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Validity of sound-proof approximations for magnetic buoyancy
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The presence of acoustic waves in models of compressible flows can present com-
plications for analytical and numerical analysis. Therefore, several methods have been
developed to filter out these waves, leading to various sound-proof models, including the
Boussinesq, anelastic, and pseudoincompressible models. We assess the validity of each
of these approximate models for describing magnetic buoyancy in the context of the solar
interior. A general sound-proof model is introduced and compared to the fully compressible
system in a number of asymptotic regimes, including both nonrotating and rotating cases.
We obtain specific constraints that must be satisfied in order for the model to capture the
leading-order behavior of the fully compressible system. We then discuss which of the
existing sound-proof models satisfy these constraints and in what parameter regimes. We
also present a variational derivation of the pseudoincompressible magnetohydrodynamics
model, demonstrating its underlying Hamiltonian structure.

DOLI: 10.1103/PhysRevFluids.7.103701

I. INTRODUCTION

To model buoyancy-driven flows, in many astrophysical and geophysical contexts it is essential to
include effects of compressibility and stratification. However, in many cases the dynamics of interest
occur on a timescale that is much longer than the acoustic timescale, i.e., the time taken for a sound
wave to traverse the fluid. Most models, whether theoretical or numerical, therefore make some
kind of sound-proof approximation (e.g., Boussinesq or anelastic) in which sound waves are filtered
out of the governing equations. In addition to simplifying the mathematics, such approximations
often allow much larger time steps to be taken in numerical calculations (with the short acoustic
timescale no longer providing a constraint), while still accurately resolving the important dynamics.
However, each of these approximations is derived under certain assumptions that may not hold in
the system of interest. In particular, the Boussinesq approximation is derived under the assumption
of small length scales and the anelastic approximation is derived assuming small perturbations to a
state with uniform entropy.

Magnetic buoyancy, the tendency for regions of strong magnetic flux to be less dense than their
surroundings, potentially provides a stringent test problem for any sound-proof model, because it
involves significant perturbations to the fluid pressure and density, on length scales that are typically
long in the direction of the magnetic field but short in the other directions. Yet there has been
relatively little work done to compare how accurately different sound-proof models describe the
magnetic buoyancy instability, outside of specific asymptotic regimes. The main scientific interest in
the magnetic buoyancy instability comes from the solar interior, where buoyant magnetic structures
rise through the sun’s convective envelope and emerge at the surface. These buoyant structures
are believed to originate in the tachocline below the convection zone, where strong magnetic
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fields are generated by differential rotation. In the lower part of the tachocline the temperature
gradient is strongly subadiabatic, inhibiting the magnetic buoyancy instability until the field
becomes sufficiently strong. Most global numerical studies of the solar interior have employed
the anelastic approximation. However, it is unclear how accurately the anelastic approximation
captures the onset of instability in the presence of such large entropy variations. Indeed, under these
conditions the meaning of the anelastic approximation becomes somewhat ambiguous, because
there are different formulations that only become equivalent in the asymptotic limit of adiabatic
stratification (e.g., [1]).

Our goal in this paper is to determine which sound-proof models accurately describe the magnetic
buoyancy instability and in precisely which parameter regimes. Our approach is similar to that
of Berkoff et al. [1], who numerically solved the linearized equations describing perturbations to
specific background states and compared the growth rates they obtained using the anelastic and
fully compressible models. However, here we consider several asymptotic parameter regimes in
order to obtain analytical solutions for more general background states. This allows us to identify
more precisely the conditions under which different sound-proof approximations reproduce the fully
compressible results. Note that we will only be considering sound-proof models, that is, models in
which sound waves are removed from the governing equations, rather than alternative models that
slow down sound waves [2] or damp them using implicit time stepping [3].

While the relative merits of the different sound-proof approximations have been extensively
studied in the context of various hydrodynamic problems [4—8], there are still a number of important
open questions regarding the applicability of such approximations in the context of magnetohydro-
dynamics. It is one of these open questions (i.e., the extent to which such approximations can be
used to describe magnetic buoyancy) that provides the motivation for this paper. Recent work by
Wilczynski et al. [9] presents a similar analysis focused on the analestic model and restricted to
nearly adiabatic parameter regimes, for which the anelastic model is asymptotically valid. Here we
consider a much wider class of sound-proof models and we also consider a wider range of parameter
regimes.

In Sec. II we define the geometry and essential notation of the problem and present the linearized
equations that describe magnetic buoyancy. Section III briefly reviews the best-known sound-proof
models, namely, the magneto-Boussinesq, anelastic, and pseudoincompressible models, before
Sec. IV introduces a general linearized sound-proof model that includes several adjustable coef-
ficients. This general model includes each of the sound-proof models just mentioned as special
cases. In Sec. V we compare the linear stability properties of our sound-proof model with the fully
compressible system in the absence of rotation; Sec. VI presents a similar analysis for the rotating
fluid. In each case we identify the leading-order dynamics in both the fully compressible system
and our general sound-proof model, both with and without thermal relaxation. Comparison between
these two systems yields constraints on the coefficients in our model, which in turn tell us which
models are applicable in which regimes. A summary and discussion of these results is presented in
Sec. VIL

II. FULLY COMPRESSIBLE EQUATIONS

Before discussing sound-proof models in the next section, we first introduce the fully com-
pressible equations of magnetohydrodynamics (MHD). Under the local Cartesian (f-plane)
approximation, with uniform angular velocity €2, these are

P2 L 2p@ xu=—Vp— gpi+ —(V xB) x B, (1)
Dt Ho
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Here Q represents the sum of all diabatic heating processes, such as thermal diffusion, D% = % +
u - V is the material derivative, p is the fluid density, w = (uy, u,, u;) is the fluid velocity, p is the
pressure, (g is the magnetic permeability, B is the magnetic field, s is the specific entropy, T is the
temperature, and —gZ is the gravitational acceleration, assumed to be uniform. The equations are
closed using an equation of state that allows us to express, for example, p and T in terms of p and
s. Note that the Lorentz force can be decomposed into the sum of magnetic pressure and magnetic

tension terms as #(V xB) xB = —ﬁV B|> + #(B - V)B. We can then define the total pressure

7 to be the sum of the gas pressure and the magnetic pressure, i.e., T = p + 2+Lo |BJ>.

For simplicity, we have neglected viscosity and magnetic diffusion; in general, these are expected
to play only a minor role in magnetic buoyancy under solar conditions (although they can result in
double-diffusive-type instabilities, e.g., [10]). Under astrophysical conditions, the dominant diabatic
process is usually thermal diffusion, so in Eq. (4) we have Q =V - (oc,«VT), where c, is the
specific-heat capacity, « is the thermal diffusivity, and T is the temperature. However, in what
follows we will instead introduce Newtonian cooling, with Q = pc,a(Ty — T'), where Ty(z) is the
equilibrium temperature profile and « is the cooling rate. This simplifies the analysis by reducing the
number of vertical derivatives in the linearized equations. In what follows, we are mostly concerned
with the limits « — 0 and o — 00, the latter of which reproduces the fast thermal relaxation regime
considered by Gilman [11], in which temperature perturbations are vanishingly small. In both of
these limits, the exact mechanism of thermal relaxation becomes irrelevant.

Within the tachocline, beneath the solar convection zone, there is strong rotational shear that
is expected to generate strong toroidal magnetic field. Into our local Cartesian model we will
therefore introduce a layer of magnetic field oriented in the x direction, representing the azimuth,
whose strength varies with altitude z. We will consider linear perturbations to a background state in
magnetohydrostatic balance in order to determine the conditions under which this magnetic layer
becomes buoyantly unstable. From previous studies (e.g., [11-13]) we expect the growth rate of the
instability to be of the order of weeks or longer, whereas the acoustic timescale in the solar interior
is of the order of minutes. Moreover, the Alfvén speed v = |B|//itop is expected to be only a very

small fraction of the sound speed c given by ¢*> = (g—Z)s, which suggests that the instability ought
to be captured to high accuracy by some form of sound-proof model. This suggestion forms the
motivation for the present study.

Linearized magnetic buoyancy equations

We begin by taking the fully compressible equations (1)—(4) and considering linear perturbations
to a static background state containing a horizontal layer of magnetic field oriented in the x direction,
B = By(z)X. Each quantity is expanded as f = fo(z) + fi(x,y, z, ), where fy is the background
value and f) is the linear perturbation. The background state is in magnetohydrostatic balance, i.e.,

dﬂo d B(2) )
= (Po 210 8po (5)

This implies a relation between the scale heights of density, entropy, and magnetic field,
g=CH' = CH '+ vHy), (©6)

where (as before) c is the sound speed and v is the Alfvén speed, both defined in terms of the
background state. For a general equation of state, the scale heights in Eq. (6) are defined as

H_l——iln
r=Td; 0o,
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gl = dlnp\ dsgy
s ds /,dz ’

o d
HB :—d—zlnBO,

where the partial derivative is evaluated in the background state. Note that, in many studies of
magnetic buoyancy, the Brunt-Viisild frequency N is defined as

dlnp\ dso —1
N? = — B 7
g( s )Fdz : v

However, the physical meaning of N becomes ambiguous in the presence of a magnetic field, so we
prefer to work with Hj instead.

When comparing results from the fully compressible equations with results from any sound-proof
model, care must be taken in the interpretation of the background state. In particular, most sound-
proof models first introduce a nonmagnetic background state in hydrostatic balance and regard the
entire magnetic field as a perturbation to this. For consistency, we will therefore only consider
background states that are weakly magnetized, in the sense that the magnetic pressure force is
negligible in comparison with gravity. This means that the final term in Eq. (6) can be neglected, at
least in a leading-order analysis.

The linearized fully compressible equations are

d 1 1
po—u+200R xu=—gpZ— Vo + —By- VB + —B; - VB, ()
ot Ho Ko
0
EBI =V x (u x By), 9
i V - (pouw) (10)
— = — . u),
atpl o
0 d 0
<—p> "1 — poH;u, = (—p> o (1
ds ) 0t | oT J , pocy
w1 = p1 + —Bg - By, (12)
Ho
8,0) (8,0) y —1
— ) Ti=|—) s1 — D1, (13)
(BT » ) as /), 1 c?
0
p1 = (8_> 51+ = D1, (14)
s/, c

where y is the adiabatic index and m; is the perturbation to the total (i.e., gas plus magnetic)
pressure. In Eq. (11), O, represents perturbations to the diabatic heating; in the case of Newtonian
cooling, we have Q| = —poc,aT;. Note that these equations are valid for an arbitrary equation of
state. The form of Egs. (13) and (14) has been chosen so that the temperature and entropy
perturbations 77 and s, respectively, have the same prefactors as in Eq. (11), which simplifies the
subsequent algebra.

III. EXISTING SOUND-PROOF MODELS

We now briefly review the most commonly used sound-proof models for astrophysical applica-
tions: the Boussinesq, anelastic, and pseudoincompressible models. [We do not consider the family
of quasihydrostatic models often used to model shallow atmospheres (e.g., [14—16]), because these
are not suited to describing buoyancy processes with a small horizontal scale, which are the
motivation for the present study.] More details on the derivation of each of these models can be
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found in Appendix A. Here we will present each of these models in the form that they are usually
found in the literature; in Sec. IV we will introduce a very general, linearized sound-proof model
for which each of these models arises as a special or limiting case.

A. Boussinesq model

The Boussinesq model was first introduced by Oberbeck [17] and Boussinesq [18] and later
formalized by Jeffreys [19]. The approximation amounts to assuming that, on small length scales,
pressure variations do not produce significant changes in density. This allows pressure perturbations
to be neglected in the relations between other thermodynamic variables, and density variations are
neglected everywhere except in the buoyancy force [20-22]. As a result, the pressure perturbation
effectively acts as a Lagrange multiplier that enforces a zero-divergence constraint on the fluid
velocity, i.e., incompressibility. The simplest way to extend the Boussinesq model to include a mag-
netic field is simply to add the Lorentz force to the momentum equation and simultaneously solve
the magnetic induction equation in its usual MHD form, i.e., Eq. (2). However, this alone does not
capture the effects of magnetic buoyancy. Spiegel and Weiss [23] extended the Boussinesq model
to include magnetic buoyancy by (a) assuming small variations to the fotal (i.e., gas plus magnetic)
pressure and (b) allowing for density variations in the induction equation. This magneto-Boussinesq
approximation was later rederived more rigorously by Corfield [24], using formal asymptotics. The
resulting equations, omitting all nonlinear terms for simplicity, can then be written as

d 1 1
Po—u+2pR x u=—gpiZ—V m +—By- VB — —H; BBy, (15)
ot Ko Mo
a
5B =By Vu+ (Hy' — H")uBy, (16)
Vi -u=0, a7
0 01
— -Vsy = —, 18
8ts1+u S0 PNT (18)
1
Pl +—B0'B] =O, (19)
Ho

where pg, Ty, and By are taken to be constant and the subscript L represents components that
are perpendicular to By. The thermodynamic relations (13) and (14) are retained, except that the
coefficients are usually taken to be constant. The derivation assumes small length scales in the
directions perpendicular to the magnetic field (see Appendix A for details) and as a result the usual
solenoidality condition for the field is replaced by V, - By = 0. The fact that the orientation of
the magnetic field must be known a priori makes the magneto-Boussinesq model unsuitable for
numerical simulations with complex field geometries.

B. Anelastic model

The anelastic model was first introduced by Ogura and Phillips [25], extending earlier work
by Batchelor [26]. They showed that the small-length-scale assumption used in the Boussinesq
model can be dropped provided the fluid has almost uniform specific entropy. Their model formally
assumes small (though nonlinear) perturbations to a background state with exactly uniform entropy,
i.e., adiabatic stratification. Such a state is rarely achieved in any physical system, however, and
many subsequent works have therefore adapted the anelastic model to allow the specific entropy to
be a slowly varying function of altitude (e.g., [27-29]). These different formulations are equivalent
only in the asymptotic limit of adiabatic stratification. Today, the term “anelastic” is generally used
to refer to any fluid model in which the continuity equation (3) is replaced with a velocity constraint

V- (pow) =0, (20)
where po(z) represents the density of the background state [30].
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Here we will consider two particular formulations of the anelastic model. Following Wood and
Bushby [8], we refer to these as GGG (after Gough [27] and Gilman and Glatzmaier [28]) and
LBR (after Lantz [31] and Braginsky and Roberts [32]). The LBR model makes an additional
approximation by replacing temperature diffusion with entropy diffusion; this approximation can be
justified by several different arguments (see Appendix A) but is not formally (i.e., asymptotically)
valid. Nonetheless, it has the benefit that the LBR equations can be solved without explicitly
calculating either pressure or temperature and for this reason the LBR model has become the
standard implementation in astrophysical applications [33].

The anelastic model is easily extended to include a magnetic field; provided v < ¢, the only
change is that the Lorentz force now appears in the momentum equation [34]. The induction
equation retains its flux-conservative form (2), so V - B remains exactly zero.

The nonlinear GGG anelastic equations can be written as

Du 1
po— + 2002 xu=—gpZ— Vp; + —(V xB) x B, 21
Dt Mo
V- (pou) =0, (22)
Ds
525 4 (T + Tou - Vs = 2. (23)
Dt Lo

which are solved alongside the induction equation (2) and the linearized equation of state (13) and
(14). The left-hand side of Eq. (23) includes a term proportional to the temperature perturbation
Ti, which is formally negligible under the assumptions of the anelastic derivation. This term was
retained in the model of Gough [27], in order to achieve a form of energy conservation, but was
neglected in the model of Gilman and Glatzmaier [28] and all subsequent studies. In what follows
we will only consider the linearized anelastic equations, so this term is absent.

As described in Appendix A, in the LBR formulation all thermodynamic quantities are expressed
in terms of p; and s; and the momentum is written in the form

Du ST, P1 1
— 42 xu=—gZ—-V|— )+ (V x B) x B. 24)
Dt Cp Do HoPo

Moreover, the diabatic term Q is expressed solely in terms in terms of s, neglecting any contribution
from p;; this is equivalent to adopting the approximate equation of state

oT
L= (—) 81 (25)
as
P
in place of (13).

How accurately the anelastic approximation captures magnetic buoyancy is unclear. Fan [35]
verified that the anelastic model has the correct stability properties in the asymptotic limit in which
it is formally valid, i.e., for v <« ¢ and adiabatic stratification. However, since Fan’s analysis only
considered the ideal equations it does not differentiate between the GGG and LBR implementations.
Berkoff ef al. [1] have compared these two formulations of the anelastic approximation, finding that
while both produce consistent results for a background state of nearly uniform entropy, they differ
under more general conditions.

C. Pseudoincompressible model

The pseudoincompressible model was originally derived by Durran [36] as an improvement upon
the anelastic model, although it can also be viewed as a generalization of earlier low-Mach-number
models to include stratification [37]. Similar to the anelastic model, it is asymptotically valid
in the limit where the background state is adiabatically stratified, but it retains terms that are
formally negligible in this limit. A detailed discussion of the asymptotic validity of the anelastic
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and pseudoincompressible models can be found in [38]. A key feature of the pseudoincompressible
model is that the velocity satisfies an inhomogeneous constraint of the form

9
V~u:%uz—(—p) 2Q , (26)
c oT J ,p*cp

where we have used the same notation as in Sec. II. This means that the fluid expands in response
to heating. (In the anelastic model, by contrast, the expansion of fluid elements is dictated by the
density of their surroundings pg.)

A generalization of the pseudoincompressible model that exactly obeys the laws of thermody-
namics was presented by Klein and Pauluis [39]. Subsequently, Vasil et al. [40] showed that the
pseudoincompressible approximation can be derived very efficiently using Lagrangian dynamics,
either by imposing a constraint on the fluid pressure or, equivalently, by linearizing the fluid
action in the pressure variable. This derivation can be generalized to include nonideal physics
[41] and a time-dependent background state [42]. Vasil et al. also obtained an MHD extension
of the pseudoincompressible model, by imposing a constraint on the total (i.e., gas plus magnetic)
pressure. The resulting momentum equation has the form

D4 iape V(o +71) — go2 + B - VH 4 — 10 @7)
— xu=—V(rg+m)— go2 . —
P Di p 0 1 8p 2@+ 02
where o(x) is the total background pressure and
H= <1 I ) B (28)
B p(c?+v2) ) 1o

This must be solved together with a complicated velocity constraint; in the absence of diabatic terms
(i.e., for Q = 0), this constraint is

1
p(02+v2)V-u+u-Vn0=M—(B-Vu)-B. (29)
0

In the absence of magnetic field (i.e., with B = 0, v = 0, and 7 = p) these equations reduce to the
pseudoincompressible model of Klein and Pauluis [39].

The main advantage of this model is that, owing to its variational derivation, it is guaranteed to
conserve energy. However, the complexity of the equations makes solving them prohibitive, and the
asymmetric form of the Lorentz force in Eq. (27) has no simple physical explanation.

The derivation performed by Vasil et al. does not make any assumption about the relative
magnitudes of the sound speed ¢ and the Alfvén speed v but in the solar interior we expect that
v K c. In Appendix B we show that this extra condition can be explicitly incorporated into the
variational derivation, ultimately leading to a pseudoincompressible MHD model in which the
Lorentz force retains its usual form, i.e., we have the momentum equation

Du 1
P +20@ xu=—V(py+p1) — goi+ —(V x B) x B+ LLvp,, (30)
Dt Ho pc

and the velocity constraint takes the same form as Eq. (26). It is this version of the pseudoincom-
pressible equations that we will consider in our study.

IV. GENERAL SOUND-PROOF MODEL

To ascertain how well each of the sound-proof models discussed earlier describes magnetic buoy-
ancy, we consider a general linearized sound-proof model that includes each of the aforementioned
sound-proof models as special cases. This is a more efficient approach than simply analyzing each
individual model in turn.
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TABLE I. Values for each of the coefficients in our sound-proof model needed to reproduce the models
summarized in Sec. I1I.

Model LBR GGG Pseudo- Magneto-
Coefficient anelastic anelastic incompressible Boussinesq

2 -1 2 -1 A2 -1
c CH, SH, 1 CH,
D CH! 1 1 1

g P
F 0 0 1 0
G 0 1 1 1
J 1 1 1 0

Our general sound-proof model is given by the set of linearized equations

9 D ap A 1 1
po—u+2pR xu=—|—p+|—|si|g2—Vm+—By- VB, + —B;-VB;, (31)
c » Mo Ho

at as
ad
EBI =V x (u x By), (32)
ad d ad
(_,0) —s1 — poH 'u, = (—p> o ) (33)
as ) ot aT ) , pocp
ad
V-u:C%uZ—F<—p) o (34)
c oT »POCp
By
Jmy = p1 + —Bix, (35)
H“o
ap ap —1
LY n=(2L) s -6 =p, (36)
oT » as » c

where we have used the same notation as for the fully compressible equations (8)—(14). The
coefficients C, D, F, G, and J are assumed to be known functions of altitude z; different choices
for these coefficients correspond to different sound-proof approximations. For example, in the
pseudoincompressible approximation all of these coefficients are equal to 1. We will therefore
assume that all the coefficients are of order unity. Table I shows the values of these coefficients
for each of the models discussed in the preceding section. Justification for the values in Table I, as
well as more detailed derivations of each of the models, is provided in Appendix A.

Note that in our sound-proof model we have deliberately not included a density perturbation
p1. This is because there is often ambiguity in how density should be defined in a sound-proof
system. For example, Durran [36] defined two quantities called p and p*, one that satisfies the
equation of state and one that satisfies the continuity equation. Note that in many implementations
of the anelastic approximation (e.g., [25,29,31,32]) an expression for density is not explicitly needed
because the equations are written in terms of pressure and entropy. Combining Eqs. (33) and (34),
we find that

d ap _ _
a_F<a_> 5= [FH ' +C5 =1, oo = V- (oow), (37)
t s/ c

which has the same form as the continuity equation (10) if we define p; = F (83—‘;),,51 and if the
coefficients C and F are chosen such that

FH '+ ¥ =", (38)
C
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However, this definition of p; does not satisfy the equation of state (14), nor, in general, is it the
same quantity that apg)ears in the buoyancy term of Eq. (31). For this reason, we will later refer to
the quantity px = F(a—f;)psl as the kinematic density.

V. NONROTATING CASE

Our goal now is to solve the linearized equations arising from the fully compressible and
sound-proof models. In both cases, since the background state depends only on altitude z, we
can seek solutions in the form f; = fl(z)exp(ot + ikyx + ikyy), where f represents any of the
perturbed variables. The linearized equations then reduce to a second-order system of linear ordinary
differential equations (ODEs) in z. In general, this system cannot be solved analytically, so to make
progress we will consider several asymptotic limits of relevance to the interior of the sun and other
stars.

A. Fast thermal relaxation

We first consider the case with no rotation and « — o0. In this limit, the temperature perturbation
vanishes [11]. The specific asymptotic regime we consider is given by

v KL,
HB NHp NHYﬂ

d —1
ky»d_ZZszHp )
o — 0OQ,

v
g~ —.
p

By adopting the scalings k,, d% 2 ke H o ! we can initially assume that all length scales are equal,
before subsequently assuming smaller length scales in the directions perpendicular to the magnetic
field, if desired. The scaling for the growth rate o is justified by the results and is the expected
timescale for magnetic buoyancy instability based on previous studies. We apply this scaling
regime to our fully compressible equations (8)—(14) and retain only the leading-order terms. The

equations can then be reduced to a pair of coupled ODEs

A L oty (S (39)
—_— —_—— T = —— —_— _— —_ u s
iz g 1 pu q Vgcz P B Polz
d o2 o T
S S WA e A 40
(dz r q) : q(" y)Po “40)

where we have defined
qg= 0%+ vzk.f. (41)

Since we have neglected viscosity and magnetic diffusion, the most unstable modes are found in
the limit k, — oo. In this limit the total pressure perturbation m;, and hence the left-hand side of
Eq. (39), becomes negligible and we are left with a local dispersion relation

2 H
(02 +v°K2)" + ygv—zHB‘l [02(;3 - 1> — v2k§} =0, 42)
¢ P

which exactly matches the result of Gilman [11]. In the case of interchange motions (i.e., for k, =
0) we have instability if and only if Hj 'S H ” ! However, if 0 < Hy ' <2H Y ! then the fastest-

growing mode is undular, with k? = sop (L= %B) and 02 = %yg(z—;)Hp JH3 .
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If we apply the same analysis to the general sound-proof model (31)-(36), we again eventually
obtain a pair of coupled ODEs

2k2
[i +[D+Gly — 1>]%(J . ")}m
dz c q

1 o’/ g 1 q .,
=——|a+ 0+ 60 - T (cE 4 FH — LHg) fooue, (43)
o qc c o
d 2
[— - (ci2 + FHS_I)U—]MZ =-Zw+n=, (44)
dz ¢ q q Po
Hence we can reproduce the fully compressible result (39) and (40) provided
J~1, (45)
D+Gly -1 x>y, (46)
S L FH ~H;. (47)
- :

Note that we use ~~ here because we require these results to hold only at leading order, for the
particular asymptotic regime we have considered.

Referring to the particular sound-proof models listed in Table I, we see immediately that the
GGG anelastic model satisfies all of these constraints. The same is true of the pseudoincompressible
model, when we recall that the final term in Eq. (6) is negligible under our scaling assumptions.
However, the LBR anelastic model does not satisfy these constraints and therefore does not correctly
describe the wavelength or growth rate of the magnetic buoyancy instability in this regime. The
magneto-Boussinesq approximation has J = 0 and therefore does not satisfy the constraint (45).
Howeyver, on smaller scales in y and/or z (which was the regime considered by Spiegel and Weiss
[23]) the term involving J on the left-hand side of Eq. (43) is negligible. This is because, for small
scales in z, the z-derivative term dominates the left-hand side of Eq. (43). For small scales in y, the
perturbation 7r; becomes vanishingly small and so the entire left-hand side of Eq. (43) is negligible.
In particular, the condition J =~ 1 is not required in order to correctly reproduce the fastest growing
mode (which, in the absence of viscosity and resistivity, has k, — ©0).

Interestingly, Eq. (47) is exactly the result (38) required to achieve a form of mass conservation
in the sound-proof model. Here we have arrived at the same result on purely dynamical grounds,
without any explicit reference to mass conservation.

B. No thermal relaxation
We now consider the ideal limit, with « = 0. We also reduce the strength of the (stabilizing)
thermal stratification, which otherwise overwhelms the destabilizing effect of magnetic buoyancy
in the absence of thermal relaxation. Specifically, we now assume that H! ~ (:’_—;)H Y '« H Y L
Note that this means the background state now has g ~ FC,—;, since both the H, and Hp terms are

negligible in the magnetohydrostatic equation (6). The complete regime is given by
v <Lc,
02
Hg ~H, ~ | — |H;,
ot (3)
d

—1
ky’ d_Z Z kx’ Hp 5
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Again, we apply this scaling regime to the fully compressible equations (8)—(14) and retain only the
leading-order terms. This leads to

d —1‘72 1 2yp—1p7—1 2y7-1 o’ ~1 ~1
d_Z+H'o ; 7{1:—; q+C H,o Hs +U Hp ?HP _HB Polz, (48)

d o2 o T
<d—Z—HPI?>uZ=—E(kf+k§)%. (49)

The fastest growing mode is again found in the limit k, — oo, for which 71 — 0, resulting in a
local dispersion relation similar to (42):

2 2
2 _ _ _ c c _
(0> +v’k})” +v°H; l[az(ﬁp "—H'+ —H, ‘) + vzk)f(ﬁHX '—H, 1)] =0. (50

We can directly translate the results from the preceding section by replacing ”y—z — ¢? = gH, and
then replacing Hy LN Hy I f}—iHs_'. This shows that, in the absence of fast thermal relaxation,
the isothermal sound speed ﬁ is replaced by the adiabatic sound speed c and the entropy gradient

opposes the destabilizing field gradient.
When we apply the same analysis to our sound-proof model (31)—(36) we obtain

d -1 vk 1 2p—1p—1 Y N -1
d_z+DHp J— p nlz—; g+cH, H +DvH, C;Hp — Hy Pol,
&1V
d 7102 o 5 2 71
d—Z—CHp ? MZZ—E(kx-f-kv)p—. (52)
© o
Hence we can reproduce the fully compressible result (48) and (49) provided
J~1, (53)
D~1, (54)
C~1. (55)

The last of these constraints seems at first to be incompatible with what we found previously, i.e.,

Eq. (47), but in the current asymptotic regime we have Hy > H, and g >~ ;1—2 Therefore (55) is
P

actually just a weaker version of the earlier constraint (47).

C. Finite o

The asymptotic regimes considered in Secs. V A and V B are easily generalized to include a finite
Newtonian cooling rate; in particular, by choosing o ~ Jf)—iZ—f we retain the maximum number
of terms in the leading-order equations. In this way, we can obtain stronger constraints on the
coefficients in the sound-proof model. We do not present these results here, however, because (a)
there is no straightforward analogy between a finite value of o and a finite thermal diffusivity « and
(b) equally strong constraints can be obtained simply by combining the results of Secs. V A and V B.
Specifically, we have the constraints D = G =J = 1 and Cg% +FH'=H N ! Taken together,
these constraints remove four of the five degrees of freedom present in our general sound-proof
model.

VI. ROTATING CASE

The growth rate of the magnetic buoyancy instability, for parameters typical of the solar interior,
is comparable to or slower than the sun’s rotation rate. We therefore expect the instability to be
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significantly affected by this rotation. The main interest in this instability is to explain the appear-
ance of active regions in the sun at low latitudes, where the rotation axis is roughly perpendicular
to the direction of gravity, and so in the following we will take 2 = §. The presence of rotation
generally acts to reduce the growth rate of the instability and to separate the roots of the dispersion
relation into fast and slow modes. In the absence of magnetic diffusion, we expect that the slow (i.e.,
magnetostrophic) branch is most easily destabilized, so we will only consider that branch here. As
in the preceding section, we focus on the limits of infinite and zero thermal relaxation.

A. Fast thermal relaxation

As with the nonrotating case, we first consider the limit « — co. Our complete asymptotic

regime is given by
e\l
Q~ (—) va ,

v

o — OQ.

Note that the growth rate is slower than in the nonrotating case and is of order o ~ v*k?/<,
characteristic of magnetostrophic dynamics.

We apply these scalings to the fully compressible equations (8)—(14) and keep only the leading-
order terms, finding that

d 2Q0 1 22 v? B4 2Qo0 2Q0 H 4 2Q0 (56)
— — —— | =——|V%k —gy— — | - — uz,
dz k) T TV T\ T ) T T e T, ) [P

d N 2Q0 o 15 k2 T 57)
il 0 = ——
dz vk, ) ¢ v? k2
The most unstable modes occur in the limit k, — oo, for which we have the local dispersion relation
4Q%?  2Qo e v,
e ( +ys )—gyc—zHB %2 =0, (58)

We have an (oscillatory) instability if Hy " > ! 4yg()/ > +H; 1)2 and the fastest growing mode then

hask? = 3y SHy' — (v & + H ')
Applymg the same scaling reglme to our sound-proof model (31)-(36), we obtain

d g 2Q0 1 g of -1 200
—+[D+G(7/—1)]—2(J—1)— n1+ —[D+G(y — DIZv (H +
dz c c

v2k, ivZk,
2,0 220 (2Q0
+vk; — m w2k +C +FH pott; =0, 59)
d N 2Q0 o (4 N k)z, T 60)
—t — u, = —— = ) —.
dz = vk, /) © v2 k2 ) po

Comparing this with the fully compressible result, we recover the same constraints as in the
nonrotating case, i.e., Eqs. (45)—(47), with the same conclusions regarding the applicability of the
various sound-proof models in this regime.
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B. No thermal relaxation

As for the nonrotating case, we now consider the ideal limit « = 0 and we simultaneously change
the scaling of H,"! accordingly. The regime considered here is given by

1/2
e~ (2) o,
v

V<o,

Hy ~ H "\
B o) 6‘2 S
d

-1
ko - 2 ko Hy

N
g~ (Z) UHp s

a=0.

In this regime the fully compressible equations (8)—(14) reduce to the following pair of ODEs, where
we have only kept the leading-order terms:

d 290 e et 299 (4, 290
— = m=——|v c - —
dz vk, ) ol pls ik, U7 2k,

—H! <H" 4 Ko >i|p0u 61)
P B iv2k, “
d 2Q0 o kyz T
(£+m>u12_§<1+g)ﬁ (62)

Again, the most unstable mode arises in the limit k, — oo. In this limit 77; — 0 and we obtain the
local dispersion relation

40262 4AQo
v2k?2 iky

H'—v’H'Hy' + H H ' 4 0%k = 0. (63)

As in the nonrotating case, we can directly translate the results from the preceding section [Eq. (58)]
by replacing ?/—2 — ¢? = gH,, and then replacing HB_I — HB_l - g—i[—ls’l.
Applying the same analysis to our sound-proof model (31)—(36), we obtain

d . 2Q0 1[5 1,1 280 (290 1
—+DH '(J—1) m=——|c"H 'H ' — + CH
dz L o P

vk, ik, \ivZk, P

om0 2 | o (64)
o B ivzkx X IOO ral
d N 2Qo0 ° (14 ko 7y 65)
—t — Ju, = —— = ) —.
dz = vk, )¢ v2 k2 ) po

Comparing this with the fully compressible result, we recover the same constraints as in the
nonrotating case, i.e., Egs. (53)—(55).
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VII. CONCLUSION

We have introduced a very general sound-proof MHD model and constrained the coefficients in
the model by considering the linear onset of magnetic buoyancy instability under a range of physical
conditions. The most general model that satisfies all of these constraints has the form

0 1 1
po—u+ 2,0()9 X U= p4g — VJT] + —B() . VB] + —B1 . VB(), (66)
at Mo Mo
d
5]31 =V x (u x By), ©67)
ad
57 = =V - (pow), (68)
0 0O
— Vg = —, 69
8ts1+u S0 ool (69)
1
m = p1 + —By - By, (70
H“o

where pq = Liz p1+ (%’;) »S1 and py o s1. We call pg the dynamic density because it determines the
buoyancy force in Eq. (66); it is related to p; and s; by the usual equation of state. We call py the
kinematic density because it satisfies the continuity equation (68); it is simply proportional to s,
with a coefficient that is essentially arbitrary: Using the notation introduced in Sec. IV, we have
ok =F (%—’S’)psl, where F remains unconstrained. Since py is proportional to s;, Eqs. (68) and (69)
are not independent and in order for them to both be satisfied we must have

0O

2 9
p'OOCP

1 1 ap
V.u=[H '—FH 'lu,— F 7

which precisely corresponds to our model’s velocity constraint (34) under the condition that C £ +
FH'=H b L

Beyond the specific parameter regimes presented here, we have also considered a finite cooling
rate «, a tilted rotation axis, and the fast branch of the rotating dispersion relation. In all of these
cases, we find that the model given by (66)—(70) captures the correct leading-order behavior.

We emphasize that some of the parameter regimes we have considered lie outside the asymptotic
regimes in which sound-proof models are usually derived. In particular, the magneto-Boussinesq,
anelastic, and pseudoincompressible models are usually derived under the assumption that the
fluid has nearly uniform entropy (in the sense that H; > H,). As expected, the anelastic and
pseudoincompressible models correctly describe the linear onset of the instability when H > H,
and the magneto-Boussinesq approximation is applicable on small scales (in the directions perpen-
dicular to the magnetic field). These results are consistent with those of Wilczynski ez al. [9], who
performed a similar analysis of the anelastic model, but restricted attention to regimes in which it
is asymptotically valid. Only the GGG anelastic and pseudoincompressible approximations predict
the instability onset correctly in all of the regimes that we have considered, because both can be
written in exactly the form of Eqgs. (66)—(70), with F = 0 and F' = 1, respectively.

In this study we have assessed different linearized sound-proof models entirely on the basis
of whether they accurately describe the magnetic buoyancy instability. However, there are other
important considerations when choosing between the various models. For example, it is known
that some (nonmagnetic) sound-proof models have a Hamiltonian structure, implying that both the
nonlinear and linearized equations conserve a form of energy [7,40,43,44]. We show in Appendix B
that the MHD pseudoincompressible model has a Hamiltonian structure and therefore also conserves
energy. This is a beneficial property for any model, because it can be used to establish stability
criteria [45] and to rule out certain unphysical behaviors (e.g., [46]). A thorough examination of
energy conservation in MHD sound-proof models is beyond the scope of this paper.
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Another important consideration when comparing numerical models is their computational com-
plexity. The main motivation for using a sound-proof model is the reduced computational burden in
comparison with a fully compressible mode. However, within the set of sound-proof models, some
are more computationally expensive than others. In particular, as described in Sec. III, a significant
advantage of the LBR anelastic model is that the pressure and temperature perturbations do not need
to be calculated explicitly. In the GGG and pseudoincompressible models, by contrast, the pressure
perturbation needs to be calculated explicitly by solving an elliptic equation [43,47]. Moreover, in
the pseudoincompressible model the velocity field satisfies an inhomogeneous constraint that must
be solved in tandem with the pressure perturbation [42]. Interestingly, our results show that the
models that best reproduce the linear behavior of the fully compressible system are also the models
that are more computationally expensive to solve.

Although we have here only considered the linear instability problem, magnetic buoyancy in
the sun is certainly a nonlinear process and so a full understanding of the formation of active
regions can only come from a nonlinear model. However, it seems likely that a necessary condition
for accurately describing the full nonlinear problem would be to accurately describe the linear
regime. Hence, the work presented here is a necessary first step towards a nonlinear sound-proof
model of magnetic buoyancy. In nonlinear modeling energy budgets are of central importance; their
consideration is left for future work.
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APPENDIX A: ASYMPTOTIC DERIVATION OF SOUND-PROOF MODELS

Here we summarize the assumptions under which the anelastic and Boussinesq approximations
are usually derived. For simplicity, and to facilitate comparison with the content of the paper, we
consider only the linearized equations and we neglect rotation. We begin with the linearized fully
compressible equations

0 1 1
po—u=—gpiZ— Vm; +—By-VB; + —B; - VB, (AlD)
ot Ho Ho
ad
7P = =V - (pou), (A2)
ad
EBI =V x (u x By), (A3)
0 d ad
(—p) 51— poH; ' u, = <—p> o (A4)
as ) ot aT J , pocp
1
w1 =p1+—Bo By, (AS)
H“o
ap ap —1
()27t
» s/, c
ap 1
pL=\77] s1+ 5P (A7)
as » c

where we recall that g is related to the scale heights by magnetohydrostatic balance:

g=cH' = H ' + v’ Hy . (A8)
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1. The GGG anelastic model

In the GGG anelastic model, all (nonmagnetic) terms are retained apart from the left-hand side
of the continuity equation (A2), which therefore reduces to the anelastic equation

V- (pou) = 0. (A9)

This approximation can be justified by assuming that the perturbations have a length scale that is
comparable to the density scale height H, and a timescale 7 that is much longer than the acoustic
timescale H,/c. Under these assumptions and assuming that the buoyancy force is of the same
order as the fluid acceleration in Eq. (A1), the left-hand side of Eq. (A2) is found to be of order M2,
where M = H,,/ct « 1 is the Mach number. However, in order for both terms on the left-hand side
of Eq. (A4) to be of the same order, the timescale must be of order  ~ /H;/g = 1/N, where N
is the buoyancy frequency. For consistency, we therefore require that Hy ~ H,/M?* > H,,, i.e., the
background state must have nearly uniform entropy. Moreover, in the anelastic approximation the
background state is usually taken to be nonmagnetic, with the entire magnetic field regarded as a
small perturbation. This requires that the total magnetic pressure force is negligible in comparison
with gravity, i.e., that g > v?/Hp. Therefore, at leading order, Eq. (A8) becomes simply

Although the anelastic approximation is formally valid only when H; > H,, it is quite often used
in situations where this condition does not apply (which partly motivates the present study).

With the left-hand side of Eq. (A2) neglected, Eqs. (A1)-(A7) are equivalent to our general
sound-proof model (31)-(36) if we identify C = %H b lLF=0,andD=G=J=1.In particular,
Eq. (A9) can be written as

Uz

V.ou=—,
H,

which is equivalent to (34) when we set C = %H b land F = 0.

2. The LBR anelastic model

Without approximation, the pressure and gravity terms in the momentum equation (A1) can be
rewritten as

5 p lr,y 81.. 1 [0p N
—p1gi—Vp, = —V<—1) + —[Hp 1 —z]plz . —<—> 516 (A10)
£0 £o c Po \ 08 »

Under the conditions inherent in the anelastic approximation, the term involving [H 1_ £]is
negligible. With this term neglected, the equations have a very similar mathematical form to the
Boussinesq equations, except that py is not constant. In particular, in the absence of diabatic
processes (i.e., with Q; = 0) the pressure perturbation p; appears only in the gradient term in
the momentum equation, meaning that it does not need to be calculated explicitly. However, this
analogy with the Boussinesq approximation breaks down when thermal relaxation is included (i.e.,
with Q; # 0), because the temperature perturbation 77 depends on p; via Eq. (A6). If the p; term
in Eq. (A6) is neglected, the analogy with the Boussinesq equations is restored. This point was
independently discovered by Lantz [31] and Braginsky and Roberts [32], so we refer to the resulting
equations as the LBR approximation. Whereas Lantz considered this merely as a mathematical
convenience, Braginsky and Roberts justified it by arguing that, in a convective system, it is entropy
gradients rather than temperature gradients that drive the flow of heat; in this sense, omitting the p;
term in Eq. (A6), and thus replacing temperature diffusion with entropy diffusion, can be regarded
as a mean-field prescription for the heat transport by small-scale convection. More recently, Pauluis
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[48] has shown that this approximation is also necessary for thermodynamic consistency, i.e., to
make the anelastic equations consistent with the laws of thermodynamics.

In fact, a system of equations mathematically identical to the LBR model was obtained earlier
by Lipps and Hemler [29] under slightly different assumptions. Specifically, they considered
perturbations with a length scale < H, ~ Hj, but retained some next-to-leading-order terms in the
resulting equations. Under these conditions it can be shown that the p; term in Eq. (A6) is negligible,
much as in the Boussinesq approximation.

If the anelastic approximation is used in circumstances where the background state is not close
to adiabatic, then the neglect of the [H 1_ %] term in Eq. (A10) makes a material difference to
the results. For this reason, the coefficient D in Table I takes different values for the GGG and LBR
models. Neglecting the p; term in Eq. (A6) is equivalent to setting G = 0 in our general sound-proof
model.

3. The magneto-Boussinesq model

The magneto-Boussinesq model was first discussed by Spiegel and Weiss [23] and subsequently
derived more rigorously by Corfield [24]. We follow Corfield’s derivation by introducing two small
parameters €; and €, and assuming the hierarchy of length scales

~1 -1 €l
E]VL ""kx""Hp NHB ~ _Hv ,
€
where the subscript _L refers to the components perpendicular to the magnetic field By. We also
assume that the timescale is set by the buoyancy frequency, i.e.,

9 N = H-!
ot T Ve

and that the ratio of Alfvén speed to sound speed satisfies

U2 €

C_2 €] ’
The magneto-Boussinesq model is obtained by adopting the ordering €, < €; < 1, which implies
that v* < 2.

With these scalings in mind, we can rewrite the continuity equation (A2) and the induction

equation (A3) as

-1 . 1 8:01
VL-uLzHP u, — ikyu, + — —, (A11)
——— £o ot
o(l)
O(er) Oter)
-1 . 8Bl
(Vi-u)Bo= By Viu+ (Hp u — ikuy)Bo — —, (A12)
—_— at

o(1
M O(er)

where the relative magnitudes of u, p;, and B are inferred from the momentum equation (Al). At
leading order, these two equations contain the same information and so it is necessary to consider
the terms of order €;. This can be done by eliminating the O(1) terms, resulting in

Vi-u =0,
B, —1 -1
a5 = Bo - Vyu+ (Hg — H, u;Bo.

Therefore, the fields u; and B;, are solenoidal under this approximation, but not the full fields u
and B;. This inherent anisotropy makes the magneto-Boussinesq approximation unsuitable for many
practical applications and so in our general sound-proof model we have retained all components of
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u and B, in the velocity constraint and induction equation. In order to still replicate the magneto-
Boussinesq model as closely as possible, we retain the O(1) and O(e;) terms in Eqs. (All) and
(A12), which is equivalent to setting C = %Hp’l and F = 0.

In order for the pressure term Vzr in the momentum equation (A1) to be of the same order as the
other terms, the total pressure perturbation r; must be smaller than the perturbations of gas pressure
p1 and magnetic pressure ﬁBo - B by a factor of €;. In other words, these two contributions to the
total pressure must cancel at leading order, with

1
D1 + —By-B; =0.
Mo

This means that ; simply becomes a Lagrange multiplier in the magneto-Boussinesq model and
is mathematically independent of the other perturbed quantities. In our general sound-proof model,
this corresponds to setting J = 0.

APPENDIX B: VARIATIONAL DERIVATION OF MHD PSEUDOINCOMPRESSIBLE MODEL

We are unaware of a formal (i.e., rigorous asymptotic) derivation of the pseudoincompressible
model that includes magnetic fields. An MHD version has been derived by Vasil et al. [40] using
variational methods, but this resulted in a nonstandard form of the Lorentz force. The derivation of
Vasil et al. [40] assumed that perturbations to the total magnetic pressure remain small, but made
no explicit assumption about the magnitude of the Alfvén speed v relative to the sound speed c.
Here we will present a variational derivation of the MHD pseudoincompressible model in which
the smallness of v/c is used to further simplify the action. By making use of variational methods
we necessarily neglect any diabatic processes, such as diffusion. For simplicity, we will also neglect
rotation.

We begin with the action for a fully compressible MHD fluid

S://de3dt, (B1)

where the Lagrangian density £ can be written most compactly as

L5 B
L=-plul”—p®—pU(p,s)— —. (B2)
2 210
Here @ is the gravitational potential and U (p, s) is the specific internal energy, expressed in terms
of its natural variables p and s. The equations of motion can be derived by applying Hamilton’s
principle, i.e., by considering the first variation of the action

1 1
58 = // |:<—|u|2 —o—U-— E)(Sp 4 pu-du— pTss— —B. 8B]d3xdt, (B3)
2 p Ko
where the pressure p and temperature 7" are defined via the usual equation of state
,0U ou
. T=

= ) = —. B4
P=r, s (B4)
The variations u, p, s, and B can be expressed in terms of the Lagrangian displacement & as [49]
a
3p=—V .(p§), bs=—&-Vs, 8u=8—f+u~V§—E-Vu, SB=V x (§ xB). (BS)

By requiring that 8S vanishes for all possible choices of & we thus eventually obtain the usual
equation of motion for a compressible fluid, i.e., Eq. (1), though without the Coriolis term.

Vasil et al. [40] showed that, in the nonmagnetic case, the pseudoincompressible model can
be derived by first making a Legendre transformation from internal energy U (p, s) to enthalpy
H(p,s)=U + p/p while introducing the pressure p = p>dU/dp as an additional independent
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variable and then linearizing the action about a fixed reference pressure py(x). To generalize this
argument to a magnetized fluid, we must first recognize that it is perturbations to the total pressure
7 that are expected to be small. We therefore begin by introducing 7 as an additional variable in
the action, by making an appropriate Legendre transformation. Generalizing the thermodynamic
definition of p, we can write

oUu
m=p—, (B6)
ap
where U ( 0, s, sg) is the effective internal energy,
U(p.s,s8)=U(p,s)+ p s, (B7)

2

and sp = can be considered the magnetic entropy. The second derivative of U with respect

top?

to % is readily found to be p2(c? + v?), which is strictly positive, and so U is a convex function of
/—1). We can therefore define the effective enthalpy via the Legendre transformation

~ ~ T
H(m,s,sp) =U(p,s, sp) + rE (B8)

by analogy with the nonmagnetic case. We note that, in general, it is not possible to express the
function H (7, s, sg) analytically, even when the equation of state U (p, s) is known, but nonetheless
this function is well defined. With these definitions, we can now write the Lagrangian density as

L=3pluf® —p® — pH(w,s,55) + 7. (BY)

We emphasize that, up to this point, no approximation has been made; if we apply Hamilton’s
principle to this action, regarding 7 as an independent variable, then we eventually obtain the fully
compressible equation of motion as well as the equation of state

1 9H

—=—. (B10)

0 o
We can now reproduce the pseudoincompressible MHD model of Vasil ef al. [40] by writing the total
pressure in Eq. (BY) as m = m(x) + w1, where my(X) is a fixed reference pressure, and neglecting
terms that are nonlinear in ;. However, with this approach the contributions to the pressure from
the fluid and from the magnetic field are treated on an equal footing, whereas in reality we expect the
magnetic pressure to be only a small perturbation to a nonmagnetic reference state; this is equivalent
to the assumption that v < c. We will therefore make a double approximation in which we write
T = po(X) + m; and then neglect terms that are nonlinear in 7} or sg. The Lagrangian density then
becomes

_— . 0H 0H
L= 5plal”— p® — pH(po,s,0) — mpﬁ(po,s, 0) — sBpg(po,s, 0)+ po+m. (BlI)
B

Using the definitions given above, this can be rewritten in the form

1 p* IBJ? o
L= spluf —p®—pH(po,s) +po— —>—+m|1-= ) (B12)
2 P 2o p
where
. oH
P (po,s) =1 [ —(po, ) (B13)
ap

is the density given by the usual equation of state, but with p replaced by py. When we apply
Hamilton’s principle to this action, the pressure perturbation 7| serves as a Lagrange multiplier
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that enforces the approximate equation of state p = p*(po, s). The equation of motion is eventually
found to be

Du 1 P1
p— =—pVP—Vpy+ —(VxB)xB—-Vp +-—Vp, (B14)
Dt Ho pc
where p; = — % and clz = %—‘;(po, s). Thus we finally arrive at the same set of pseudoincom-

pressible equations as in the nonmagnetic case, except that the Lorentz force is now included in the
momentum equation in its usual form and the induction equation also appears in its usual form [as
guaranteed by the definition of §B in Eq. (B5)]. From the action given by Eq. (B12), we deduce that
this system conserves the same energy,

/ [1 2 IBIZ} 3

—pla|"+ p® + pU(p,s) + — |d’x, (B15)
2 2u0

as the fully compressible system. The fact that the equations can be obtained from an action also

implies that the linearized equations are self-adjoint (in the absence of rotation).

In order to include diabatic processes in the model, it is necessary to relate the temperature
to the other thermodynamic variables. However, since the density is now given by the approximate
equation of state (B13), the correct definition of temperature is not obvious. In fact, there is a unique
definition that preserves the laws of thermodynamics [39]

*

. oT
T =T"(po,s)+ pi

3 (Po. 5), (B16)
p

where T*(p, s) = 3—?(;}, s) is the usual equation of state. This is the definition that we have used in
our results; in its linearized form, it is identical to the fully compressible relation (13).

[1] N. A. Berkoff, E. Kersale, and S. M. Tobias, Comparison of the anelastic approximation with fully
compressible equations for linear magnetoconvection and magnetic buoyancy, Geophys. Astrophys. Fluid
Dyn. 104, 545 (2010).

[2] H. Iijima, H. Hotta, and S. Imada, Semiconservative reduced speed of sound technique for low Mach
number flows with large density variations, Astron. Astrophys. 622, A157 (2019).

[3] T. Goffrey, J. Pratt, M. Viallet, 1. Baraffe, M. Popov, R. Walder, D. Folini, C. Geroux, and T. Constantino,
Benchmarking the multidimensional stellar implicit code music, Astron. Astrophys. 600, A7 (2017).

[4] P. R. Bannon, Potential vorticity conservation, hydrostatic adjustment, and the anelastic approximation, J.
Atmos. Sci. 52, 2302 (1995).

[5] D. Lilly, A comparison of incompressible, anelastic and Boussinesq dynamics, Atmos. Res. 40, 143
(1996).

[6] T. Davies, A. Staniforth, N. Wood, and J. Thuburn, Validity of anelastic and other equation sets as inferred
from normal-mode analysis, Q. J. R. Meteorol. Soc. 129, 2761 (2003).

[7] B. P. Brown, G. M. Vasil, and E. G. Zweibel, Energy conservation and gravity waves in sound-proof
treatments of stellar interiors. Part I. Anelastic approximations, Astrophys. J. 756, 109 (2012).

[8] T. S. Wood and P. J. Bushby, Oscillatory convection and limitations of the Boussinesq approximation, J.
Fluid Mech. 803, 502 (2016).

[9] F. Wilczynski, D. W. Hughes, and E. Kersalé, Magnetic buoyancy instability and the anelastic approxima-
tion: Regime of validity and relationship with compressible and Boussinesq descriptions, J. Fluid Mech.
942, A46 (2022).

[10] D. W. Hughes and N. O. Weiss, Double-diffusive convection with two stabilizing gradients: Strange
consequences of magnetic buoyancy, J. Fluid Mech. 301, 383 (1995).

[11] P. A. Gilman, Instability of magnetohydrostatic stellar interiors from magnetic buoyancy. I, Astrophys. J.
162, 1019 (1970).

103701-20


https://doi.org/10.1080/03091929.2010.521747
https://doi.org/10.1051/0004-6361/201834031
https://doi.org/10.1051/0004-6361/201628960
https://doi.org/10.1175/1520-0469(1995)052<2302:PVCHAA>2.0.CO;2
https://doi.org/10.1016/0169-8095(95)00031-3
https://doi.org/10.1256/qj.02.1951
https://doi.org/10.1088/0004-637X/756/2/109
https://doi.org/10.1017/jfm.2016.511
https://doi.org/10.1017/jfm.2022.325
https://doi.org/10.1017/S0022112095003946
https://doi.org/10.1086/150733

VALIDITY OF SOUND-PROOF APPROXIMATIONS FOR ...

[12] D. J. Acheson, Instability by magnetic buoyancy, Sol. Phys. 62, 23 (1979).

[13] D. Hughes, in The Solar Tachocline, edited by D. W. Hughes, R. Rosner, and N. O. Weiss (Cambridge
University Press, Cambridge, 2007), pp. 275-289.

[14] M. Miller and A. White, On the non-hydrostatic equations in pressure and sigma coordinates, Q. J. R.
Meteorol. Soc. 110, 515 (1984).

[15] A. Arakawa and C. S. Konor, Unification of the anelastic and quasi-hydrostatic systems of equations,
Math. Weather Rev. 137, 710 (2009).

[16] T. Dubos and F. Voitus, A semihydrostatic theory of gravity-dominated compressible flow, J. Atmos. Sci.
71, 4621 (2014).

[17] A. Oberbeck, Ueber die wirmeleitung der fliissigkeiten bei berticksichtigung der stromungen infolge von
temperaturdifferenzen, Ann. Phys. (Leipzig) 243, 271 (1879).

[18] J. Boussinesq, Théorie Analytique de la Chaleur Mise en Harmonic avec la Thermodynamique et avec la
Théorie Mécanique de la Lumiére (Gauthier-Villars, Paris, 1903), Vol. 2.

[19] H. Jeffreys, The instability of a compressible fluid heated below, Math. Proc. Camb. Philos. Soc. 26, 170
(1930).

[20] E. A. Spiegel and G. Veronis, On the Boussinesq approximation for a compressible fluid, Astrophys. J.
131, 442 (1960).

[21] J. M. Mihaljan, A rigorous exposition of the Boussinesq approximations applicable to a thin layer of fluid,
Astrophys. J. 136, 1126 (1962).

[22] D. D. Gray and A. Giorgini, The validity of the Boussinesq approximation for liquids and gases, Int. J.
Heat Mass Transt. 19, 545 (1976).

[23] E. A. Spiegel and N. O. Weiss, Magnetic buoyancy and the Boussinesq approximation, Geophys.
Astrophys. Fluid Dyn. 22, 219 (1982).

[24] C. N. Corfield, The magneto-Boussinesq approximation by scale analysis, Geophys. Astrophys. Fluid
Dyn. 29, 19 (1984).

[25] Y. Ogura and N. A. Phillips, Scale analysis of deep and shallow convection in the atmosphere, J. Atmos.
Sci. 19, 173 (1962).

[26] G. K. Batchelor, The conditions for dynamical similarity of motions of a frictionless perfect-gas atmo-
sphere, Q. J. R. Meteorol. Soc. 80, 106 (1954).

[27] D. O. Gough, The anelastic approximation for thermal convection, J. Atmos. Sci. 26, 448 (1969).

[28] P. A. Gilman and G. A. Glatzmaier, Compressible convection in a rotating spherical shell. I. Anelastic
equations. II. A linear anelastic model. III. Analytic model for compressible vorticity waves, Astrophys.
J. Suppl. Ser. 45, 335 (1981).

[29] F. B. Lipps and R. S. Hemler, A scale analysis of deep moist convection and some related numerical
calculations, J. Atmos. Sci. 39, 2192 (1982).

[30] S. Braginsky and P. Roberts, in Anelastic and Boussinesq Approximations Encyclopedia of Geomagnetism
and Paleomagnetism, edited by D. Gubbins and E. Herrero-Bervera (Springer, Heidelberg, 2007).

[31] S. R. Lantz, Dynamical behavior of magnetic fields in a stratified, convecting fluid layer, Ph.D. thesis,
Cornell University, 1992.

[32] S. I. Braginsky and P. H. Roberts, Equations governing convection in earth’s core and the geodynamo,
Geophys. Astrophys. Fluid Dyn. 79, 1 (1995).

[33] C. A. Jones, P. Boronski, A. S. Brun, G. A. Glatzmaier, T. Gastine, M. S. Miesch, and J. Wicht, Anelastic
convection-driven dynamo benchmarks, Icarus 216, 120 (2011).

[34] G. A. Glatzmaier, Numerical simulations of stellar convective dynamos. I. The model and method, J.
Comput. Phys. 55, 461 (1984).

[35] Y. Fan, Nonlinear growth of the three-dimensional undular instability of a horizontal magnetic layer and
the formation of arching flux tubes, Astrophys. J. 546, 509 (2001).

[36] D. R. Durran, Improving the anelastic approximation, J. Atmos. Sci. 46, 1453 (1989).

[37] R. G. Rehm and H. R. Baum, The equations of motion for thermally driven, buoyant flows, J. Res. Natl.
Bur. Stand. 83, 297 (1978).

[38] R. Klein, U. Achatz, D. Bresch, O. M. Knio, and P. K. Smolarkiewicz, Regime of validity of soundproof
atmospheric flow models, J. Atmos. Sci. 67, 3226 (2010).

103701-21


https://doi.org/10.1007/BF00150129
https://doi.org/10.1002/qj.49711046413
https://doi.org/10.1175/2008MWR2520.1
https://doi.org/10.1175/JAS-D-14-0080.1
https://doi.org/10.1002/andp.18792430606
https://doi.org/10.1017/S0305004100015413
https://doi.org/10.1086/146849
https://doi.org/10.1086/147463
https://doi.org/10.1016/0017-9310(76)90168-X
https://doi.org/10.1080/03091928208209028
https://doi.org/10.1080/03091928408248181
https://doi.org/10.1175/1520-0469(1962)019<0173:SAODAS>2.0.CO;2
https://doi.org/10.1002/qj.49708034319
https://doi.org/10.1175/1520-0469(1969)026<0448:TAAFTC>2.0.CO;2
https://doi.org/10.1086/190714
https://doi.org/10.1175/1520-0469(1982)039<2192:ASAODM>2.0.CO;2
https://doi.org/10.1080/03091929508228992
https://doi.org/10.1016/j.icarus.2011.08.014
https://doi.org/10.1016/0021-9991(84)90033-0
https://doi.org/10.1086/318222
https://doi.org/10.1175/1520-0469(1989)046<1453:ITAA>2.0.CO;2
https://doi.org/10.6028/jres.083.019
https://doi.org/10.1175/2010JAS3490.1

J.B.MOSS, T. S. WOOD, AND P. J. BUSHBY

[39] R. Klein and O. Pauluis, Thermodynamic consistency of a pseudoincompressible approximation for
general equations of state, J. Atmos. Sci. 69, 961 (2012).

[40] G. M. Vasil, D. Lecoanet, B. P. Brown, T. S. Wood, and E. G. Zweibel, Energy conservation and gravity
waves in sound-proof treatments of stellar interiors. II. Lagrangian constrained analysis, Astrophys. J.
773, 169 (2013).

[41] F. Gay-Balmaz, A variational derivation of the thermodynamics of a moist atmosphere with rain process
and its pseudoincompressible approximation, Geophys. Astrophys. Fluid Dyn. 113, 428 (2019).

[42] A. Snodin and T. Wood, A hybrid pseudo-incompressible-hydrostatic model, J. Fluid Mech. 936, A14
(2022).

[43] P. Bernardet, The pressure term in the anelastic model: A symmetric elliptic solver for an Arakawa C grid
in generalized coordinates, Mon. Weather Rev. 123, 2474 (1995).

[44] P. R. Bannon, On the anelastic approximation for a compressible atmosphere, J. Atmos. Sci. 53, 3618
(1996).

[45] I. B. Bernstein, E. A. Frieman, M. D. Kruskal, and R. M. Kulsrud, An energy principle for hydromagnetic
stability problems, Proc. R. Soc. London Ser. A 244, 17 (1958).

[46] C. A. Jones, K. M. Kuzanyan, and R. H. Mitchell, Linear theory of compressible convection in rapidly
rotating spherical shells, using the anelastic approximation, J. Fluid Mech. 634, 291 (2009).

[47] P.R. Bannon, J. M. Chagnon, and R. P. James, Mass conservation and the anelastic approximation, Mon.
Weather Rev. 134, 2989 (2006).

[48] O. Pauluis, Thermodynamic consistency of the anelastic approximation for a moist atmosphere, J. Atmos.
Sci. 65, 2719 (2008).

[49] W. A. Newcomb, Convective instability induced by gravity in a plasma with a frozen-in magnetic field,
Phys. Fluids 4, 391 (1961).

103701-22


https://doi.org/10.1175/JAS-D-11-0110.1
https://doi.org/10.1088/0004-637X/773/2/169
https://doi.org/10.1080/03091929.2019.1570505
https://doi.org/10.1017/jfm.2022.23
https://doi.org/10.1175/1520-0493(1995)123<2474:TPTITA>2.0.CO;2
https://doi.org/10.1175/1520-0469(1996)053<3618:OTAAFA>2.0.CO;2
https://doi.org/10.1098/rspa.1958.0023
https://doi.org/10.1017/S0022112009007253
https://doi.org/10.1175/MWR3228.1
https://doi.org/10.1175/2007JAS2475.1
https://doi.org/10.1063/1.1706342

