substrate speed) compared to a system where surfactant is absent. This occurs because
of the accumulation of surfactant near the bottom plate due to the flow in the liquid, generating a
solutal Marangoni flow away from the contact line at the bottom plate. The predicted decrease in
the critical substrate speed is qualitatively consistent with experimental observations [11,12].

In the absence of Marangoni flow, dynamic wetting failure occurs when the capillary-stress
gradients (arising due to the curvature gradients at the air-liquid interface) cannot support the
pressure gradients required to push the air away from the contact line at the bottom plate [13].
The solutal Marangoni flow generated due to the presence of insoluble surfactant causes thinning
of the air film near the contact line, which increases the magnitude of the pressure gradients in the
air, leading to wetting failure at a lower capillary number [11,14,15]. In the presence of soluble
surfactants, desorption of surfactant from the air-liquid interface to the bulk liquid decreases the
surfactant concentration gradient at the interface, which decreases the magnitude of the Marangoni
stresses and thickens the air film near the contact line (compared to the case of insoluble surfactants).
As a consequence, wetting failure occurs at a higher capillary number [12].

Since Marangoni flow directed away from the dynamic contact line causes wetting failure at a
lower capillary number, we hypothesize that wetting failure can be delayed to a higher capillary
number by reversing the direction of Marangoni flow. The direction of solutal Marangoni flow
in the parallel-plate geometry is controlled by the flow in the liquid phase and cannot readily be
reversed [11]. In this work, we introduce a temperature gradient between the two plates, which
generates a thermal Marangoni flow in the system, the direction of which can controlled by altering
the temperature gradient. A higher temperature at the top plate generates a thermal Marangoni
flow directed toward the dynamic contact line at the bottom plate, and a higher temperature at the
bottom plate drives thermal Marangoni flow away from that contact line. We show via finite-element
calculations that the direction of thermal Marangoni flow in the parallel-plate geometry affects the
onset of wetting failure, with thermal Marangoni flow directed toward the contact line delaying
wetting failure to a higher capillary number. The findings reported in this work suggest a novel
strategy for designing faster coating processes through the application of thermal Marangoni flow.

The model formulation is discussed in Sec. II, the effects of thermal Marangoni flow on important
characteristics such as the critical speed and the shape of the air-liquid interface are presented in
Sec. III, the influence of thermal Marangoni flow on the wetting-failure mechanism is discussed in
Sec. IV, and a summary of our findings is given in Sec. V.
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FIG. 1. (a) Schematic of the model geometry. (b) Enlarged view of the interface near the inflection point
showing θM , θmic, and the location of the inflection point with respect to the substrate. (c) Schematic of the
finite-element mesh used for discretizing the model equations.

II. MODEL FORMULATION

A hydrodynamic model is developed to study the displacement of air by a Newtonian liquid in
a parallel-plate geometry in the presence of thermal Marangoni flow [Fig. 1(a)]. The bottom plate
(substrate) moves to the right with a speed U and is located at a distance H from the top plate, which
serves as a fixed upper boundary. The intersection of the solid, liquid, and air phases is called the
contact line, and our model system has two contact lines: one at the moving bottom substrate and
another at the fixed upper boundary.

Figure 1(a) shows two contact angles near the moving substrate: the microscopic contact angle
(θmic), which is the angle between the air-liquid interface and the moving substrate at the contact
line, and the apparent contact angle (θM), which is the angle measured at some distance from the
contact line. In this work, θM is taken to be the maximum angle along the air-liquid interface, and
it is found at an inflection point (IP). θM is a measure of the interface deformation, with a larger θM

value indicating a larger extent of interface deformation. The interface height is denoted by h and
the horizontal length of the interface is denoted by L.

Figure 1(b) shows an enlarged view of the interface near the IP. The height of the IP is denoted by
h f and the distance between the contact line and the IP is denoted by r f . A temperature gradient is
introduced between the fixed upper boundary and the substrate to generate thermal Marangoni flow
in the system. The temperatures of the fixed boundary (top plate) and the moving substrate (bottom
plate) are denoted by Tt and Tb, respectively.

A. Governing equations and boundary conditions

Inertial effects are neglected in this work, giving rise to the creeping-flow equations, which along
with the energy balance equation constitute the governing equations for the model:
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∇ · v = 0, ∇p = ∇2v, (2.1)

Pe (v · ∇T ) = ∇2T, (2.2)

where v, p, and T represent the fluid velocity, pressure, and temperature in a given phase, respec-
tively. The characteristic scales used for lengths, velocities, and stresses are H , U , and μU/H ,
respectively, where μ is the viscosity (assumed to be constant) of the respective phase, and the
temperature is nondimensionalized as (T − Tb)/(Tt − Tb). Pe is the thermal Peclet number, which
is the ratio of the rates of convective energy transfer to diffusive energy transfer and is defined
as UH/α for each phase, where α is the thermal diffusivity of the respective phase. We use a
linear equation of state that incorporates the dependence of surface tension (σ ) on temperature
for simplicity, and because it exhibits a good agreement with experimental findings [16–18],

σ = σb − kt (T − Tb), (2.3)

where σb is the surface tension corresponding to Tb and kt is the rate of change of the surface tension
with temperature. The variation of viscosity with temperature in both the phases has been neglected
to isolate the effects of thermal Marangoni flow. Similarly, we neglect gravitational effects, which
corresponds to assuming that the Bond number (Bo = ρgH2/σ , ratio of gravitational to surface-
tension forces) and the Stokes number (St = ρgH2/μU , ratio of gravitational to viscous forces) are
small.

The hydrodynamic model is completed by imposing the following dimensionless boundary
conditions at the air-liquid interface:

v|air = v|liq, (2.4)

n · v = 0, (2.5)

Mt∇sσ · t = n · T · t|liq − n · T · t|air, (2.6)

κ (1/Ca + σMt ) = n · T · n|liq − n · T · n|air, (2.7)

T |air = T |liq, (2.8)

n · ∇T |air = krn · ∇T |liq, (2.9)

where (2.4) is the velocity continuity condition; (2.5) is the kinematic condition; (2.6) and (2.7)
are the tangential stress balance and normal stress balance, respectively; (2.8) is the temperature
continuity condition; and (2.9) is the energy flux balance. Here ∇s is the surface gradient operator;
κ is the interface curvature; n and t are the normal and tangent unit vectors at the interface,
respectively; and T is the Newtonian stress tensor. The stress tensor for the air phase contains the
viscosity ratio (χ = μair/μliq) and has the form T = −pI + χ [∇v + ∇vT ], where I is the identity
tensor.

Surface tension is nondimensionalized as (σ − σt )/(σb − σt ), where σt and σb are the surface
tensions corresponding to Tt and Tb, respectively. The following dimensionless parameters arise: the
viscosity ratio (χ = μair/μliq) which is the ratio of air viscosity to liquid viscosity; the capillary
number (Ca = μliqU/σt ), which is the ratio of viscous forces to capillary forces; the thermal
Marangoni number [Mt = kt (Tt − Tb)/(μliqU )], which is the ratio of surface-tension forces to
viscous forces; and the thermal conductivity ratio (kr = kliq/kair), which is the ratio of liquid thermal
conductivity to air thermal conductivity. The capillary number at the critical substrate speed (Ucrit) is
defined as the critical capillary number (Cacrit = μliqUcrit/σt ) and it indicates the onset of dynamic
wetting failure. A discussion of these dimensionless parameters is presented in Sec. II C.

The contact line at the fixed upper boundary is pinned, while the contact line at the substrate
(bottom plate) is allowed to slip along the moving substrate. This approach is consistent with prior
studies and is motivated by the slot-die coating process where the top contact line at the upstream
meniscus is pinned to the slot-die head, and the bottom contact line can move on the solid to
be coated [11,13,19]. Due to the motion of the contact line at the substrate, applying the no-slip
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condition causes a stress singularity. This is remedied by using a Navier slip condition [20,21]:

ts · (v − U)|y=0 = λ[ns · T · ts]|y=0, (2.10)

where λ = ls/H is the dimensionless slip length and ls is the dimensional slip length. U is the
velocity vector of the substrate (which has only a horizontal component in this work), ns is the unit
normal vector to the substrate, and ts is the unit tangent vector to the substrate.

Temperature continuity is applied along the moving substrate for both the phases,

T |y=0 = 0. (2.11)

At the fixed upper boundary, the no-slip, no-penetration, and temperature continuity conditions are
applied for both phases:

v|y=1 = 0, (2.12)

T |y=1 = 1, (2.13)

Prior theoretical studies have reported good agreement between numerical results and experimental
findings by using a fixed value of θmic and we use a similar approach in this work by fixing
θmic = 90◦ (further discussion is presented in Sec. II C) [11,22,23]. We assume that the flow is fully
developed, and the normal heat flux is zero, at the left and right boundaries [Fig. 1(a)]. The governing
equations (2.1)–(2.2) along with the boundary conditions (2.3)–(2.13) constitute the hydrodynamic
model.

B. Solution method

The hydrodynamic model described in Sec. II A is discretized using the Galerkin finite-element
method and the resulting system of nonlinear equations is solved using the Newton-Raphson
method. This is done using Goma 6.0, which is a multiphysics finite-element tool that employs a
pseudosolid domain mapping method for describing mesh motion [24]. Biquadratic basis functions
are used to discretize velocity, temperature, and mesh coordinates (x and y values), and linear
discontinuous basis functions are used to discretize the pressure. The basis functions are chosen
based on prior work [11,13,22,23].

Figure 1(c) shows a schematic of the finite-element mesh. The meshes used in this work are
generated using Coreform Cubit 2020.2 [25]. We concentrated the elements near the contact lines
to accurately capture the interface bending at high substrate speeds. The mesh is refined until the
results are mesh independent (a variation of less than 0.2% in the results on further refinement), and
a final mesh consisting of 12 000 elements is found to be sufficient; this mesh is used for all the
calculations. The model is validated against prior theoretical studies where thermal Marangoni flow
was absent [5,13].

C. Dimensionless parameters

We consider an air-water system (air is the receding phase and water is the advancing phase) for
our simulations and the values of physical properties are chosen accordingly [26]. A temperature
difference of 5◦C between the plates is used for our calculations. Table I lists the order of magnitude
of all the dimensionless parameters discussed in Sec. II A. The influence of the dimensionless slip
length on wetting failure has been studied in prior work, and Cacrit is found to increase with
increasing λ, but the qualitative features of the results do not vary with λ [13,22]. We report
all the results in this work for a single λ to isolate the effects of thermal Marangoni flow, and
based on calculations at different values of λ, λ = 10−2 (e.g., ls = 10−7 m and H = 10−5 m) is
chosen for computational ease. Some additional calculations for different values of λ are shown in
Appendix A 1.
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TABLE I. Dimensionless parameters and their order of magnitude.

Dimensionless parameter Definition Magnitude

Viscosity ratio χ = μair/μliq 0.0179
Dimensionless slip length λ = ls/H 10−2

Thermal conductivity ratio kr = kliq/kair 29.8
Microscopic contact angle θmic 90◦

Liquid Peclet number Peliq = UH/αliq 0–102

Air Peclet number Peair = UH/αair 0–100

Thermal Marangoni number Mt = kt (Tt − Tb)/(μliqU ) 100–104

Capillary number Ca = μliqU/σt 0–4.56

Generally, the microscopic contact angle may depend on parameters such as the substrate speed,
liquid viscosity, and surface tension [27–29]. However, the model can be simplified by assuming that
θmic remains constant, and using this approach gives reasonably good agreement with experimental
findings [22,30]. It is found that Cacrit increases with decreasing θmic, but the qualitative features of
the results do not vary with θmic [13,22]. As a consequence, we report all the results in this work for
a single microscopic contact angle (θmic = 90◦) to isolate the effects of thermal Marangoni flow.

In our simulations, the speed of the substrate is increased until the critical substrate speed
is reached (this process is explained in Sec. III). The physical properties of both phases do not
change with substrate speed. As a consequence, the magnitudes of the substrate-speed-dependent
dimensionless parameters (Peliq, Peair, Mt , and Ca) vary as the substrate speed increases. Table I
shows the range of magnitudes for these dimensionless groups.

It should be noted that Mt > 0 when Tt > Tb, and thermal Marangoni flow is directed toward the
contact line at the bottom plate [Fig. 1(a)]. Similarly, Mt < 0 when Tt < Tb, and thermal Marangoni
flow is directed away from the contact line at the bottom plate.

III. INFLUENCE OF THERMAL MARANGONI FLOW ON WETTING FAILURE

In this work, we study three cases: (i) thermal Marangoni flow toward the contact line at the
bottom plate (Mt > 0), (ii) thermal Marangoni flow away from the contact line at the bottom plate
(Mt < 0), and (iii) absence of thermal Marangoni flow (Mt = 0). For each case, the value of Cacrit is
calculated by tracing a steady-state solution family which tracks the evolution of θM as Ca increases
(indicating an increase in substrate speed). Figure 2 illustrates typical solution families and interface
profiles for all the cases. In this section, we discuss the influence of thermal Marangoni flow on the
critical capillary number and the interface shape.

A. Solution families

Figure 2(a) shows the solution families, and for all the cases, θM increases with Ca until a turning
point is reached. Since the magnitude of θM is a measure of interface bending [Fig. 1(a)], the
solution families indicate that increasing the substrate speed causes more interface deformation.
Beyond the turning point, two-dimensional (2D) steady-state solutions cannot be obtained, which
suggests a transition from steady dynamic wetting to a transient 3D flow, indicating the onset of
wetting failure (as discussed in Sec. I) [13,31]. As a consequence, the capillary number at the turning
point represents a critical capillary number (Cacrit). The turning point separates the stable (lower)
branch from the unstable (upper) branch of the solution family, along which θM increases as Ca
decreases [32,33]. Goma has in-built arclength continuation capabilities which have been used to
obtain solutions along the unstable branch. We could recover only a small portion of the unstable
branch due to limitations associated with mesh distortion, but it is sufficient to identify the turning
point.
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FIG. 2. (a) Solution families for (i) Mt > 0 (1.28 < Mt < 9893.4), which corresponds to flow toward
contact line (Cacrit = 4.56); (ii) Mt < 0 (−9821.7 < Mt < −5.76), which corresponds to flow away from
contact line (Cacrit = 0.753); and (iii) Mt = 0, which corresponds to the absence of thermal Marangoni flow
(Cacrit = 1.14). (b) Interface profiles for all the cases at Ca = 0.2.

Figure 2(a) shows that the largest Cacrit is obtained for Mt > 0, followed by Mt = 0 and Mt < 0.
This indicates that thermal Marangoni flow toward the contact line at the bottom plate (Mt > 0)
delays wetting failure to a higher Cacrit, whereas thermal Marangoni flow away from the contact
line (Mt < 0) causes wetting failure at a lower Cacrit . This result is consistent with the findings of
Liu et al., where Marangoni flow directed away from the contact line causes wetting failure at a
lower Cacrit [11]. It should also be noted that the solution family reaches Cacrit at approximately the
same apparent contact angle (θM ≈ 168◦) for all the cases, which suggests that the interface shape
near the contact line is similar when the system is nearing the transition to wetting failure. The
influence of thermal Marangoni flow on the interface shape is discussed in Sec. III B.

For the parameter values used in Fig. 2, thermocapillarity can produce significant changes in
the critical substrate speed for moderate temperature differences. For example, making the top plate
10◦C hotter would increase the critical substrate speed by ∼80% relative to the case of no Marangoni
flow. Similarly, making the bottom plate 10◦C hotter would reduce the critical substrate speed by
∼60%.

We have checked whether all solution families in Fig. 2(a) can collapse onto a single curve
by redefining an effective capillary number Caeff = μliqU/σeff , where σeff is the effective surface
tension that occurs at a corresponding dimensionless temperature Teff . We determine the σeff for
both the cases with nonzero Mt such that the respective solution families collapse onto the curve
for Mt = 0. For Mt > 0, σeff = 3.91σwater and Teff = 1.8, and for Mt < 0, σeff = 0.68σwater and
Teff = −0.48. The Teff values lie outside the dimensionless temperature range defined in the model
geometry (0 to 1) and a discrepancy is observed in the rescaled solution families near the turning
point. As a consequence, we conclude that the solution families cannot be rescaled in a physically
reasonable manner such that they collapse onto a single curve.

Finally, while the calculations in Fig. 2 are for a given applied temperature difference between the
plates (5◦C), additional calculations for different temperature differences (and thus different ranges
of thermal Marangoni numbers) are given in Appendix A 2. Changes to the applied temperature
difference change the values of the capillary numbers but not the qualitative behavior of the solution
families.

B. Interface shapes and temperature contours

Figure 2(b) shows the interface shapes for all the cases at a fixed capillary number (Ca = 0.2).
The contact line at the top plate is pinned for all the cases while the contact line at the bottom plate
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FIG. 3. (a) Temperature contours for the case Mt > 0 (Mt = 1.98) at Ca = 4.5. (b) Streamlines for the case
Mt > 0 (Mt = 1.98) at Ca = 4.5. (c) Temperature contours for the case Mt < 0 (Mt = −11.43) at Ca = 0.75.
(d) Streamlines for the case Mt < 0 (Mt = −11.43) at Ca = 0.75. The black solid line in all the panels shows
the air-liquid interface. In panels (b) and (d), the red lines correspond to air and the blue lines correspond to
liquid.

can move horizontally. The maximum interface deformation (indicated by the extent to which the
contact line has moved to the right along the bottom plate) occurs for Mt < 0, followed by Mt = 0
and Mt > 0. This indicates that thermal Marangoni flow directed toward the contact line reduces the
interface bending at any given Ca, while flow away from the contact line enhances it.

Figure 3 shows the temperature contour plots and streamlines for the cases Mt > 0 and Mt < 0.
For both cases, steady-state solutions near the turning point in the solution families [Fig. 2(a)] are
chosen, which represent a system nearing the onset of wetting failure (Ca ∼ Cacrit). The interface
profile is found to be similar in both cases (see interface shapes shown by the solid black line
in the different panels in Fig. 3). This is consistent with the findings discussed in Sec. III A where all
the solution families reached Cacrit at nearly the same θM . Indeed,the interface shapes near Cacrit are
nearly the same for all three cases, as illustrated in Fig. 4(a).

In our model, the dimensionless temperature is 0 at the bottom plate and 1 at the top plate for
Mt > 0, and vice versa for Mt < 0. As expected, Fig. 3(a) shows that the temperature decreases as
we move from the fixed boundary (y = 1) to the substrate (y = 0) for Mt > 0, and Fig. 3(c) shows
that the temperature increases as we move from the fixed boundary to the substrate for Mt < 0. For
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FIG. 4. (a) Interface profiles for all three cases near their respective Cacrit : Ca = 4.5 for Mt > 0, Ca = 1.1
for Mt = 0, and Ca = 0.75 for Mt < 0. (b) Variation of the tangential velocity magnitude at the interface with
the interface arclength (s) for Ca = 0.75.

Mt > 0, there is a variation in the temperature along the horizontal axis as we move closer to the
interface, whereas for Mt < 0, the temperature does not change as much along the horizontal axis.
This result is explained by considering the flow patterns and velocity magnitudes in both phases.

The liquid experiences viscous drag due to the motion of the bottom plate. Consequently, the
liquid present near the fixed upper plate is pulled toward the contact line at the bottom plate [13].
As a result, a rolling flow pattern is exhibited in the liquid phase as seen in Figs. 3(b) and 3(d). This
is consistent with the findings of Liu et al., where the qualitative features of the flow do not change
in the presence of surfactant-induced Marangoni flow for the parallel-plate geometry [11].

For Mt > 0, the Marangoni flow generated toward the contact line at the bottom plate supports
the rolling flow pattern in the liquid, whereas for Mt < 0, flow away from the contact line opposes it.
Figure 4(b) shows the variation in the magnitude of the tangential velocity at the air-liquid interface
with the interface arclength (s) for Mt > 0 and Mt < 0, at a fixed Ca. The top contact line is defined
as s = 0, and the bottom contact line is defined as s = 1, so that s increases as we move from the
top plate to the bottom plate [Fig. 1(a)]. Results are shown from s = 0 to s = 0.9, as sharp velocity
gradients and the highly dense node distribution near the contact line make it difficult to extract
reliable velocity magnitudes near s = 1.

As the Marangoni flow for Mt > 0 supports the rolling flow motion in the liquid, the magnitude of
tangential velocity at the interface is expected to increase as compared to the case with no Marangoni
flow (Mt = 0). In contrast, the tangential velocity magnitude is expected to decrease for Mt < 0, as
the Marangoni flow opposes the rolling flow motion. This is consistent with the trend observed in
Fig. 4(b), where Mt > 0 has the largest velocity magnitude, followed by Mt = 0 and Mt < 0. For
each case, the velocity magnitude increases as we move from the stationary top plate (s = 0) to the
moving bottom plate (s = 1), as expected.

For Mt > 0, it turns out that the largest vertical velocity components near the interface are nearly
an order of magnitude larger than the vertical velocity components far from the interface. This is a
result of the increase in the velocity magnitudes at the interface caused by the downward Marangoni
flow [Fig. 4(b)]. In contrast, for Mt < 0, the upward Marangoni flow leads to vertical velocity
components near the interface that are only about 10–20% larger in magnitude than those in the
bulk. For Mt > 0, the larger vertical velocity gradients lead to a kink in the temperature contours
[Fig. 3(a)], which is not seen for Mt < 0 [Fig. 3(c)]. As one moves in the horizontal direction away
from the interface, the vertical velocity gradients decrease for Mt > 0, so the kink in temperature
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contours becomes less pronounced, and this gives rise to the horizontal temperature gradients in
Fig. 3(a).

A slender recirculation zone is seen in the air phase for both cases [Figs 3(b) and 3(d)], where
the air flows down along the interface and changes its direction near the contact line at the bottom
plate. This leads to sharp velocity and stress gradients in the air phase near the contact line which
play an important role in the wetting-failure mechanism, as discussed in Sec. IV. The qualitative
features of the flow pattern remain the same in the absence of thermal Marangoni flow, and these
results are consistent with prior work [13].

Finally, we briefly comment on the incompressibility assumption for the air. Because the air film
near the dynamic contact line becomes elongated as the critical capillary number is approached,
the air-pressure gradients in the horizontal direction are much greater than those in the vertical
direction [13]. Additionally, Fig. 3 indicates that the temperature gradients in the horizontal direction
are much less than those in the vertical direction. Assuming ideal-gas behavior, analysis of the
temperature fields in Fig. 3 (and the associated pressure fields from the simulations, which assume
incompressible flow) reveals that air density would vary by 5% at most over the entire air phase,
relative to the isothermal case. Near the dynamic contact line, this variation is much smaller since
the air film there is much thinner than the distance between the plates. Together, these observations
imply that any air-density changes due to temperature are unlikely to significantly influence the
air-pressure gradients in the horizontal direction, which are primarily responsible for driving the
air flow [13,34,35]. This suggests that the incompressibility assumption is likely reasonable so
that the resulting predictions, which isolate the influence of thermocapillarity, are qualitatively
accurate.

IV. WETTING-FAILURE MECHANISM

In the absence of Marangoni flow, wetting failure occurs when the capillary-stress gradients
(arising due to the variation in the interface curvature) can no longer support the pressure gradients
required to push the air away from the contact line [13]. It was found that the presence of solutal
Marangoni flow increases the air-pressure-gradient magnitude near the contact line and causes
wetting-failure at a lower critical capillary number [11]. In this section, the influence of thermal
Marangoni flow on the wetting-failure mechanism is discussed.

It is useful to estimate how capillary-stress gradients and air-pressure gradients scale near
the contact line at the bottom plate as these quantities play a crucial role in the wetting-failure
mechanism. Simplifying the governing equations using lubrication theory yields the following
scaling for the air-pressure-gradients at the IP [13,22]:∣∣∣∣dP

dx

∣∣∣∣ ∼ χ

h f
2 , (4.1)

where χ is the viscosity ratio and h f is the height of the inflection point [see Fig. 1(b)]. On applying
the Navier slip condition (2.10), it is found that the interface curvature κ scales as ln(r) [29]. As a
consequence, the capillary-stress gradients at the IP scale as:

1

Ca

∣∣∣∣dκ

dx

∣∣∣∣ ∼ 1

Ca

(
1

r f

)
, (4.2)

where Ca is the capillary number and r f is the distance between the contact line and the IP
[Fig. 1(b)]. It should be noted that (4.2) is valid only in the limit 1/h f � λ, where λ is the
dimensionless slip length [13].

Figure 5(a) shows the variation of stress-gradient magnitudes (capillary-stress gradient and
air-pressure gradient) at the IP with Ca for all the cases. The lines represent the values obtained
using the scaling relations (4.1) and (4.2), the circles represent the numerically obtained values of
the air-pressure-gradient magnitude, and the diamonds represent the numerically obtained values of
the capillary-stress-gradient magnitude. There is reasonably good agreement between numerical
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FIG. 5. (a) Stress-gradient magnitude at the IP versus Ca. The solid lines represent the scaling relation (4.1)
and the dashed lines represent the scaling relation (4.2). The circles represent air-pressure-gradient magnitudes
obtained from numerical simulations and the diamonds represent capillary-stress-gradient magnitudes obtained
from numerical simulations. (b) Shear-stress magnitude at IP versus Ca. The red and yellow lines represent the
scaling relation (4.4) and the blue line represents the scaling relation (4.3). The circles represent results obtained
from numerical simulations.

solutions and the scaling relations for all the cases. The air-pressure gradients have the largest
magnitude for Mt < 0, followed by Mt = 0 and Mt > 0. Additionally, the air-pressure gradients
rise more steeply as Ca increases for Mt < 0. This indicates that thermal Marangoni flow directed
away from the contact line (Mt < 0) increases the air-pressure-gradient magnitude, making it more
difficult to push air away from the contact line, whereas flow toward the contact line (Mt > 0)
reduces the air-pressure-gradient magnitude.

Marangoni flow directed away from the contact line reduces the capillary-stress-gradient mag-
nitude at any given Ca. The capillary-stress-gradient magnitude depends on the interface curvature
gradient [see (4.2)], and this result is attributed to the influence of thermal Marangoni flow on the
interface shape (discussed in Sec. III B). Flow away from the contact line causes more interface
elongation, which reduces the interface curvature gradient at the IP and consequently reduces
the capillary-stress-gradient magnitude. For all the cases, the capillary-stress gradient magnitude
matches the air-pressure-gradient magnitude at the respective Cacrit. This indicates that wetting
failure occurs when the capillary-stress gradients near the contact line at the bottom plate can no
longer support the air-pressure gradients required to push the air away.

The air-pressure-gradient magnitude at the IP is dependent on the height of the inflection point h f

[see (4.1)], which serves as a reasonable estimate for the air-film thickness [11,22,36,37]. Figure 6(a)
shows the variation of h f with Ca. The lowest h f is found for Mt < 0, followed by Mt = 0 and
Mt > 0. This indicates that Marangoni flow away from the contact line (Mt < 0) leads to thinning
of the air film, which results in a larger air-pressure-gradient magnitude [Fig. 5(a)]. In contrast,
Marangoni flow toward the contact line (Mt > 0) thickens the air film and lowers the air-pressure
gradients.

The shear-stress magnitude in air (n · T · t|air) at the IP is compared for all the cases to gain
insight into the influence of Marangoni stresses on the air-film thickness. On applying lubrication
theory, the shear stress in the absence of Marangoni flow scales as:

μair

∣∣∣∣du

dy

∣∣∣∣ ∼ μair
U

h f
, (4.3)
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FIG. 6. (a) Inflection point height (hf ) versus Ca. (b) Horizontal length of the interface (L) versus Ca.
(c) Inflection point height (hf ) versus horizontal length of the interface (L).

where μair is the air viscosity and U is the substrate speed. In the presence of Marangoni flow, the
shear stress scales as:

μair

∣∣∣∣du

dy

∣∣∣∣ ∼ σm

L
, (4.4)

where σm is the mean surface tension and L is the horizontal length of the interface [Fig. 1(a)]. The
difference in scaling relations is a consequence of the tangential stress balance at the interface (2.6),
as the term with the surface-tension gradient becomes zero for Mt = 0.

Figure 5(b) shows the shear-stress magnitude in air at the IP for all the cases. The lines represent
the values obtained from the scaling relations (4.3) and (4.4), and the circles represent numerically
obtained values. Reasonably good agreement is seen between the numerically obtained values and
the scaling relations. At any given Ca, the shear-stress magnitude is larger for Mt < 0, followed
by Mt = 0 and Mt > 0. This is a consequence of the tangential stress balance (2.6), where Mt < 0
increases the shear-stress magnitude in air, and Mt > 0 reduces it, as compared to Mt = 0. A larger
shear-stress magnitude is indicative of a sharp velocity gradient, such that the velocity changes
over a shorter distance, leading to a thinner air film for Mt < 0. In contrast, a thicker air film is
expected due to a lower shear-stress magnitude for Mt > 0. The shear-stress magnitude calculations
[Fig. 5(b)] are consistent with the air-film thickness calculations [Fig. 6(a)].
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Figure 6(b) shows the variation of the horizontal length of the interface (L) with Ca. The interface
consistently elongates as the capillary number increases for all the cases. Thus, the shear-stress
magnitude in the presence of thermal Marangoni flow (Mt �= 0) is expected to decrease with
increasing Ca [see (4.4)], whereas the shear-stress magnitude in the absence of thermal Marangoni
flow [which is inversely proportionate to h f , see (4.3)] is expected to increase with increasing Ca,
as h f decreases with increasing Ca [Fig. 6(a)]. This is consistent with the shear-stress magnitude
calculations [Fig. 5(b)]. The interface elongation is larger for Mt < 0 at any given Ca, followed by
Mt = 0 and Mt > 0, which is consistent with the interface profiles [Fig. 2(b)].

Figure 6(c) shows the variation of the air-film thickness (h f ) with the interface elongation (L).
h f decreases with increasing L for all the cases, which is consistent with the results illustrated in
Figs. 6(a) and 6(b) (h f decreases with increasing Ca, and L increases with increasing Ca). Moreover,
all the curves collapse onto each other, indicating a similarity in the evolution of the interface shape
for all the cases.

The above results allow us to draw some conclusions about the mechanism of dynamic wetting
failure in the presence of thermal Marangoni stresses. In the absence of Marangoni stresses, the
tangential (shear) stresses in the air and liquid must be equal at the interface. For thermal Marangoni
flow directed away from the contact line (Mt < 0), the tangential stress in the air becomes higher
to balance the Marangoni stress at the interface and the tangential stress in the liquid. The higher
tangential stress in the air is achieved by the development of a thinner air film. But the thinner air film
also causes larger air-pressure gradients, and the resulting interface deformation produces smaller
capillary-stress gradients. As a consequence, wetting failure occurs at a lower speed (lower Cacrit).
For thermal Marangoni flow directed toward the contact line (Mt > 0), the tangential stress in the
air becomes lower, which is achieved by the development of a thicker air film. The thicker air film
lowers the air-pressure gradients and increases the capillary-stress gradients, thereby postponing
wetting failure to higher speeds (higher Cacrit). Thus, the mechanisms of dynamic wetting failure
in the presence and absence of Marangoni stresses both involve a balance between air-pressure
gradients and capillary-stress gradients, with Marangoni stresses influencing both via the tangential
stress balance.

V. CONCLUSIONS

We developed a two-dimensional hydrodynamic model to study the effects of thermal Marangoni
flow on dynamic wetting failure in a parallel-plate geometry. It is found that the direction of thermal
Marangoni flow influences the value of the critical capillary number at which wetting failure occurs
(Cacrit). Compared to a system with no thermal Marangoni flow, thermocapillary flow toward the
contact line at the bottom plate delays wetting failure to a higher Cacrit, while thermocapillary flow
away from the contact line causes wetting failure at a lower Cacrit. Wetting failure occurs when the
capillary-stress gradients cannot match the air-pressure-gradients near the contact line, and thermal
Marangoni flow influences the mechanism by changing the magnitudes of these gradients.

Marangoni flow away from the contact line leads to more interface bending and elongation,
resulting in the formation of a thinner air film near the contact line. The thinning of the air film can
be explained by a large shear-stress magnitude in the air phase, which indicates the presence of steep
velocity gradients, and a shorter distance over which the velocity changes. A thinner air film leads to
larger air-pressure-gradient magnitudes, which cannot be balanced by the capillary-stress gradients,
causing the entrainment of air into the liquid and consequently wetting failure at a lower Cacrit .
In contrast, Marangoni flow toward the contact line reduces the interface elongation and forms a
thicker air film. This decreases the air-pressure-gradient magnitude and allows the air to be pushed
away from the contact line at a higher Cacrit.

Above the critical capillary number, the flow is expected to become three-dimensional and
unsteady [5]. This is beyond the regime of the present simulations, which are for steady
two-dimensional flows. Recent work has revealed rather rich dynamics in two-dimensional time-
dependent flows [38]; the influence of thermocapillarity on these dynamics remains an open issue.
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FIG. 7. (a) Solution families for Mt > 0 when (i) λ = 10−4 (yellow curve, 7.58 < Mt < 9936.2), (ii)
λ = 10−3 (blue curve, 4.31 < Mt < 9901.7), and (iii) λ = 10−2 (red curve, 1.28 < Mt < 9893.4). (b) Solution
families for Mt < 0 when (i) λ = 10−4 (red curve, −9914.6 < Mt < −8.32), (ii) λ = 10−3 (blue curve,
−9883.1 < Mt < −7.19), and (iii) λ = 10−2 (yellow curve, −9821.7 < Mt < −5.76).

As discussed in Sec. III A, model calculations show that modest temperature differences can lead
to significant changes in the critical substrate speed at which wetting failure occurs, suggesting a
novel strategy for designing faster coating processes through the application of thermal Marangoni
flow. For example, in a slot-die coating process, the slot-die could be heated so that the coating
liquid has a higher temperature near the slot-die than it has near the substrate. The potential for this
strategy to delay wetting failure provides a compelling motivation for complementary experiments,
and for more detailed modeling that accounts for the temperature dependence of material properties.
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APPENDIX

1. Influence of the dimensionless slip length

In the absence of thermal Marangoni flow, it is found that Cacrit increases with dimensionless slip
length. [5,13,22]. Figure 7 shows that Cacrit increases with λ for both Mt > 0 and Mt < 0, consistent
with this prior work.

2. Influence of temperature gradient

Temperature differences of 	T = Tt − Tb = 5◦C, and 	T = Tt − Tb = −5◦C are used to per-
form the calculations presented in Sec. III. Figure 8 shows solution families for different vales of
	T . For Mt > 0, Cacrit increases with the temperature difference. A larger temperature difference
corresponds to a stronger thermal Marangoni flow toward the contact line, which reduces the
extent of interface bending and delays wetting failure to higher Cacrit . For Mt < 0, a more negative
temperature difference increases the Marangoni flow away from the contact line, which increases
interface bending and causes wetting failure at lower Cacrit.
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FIG. 8. (a) Solution families for different values of 	T = Tt − Tb: (i) 3◦C (yellow curve, 0.86 < Mt <

5973.6), (ii) 4◦C (blue curve, 1.13 < Mt < 7428.2), and (iii) 5◦C (red curve, 1.28 < Mt < 9893.4), where Tt

is the temperature of the top plate, and Tb is the temperature of the bottom plate. (b) Solution families for 	T =
Tt − Tb: (i) −5◦C (yellow curve, −9821.7 < Mt < −5.76), (ii) −4◦C (blue curve, −8714.3 < Mt < −3.13),
and (iii) −3◦C (red curve, −6932.9 < Mt < −1.65).
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