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Understanding the hydrodynamics of droplet collision is vitally important due to the
inherent small-scale phenomena and various practical applications. The morphology,
course trajectory, and final state of the droplets in such a collision are greatly affected
by different physical parameters together with system geometry. Yet the collision behavior
of droplet pairs at high density and viscosity ratios remains unexplored and unquantified,
and therefore the critical density and viscosity ratios for the collision mode of droplets
under geometric parameters were unknown. Through computational analyses, we address
the interplay between the density ratio (60 to 800), the viscosity ratio (24 to 60), the initial
offset, and the confinement on the coalescence of droplet pairs subjected to a confined
shear flow. Simulations have been performed using a free-energy-based lattice Boltzmann
method, with the aim of determining new regimes compared to the previous study. The
results reveal that the coupling effect of density ratios and viscosity ratios contributes to
generating inertia and viscous interaction forces that significantly impact the coalescence
consequences. On the other hand, the wall confinement and the initial vertical offset
of droplets are shown to play a significant role in either promoting or suppressing the
collision mode of interacting droplets. Interestingly, we observe unusual trajectory motion
of droplets for an intermediate range of density ratios (i.e., 245–600) near the critical
initial offset of droplets. Regions of different collision modes are further presented in
terms of phase diagrams, which reveal the critical dependency of droplet behavior on the
coupling effect of density ratios, viscosity ratios, initial vertical offset, and confinement.
The reported results are expected to provide new insights into the collision of pair droplets
under confined shear flows in the effect of various parameters and help elucidate the
intrinsic nature and the condition of coalescence.
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I. INTRODUCTION

Multiphase and multiscale fluid flow phenomena are ubiquitous in nature and have a diverse
range of real-life applications. One of such cases encountered frequently is dispersed fluid droplets
in another matrix fluid. This type of hydrodynamic interaction between two immiscible fluids is
central to the wide applications in microfluidics [1–4], pharmaceutics [5,6], drug delivery [7,8],
polymer blending [9–11], emulsification [12–14], and enhanced oil recovery [15,16] to name a
few. Resolving such dynamic interactions through simulation is challenging due to the small-scale
activities especially occurring at the interface regions that ultimately influence the large-scale
consequences over the droplets. Thus, the study of the conditions behind droplet coalescence and
its behavior in the effects of various parameters has been of paramount importance.
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Typically, the coalescence process can be described in three stages [17]. First, the droplets
approach each other from their initial location. Once they come into collision, the matrix fluid
film between them starts thinning out, and this is the second phase, called film drainage. As the
film thickness continues to decrease, at some point, two droplet surfaces come close enough that
the intermolecular forces dominate, destabilizing the film and causing film rupture. Eventually, the
droplets coalesce with each other.

The outcome of such interactions is not only determined by the properties of the material
component or concentration but also by the droplet size distribution. Different physical parameters
(such as density ratio and viscosity ratio of droplets to the matrix fluid), as well as geometric
parameters (such as confinement and initial offset between droplets), play important roles in
coalescence dynamics. Depending on the interplay of these parameters, different collision modes
appear, including the reverse back of droplets from the direction of initial movement caused by
shear drag, merging (i.e., coalescence), and passing over one another [18,19]. All of these factors
motivate the research of understanding and predicting the hydrodynamics of deformable droplets
based on flow conditions.

Several authors have studied the coalescence and collision mode of droplets subjected to a
confined shear flow using both computational and experimental approaches [20–27]. Guido and
Simone [20] used video-enhanced contrast optical microscopy to investigate the collision of two
equal-sized droplets immersed in an immiscible liquid subjected to a shear flow. Their study was
confined to a small range of viscosity ratio (0.36–1.4) while keeping the density ratio fixed and
close to 1. They showed that the vertical offset distance tends to increase irreversibly after the
collision, which presents a droplet dispersion mechanism in such a system. Shardt and coworkers
[21] simulated droplet collisions in shear flows using a free-energy-based lattice Boltzmann method
(LBM) to quantify the effects of the droplet size relative to the interface thickness, the Peclet
number, the confinement, and the vertical offset on the critical capillary number (Ca), while keeping
the density and viscosity ratios fixed at 1.

Huang and Liang [22] simulated the collision and coalescence of three-dimensional (3D) droplets
in a confined shear flow using the phase-field-based LBM. They focused on a two-phase system
with equal density and viscosity fluids and explored the coupling effect of Ca and Reynolds (Re)
numbers, while keeping the offset and confinement fixed. Three types of droplet behaviors were
identified: coalescence, break-up after coalescence, and noncoalescence. In the lower Re region,
droplets show all three patterns of collision outcome depending on the Ca numbers. In contrast,
one critical Ca number was encountered in the intermediate Re range that characterizes the flow
transition from coalescence to noncoalescence. Finally, for a sufficiently large value of Re number,
the droplets were observed to slide over each other, irrespective of Ca variation.

The effect of geometrical confinement and vertical offset was studied experimentally by Bruyn
et al. [18] for both bulk and confined conditions. The polymers they used in their experiment for
the droplet phase and the matrix fluid have a viscosity ratio of 0.095 and a density ratio of about
1. The confinement seemed to play a significant role in coalescence conditions, and the possibility
of droplets’ coalescence at larger initial offsets was mainly attributed to the effect of confinement.
Results with different initial offsets on the velocity gradient direction indicate a higher critical initial
offset above which coalescence is impossible. A lower critical initial offset below which bounce
back and reverse trajectory motion of the droplets are also found. To evaluate the effect of viscosity
ratio along with the geometrical confinement, another experimental study was performed by Bruyn
et al. [19]. For each of the systems of three different droplet materials paired with a Newtonian
matrix resulting in three different viscosity ratios (0.1, 1.1, and 2.6), confinement leads to an increase
of the critical Ca number and supports possible coalescence with higher initial offset.

The effect of wall confinement in promoting the coalescence of droplets with unit viscosity and
density ratios was also observed by Chen et al. [23] in their experimental investigation. They noticed
that the parallel walls play an important role and induce changes in the interaction of droplets. In
contrast, sufficiently confined walls produce force comparable to a hydrodynamic force influencing
the drainage of the film between two approaching droplets.
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Chen and coworkers [24] explored the behavior of two interactive circular droplets in a confined
shear flow and their hydrodynamic interaction based on a computational fluid dynamics simulation
employing the volume-of-fluid method. Two types of droplet behaviors are experienced during their
interaction. Increased confinement causes the droplets to transit from pass-over toward the reverse-
back motion governed by the presiding role of the entrainment of the reversing-flow matrix fluid.
On the other hand, the enlarged initial separation results in the emergence of pass-over motion. In
addition, the combined effects of confinement, Re, and Ca on the deformation of droplets and their
trajectories were investigated. However, how changing the density and viscosity ratios influences
the collision outcome of droplets remains unconsidered.

Sarkar et al. [25] showed that the inertia-less Stokes flow governs small-size droplets with small
velocities in microcirculatory flows bounded by walls. Instead of adopting free streamlines with a
finite cross-stream, which is common in free shear, their simulation found that the droplets move
toward the centerline, maintaining a zero cross-stream separation but simultaneously with a net
streamwise separation.

The collision of droplet pairs in an immiscible fluid matrix under shear flow was simulated by
Bayareh et al. [26], solving the full Navier-Stokes equation by a front-tracking method. The effect of
varying different geometric parameters and viscosity ratio (0.19–1.2) while keeping the density ratio
constant at one was studied in their simulations. Close observation was made on the time evolution
of the distance between droplet centers along the velocity gradient direction.

Finally, the effects of Ca number and viscosity ratio (0.25–8) on the cross-flow self-diffusion
coefficients for rigid and deformable droplets undergoing simple shear flow were studied by
Loewenberg and Hinch [27] using the boundary integral method. Their results show that, while
keeping the density ratio fixed at one, the self-diffusivities of droplets depend strongly on the
viscosity ratio and moderately on the Ca number.

Despite numerical and experimental studies on the motion trajectories, droplet morphologies,
regime of interactions, and the influence parameters (such as vertical offset of droplets, wall
confinement, and viscosity ratio), the role of inertia on the dynamic evolution and collision mode
of droplets has not been addressed. Additionally, most of the earlier works have been done for a
smaller range of viscosity ratios, basically ranging from 0.1 to 8. Therefore, the objectives of the
present work are to provide results of droplet collision over a large range of density ratios (60–800),
extend previous results to a wider range of viscosity ratios (24–60), and determine new regimes
under collaborative roles of vertical offset, confinement, density ratio, and viscosity ratio. In the
present work, we conduct our investigation using numerical simulations, applying a proposed LBM
[28,29], which is based on the Chan-Hilliard diffuse interface theory for binary fluids. Compared
to the LBM used in previous numerical investigations on the coalescence of pair droplets in a shear
flow [21,22], the present LBM is capable of eliminating the parasitic currents and consequently can
accommodate higher density and viscosity ratios between the fluid components [30–33]. We have
investigated the effect of inertia and viscous forces on droplet coalescence in a systematic way for a
range of wall confinement and initial offset between the droplets.

The rest of the manuscript is organized as follows. In Sec. II, we briefly review the methods
and formulation of the algorithm required to perform the simulation of the studied phenomena. In
Sec. III, we present validation of the adopted algorithm and discuss the results received from our
analysis. This is followed by a summary of major conclusions from this study in Sec. IV.

II. METHOD

In the free-energy-based LBM for binary fluid, one follows the evolution of two discrete density
distributions, gα and hα , to model hydrodynamics and the evolution of phase-field, respectively.
In this study, we apply the LBM proposed by Lee and Liu [28], which is developed based on the
Cahn-Hilliard diffuse interface theory for binary fluids to study droplet coalescence in confined
shear flow. We will be establishing a brief overview of the method here; for more details on the
theory and method, readers are referred to Refs. [29,34–37]. The LBM follows a two-step approach
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to solve advection-diffusion equations. In the first step, known as the streaming step, the density
distribution functions at each lattice node are propagated to adjacent nodes along with a set of
discrete velocities eα where α identifies the discrete direction. There are several models of lattice
arrangement depending on the dimensional space of the simulation and the number of linkages used
for the information propagation. For our case study, we will be adopting the D2Q9 model of lattice,
where D2 denotes a two-dimensional domain and Q9 refers to the speed model with nine linkages or
directions. The second step of LBM, known as the collision step, determines the effect of collisions
between molecules leading the density distribution function toward an equilibrium distribution by
relaxing them at each node. A scalar order parameter C (i.e., composition) is introduced, which
satisfies the following convective Cahn-Hilliard equation [28]:

∂C

∂t
+ u · ∇C = M∇2μc, (1)

which involves mobility parameter M and chemical potential μc. Among the two distribution
functions gα and hα , the former is used for the calculation of pressure and momentum of the
two-component mixture, and the latter is used as a phase-field function for the transport of the
composition. These two distribution functions evolve according to following equations [28]:

∂gα

∂t
+ eα · ∇gα = −1

λ
(gα − geq

α ) + (eα − u) · {∇ρc2
s [�α − �α (0)] + μc∇C�α

}
, (2)

∂hα

∂t
+ eα · ∇hα = −1

λ
(hα − heq

α ) + M∇2μc�α + (eα − u) ·
[
∇C − C

ρc2
s

(∇p − μc∇C)

]
�α, (3)

where the equilibrium distribution functions are defined as

geq
α = tα

{
p + ρc2

s

[
eα · u

c2
s

+ (eα · u)2

2c4
s

− u · u
2c2

s

]}
, (4)

heq
α = tαC

[
1 + eα · u

c2
s

+ (eα · u)2

2c4
s

− u · u
2c2

s

]
. (5)

In the above equations, eα is the microscopic particle velocity in the α direction, u is the volume-
averaged velocity, cs is the lattice speed of sound, ρ is the mixture density, p is the dynamic pressure,
λ is the relaxation time, tα is the weighting factor, and �α is defined as �α = �α (u) = heq

α /C.
The dimensionless relaxation time τ = λ/δt is related to the kinematic viscosity by ν = τc2

s δt .
The density can be related to the composition using the following linear function [28]:

ρ = Cρ1 + (1 − C)ρ2, (6)

where ρ1 and ρ2 are the bulk densities of two fluids. The chemical potential, μ is defined as the
derivative of the free energy with respect to the order parameter, and the free energy is given by [37]

E (C) = E0(C) + κ

2
|∇C|2, (7)

where E (C) is the total free energy, E0(C) is the free energy density of the binary solution, ∇C
is the composition gradient, and κ is the gradient parameter related to the surface tension of the
interface between two phases. The free energy density is taken as E0(C) = βC2(C − 1)2 [28] with
β being a constant. The equilibrium profile and surface tension of the interface in equilibrium can
be determined by minimizing the mixing energy. The plane interface profile at equilibrium is then
evaluated as [28]

C(z) = 1

2
+ 1

2
tanh

(
2z

ξ

)
, (8)

where z denotes the coordinate normal to the interface plane and ξ is the interface thickness. Once
the surface tension and interface thickness are chosen, β and κ are specified as β = 12σ/ξ and κ =
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FIG. 1. Schematic representation of a droplet pair with an initial radius of R in a confined shear flow. The
droplets are located between two parallel plates that are a distance H apart and move in opposite directions.
�X and �Y are the horizontal and vertical distances between the centers of the droplets.

βξ 2/8. Finally, the macroscopic variables such as composition, momentum, and dynamic pressure
can be obtained by taking the moments of hα and gα:

C =
∑

α

hα, (9)

ρu = 1

c2
s

∑
α

eαgα, (10)

p =
∑

α

gα. (11)

For detailed discretization of Eqs. (2) and (3) and boundary conditions, readers are referred to
Ref. [28].

III. RESULTS

A. Validation

A schematic two-dimensional representation for the coalescence of droplet pairs in a confined
shear flow is demonstrated in Fig. 1. Two spherical droplets, both of radius R, are initially separated
by a horizontal spacing of �X and a vertical distance of �Y as measured between their centers.
The simple shear flow is generated by the motion of the top and bottom walls with a shear rate
of γ̇ = 2Uo/H , where Uo is the horizontal speed of the planes as indicated in Fig. 1, and H is the
vertical spacing between them. Other parameters that define the physical problem are the densities
of the droplet (ρ1) and matrix fluid (ρ2), the dynamic viscosities of the droplet (μ1) and matrix fluid
(μ2), and the surface tension (σ ) between the droplet and matrix fluid. Since the scale of droplets
in our analysis is much smaller than the capillary length (i.e.,

√
[σ/(�ρg)]), the gravity force is

neglected.
The dimensionless parameters related to the coalescence of pair droplets under confined shear

flow are the density ratio ρ12 = ρ1/ρ2, the viscosity ratio μ12 = μ1/μ2, the confinement ratio
2R/H (ratio of droplet diameter to gap spacing), Reynolds number Re = ρ2γ̇ R2

μ2
, Capillary number

Ca = μ2γ̇ R
σ

(the ratio of viscous force to surface tension force), and Weber number We = ρ2γ̇ R3

σ

(the ratio of inertia force to surface tension force). Since the Weber number and the Capillary
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TABLE I. Simulation parameters and their values.

Parameter Definition Value

Dimensionless parameters

Reynolds number Re = ρ2 γ̇ R2

μ2
1.0

Capillary number Ca = μ2 γ̇ R
σ

0.01

Weber number We = ReCa = ρ2 γ̇ R3

σ
0.01

Confinement 2R
H 0.30–0.39

Vertical offset �Y
2R 0.04–1.04

Horizontal separation �X
2R 1.26

Density ratio ρ12 = ρ1
ρ2

60–800
Viscosity ratio μ12 = μ1

μ2
24–60

Numerical parameters
Dimensionless mobility S =

√
Mμ1
R 0.004

Interface thickness ξ 4 lattice units

number are related by We = ReCa, only one of them has been considered in the present study.
Other geometric parameters are vertical offset and horizontal distance between droplets defined as
�Y
2R and �X

2R , respectively. The numerical mobility, M, represents a parameter that is absent from the
physical parameter list but nevertheless plays an important role in the simulations as it determines
the rate of Cahn-Hilliard diffusion. An appropriate dimensionless number that can characterize the
effect of the mobility is S = √

(Mμ1)/R [38]. A summary of the detailed parameter set is provided
in Table I along with their values considered in this work.

To validate our results, we first conduct numerical experiments for three different Ca numbers and
compare the time evolution of droplet collision with the numerical simulation performed in [21]. The
top rows of Figs. 2(a), 2(b) and 2(c) show results from previous work [21], while the bottom rows
of Figs. 2(a), 2(b) and 2(c) demonstrate results obtained from our simulation of droplet’s evolution
on collision for the same Ca numbers. Our simulation experiments were performed with the same
dimensionless parameters as in Ref. [21], i.e., �X/2R = 1.26, �Y/2R = 0.86, 2R/H = 0.39, and
Re = 1. The results of the current study on the evolution of droplets on collision display great
agreement with those observed by Shardt et al. [21].

From the final two frames, it can be noticed that the droplets coalesce only for Ca = 0.08, and
they get separated for Ca = 0.09 and 0.1. We must point out that although qualitative behavior of
the 2D and 3D systems is generally found to agree, some differences in the neck formation and
inclination angle can be visualized due to the differences in the drainage of the 2D versus 3D thin
fluid film separating the two droplets.

We also examine the sensitivity of our results in Fig. 2(c) to the mesh resolution by repeating the
calculations using systematically refined grids with three different grid resolutions, 164 × 82, 328 ×
164, and 656 × 328 corresponding to droplet radius of 16, 32, and 64 lattice units, respectively,
while keeping the interface thickness fixed at four lattice units. Figure 3(a) presents the evolution
of vertical offset as a function of horizontal separation for those three different resolutions. It can
be seen that the result on the 328 × 164 mesh resolution does not exhibit any significant difference
from the results on the finer one (656 × 328). The result from the smallest resolution considered here
(164 × 82) shows a little deviation from the other two. The critical snapshots of droplet deformation
throughout the evolution from all three resolutions have been illustrated in Fig. 3(b), confirming the
independency of results for the mesh resolution 328 × 164 and beyond. Thus, the channel with a
mesh size of 328 × 164 is considered for the rest of our study and analysis.

Generally speaking, to approach the sharp interface limit, the interface thickness ξ should be
small relative to other length scales L of the problem. This parameter can be characterized by the
Cahn number Cn = ξ

L � 1 [38]. When the droplet radius (i.e., R = 16, 32, and 64 lattice units)
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FIG. 2. Comparison and validation of the adopted LBM algorithm with previous simulation results from
Ref. [21] for a pair of droplets in confined shear flow with three different capillary numbers. The parameter
values for the simulations are Re = 1.0, �X/2R = 1.26, �Y/2R = 0.86, 2R/H = 0.39, and ρ12 = μ12 = 1.0.
The top rows of (a)–(c) show results from Ref. [21], while the bottom rows of (a)–(c) demonstrate results
obtained from current work.

is chosen as the length scale, Cn = 0.25, 0.125, and 0.0625, respectively, as the resolution is
increased. However, we must note that when using a diffuse interface method for the coalescence
of droplets, nonzero interface thickness (i.e., Cn) and diffusivity (i.e., S) are required for droplets to
merge into a single droplet [39]. In this case, the ratio of interfacial thickness to the droplet size (Cn)
must be large enough to avoid any delay in the coalescence due to an increased time for the film
drainage but small enough to avoid fast coalescence. In our simulation, we found Cn = 0.125 as a
sufficient finite value to simulate a physical system in which droplets coalesce during the time of the
collision. On the other hand, the interfacial mobility M has to be adjusted carefully such that it is
large enough to keep the interface near its equilibrium state but small enough to minimize damping
near the interface [40]. Following the scaling argument, S ≈ Cn0 suggested by Yue et al. [38], the
effect of mobility has been studied by changing S from 0.00096 to 0.011 while keeping all other
parameters, including Cn fixed. From Fig. 4(a), it can be noticed that varying S from 0.00096 to
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FIG. 3. Grid dependency test for the simulation case with Re = 1.0, Ca = 0.10, �X/2R = 1.26, �Y/2R =
0.86, 2R/H = 0.39, and ρ12 = μ12 = 1.0.

0.0054 results in a slight change in the evolution of pair droplets before (i.e., γ̇ t = 4.27) and after
coalescence (i.e., γ̇ t = 24.4). For more clarification, the horizontal and vertical offsets of droplets
at γ̇ t = 4.27 are provided in Fig. 4(b). Therefore, in the simulation, we have used S = 0.004, for
which our results become independent of the mobility parameter.

FIG. 4. Effect of interfacial mobility on the evolution of the droplets before and after coalescence.
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FIG. 5. Demonstration of coalescence behavior for the two marginal cases [(a) ρ12 = 1, μ12 = 1 and
(b) ρ12 = 800, μ12 = 60] explored among all the density ratio and viscosity ratio combination of this study
with Re = 1.0, Ca = 0.01, We = 0.01, �X/2R = 1.26, �Y/2R = 0.86, and 2R/H = 0.39.

B. Effect of density and viscosity ratios

To explore the effect of inertial and viscous forces on the coalescence behavior, we have con-
ducted simulations for a combination of different density ratios and viscosity ratios. To initiate our
observation, first, we consider coalescence evolution for the two extreme cases (ρ12 = 1, μ12 = 1
and ρ12 = 800, μ12 = 60), and critical snapshots have been displayed as contour plots in Fig. 5.
It can be observed that the density and viscosity ratios have substantial effects on the coalescence
progression where the droplets are found to behave differently in terms of advancement to coales-
cence timing. It can also been noticed that it takes a longer time for the higher density and viscosity
ratio case (γ̇ t = 24.29) to reach the steady state than the other case (steady state at γ̇ t = 7.32), as
shown in the figure. From our simulations, we also report that the droplets for the case of higher
density ratio and viscosity ratio (i.e., ρ12 = 800, μ12 = 60) experience more oscillation before and
after reaching the steady state.

To understand and unravel the underlying physics, we have plotted the magnitude of vorticity
contours in Fig. 6. In addition, we define effective capillary (Caeff ≡ μ2γ̇eff R

σ
) and Reynolds (Reeff ≡

ρ2γ̇eff R2

μ2
) numbers to account for the substantial distortion of the linear shear rate (γ̇eff ) due to the

FIG. 6. Time-lapse images of induced vorticity (normalized by γ̇ = 2U/H ) for the two marginal
cases (a) ρ12 = 1, μ12 = 1 and (b) ρ12 = 800, μ12 = 60 with Re = 1.0, Ca = 0.01, We = 0.01, �X/2R =
1.26, �Y/2R = 0.86, and 2R/H = 0.39. Four analytic snapshots for both of the cases from Fig. 5 are plotted
here.
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presence of the droplets. We, therefore, have adopted the approach in Ref. [41] to calculate the
effective shear rate experienced by the droplets at each snapshot rather than assuming an imposed
shear rate set directly by the input parameter.

For the case with the density ratio of ρ12 = 1 and viscosity ratio of μ12 = 1 [Fig. 6(a), γ̇ t =
5.30], it can be observed that when the droplets approach each other, vorticities are generated at the
region of the droplets’ contact, which are due to the liquid bridge generated by the low pressure at
the collision point. However, no vortical structures are found outside the droplets as the viscosity
is the same for both droplets and the matrix fluid. The high-negative curvature of the liquid bridge
formed at the beginning of coalescence leads to a prompt increase in the kinetic energy, thus helping
generate the largest magnitude of vorticity when compared with other instances. On the other hand,
for the case with the highest viscosity ratio and density ratio [Fig. 6(b), γ̇ t = 9.39], strong vortices
are found not only in the contact region but also in regions near the wall. This is due to the interplay
between shear stress and the curvature of the liquid bridge. It can also be seen that the amount and
the magnitude of vortical structures near the wall region are higher than those in the contact region,
making the droplets orient more in the flow direction during and after coalescence (γ̇ t = 10.98).
The absence of such strong vortices near the wall region for the case with the unit density and
viscosity ratio [Fig. 6(b)] allows the droplets to resist more against orienting in the flow direction
during and after coalescence (γ̇ t = 5.30–5.61).

The reported values of Reeff experienced by the droplets for both marginal cases are larger
than the value of Re = 1 imposed by the input parameters. Such higher Reeff indicates the strong
effect of the inertial force compared to the viscous force. This contribution of inertial force is
even more significant for the higher-density-ratio case, especially during neck generation, which
also dominates the surface tension force. As the droplet reaches the steady state, the contribution
of inertia for the two density ratios is comparable. Additionally, increasing the density ratio (i.e.,
increasing the inertia of the droplets) induces higher oscillation of droplets during the progression
to a steady state.

To measure the quality of such oscillation and quantify the time evolution of mutual displacement
of droplets, we have plotted the evolution of dimensionless offset (�Y/2R) as a function of the
dimensionless horizontal position (�X/2R) of the droplets, as shown in Fig. 7 for the marginal
cases displayed in Fig. 5. Offset measurement (i.e., �X/2R and �Y/2R) is taken by identifying
the centers of both droplets, where the distance between them is calculated accordingly. When
the droplets start to merge, some portion of their perimeter retains curvatures, as if they are part
of a circle. In such instances, the horizontal and vertical offset positions are approximated based
on the centers of curvature. From this representation, it is observed that initially, the droplets
come closer to each other horizontally as well as vertically in both cases. For the case with
ρ12 = μ12 = 1, the coalescence occurs earlier than the case with a higher density ratio and viscosity
ratio (ρ12 = 800, μ12 = 60). This can be attributed to the lower inertia of the matrix fluid for density
and viscosity ratio of unity (i.e., Reeff = 8.48), which makes the droplets move faster during the
flow, and the lower viscosity (i.e., Caeff = 0.17), which creates less resistance to their movement.
In the case of higher ρ12 and μ12, the top droplet passes over the bottom one due to higher inertia
and the shear force created by the wall motion. At the same time, the droplets deform so that the
liquid film entrapped between the droplets continues to drain out and gradually becomes thinner.
At some point, the droplets come close enough to each other that the surface tension force becomes
strong enough to start off the surface rupture and initiate the coalescence. During their coalescence,
the droplets continue to rotate around each other and show small fluctuations before merging into a
single steady-shaped droplet.

The evolution of the blue curve with the square markers (ρ12 = 1, μ12 = 1) in Fig. 7 indicates that
initially, the top droplet, being in the left position, continues to move in the right direction, passes the
bottom droplet, and later returns toward the bottom droplet to coalesce and, finally, reach the steady
shape. The black curve with circle marker (ρ12 = 800, μ12 = 60) shows that their coalescence starts
later than the case of ρ12 = 1, μ12 = 1. In this case, when the droplets touch each other, the higher
inertia slows down the motion of the top droplet rightwards, which can be noticed from the nature
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FIG. 7. Evolution of vertical offset as a function of horizontal distance between two droplets for the two
extreme cases (ρ12 = 1, μ12 = 1 and ρ12 = 800, μ12 = 60) with Re = 1.0, Ca = 0.01, We = 0.01, �X/2R =
1.26, �Y/2R = 0.86, and 2R/H = 0.39. The snapshots from Fig. 5 have been depicted here and their locations
have been marked with red dashed arrow.

of the black curve trajectory. Also, the black curve follows a circular path near the end, revealing
the rotation of droplets around each other before reaching a steady state.

From the analysis discussed above, we have observed that the two extreme cases of density
and viscosity ratios have crucial roles in the droplet’s motion and coalescence behavior. To in-
vestigate the role that varying density ratios and viscosity ratios can have on the behavior of
offset trajectories, we have simulated three cases with different density ratios (ρ12 = 60, 430, 800)
while keeping the viscosity ratio fixed (μ12 = 60) and three cases with different viscosity ratios
(μ12 = 24, 36, 60) maintaining a fixed density ratio (ρ12 = 800) and plotted their offset trajectory
in Fig. 8. Looking at the results of Fig. 8(a), it can be noticed from the change of �X/2R that

FIG. 8. Effect of different density ratios (left) keeping the viscosity ratio fixed (μ12 = 60) and different
viscosity ratios (right) with a fixed density ratio (ρ12 = 800) on the evolution of both horizontal and vertical off-
set. All the six simulations were conducted with Ca = 0.01, Re = 1.0, We = 0.01, �X/2R = 1.26, �Y/2R =
0.86, and 2R/H = 0.39.
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FIG. 9. Effect of initial offset (�Y/2Rin) on coalescence for the case with ρ12 = 800, μ12 = 60, Ca = 0.01,
Re = 1.0, We = 0.01, �X/2R = 1.26, and 2R/H = 0.39.

for the lower density ratio (ρ12 = 60), droplets approach the collision state faster and coalesce
without getting away from each other. On the other hand, for the highest-density-ratio case
(ρ12 = 800), droplets move slowly toward each other and continue to move further away than
in the other two cases. This slow movement of droplets is due to the high inertia of droplets,
which causes a circulating trajectory and oscillation before merging (i.e., �X/2R = 0) into a single
droplet.

For the cases with different viscosity ratios demonstrated in Fig. 8(b), there is not a significant
difference to be observed initially. The impact of viscosity difference comes into effect as soon as the
droplets start approaching each other, displaying different morphology and deformation behavior.
Small viscosity ratio allows the droplets to deform substantially, whereas a large viscosity ratio tends
to prevent it. For a low viscosity ratio (μ12 = 24), the two droplets oscillate for a significant amount
of time along with a swirling motion before reaching a steady state. Taken together, increasing the
viscosity ratio plays an appreciable role in retaining droplets’ shape and thus impedes the undulation
as found for the case with μ12 = 60.

C. The joint effect of initial offset, density ratio, and viscosity ratio

The initial offset between droplets (�Y/2R)in has been detected to be a crucial parameter that
significantly impacts the coalescence mode in previous studies, as discussed in Sec. I. Here we
investigate the interplay among initial offset, inertial force, and viscous force on the trajectories
and collision modes of droplet pairs, which has not been addressed in prior investigations. To begin
with, the evolution of the vertical offset as a function of the horizontal distance for different initial
vertical offsets [(�Y/2R)in = 0.16, 0.20, 0.32, 0.92, 1.02, and 1.04], while keeping ρ12(= 800) and
μ12(= 60) fixed, has been illustrated in Fig. 9. The droplets pass over each other for a higher initial
offset value, whereas they reverse their trajectory when the value of (�Y/2R)in is relatively smaller.
Additionally, the coalescence mode of droplet pairs has been observed for the range of (�Y/2R)in

between two critical initial offsets. Collectively, this plot indicates the existence of three collision
modes that are functions of initial offsets and defines those three regions separated by the lower and
higher critical initial offsets, which is in agreement with previous studies for ρ12 = 1 and μ12 = 1
[18,19].

We have constructed phase diagrams (Fig. 10) that allow us to critically investigate regions of
different collision modes based on the combined effects of density ratio, viscosity ratio, and initial
offset. Figure 10(a) presents the phase diagram of the collision modes in the effect of different
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FIG. 10. Phase diagrams to show different regions of collision modes for varying initial offsets with (a) dif-
ferent density ratios and (b) different viscosity ratios with Ca = 0.01, Re = 1.0, We = 0.01, �X/2R = 1.26,
2R/H = 0.39. The right-pointing triangles indicate pass-over cases, the circles present the coalescence, and
the left-pointing triangles are the cases where the droplets reverse their trajectory instead of coalescing. The
coalescence region is shaded in gray for the clarity of visualization and to distinguish the different regions
properly.

initial offsets [(�Y/2R)in = 0.08, 0.16, 0.20, 0.26, 0.32, 0.50, 0.68, 0.86, 0.92, 0, 96, 1.02, 1.04,

and 1.08] and density ratios (ρ12 = 60, 245, 430, 615, and 800), keeping the viscosity ratio fixed
(μ12 = 60). The reverse-back and pass-over motions occur at smaller and larger initial offsets,
respectively, while the coalescence mode is observed at an intermediate initial offset. Consistent
with previous studies [18,19], for a given density ratio, increasing the initial offset may change the
droplets’ motion from reverse-back to coalescence and to pass-over modes. The critical value of
the initial offset above which the pass-over motion occurs is observed around (�Y/2R)in = 0.96,
independent of the density ratio. However, the reverse-back mode shows dependency on both the
initial offset and the density ratio. As a result of this combined effect, the critical initial offset below
which the reverse-back mode occurs increases with the increase in density ratio. This results in the
existence of not only an upper critical initial offset, below which the coalescence mode occurs, but
also a lower critical initial offset, above which droplets coalesce in an inertia-dependent manner.
During the approach of the droplets, they encounter a film of matrix fluid between them. The
thickness of the film decreases as the distance between the pair droplets decreases, resulting in
film drainage. When the initial offset is too large [i.e., (�Y/2R)in � 0.96], the time for the film
drainage is not enough, and the droplets pass over each other, no matter how large the density ratio
is. When the initial offset is relatively small, the vertical distance between the droplets decreases
during their approach until they locate precisely at the same elevation. This results in reverse-back
motions of droplets without passing over each other. When the initial offset of droplets is between
the upper and lower critical limits, the droplets approach each other and start passing over each
other. During the pass-over motion of the droplets, the matrix film between the droplet interfaces
gets drained and sufficiently thinned, resulting in the rupture of the film and eventual coalescence of
the droplets. Increasing the density ratio for the motion of pair droplets at relatively small values of
initial offset results in a stronger inertial force that slows down the film drainage rate and increases
the value of the critical initial offset. For the initial offset of (�Y/2R)in = 0.92, shown in Fig. 10(a),
three cases are marked with square markers as they show some unusual course of motion during
the evolution of coalescence and will be discussed with in-detail analysis later in this section.
A similar phase diagram on the effect of initial offset but for different viscosity ratios has been
demonstrated in Fig. 10(b). It is clear that the reverse-back motion occurs for the initial offset below

123603-13



AL MAMUN AND FAROKHIRAD

FIG. 11. Trajectory of both droplets for the critical case of (�Y/2R)in = 0.92 throughout the evolution
with varying density ratio and for Ca = 0.01, Re = 1.0, We = 0.01, �X/2R = 1.26, and 2R/H = 0.39. The
solid line (D1) curve represents droplet-1 (top droplet) motion and the dotted line (D2) curve indicates the
motion of droplet-2 (bottom droplet).

[(�Y/2R)in = 0.20], where the variation of viscosity ratio does not affect the lower critical offset.
In contrast, the upper critical initial offset, where the transition from coalescence to pass-over mode
occurs, shows a dependency on the viscosity ratio variation. With increasing the viscosity ratio,
the mobility of the interface is lowered, which hinders film drainage. As a result, the upper critical
initial offset below which the coalescence occurs decreases. The smallest viscosity ratio considered
in this study (μ12 = 12) induces the largest mobility and deformation of the droplets, which results
in the coalescence of droplets even at the highest upper critical initial offset [(�Y/2R)in = 1.08].

Interestingly, we observed that even though the motion of droplets under pairwise interactions
at upper critical initial offset [(�Y/2R)in= 0.92] leads to the coalescence mode, their evolution
during the approach and rotation over each other is dramatically influenced by the change in the
density ratio. We marked those special cases with square symbols in Fig. 10(a). To clarify this
further, Figs. 11 and 12 show the instantaneous movement trajectories of both droplets and their
relative trajectories, respectively, for different density ratios at (�Y/2R)in= 0.92. For the collision
of droplet pairs under varying density ratios, there is a competition between shear forces pulling
the upper left droplet over the lower right droplet and inertia force pulling the upper left droplet
down. with increasing the density ratio, due to the higher inertia of the droplets, they would slowly
go through the pathline of the main flow; the higher the density ratio, the larger the deviation from
the carrying flow pathline. An important point that should be considered is that the walls’ presence
significantly influences droplets’ evolution and deformation at a relatively high initial offset. This
increases the pressure between them, forcing the droplets to move away from the walls. Owing to
these competing terms, the droplets may rotate over each other for a longer time before contact. For
the same reason, there is no apparent systematic trend in how the evolution of droplets during the
approach depends on the change in density ratio.

At a density ratio of 60, the high inertia of the surrounding flow pushes the droplets toward each
other during their rotational motion. This high hydrodynamic force increases the film drainage rate,
and consequently, the droplets coalesce on their first approach, as can be seen in Figs. 11 and 12. At a
density ratio of 800, the droplets behave like very heavy solid spheres with more resistance against
deformation. Generally, by increasing the density ratio, there would be a difference between the
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FIG. 12. Evolution of vertical offset as a function of horizontal distance of the droplets for varying density
ratio with (�Y/2R)in = 0.92 while the other parameter values are kept fixed. Snapshots of some critical instants
for the case of ρ12 = 245 are appended and their exact locations are pointed with the dashed line.

droplet’s speed and the main flow velocity. As a result, the relative velocity difference for the density
ratio of 800 is fairly high, which enhances the motion of droplets from the wall and forces them to
coalesce in a shorter period of time. At intermediate values of density ratio (i.e., ρ12 = 245–615),
inertia forces compete strongly with shear forces, which can even offset each other. The consequence
of this competition is an intensive deviation of the droplets’ motion from the main flow streamline,
forcing them to rotate over each other for a longer period of time before having contact.

D. The joint effect of confinement, initial offset, density ratio, and viscosity ratio

Besides the initial offset, the confinement also affects the motion and behavior of pairwise inter-
actions between droplets in the confined shear flow. Figure 13 shows the evolution of the vertical
offset as a function of the horizontal distance between the droplets for different confinement ratios
(2R/H) while keeping all other parameters, including initial offset (�Y/2R)in = 0.86), density ratio
(ρ12 = 800), and viscosity ratio (μ12 = 60), fixed.

For the lowest confinement ratio case (2R/H = 0.30), the curve shows the pass-over motion
of droplets during their pairwise interactions. As the gap between the walls decreases (i.e., the
confinement ratio increases), the motion of the droplets transits from pass-over to coalescence mode.
Thus, in line with previous studies [18,19], confinement can promote coalescence. The behavior of
droplets for the pass-over motion requires them to approach and rotate over each other with adequate
spacing from each other and from the walls to avoid their coalescence. Therefore, the droplets cannot
make such contact to coalesce for the lowest confinement ratio. Instead, they start to move in the
reverse direction to adjust the shear drag of the flow from the opposite direction.

However, the role of the geometrical confinement on the collision mode can be significantly
affected by the initial offset of the droplets, owing to the change in the gap between the droplets
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FIG. 13. Evolution of vertical offset as a function of horizontal distance between two droplets for three
different confinement ratio 2R/H cases with (�Y/2R)in = 0.86, ρ12 = 800, μ12 = 60, Ca = 0.01, Re = 1.0,
and We = 0.01.

and the walls. The results in Sec. III C revealed the importance of the inertia and viscous forces
combined with the initial offset on the evolution of droplets and the transition of collision modes.
How collaborative effects of confinement ratio, initial offset, density ratio, and viscosity ratio affect
the trajectories and collision modes of interacting droplets have not been explored and quantified.
Hence the simulations with varying all the above-mentioned parameters were performed to find
the transition of collision mode and presented as phase diagrams in Fig. 14. An argument based on
extreme values of density ratio and viscosity ratio allows the construction of three phase diagrams, as
shown in Fig. 14 for (a) ρ12 = 60, μ12 = 60, (b) ρ12 = 800, μ12 = 60, and (c) ρ12 = 800, μ12 = 24.
Increasing the confinement ratio for a given density and viscosity ratio generally induces a higher
critical initial offset for the transition from reverse-back to coalescence or from coalescence to the
pass-over motion of droplets. Previous studies for the density and viscosity ratios of unity also
support our finding that the critical initial offset boundary increases with the confinement ratio
[18,19]. However, it is also clear from Figs. 14(a)–14(c) that changing the density ratio and viscosity
ratio can significantly affect the interplay between critical initial offset and critical confinement on
the collision mode of droplets.

From Fig. 14(a), which is for density ratio of ρ12 = 60 and viscosity ratio of μ12 = 60, it can be
observed that the lowest confinement ratio (2R/H = 0.30) initiates pass-over phenomena for initial
offset (�Y/2R)in as low as 0.86. In contrast, the pass-over motion for other confinement ratios starts
at (�Y/2R)in = 0.96. On the contrary, from the lower region of the same figure, it can clearly be
noticed that the higher confinement ratio promotes the reverse-back motion of droplets. It is also
found that the droplets for the confinement ratio of 2R/H = 0.39 reverse their movement direction
instead of coalescing up to the initial offset of (�Y/2R)in = 0.16, while droplets for the confinement
ratios of 2R/H = 0.30 and 0.33, coalesce with the minimum initial offset [(�Y/2R)in = 0.04]
considered here.

Looking at Fig. 14(b), which is for the largest density ratio (ρ12 = 800) and viscosity ratio
(μ12 = 60), it can be noticed that the general trends for the transition from reverse-back to coa-
lescence to pass-over modes concerning confinement ratio are similar to the case with the lowest
density ratio (ρ12 = 60). However, the pass-over motion starts to happen with a smaller initial
offset of (�Y/2R)in = 0.68 for the lowest confinement (2R/H = 0.30), and with the increase of
confinement, this critical point of initial offset increases. On the lower extreme of the initial offset,
larger confinement favors reverse-back motions, and for the largest confinement (2R/H = 0.39),
droplets turn back to their reversed trajectory even up to the initial offset of (�Y/2R)in = 0.20.
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FIG. 14. Phase diagrams of collision mode for pairwise interaction of droplets with different initial offset,
confinement ratio, density ratio, and viscosity ratio.

The results of Figs. 14(a) and 14(b) suggest that even though the general trend for the transition
mode of droplets as a function of density ratio is the same, the coalescence region is narrowed
down in the case of higher density ratio (ρ12 = 800), which is one of the crucial findings of this
study. With an increasing density ratio, coalescence becomes more difficult as the mobility of the
interface is lower, resulting in inconvenient film drainage. Additionally, at higher density ratios, the
interface of droplets experiences higher shear stress, which increases the tendency of the droplets
to be pulled over each other. This results in a smaller critical initial offset for the upper boundary
when the confinement ratio is less than 0.37, as well as a larger critical initial offset for the lower
boundary when the confinement ratio is higher than 0.33.

Figures 14(b) and 14(c) compare the collision mode of interacting droplets and their boundary for
systems with the lowest [Fig. 14(c)] and highest viscosity ratios [Fig. 14(b)]. Similarly, the region
for the coalescence motion is narrowed down when the viscosity ratio is increased. However, it can
be observed that both figures for the reverse-back region share the same outcomes. The difference
can be noticed in the boundary between coalescence and pass-over regions, especially for low
to intermediate values of the confinement ratio considered here. As the viscosity ratio increases
from 24 to 60, the critical upper initial offset above which pass-over motion occurs decreases, and
lowering the confinement ratio further decreases this critical offset boundary. Similarly to the effect
of the density ratio, increasing the viscosity ratio could also make the coalescence more strenuous.
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In fact, the droplets with a larger viscosity ratio have a greater tendency to be pulled along with the
rotation of the second droplet. This results in stronger hydrodynamic interactions between droplets
and suppression of coalescence, especially when the confinement ratio decreases.

IV. CONCLUSION

This work simulates the coalescence of equal-sized droplet pairs in a confined shear flow using
the free-energy-based binary-liquid lattice Boltzmann method. The effect of various physical and
geometric parameters on the coalescence dynamics and their outcomes have been systematically
examined and analyzed. Particularly, we attempted to (i) understand the relative influence of density
ratios and viscosity ratios on the morphology of droplets and their coalescence behavior throughout
the evolution, (ii) explore the effect of wall confinement and initial vertical offset between droplets
on collision modes, and (iii) examine the combined effect of the aforementioned parameters on the
collision outcome.

Simulations with different density ratios and viscosity ratios reveal that the interaction between
viscous and inertia forces plays a vital role in the coalescence nature of droplets, their deformation,
course of trajectory, as well as their expedition toward the steady state. An increase in density ratio
results in a slow movement of droplets, requiring a longer time for their hydrodynamic interactions.
Although the change in viscosity ratio does not bring about significant variation in coalescence
timing, it has a considerable impact on the droplets’ deformation. With the increase in viscosity
ratio, droplets’ deformation and oscillation tend to decrease during coalescence, affecting their
course trajectory substantially.

Second, we tried exploring the effect of the initial vertical offset of droplets [(�Y/2R)in] while
keeping all other parameters fixed and found three regions separated by the lower and higher critical
initial offsets. There has been an upper critical initial offset, above which the droplets pass over, and
a lower critical initial offset, below which the droplets reverse their trajectory instead of following
the sheared direction. The coalescence mode of pair droplets has been observed in the region
between those two critical offsets. Additionally, we have observed that even though the motion
of droplets at an upper critical initial offset leads to the coalescence mode, their evolution during the
approach and rotation over each other is dramatically influenced by the change in the density ratio.
This can be explained by the fact that the motion and deformation of droplets at a relatively high
initial offset would be more affected by the pressure increase between droplets and walls, forcing
them to move away from the walls. On the other hand, at intermediate values of density ratio (i.e.,
ρ12 = 245–615), inertia forces compete strongly with shear forces, which can even offset each other.
The consequence of this competition is an intensive deviation of the droplets’ motion from the main
flow streamline, forcing them to rotate over each other for a more extended period of time before
having contact. Besides the initial offset, the confinement ratio (2R/H) also affects the motion and
behavior of pairwise interactions between droplets in the confined shear flow. Higher confinement
has always been supportive of the coalescence of the droplets, whereas lower confinement induces
convenient spacing between the droplets and the walls, thus providing a favorable environment for
them to pass over. Nevertheless, we emphasize that the stated conclusion about the confinement
effect on the collision outcome is always responsive to the other parameters (e.g., Re, Ca, and size
of droplets).

Finally, we have assembled the combined effects of vertical initial offset, confinement, density
ratios, and viscosity ratios into phase diagrams. Depending on the initial offset, three separate
regions for three different collision modes (pass-over, coalescence, and reverse-back) can be defined,
where the span of those regions is highly sensitive to density ratio and viscosity ratio, in addition to
confinement. Particularly, the interaction of pair droplets under low confinement and low initial
offset leads to coalescence, and not a single case with a reverse-back mode has been found.
However, higher confinement with a lower initial offset generally provides a favorable environment
for droplets to reverse their trajectories, and the pass-over motion always happens above a specific
critical value of the initial offset. Additionally, a careful observation discloses that the higher value
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of density and viscosity ratios shrinks the region of the coalescence mode and assists in increasing
the number of pass-over cases along with reverse-back cases, depending on the initial offset and
confinement. In contrast, the lower density and viscosity ratios give rise to a broader region of
coalescence mode in the phase diagrams.
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