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Dynamics of force dipoles in curved fluid membranes
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We construct a model to explore the hydrodynamic interactions of active inclusions in
curved biological membranes. The curved membrane is modeled as a two-dimensional
layer of highly viscous fluid, surrounded by external solvents of different viscosities. The
active inclusions are modeled as point force dipoles. The point dipole limit is taken along
a geodesic of the curved geometry, incorporating the change in orientation of the forces
due to curvature. We demonstrate this explicitly for the case of a spherical membrane,
leading to an analytic solution for the flow generated by a single inclusion. We further
show that the flow field features an additional defect of negative index, arising from the
membrane topology, which is not present in the planar version of the model. We finally
explore the hydrodynamic interactions of a pair of inclusions in regimes of low and high
curvature, as well as situations where the external fluid outside the membrane is confined.
Our study suggests aggregation of dipoles in curved biological membranes of both low and
high curvatures, under strong confinement. However, very high curvatures tend to destroy
dipole aggregation, even under strong confinement.

DOI: 10.1103/PhysRevFluids.7.093101

I. INTRODUCTION

The collective dynamics of active particles has been a recurring theme in the study of living
machines arising in a wide class of biological systems. Such many-body systems, made up of living
matter, provide an exciting platform to explore nonequilibrium physics. Moreover, many interesting
phenomena that emerge at such length scales can be captured by mathematical models, often built
out of relatively simple ingredients.

One such example, arising in biology and the focus of this work, is that of living machines like
proteins and other inclusions embedded in biological membranes. Typically such membranes are
well approximated by a thin layer of viscous fluid. The membrane flows are thus described by low
Reynolds hydrodynamics [1], where inertia effects are suppressed compared to the viscous terms in
the Navier-Stokes equation. Moreover, the 2D membrane fluid also exchanges momentum with the
external fluids surrounding the membrane and thus they are essentially quasi-2D in nature.

In the context of flat membranes, early works [2–5] showed that the quasi-2D nature of the
membranes gives rise to a new length scale, Saffman length, given by the ratio of the viscosity
of the 2D membrane fluid and the viscosity of the external solvents. The Saffman length acts as
a regulator for the long distance logarithmic divergence one usually encounters in such 2D flows.
Beyond this length scale, the traction stress from the 3D external fluid starts dominating over the
2D membrane stress, thereby regulating the divergence.

Biological membranes arising in nature always have some curvature and typically form closed,
compact surfaces. Several recent works have performed a detailed study of fluid flows in curved
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biological membranes [6–14]. In particular Refs. [6,7] extended the pioneering works of Saffman
and Delbrück [2,3] to account for membrane curvature. These works are a starting point for our
analysis here.

Biological machines such as membrane proteins are examples of active matter. They can perform
mechanical work using chemical energy, without any external force. The flows generated by such
inclusions are essentially similar to that of force dipoles (stresslets)1 to leading order [15]. Force
dipoles have been widely studied in the context of swimming in Stokes fluids [16]. Recently,
aggregation of force dipoles has been studied in planar membranes [17]. However, similar studies
are yet to be performed in curved biological membranes.

The key results of this paper are listed below:
(1) We illustrate the construction of flows sourced by a point force dipole embedded in a viscous

membrane of nonzero curvature and coupled to external fluids. While taking the point dipole limit,
we keep track of how the curvature affects the orientation of point forces. We demonstrate this
procedure in detail for a spherical membrane. The formula for the resulting flow (13) is the central
result of this paper. We find that curvature results in an additional contribution, distinct from force
dipole flows in flat membranes. This plays a crucial role in the symmetries of dynamical interactions
in the model.

(2) We provide generalizations of the formula (13) to situations where the external fluid outside
the membrane is confined to a finite radius (14), as well as membranes of arbitrary but fixed
geometry (17).

(3) We examine the streamline topology of the resulting flow sourced by such a point dipole.
The topology of the membrane gives rise to a defect of negative index, not seen in the planar
version of the model, and is consistent with sphere topology. Existence of such stagnation points
in the flow field (Fig. 3) is a purely topological effect and thus will be present in a wider class
of membrane geometries deformable to the sphere. Such additional stagnation points can also have
important consequences while designing microswimmers for optimal transport in curved manifolds;
see Ref. [18].

(4) Using the formulas (13) and (14), we explore the hydrodynamic interactions of a pair
of point force dipoles in the curved membrane, in low- and high-curvature regimes, as well as
situations where the external fluid outside the membrane is strongly confined. Our study suggests
aggregation of dipoles in curved biological membranes, of both low and high curvature, under strong
confinement. We also observe that for a fixed confinement depth, extreme high curvatures tend to
destroy the dipole aggregation.

The work presented here builds upon the results of Refs. [6,7] and Ref. [17] and expands them in
several important directions. Reference [7] constructs Stokeslet flows in curved membranes, which
we extend to force dipole flows using an intuitive approach (Sec. III). A close inspection of the
resulting dynamical formulas [Eq. (19)] reveals that curvature effects modify the hydrodynamic
interactions as well as the rotation rate of the dipoles. Since fluidic membranes arising in nature
typically form closed, curved surfaces, our results show that moderate curvature effects do not
destroy the physically interesting scenario of dipole aggregation. However, dipoles fail to aggregate
in very high-curvature situations, even under strong confinement. Moreover, membrane topology
creates unique defects (Fig. 3), while curvature modifies dipole dynamics (Fig. 5) compared to flat
membranes [17]. Thus, the present work may be considered as a building block to understand the
dynamics of biological motor proteins in curved membranes and other microfluidic environments
arising in nature, paving the way for an improved understanding of cellular transport [15,19].

The fluid membrane model considered in this work offers a coarse-grained fluid-mechanics
perspective on a wide class of biological and soft matter systems. The setup we have in mind is that
of a viscous membrane acting as a boundary, separating solvents of different viscosities and hosting
large number of motor proteins or other inclusions. This arises quite naturally in many biological

1We use the terms “force dipoles” and “stresslets” interchangeably in the paper.
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and soft matter setups, for example, micron-sized domains in giant unilamellar vesicles (GUVs) as
well as tubular membranes (which showed good agreement with Saffman-Delbrück theory for the
protein mobility measurements by Ref. [20]). Experimental realizations of the spherical membrane
model considered in our work may be found in Refs. [6,9]. The dipolar nature of flows sourced by
active membrane proteins have been reported in numerical simulations [15]. Typical forces exerted
by motor proteins are of O(pico-Newton) and membrane size or Saffman length is of O(μm). The
resulting flows are of O(μm/s). Accurate particle image velocimetry (PIV) may also be used to
study the topological aspects of the flows we constructed here (see Ref. [9]).

The paper is organized as follows: In Sec. II we briefly review the generalization of Stokes
equations to curved surfaces and discuss the flows sourced by a point force, i.e., a stokeslet. In
Sec. III we illustrate the procedure to construct flows sourced by point dipoles in a curved membrane
and apply it to obtain an analytic solution for the case of spherical membranes. The streamline
topology of the resulting flows is discussed in Sec. IV. Next we analyze the dynamics of a pair of
such inclusions in regimes of low and high curvatures, with and without confinement, in Sec. V. We
present a summary of the simulations performed in the paper in Sec. VI. Finally, we conclude in
Sec. VII with possible directions for the future.

The main text is supplemented by Appendix A, which briefly reviews the corresponding force
dipole dynamics in flat membranes, and Appendix B presents a detailed derivation of the formula-
tion of hydrodynamics in curved biological membranes and associated Stokeslet flows.

II. SUMMARY OF VISCOUS HYDRODYNAMICS IN CURVED MEMBRANES

In this section we briefly review the formulation of hydrodynamics in viscous fluid membranes
of generic curvature and then specialize to spherical membranes along the lines of Refs. [6,7]. The
formulation of hydrodynamics presented here rests on several assumptions. First, the biological
membrane is approximated as a 2D viscous Newtonian fluid surrounded above and below by 3D
external fluids. This approximation is valid as long as gradients of the velocity field components
are negligible along the normal to the membrane. The membrane fluid is incompressible and
impermeable to the external fluids. We also restrict to only tangential flows in the membrane such
that the geometry of the membrane stays unaltered, allowing only in-plane shear modes. In such
situations, the appropriate generalization of the Stokes equations describing viscous fluid flows for
the 2D curved membrane, coupled to external 3D fluids, are given by

Dαvα = 0,

σ ext
α = −η2D(K (�x)vα + DμDμvα ) + Dα p︸ ︷︷ ︸

Membrane contribution

+ (
σ 3D

αz

∣∣
z→0− − σ 3D

αz

∣∣
z→0+

)
︸ ︷︷ ︸
Traction from 3D external fluids

, (1)

where x denotes generic surface coordinates for the membrane geometry, vα represents the 2D
velocity of the membrane fluid where α represents the surface coordinates. σ ext

α represents the local
stress exerted by the inclusions embedded in the membrane. η2D is the viscosity of the 2D membrane
fluid, D is the covariant derivative compatible with the metric, K (�x) is the local Gaussian curvature,
p is the local 2D membrane pressure, σ 3D is the stress tensor of the external fluids [see Eq. (B15) in
Appendix B], and z is a generalized coordinate normal to the membrane surface. The first equation in
Eq. (1) is that of an incompressible fluid while the second equation is the hydrodynamic stress
balance at the membrane surface.

The inclusions embedded in the membrane exert a local stress σ ext. This is balanced by the 2D
membrane stress and the external traction from the fluids above and below the membrane. The
membrane stress includes a curvature term K (�x). For a concise review of the formulation of viscous
hydrodynamics adapted to curved membrane geometries in the current context, see Appendix B.
We refer to Ref. [7] for a detailed and insightful discussion. The external fluid flows are governed
by the usual 3D Stokes equations:

η±∇2v± = ∇± p±, ∇ · v± = 0, (2)
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where v+ (v−) is the fluid velocity outside (inside) the membrane, similarly we define external
pressures p± and viscosities η±. We also have no slip boundary condition at the membrane surface.
The 3D viscosities of the external fluids η± can be combined with the membrane 2D viscosity η2D

to construct two Saffman lengths λ± = η2D

η±
. For simplicity, we will set η+ = η− ≡ η in the rest of

the paper and denote the unique Saffman length simply by λ

λ = η2D

η
. (3)

The other length scales in the model are set by the local membrane curvature. For membranes of
arbitrary shape, these coupled system of equations require advanced numerical approaches; see,
for example, Refs. [12,13]. However, for simpler situations where the curvature is constant, say, a
spherical membrane, analytic solutions can be constructed with relative ease.

Specializing to the spherical membrane of radius R, the velocity field v at (θ, φ) due to a point
force f located at (θ0, φ0) can be expressed compactly2 as [written in the usual (θ̂ , φ̂) basis]

vStokeslet = 1

4πη2D
∇̃θ,φ

(
f · ∇̃θ0,φ0 S[γ ]

)
, (4)

where ∇̃θ,φ is the twisted gradient operator (csc θ ∂φ,−∂θ ) at the response location (θ, φ) and ∇̃θ0,φ0

is a similar gradient at the source location and

S[γ ] :=
∑

l

2l + 1

sl l (l + 1)
Pl [cos γ ], (5)

where cos γ = sin θ sin θ0 cos(φ − φ0) + cos θ cos θ0 is the cosine of the geodesic angle between
source and response locations. Further, we have

sl = l (l + 1) − 2 + R

λ−
(l − 1) + R

λ+
(l + 2). (6)

A brief derivation of Eq. (4) is presented in Appendix B. Using Appell hypergeometric functions,
one can perform the sum in Eq. (5) analytically in the full parameter space of the model. The
expressions are listed in Appendix B. We use these functions to simulate force dipole flows and
interactions in this paper.

Let us add some comments on the streamline topology of the resulting flows. The hairy ball
theorem dictates that the flow fields on a sphere must have singularities. Moreover, the sum of the
index of these singularities must add up to the Euler characteristic of the surface, via the Poincaré
Index Theorem. For a spherical membrane, the Euler characteristic is two. We note that the Stokeslet
flow field features two vortical defects around the point of application of the point force; see Fig. 1.
Vortical defects have index +1, leading to a total index of two for the Stokeslet flow. In the low-
curvature regime, the velocity field exhibits two vortical defects around the point of application of
the force. With increasing curvature, the vortical defects migrate away to diametrically opposite
points, as shown in Fig. 1 and first reported in Refs. [6,7,11].

III. FLOWS SOURCED BY A FORCE DIPOLE

Now that we have understood the flow field generated by a Stokeslet in a spherical membrane,
we move to the construction of the flow due to a point force dipole (stresslet). Let us first recall
how this is done for flat membrane flows. A simple and intuitive way is to consider two equal and
oppositely oriented point forces (stokeslets) initially at a finite separation and then taking the point

2We adopt the convention where gradient of a function is treated as a column vector and the force vector f is
treated as a row vector.
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FIG. 1. Flow field around a point force at low curvature (first row) and high curvature (second row). In both
situations radius R is held fixed and the fluid viscosity η2D is tuned, such that λ/R = 0.1 in the first row (low
curvature) and λ/R = 100 in the second row (high curvature). The brown color in the high-curvature regime
corresponds to the more viscous membrane fluid.

dipole limit by transporting the forces closer and closer, along the line of separation. In the limit of
vanishing inclusion size, this amounts to keeping only the leading term, i.e., the dipole. It is clear
that the resulting flow due to a stresslet is given by the directional derivative of the Stokeslet flow
field along the orientation of the force; see Eq. (A15) in Appendix A where we have presented
a summary of force dipole solutions in flat membranes. We adopt a similar strategy for curved
membranes. We first consider two equal and opposite point forces separated along a geodesic, the
analog of a straight line in a curved geometry; see Fig. 2. The point forces (denoted by green arrows)
are tangential to the geodesic (shown as a green curve), situated at the two endpoints of the geodesic.
The point dipole arises in the limit of vanishing geodesic separation. However, the orientation of the
forces can change due to curvature as they are dragged along the geodesic, as illustrated in Fig. 2
w.r.t. to a background frame (shown in black) for a generic curved surface. As we will see, this will
give rise to an extra term compared to the formula for flat membranes.

We now demonstrate this approach explicitly for the spherical membrane. Let us consider two
oppositely oriented point forces of equal magnitudes | f |, one at (θ0, φ0) and the other at (θ0 +
dθ0, φ0 + dφ0). The two point forces are separated along a geodesic of infinitesimal length dL.
Each of these point forces generates flows in the spherical membrane vStokeslet given by Eq. (4). The
point dipole limit is obtained by taking the limit dL → 0, | f | → ∞ along the geodesic such that
| f |dL := κ is constant:

vdipole = 1

4πη2D
∇̃θ,φ

(
f θ0+dθ0

φ0+dφ0

· ∇̃ θ0+dθ0
φ0+dφ0

S[γ (θ,φ,θ0+dθ0,φ0+dφ0 )] − f θ0,φ0
· ∇̃θ0,φ0 S[γ (θ,φ,θ0,φ0 )]

)
= 1

4πη2D
∇̃θ,φ

(
[dθ0∂θ0 + dφ0∂φ0 ] f θ0,φ0

· ∇̃θ0,φ0 S[γ (θ,φ,θ0,φ0 )]

+� f · ∇̃θ0,φ0 S[γ (θ,φ,θ0,φ0 )] + O(dθ2
0 ,dφ2

0 ,dθ0dφ0 )
)
, (7)
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FIG. 2. Construction of the point force dipole in a generic curved geometry: The two point forces are shown
as green arrows, initially at a finite separation and tangent to the geodesic (green curve) connecting them. Note
that the point force at the right end of the geodesic makes a different angle w.r.t. the background frame in the
local tangent space (shown with black arrows), compared to the point force at the left end of the geodesic. This
is due to the curvature of the surface. The point dipole limit arises in the limit of vanishing geodesic separation,
when the two point forces are dragged closer to each other along the geodesic.

where f θ0,φ0
and f θ0+dθ0

φ0+dφ0

represent the two point forces at locations (θ0, φ0) and (θ0 + dθ0, φ0 +
dφ0) respectively. � f denotes the first-order change in f due to parallel transport as one moves
from (θ0, φ0) to (θ0 + dθ0, φ0 + dφ0) in the curved geometry. Henceforth, we will suppress the
arguments of the geodesic distance γ (θ, φ, θ0, φ0) and denote it simply by γ .

Let us now write the point force f θ0,φ0
in the last line of Eq. (7) in terms of the vector T̂ ,

which is tangent to the geodesic at the location (θ0, φ0). In the usual (θ̂ , φ̂) basis on the sphere,
the components of T̂ are given by

T̂ := (sin α, cos α) where f θ0,φ0
≡ | f |T̂ , (8)

where α represents the orientation of the force vector in the local tangent space at (θ0, φ0) and
measured w.r.t. φ̂ (this will also be the orientation of the point dipole that we construct below). The
infinitesimal geodesic of length dL connects the two point forces, one at (θ0, φ0) and the other at
(θ0 + dθ0, φ0 + dφ0). Thus it follows that R dθ0 = dL sin α, R sin θ0 dφ0 = dL cos α. Keeping the
leading order terms in Eq. (7) for small inclusions, the force dipole velocity field at (θ, φ) is given
by

vdipole = 1

4πη2D
∇̃θ,φ

(
1

R
| f |dL[T̂ · ∇θ0,φ0 ]

(
T̂ · ∇̃θ0,φ0 S[γ ]

) + � f · ∇̃θ0,φ0 S[γ ]

)
. (9)

The curvature-induced � f for transport along the infinitesimal geodesic of length dL is

� f = | f |dL(T̂ · M), (10)

where the matrix M generates the rotation of the tangent vector along an infinitesimal geodesic of
length dL on the sphere, computed in the (θ̂ , φ̂) basis as

M = 1

R

(
0 − cot θ0 cos α

cot θ0 cos α 0

)
. (11)
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Plugging Eq. (10) into Eq. (9) we get

vdipole = | f |dL

4πη2DR
∇̃θ,φ

([
T̂ · ∇θ0,φ0

](
T̂ · ∇̃θ0,φ0 S[γ ]

) + (T̂ · M) · ∇̃θ0,φ0 S[γ ]
)
. (12)

Taking the point dipole limit dL → 0, | f | → ∞ along the geodesic such that | f |dL := κ is held
fixed, we get

vdipole = κ

4πη2DR
∇̃θ,φ

([
T̂ · ∇θ0,φ0

](
T̂ · ∇̃θ0,φ0 S[γ ]

) + (T̂ · M) · ∇̃θ0,φ0 S[γ ]
)
, (13)

where the function S[γ ] is defined in Eq. (5).
The stresslet flow in the curved membrane given by Eq. (13) is the central result of this paper. It

gives the velocity field at the location (θ, φ) in response to a point force dipole situated at (θ0, φ0).
Let us note that the second term in Eq. (13) takes into account the change in orientation of the point
forces as they are dragged along the infinitesimal geodesic while taking the point dipole limit. This
arises purely due to curvature of the surface and is absent in the plane.

A. Dipole flows under confinement

If additionally the external fluid outside the membrane is confined to a finite radial distance
R + H , with spherically symmetric boundary conditions,3 then carrying out the steps sketched in
Appendix B (allowing both rising and falling modes for the region R < r < R + H), we can derive
the flow in the confined situation. The structure of the solution, denoted by vc

dipole, is essentially the
same as Eq. (13), but now with a modified Sc[γ ]:

vc
dipole = κ

4πη2DR
∇̃θ,φ

([
T̂ · ∇θ0,φ0

](
T̂ · ∇̃θ0,φ0 Sc[γ ]

) + (T̂ · M) · ∇̃θ0,φ0 Sc[γ ]
)
, (14)

where

Sc[γ ] :=
∑

l

2l + 1

sc
l l (l + 1)

Pl [cos γ ] (15)

with sc
l now given by

sc
l = l (l + 1) − 2 +

[
R

λ−
(l − 1) − R

λ+

(
Rh′

l (R)

hl (R)
− 1

)]
where

hl (r) = 1

rl+1
− rl

(R + H )2l+1
. (16)

In the limit H → ∞ we recover the solution for the unconfined case (13).

B. Comments on generic curved membranes

For a generic curved 2D membrane with orthogonal coordinate basis (e1, e2), the general
structure of the formula (13) still holds,4 but one needs the appropriate function S[γ ] for the given
geometry of the membrane. Typically this requires a numerical evaluation of the spectrum of the
Laplace Beltrami operator on the curved manifold, along the lines of Ref. [12]. On the other hand,
the matrix M appearing in the second term in Eq. (13) can be evaluated for generic geometries

3Note that in our terminology, “confinement” refers to confining the external fluid outside the membrane
(r > R) with viscosity η+ so that it no longer extends to infinity. For any closed membrane surface, the fluid
inside the membrane (r < R) with viscosity η− is always confined to a compact region.

4With the twisted gradient ∇̃ suitably generalized by the antisymmetric covariant derivative εαβDβ for the
given surface.
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FIG. 3. Flow field around a force dipole oriented along θ̂ ie. α = π/2 and situated at (θ = π/2, φ = 2.2),
obtained by plotting Eq. (13) in the low-curvature (first row) and high-curvature (second row) regimes. In each
row, the figure on the left shows the flow field around the dipole center (represented by a black dot). The middle
plot shows the additional defect of negative index which forms on the other side of the membrane, opposite to
the location of the dipole. The plot on the right shows the flow lines in a θ, φ chart, showing both the dipole flow
along with the additional defect that arises due to spherical topology. This defect is absent in the corresponding
flows in flat membranes. Also note that the near-field flow is more radial in character at high curvature.

with relative ease. This has the following form (denoted by Mgen) in terms of Christoffel symbols �

(repeated coordinate index c indicates summation and A denotes antisymmetrization):

Mgen =
⎛
⎝ −�1

1cT c −�2
1cT c ‖e1‖

‖e2‖

−�1
2cT c ‖e2‖

‖e1‖ −�2
2cT c

⎞
⎠A

. (17)

Here the norms are denoted by ‖ ‖. The Christoffel symbols � can be derived from the surface
metric gab:

�i
kl = 1

2 gim(∂l gmk + ∂kgml − ∂mgkl ). (18)

The vector T is the unit vector representing the orientation of the dipole, in our notation sin α =
T 1‖e1‖, cos α = T 2‖e2‖. For the spherical basis (eθ , eφ ) the matrix Mgen reduces to that in Eq. (11).

IV. TOPOLOGICAL ASPECTS OF STREAMLINES

Let us now briefly illustrate the topological aspects of the flows sourced by the point force
dipole (13). We plot the flow field in the (θ, φ) chart as shown in Fig. 3 and also demonstrate
the flow on the sphere. It is clear that in both high- and low-curvature regimes, around the location
of the point dipole we have four vortical defects, each of which has index +1, while at the core
of the dipole, we have a saddle of index −1, where the flow is almost radial. This produces a
net index 4 − 1 = 3. The Poincaré index theorem on the sphere thus guarantees the existence of a
compensating defect of negative index (saddle) in the spherical membrane, such that the total index
coincides with the Euler characteristic of the sphere, which is two. Figure 3 shows this defect arising
from the membrane topology and is absent in the corresponding flows in flat membranes.
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V. PAIR DYNAMICS IN THE SPHERICAL MEMBRANE

A. Dynamical equations

We will now subject the central formula for dipole flow (13) to several tests. For this purpose,
we simulate the hydrodynamic interactions of a pair of point force dipoles, each generating the flow
described by Eq. (13). For a generic system of N point inclusions, the hydrodynamic interactions
are such that each inclusion undergoes a translation and rotation according to the sum of the flow
disturbances from remaining inclusions. The rotation rate of the orientation of a given force dipole
is determined by the local vorticity of the flows created by the remaining force dipole inclusions.5

In addition, we focus on the regime where hydrodynamic interactions dominate over thermal
fluctuations; hence for simplicity, we ignore the Brownian motion. In such situations, the dynamical
equations for an inclusion with coordinates (θi, φi) are given by

Rθ̇i =
N∑
j 	=i

vθ , R sin θiφ̇i =
N∑
j 	=i

vφ

α̇i =
N∑
j 	=i

1

2
(∇sp × v) · r̂︸ ︷︷ ︸

Vorticity-induced rotation

+ 1

R
cot θivφ︸ ︷︷ ︸

Curvature-induced rotation

, (19)

where vθ and vφ are the θ and φ components of the flow (13) for the unconfined case and Eq. (14)
for the confined situation. The rate of change of orientation of the ith dipole, denoted by α̇i, is given
by two contributions, as shown in the last line of Eq. (19). The first contribution is from the local
vorticity of the flows created by remaining dipoles, denoted by (∇sp × v), which is the curl of the
velocity field in spherical coordinates. The second contribution comes from the curvature.6

B. Comments on numerics and figures

Several remarks about the simulations are in order. In this paper, we will focus on dipoles with
positive strength, in the spirit of “pushers” studied in the context of microswimming [16,21]. We
recall that we have set η+ = η− ≡ η, i.e., the external fluids outside and inside the membrane have
same viscosity, leading to a unique Saffman length λ: λ+ = λ− = η2D

η
≡ λ. We will be working

in units where the dipole strength κ , the radius R, and the 3D viscosity of the external fluids η

are all set to unity: κ = 1, R = 1, η = 1. Time is measured in units of ηR3

κ
. The low- and high-

curvature regimes arise when λ/R 
 1 and λ/R � 1, respectively, and this is achieved by tuning
the viscosity of the membrane fluid η2D, hence tuning the Saffman length λ. Figures 4, 5 and 6
illustrate the interaction of dipole pairs in the unconfined situation where the external fluid outside
the sphere extends to infinity. For the low-curvature regime, we choose λ = 0.1, denoted by light
blue (represents a less viscous membrane fluid). For the high-curvature regime we choose λ = 100,
denoted by deep blue (represents a more viscous membrane fluid). We will also explore dynamics
where the external fluid outside the membrane is confined to a certain radius (R + H ) (see Fig. 7)
with the same color codes. In order to probe the effects of strong confinement, we choose H =
10−5 (in units of R) for both the high- and low-curvature regimes. Also, we add a soft harmonic
repulsion to Eq. (19) to prevent particle overlap in Fig. 7. Simulations [23] are performed using
Mathematica [24] and Julia [25,26].

5One can also model the rotation rates differently for inclusions of different shapes. Here we choose the
simplest model of a probe particle spinning about a vertical axis, whose angular velocity is proportional to the
local vorticity of the fluid velocity field.

6The curvature contribution for the ith dipole can be derived by using a relation similar to Eq. (10): δαi =
cot θi cos(arctan vθ i

vφ i
) δL

R .
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FIG. 4. Dipole pair dynamics for mutually perpendicular orientations. (a)–(h) Motion along the equatorial
geodesic. Panel (a) shows the trace of the trajectories, and panels (b)–(d) show the evolution of position (θ, φ)
and orientation α (measured w.r.t. to φ̂) of the dipole pair w.r.t. time. Panels (e)–(h) display snapshots of the
dynamics at different instants of time, starting with t = 0 from the left. (i)–(p) Motion along a longitudinal
geodesic φ = 1. In all cases, time is measured in units of ηR3

κ
.

FIG. 5. Focusing action of curvature on dipole motion. Starting with an initial configuration of two dipole
pairs (each pair being mutually perpendicular) and finitely separated at the equator, all the dipoles self-propel
towards the north pole. During this motion, curvature effects reduce the geodesic separation between the dipole
pairs. This effect is absent in the flat membrane due to absence of curvature. From left to right, we have three
snapshots of the motion, followed by a trace of the trajectories on the sphere (which shows the focusing action
of curvature), followed by the corresponding trajectories in the flat membrane.
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FIG. 6. Pair dynamics at low and high curvature without external confinement. In both regimes radius R is
held fixed and membrane fluid viscosity η2D is tuned such that for low curvature λ/R = 0.1, denoted by light
blue, and for high curvature λ/R = 100, denoted by deep blue. Time is measured in units of ηR3

κ
. Dipole pairs

in both regimes start from identical positions and relative orientation. (a)–(h) Low-curvature regime: panels
(a)–(d) show the trace of the trajectories and the evolution of position (θ, φ) and orientation (measured w.r.t. to
φ̂) of the dipole pair w.r.t. time. Panels (e)–(h) display snapshots of the dynamics at different instants of time,
starting with t = 0 from the left. (i)–(p) Dynamics at high curvature. Both high- and low-curvature regimes
feature nonlinear oscillatory dynamics.

C. Symmetry check

As a first check of Eq. (13), keeping the curvature arbitrary, we consider a pair of mutually
perpendicular force dipoles, both situated on the equatorial geodesic. One can check that the rotation
rate α̇ vanishes for either dipole in this configuration, where α denotes the orientation of the
dipoles defined in Eq. (8). The dipoles move together along the geodesic with a fixed separation
between them. This is illustrated in the first two rows of Fig. 4. The first row shows the trace of
the trajectories and the variation of location and orientation of the two dipoles w.r.t. time. The
second row shows snapshots of the dynamics at different instants of time starting from t = 0. Using
spherical symmetry, a similar dynamics must emerge when the pair of mutually perpendicular
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dipoles move along any arbitrary geodesic. We demonstrate this in the third and fourth rows of
Fig. 4 for the case of a longitudinal geodesic. Let us note that without the extra contribution coming
from curvature of the membrane, as explained below Eq. (13), this symmetry does not work. Thus,
the curvature contribution must be taken into account while constructing the dipole flows in the
spherical membrane and for any curved membrane in general. For example, Fig. 5 illustrates the
focusing action of curvature. Starting from a configuration of two dipole pairs (each pair being
mutually perpendicular; see Fig. 5), we find that all dipoles propel towards the north pole, with a
corresponding decrease in the geodesic separation between the dipole pairs. In general, curvature
effects will become important for the dynamics of larger collection of dipoles distributed across the
membrane.

D. Dynamics under weak/no confinement

Let us now proceed to discuss the pair dynamics in the regimes of low and high curvature in the
unconfined situation (Fig. 6). In both regimes we have nonlinear oscillatory dynamics where the
dipoles are attracted and then repelled periodically. This can be understood from the finite rotation
rate α̇ of the dipole orientations as dictated by Eq. (19). First, we note that in Fig. 3, the streamlines
generated by a single dipole oriented along θ̂ (pusher) is repulsive along the orientation of the
dipole (along θ̂ ) while attractive along the orthogonal directions (around φ̂). Going to the frame of
the first dipole (which is generating the flow as shown in Fig. 3), the second dipole situated in the
far-field region initially follows the attractive streamlines around φ̂ and starts approaching the first
dipole. However, because of the nonzero rotation rate α̇ 	= 0 [Eq. (19)], the relative orientation of
the dipoles changes with time (the dipoles get more aligned as they approach each other), and the
second dipole starts facing the repulsive streamlines generated from the first dipole along the other
direction (around θ̂ in Fig. 3), thus it is pushed away w.r.t. the first dipole. Once repelled, the relative
orientations change (α̇ 	= 0) and once again favor attraction. This process continues periodically
and leads to the oscillatory dynamics in Fig. 6 in both low- and high-curvature regimes; see also
the left plot in Fig. 8 where we show how the interparticle separation oscillates with time in the
high-curvature case. Let us note that in the low-curvature regime, the streamlines have significant
azimuthal component (nonradial character) compared to the high-curvature regime (Fig. 3). As
a result, the dipole pair undergoes a significant drift in their trajectories during the nonlinear
oscillations in the low-curvature regime. In contrast, in the high-curvature regime, since λ � R,
the near-field radial streamlines (lacking azimuthal character) are more dominant and the dipoles
undergo very small drift in their trajectories. Thus, the dipoles explore more surface area of the
membrane at low curvatures (first and second rows of Fig. 6) compared to that at high curvatures
(third and fourth rows of Fig. 6). This can be controlled by tuning the fluid viscosities and hence
λ. Note also that in the high-curvature regime the membrane fluid is more viscous, hence from
Eq. (13) we see that the dynamical timescales are much larger in the high-curvature regime due
to reduced mobility. The dynamics we observe in Fig. 6 is also consistent with what one expects
from the knowledge of the dynamics in flat membranes. For example, the dynamics and trajectories
observed at low curvature (small Saffman length λ) in the curved membrane are consistent with
Fig. 11 in Appendix A where we have carried out similar simulations in flat membranes at small
Saffman length λ. Meanwhile, the high-curvature regime corresponds to larger Saffman length λ

compared to the sphere radius R, hence the dynamics in this regime closely resembles Fig. 10
in Appendix A, carried out at large values of Saffman length λ. Let us also mention that at high
curvature, the compact geometry of the membrane gives rise to a zero mode that induces a global
rotation Refs. [6,7] where the spherical membrane and internal fluid rotate uniformly as a rigid body.
This is clear from the flow sourced by a Stokeslet; see the second row of Fig. 1 where the dominant
flow is a global rotation of the fluid. However, in a force dipole the global rotation generated by the
two oppositely oriented forces in a dipole cancel each other and have no effect on the streamlines
and dynamics. On a technical note, performing force dipole simulations in closed surfaces without
boundaries (such as the sphere) removes possible subtleties associated with periodic boundary
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conditions; see, for example, Ref. [22]. Last, it is worth mentioning that one recovers the same
dynamics as illustrated in Fig. 6 in weakly confined situations using the confined flow (14) instead
of the unconfined flow (13) for sufficiently large values of H .

E. Dynamics under strong confinement

We now consider situations where the external fluid outside the membrane is confined to a
thin region R < r < (R + H ) such that H 
 λ. The intuition from flat supported membranes
(see Appendix A) and a similar analysis of Eq. (16) suggests that in this regime the additional
confinement scale H effectively leads to a screened Saffman length λc = √

λH 
 λ for sufficiently
small H . Beyond the screened Saffman length λc, the flow is dominated by the traction stress from
the confined layer of external fluid, with significant azimuthal component (nonradial character). A
unique feature of this flow is that it results in a much slower rotation rate α̇ for the hydrodynamic
interactions of a dipole pair compared to the unconfined situation. [The planar limit of this flow is
vorticity free in the limit H → 0, reminiscent of Hele-Shaw flows; see Eq. (A17) in Appendix A.]
Thus, in contrast to the unconfined situation, here the second dipole is attracted towards the first
dipole but now with much slower change in relative orientation. This results in a remarkably
different nonoscillatory dynamics and promotes aggregation of the dipole pair, in both regimes
of low and high curvature. However, even in the confined situation, below the screened Saffman
length λc, the near-field streamlines are governed by the in-plane membrane stress and generate
significant rotation rate for the dipoles, thus reintroducing the oscillatory dynamics that we saw in
Fig. 6, hence disfavoring aggregation of the dipoles. Nevertheless, by choosing a sufficiently small
value of H (strong confinement), the screened Saffman length λc can be tuned to be of the order
of the inclusion size or smaller, such that the near-field radial flows play no role in the dynamics.
This also ensures that the effects of curvature on the dynamics essentially vanishes, as long as
the curvature is not too high. However, extreme values of curvature will reintroduce the near-field
radial flows, leading to a faster rotation rate and hence destroying the aggregation of dipoles. The
resulting dynamics is presented in Fig. 7 for three regimes of curvature: low (λ/R = 0.1), high
(λ/R = 100), and very high (λ/R = 104). The time evolution is carried out using Eq. (14). For ease
of comparison, we use the same initial separation and orientations for the dipole pair in both the
unconfined (Fig. 6) and confined (Fig. 7) situations. In the strongly confined situation, for both
low-curvature (λ/R = 0.1) and high-curvature (λ/R = 100) scenarios, we observe nonoscillatory
dynamics favoring aggregation of the dipole pair, while very high curvature (λ/R = 104) destroys
dipole aggregation. We compare the time evolution of interparticle geodesic distance in Fig. 8
to demonstrate this nonoscillatory dynamics under strong confinement. Our study thus suggests
aggregation effects of dipoles in curved fluid membranes in regimes of both low and high curvature
by suitably engineering the confinement scale H , while extreme high values of curvature tend to
destroy this effect (Fig. 7).

VI. SUMMARY OF SIMULATION RESULTS

We present a summary of the simulations performed in the last section in the following table,
focusing on the physically interesting situation of dipole aggregation.

λ/R = 0.1 λ/R = 100 λ/R = 104

Unconfined
Oscillatory dynamics

No aggregation
Oscillatory dynamics

No aggregation
Oscillatory dynamics

No aggregation

Confined Aggregation observed Aggregation observed
Oscillatory dynamics

No aggregation
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FIG. 7. Pair dynamics at low curvature λ/R = 0.1 (a)–(h), high curvature λ/R = 100 (i)–(p), and very high
curvature λ/R = 104 (q)–(x) with strong confinement of the external fluid. In all three regimes, radius R is held
fixed, and membrane fluid viscosity is tuned to achieve the required λ/R. Time is measured in units of ηR3

κ

and (θ − φ) convention is shown above panel (a). Dipole pairs in all regimes start from identical positions and
relative orientation as the unconfined membrane (Fig. 6). For each regime, we show the trace of the trajectories,
the evolution of position (θ, φ) and orientation (measured w.r.t. to φ̂) of the dipole pair w.r.t. time, and snapshots
of the dynamics at different instants of time, starting with t = 0. Particle overlap is prevented by adding a
soft repulsion. The dynamics for the first two regimes [(a)–(h) and (i)–(p), respectively] is nonoscillatory and
promotes aggregation of the dipole pair, while in the third regime (q)–(x) dipoles fail to aggregate, even under
strong confinement.
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FIG. 8. Interparticle geodesic separation of the dipole pair w.r.t. time in the high-curvature regime (λ/R =
100) for the unconfined membrane (left) and the strongly confined membrane (right). Time is measured in units
of ηR3

κ
and separation is in units of membrane radius R.

The table indicates that in the unconfined situation, the dynamics of the dipole pair is oscillatory
as shown in Fig. 6, in both high- and low-curvature situations. The situation changes under strong
confinement of the external fluid surrounding the membrane (we choose H/R = 10−5). Keeping H
fixed, we find that the dynamics is nonoscillatory and promotes aggregation of dipole pairs, in low
(λ/R = 0.1) as well as high curvature (λ/R = 100) situations; see Fig. 7. However, at extreme high
curvatures (λ/R = 104) the membrane stress dominates over the traction from the external confined
fluid, and we observe that dipoles fail to aggregate, even under strong confinement. Our numerical
investigations suggest the threshold curvature (λ/R)∗ ∼ 700, beyond which curvature effects tend
to destroy aggregation of the dipole pair. Keeping the confinement depth same and staying within
the favorable regime λ/R < 700, we also find aggregation of three or more dipoles; see Fig. 9.

A. Comments on many-dipole simulations

Typical membranes arising in nature have a large number of inclusions. Keeping this in mind,
we also explored few situations with more than two dipoles (under strong confinement) keeping the
confinement depth H same as the second row of Fig. 7 which favored aggregation of two dipoles.
We observe aggregation in such multidipole configurations as well, without any additional tuning
of parameters. For example, Fig. 9 shows aggregation of three dipoles under strong confinement. It
would be interesting to simulate large number of force dipoles including thermal effects along the
lines of Ref. [17] in curved membrane geometries using the formulas (13) and (14), and we keep
this for our future work.

VII. CONCLUSION AND FUTURE EXTENSIONS

In this paper we present a detailed construction of hydrodynamic flows in curved membranes of
fixed geometry, sourced by point force dipoles. An essential part of the construction of the point
dipole limit (Sec. III) is to keep track of the change in orientation of force vectors due to curvature,
and this generates an extra term which is crucial for symmetry of dynamical interactions in the

FIG. 9. Aggregation of three dipoles with arbitrary initial orientations in the low-curvature regime under
strong confinement. Starting from left, we show three snapshots starting from t = 0 till aggregation. On the
extreme right, the trace of the three trajectories is shown in red, black, and green. For this simulation, we used
the same parameters as the second row of Fig. 7 that favored aggregation of two dipoles.
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curved membrane. We apply this procedure to the case of a spherical membrane and find an analytic
solution for the flows in the membrane with [Eq. (14)] and without confinement [Eq. (13)] of the
external fluid outside the membrane. The spherical topology of the membrane leads to the creation
of a defect of negative index (Fig. 3) in the flow field which does not arise in flat membranes.
The hydrodynamic interactions of a pair of dipoles is explored next, and we subject the central
formulas (13) and (14) to several tests for consistency with the geometry of the membrane. Our
study suggests aggregation effects of dipoles in fluid membranes in regimes of both low and high
curvatures (Figs. 7 and 9) under strong confinement. However, very high curvatures tend to destroy
dipole aggregation, even under strong confinement.

One may extend the present work in several directions. We list some of them below.
Typically for the unconfined membrane the Saffman length is of O(μm). For nanometer sized

inclusions one expects oscillatory dynamics (Fig. 6). However by introducing a confining wall such
that H is O(nm), the screened Saffman length λc can be made much smaller, leading to dipole
aggregation (Fig. 7). In a system of many inclusions, one expects formation of dipole clusters, as
was recently demonstrated in flat membranes with thermal effects [17]. Although our focus in this
paper is the construction of the flow (13), it would be interesting to perform detailed simulations
of aggregation effects, along the lines of Ref. [17], for a system of inclusions in curved membranes
under confinement and explore the effects of membrane geometry and topology on the stability
of the aggregated structures. For example, Fig. 5 shows the focusing action of curvature on dipole
motion, while Fig. 7 shows how extreme curvatures tend to destroy dipole aggregation. In particular,
it would be interesting to see how the extra term arising from membrane curvature in Eq. (13) affects
the large-scale collective dynamics of dipole clusters. Let us mention in this context that coordinated
motion of motor proteins has been reported in recent experiments [27,28].

It would be worth exploring the dipole dynamics in other situations of interest. For example,
one can introduce an asymmetry in the external fluid viscosities η+ 	= η−, as well as consider
situations where the internal fluid is also restricted to a certain depth below the membrane surface
(the central bulk being a rigid substrate). It would also be interesting to consider hydrodynamic
interactions between inclusions of variable dipole strengths κ , such as a mixture of “pusher” and
“puller”-type motors. Interfacial fluid flows around pusher type bacterium have been explored in
recent experiments [21].

The fluid membrane model presented in this work considers only tangential flows in the mem-
brane. The in-plane shear modes couple to those of the external solvent surrounding the membrane,
keeping the membrane geometry unaltered. It would also be very useful to generalize the model
to incorporate the coupling of in-plane modes with out-of-plane deformations and explore the
possibility of force-induced tubulations, along the lines of Refs. [29,30], which provide a detailed
methodology to address this problem.

Another direction of investigation is to explore membranes of different geometries, such as
cylindrical membranes. Since the cylinder is intrinsically flat, the extra term in Eq. (13) arising from
the membrane curvature will be absent. Moreover, unlike the spherical membrane which exhibits
global rotation at high curvature [7,11], the cylindrical membrane features an anisotropic mobility
tensor and a local rotation at high curvatures. It would be interesting to see how dipoles interact in
such situations. For more generic geometries, in Sec. III we commented on how the formula (13)
can be generalized [see Eq. (17)], although an explicit solution requires knowledge of the spectrum
of the Laplace Beltrami operator on the curved manifold via numerics, along the lines of Ref. [12]
or along the lines of Ref. [13].

We wish to report on some of these exciting topics in future work.
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APPENDIX A: SUMMARY OF DYNAMICS OF FORCE DIPOLES IN FLAT MEMBRANES

In this Appendix, we briefly collect some results from analysis of force dipoles in flat membranes,
which may be free (unsupported) or may rest on a substrate. This material is needed to understand
some comments and analysis performed in the main text. In preparing this Appendix, we have
closely followed Refs. [17] and Refs. [5,31–33]. For a more detailed and insightful discussion, we
refer to Ref. [17] and references therein.

1. Free membrane

Let us first consider a free flat membrane situated at z = 0 and infinitely extended along x, y. We
denote the membrane pressure by p, the viscosity of the 2D membrane fluid (incompressible) η2D, v
is the in-plane 2D velocity along the membrane, η± denotes the 3D viscosities of external solvents,
and v± represent the velocities of the 3D external fluids above (+) and below (−) the membrane,
respectively. The coupled set of hydrodynamic equations at low Reynolds is given by

∇ · �v = 0,

fαδ2(�x − �x0) = η2D∇2vα − ∂α p + (σ+
αz − σ−

αz )|z→0, (A1)

∇ · �v± = 0, η±∇2�v± = −∇p±,

where the bulk fluid stress tensor is given by

σ±
i j = η±(∂iv

±
j + ∂ jv

±
i ) (A2)

along with the usual no-slip boundary conditions at the membrane surface

�v±|z=0 = �v. (A3)

Performing a 2D Fourier transform on the incompressibility and momentum balance equation in
Eq. (A1), and assuming η± = η, we arrive at

qαvα = 0,

−η2Dq2vα (q) − iqα p − 2ηqvα (q) + fα = 0. (A4)

Contracting the second equation with qα and using the incompressibility relation, we get

p = fαqα

iq2
. (A5)

Plugging the membrane pressure back into the momentum balance equation in Eq. (A4), we get

vStokeslet
i (q) ≡ Gfree

i j (q) f j =
δi j − qiq j

q2

η2Dq(q + λ−1)
f j, (A6)

where the length scale λ = η2D

η++η−
is the Saffman length and Gfree

i j (q) is the Green’s function for the
free membrane in Fourier space. Performing the inverse Fourier transform, the expression for the
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velocity field in real space is given by

vStokeslet
i := Gfree

i j f j = 1

4πη2D

(
A
[ r

λ

]
δi j + B

[ r

λ

]xix j

r2

)
f j, (A7)

where

A(x) = πH0(x) − π
H1(x)

x
+ 2

x2
− π

Y0(x) − Y2(x)

2
,

B(x) = −πH0(x) + 2π
H1(x)

x
− 4

x2
− πY2(x). (A8)

Hn is the Struve function of order n, and Yn is the Bessel function of second kind of order n.
It is helpful to simplify the above expressions by considering the asymptotic limits:

A →
{

log λ
r , r 
 λ

2 λ2

r2 , r � λ
(A9)

and

B(r) →
{

1 r 
 λ
2λ
r − 4λ2

r2 r � λ
. (A10)

From the asymptotic behavior, we observe the logarithmic Green’s function at short distances r 

λ, well known to arise in 2D Stokes equations. This is regulated by the external fluids at large
distances, as can be seen from the r � λ regimes.

2. Supported membrane

Next we consider a supported flat membrane situated at z = H , while the substrate is situated
at z = 0. In contrast to the free membrane, the external fluid below the membrane is now confined
within 0 < z < H while the external fluid in the region z > H above the membrane extends to
infinity. For simplicity, let us assume that the fluids above and below the membrane have same
viscosity η+ = η− ≡ η. The confined fluid in the region 0 < z < H thus provides an additional
length scale H . Allowing both rising and falling modes in the confined region, the Green’s function
defined in Eq. (A6) is modified to [5,31,33]

vStokeslet
i (q) ≡ Gc

i j (q) f j =
δi j − qiq j

q2

ηq(1 + 2λq + coth qH )
f j, (A11)

where Gc
i j (q) denotes the Green’s function in the confined situation. Depending on the length scales

H, λ and the distance from the source, denoted by r, one has different regimes as follows [5,31,33].

3. Strong confinement (H � λ)

Under strong confinement, coth(qH ) ∼ 1
qH in Eq. (A11), and we get a modified solution where

the Saffman length λ is reduced to a screened value λc = √
2λH . The Stokeslet solution is the same

as Eq. (A7) with λ replaced by λc and a modified Green’s function Gc as follows:

vStokeslet
i := Gc

i j f j = 1

4πη2D

(
Ac

[
r

λc

]
δi j + Bc

[
r

λc

]
xix j

r2

)
f j,

Ac(x) = − 2

x2
+ 2K0(x) + 2K1(x)

x
, (A12)

Bc(x) = 4

x2
− 2K0(x) − 4

K1(x)

x
,
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where Kn is the modified Bessel function of order n. The near-field region r 
 λc in this situation
is dominated by the membrane stress and scales as log( r

λc
) while the far-field region r � λc is

dominated by the stress from the confined fluid, giving rise to a power-law scaling v ∼ 1
r2 . Thus to

leading order, the Green’s function Gc
i j (r) is

Gc
i j (r) →

{ 1
4πη2D

(
δi j

(
log 2λc

r − γ − 1
2

) + rir j

r2

) + O(r/λc), r 
 λc,

H
2πηr2

(−δi j + 2 rir j

r2

) + O
(
r− 1

2 e−r/λc
)
, r � λc.

(A13)

4. Weak confinement (H � λ)

Here the Green’s function Gc
i j (r) reduces to [5,31,33]

Gc
i j (r) →

⎧⎪⎪⎨
⎪⎪⎩

1
4πη2D

(
δi j

(
log 2λ

r − γ − 1
2

) + rir j

r2

) + O(r/λ), r 
 λ 
 H

1
4πηr

( rir j

r2

) + O
(

λ2

r2

)
, λ 
 r 
 H

H
2πηr2

(−δi j + 2 rir j

r2

) + O(r−3), λ 
 H 
 r

. (A14)

5. Flows sourced by force dipoles

The velocity field sourced by a dipole can be easily related to the directional derivative of the
stokeslet flows along the orientation of the force (as explained in the main text). Thus for the free
membrane, the flow sourced by a force dipole is given by [17]

[vi]
dipole = −κ f̂k∂xk

[
Gfree

i j f̂ j
]
, (A15)

where Gfree
i j is the Green’s function for the free membrane given by Eq. (A7) and κ = | f | dL is a

constant in the limit of a point dipole dL → 0, | f | → ∞. One gets two regimes for the resulting
velocity field of a dipole, placed at the origin and directed along f̂ :

vdipole =
{− κ

2πηr2 ((1 − 3 cos2 θ )r̂ + cos θ f̂ ) r � λ

− κ
4πη2Dr (1 − 2 cos2 θ )r̂ r 
 λ

,

where cos θ = r̂. f̂ .
Similarly for the confined case, one has

[vi]
dipole = −κ f̂k∂xk

[
Gc

i j f̂ j
]

(A16)

with the Green’s function Gc
i j given by Eq. (A11) and its asymptotic limits (A13) and (A14) for

strong and weak confinements, respectively.
In particular, plugging the Green’s function Gc

i j that arises in the far-field region under strong
confinement [second row of Eq. (A13)] into Eq. (A16) yields a flow of the following form:

�vdipole = − κH

πηr3
((1 − 4 cos2 θ )r̂ + 2 cos θ f̂ ) r � λc, (A17)

where cos θ = r̂ · f̂ and r̂ is the position vector of the response location. A distinct feature of
Eq. (A17) is that it is vorticity free, and thus in this regime a system of dipoles will not change
their orientations. Following the arguments presented in the main text, this flow is suitable for
nonoscillatory dynamics and is favorable for aggregation of dipoles. However, the near-field flow
below the screened Saffman length λc has significant vorticity and leads to oscillatory dynamics
similar to Fig. 10. But one can make H sufficiently small such that the screened Saffman length λc

is of the order of the inclusion size or smaller, thus effectively eliminating the near-field radial flows
arising from membrane hydrodynamics.
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FIG. 10. Interactions at large λ in unsupported membrane: Pair interaction of force dipoles in the un-
supported flat membrane for large Saffman length λ/L0 = 125, L0 being the initial separation, with initial
orientations α1 = 0, α2 = π/6. The time evolution is carried out by Eq. (A15), with the Green’s function Gfree

i j

given by Eq. (A7) in terms of Struve and Bessel functions. (a)–(d) The trace of the two trajectories and variation

of x, y, orientation α. Time is measured in units of
125ηL3

0
8κ

. (e)–(h) A few snapshots of the simulation starting
from t = 0. The dynamics is oscillatory and does not promote aggregation. Compare with the high-curvature
regime of Fig. 6.

6. Study of hydrodynamic interactions of force dipoles

The hydrodynamic interactions of a pair of force dipoles is illustrated in Figs. 10 and 11 for large
and small values of the Saffman length λ in the unconfined situation. In each of these simulations,
we used the same initial condition for the dipole pair orientations. The dynamical evolution is
constructed in the same way as explained in Eq. (19), adapted to planar (x, y) coordinates. The
time evolution is carried out using the velocity field in the unconfined situation (A15) with the
Green’s function Gfree

i j given by Eq. (A7) written in terms of Struve and Bessel functions. We find
that both regimes of small and large λ display similar nonlinear oscillatory dynamics, not suitable
for aggregation. However, as explained in main text, in the far-field regime, the dipole pair dynamics
happens over an an extended surface area of the membrane compared to the near-field regime
because of the dominant azimuthal (nonradial) nature of the streamlines at small λ. We next explore
the pair dynamics under strong confinement using Eq. (A16) and the Green’s function (A12) written
in terms of modified Bessel functions. The dynamics is illustrated in Figs. 12 and 13 for small
and large Saffman length λ. In both situations, the confinement H is sufficiently small such that
the screened Saffman length λc is the smallest length scale in the problem. The rate of change of
orientations of the dipoles is much slower [exactly vanishes in the limiting case; see Eq. (A17)],
and this promotes nonoscillatory dynamics and favors aggregation, as was illustrated in Ref. [17].
We also demonstrate this in a four particle simulation carried out in Fig. 14 and compare the
time evolution of dipole pairs in several scenarios in Fig. 15. In all figures, L0 denotes the initial
separation between dipole pairs.

APPENDIX B: DETAILS OF VISCOUS HYDRODYNAMICS IN CURVED MEMBRANES

In this Appendix section, we briefly review the formulation of hydrodynamics in curved mem-
branes of fixed geometry following Refs. [6,7] and then specialize to Stokeslet flows in spherical
membrane. Following the same notations as the main text, the incompressibility and momentum
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FIG. 11. Interactions at small λ in unsupported membrane: Pair interaction of force dipoles in the un-
supported flat membrane for small Saffman length λ/L0 = 0.125, L0 being the initial separation, with initial
orientations α1 = 0, α2 = π/6. The time evolution is carried out by Eq. (A15), with the Green’s function
Gfree

i j given by Eq. (A7) in terms of Struve and Bessel functions. (a)–(d) A trace of the two trajectories and

the variation of x, y, orientation α w.r.t. time. Time is measured in units of
125ηL3

0
8κ

. (e)–(h) Snapshots of the
simulation starting from t = 0 for one oscillation cycle. The dynamics is oscillatory and does not promote
aggregation. Compare with the low-curvature regime of Fig. 6.

FIG. 12. Strong confinement and small λ: Pair interaction of force dipoles in the flat membrane under
strong confinement (H/λ 
 1). The parameters are chosen such that Saffman length λ is small, λ/L0 = 0.2,
where L0 is the initial separation, and the screened Saffman length λc is smaller than particle size. The initial
orientations (measured w.r.t. to x̂) are α1 = 0, α2 = π/6. The time evolution is carried out by Eq. (A16) and
the Green;s function in the strongly confined situation Gc written in terms of modified Bessel functions; see
Eq. (A12). (a)–(d) A trace of the two trajectories and the variation of x, y and orientation α w.r.t. time. Time is

measured in units of
64ηL3

0
κ

. The dynamics is nonoscillatory and promotes aggregation. (e)–(h) Snapshots of the
simulation till aggregation. Soft repulsion is added to prevent particle overlap. Compare with the low-curvature
regime of Fig. 7.
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FIG. 13. Strong confinement and large λ: Pair interaction of force dipoles in the flat membrane under strong
confinement (H/λ 
 1). The parameters are chosen such that Saffman length λ is large λ/L0 = 400 but the
screened Saffman length λc is still of the order of particle size. The initial orientations (measured w.r.t. to
x̂) being α1 = 0, α2 = π/6. The time evolution is carried out by Eq. (A16) and the Green’s function in the
strongly confined situation Gc written in terms of modified Bessel functions; see Eq. (A12). (a)–(d) A trace

of the two trajectories and the variation of x, y and orientation α w.r.t. time. Time is measured in units of
ηL3

0
64κ

.
The dynamics is nonoscillatory and promotes aggregation. (e)–(h) Snapshots of the simulation till aggregation.
Soft repulsion is added to prevent particle overlap. Compare with the high-curvature regime of Fig. 7.

balance equations in the low Reynolds regime in a generic curved membrane is given by

Dαvα = 0, Dβ�αβ = 0, (B1)

where

�αβ = pgαβ − ηαβμγ Dμvγ , (B2)

and

ηαβμγ = η2D(gαμgβγ + gαγ gμβ ) + (ξ − η2d )gαβgμγ , (B3)

where v represents the 2D fluid velocity, D is the 2D covariant Levi-Civita connection appropriate
for the curved surface, p is the local membrane pressure, and gμν is the surface metric. η2D and ξ

are the shear and bulk viscosities, respectively.

FIG. 14. Hydrodynamic aggregation of a system of four force dipoles under strong confinement. Simula-
tions performed using the vorticity free flow under strong confinement [Eq. (A17)]. Trace of the trajectories is
shown on the left, followed by three snapshots of the motion starting from t = 0 till aggregation.
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FIG. 15. Comparison of evolution of interparticle separation with time. From left to right, the separation
is plotted for large Saffman length (Fig. 10), small Saffman length (Fig. 11), and pair dynamics in strong
confinement (Fig. 12), with the appropriate time units mentioned in earlier figures.

Using the incompressible nature of the membrane fluid Dαvα = 0 and the properties of the Levi-
Civita connection Dαgμν = 0, we can simplify the momentum balance equation of Eq. (B1):

Dβ�αβ = 0.

⇒ Dβ (pgαβ − (η2D(gαμgβγ + gαγ gμβ ) + (ξ − η2D)gαβgμγ )Dμvγ ) = 0.

⇒ Dα p − η2D(Dγ Dαvγ + DμDμvα ) + (ξ − η2D)Dα�����0
(Dγ vγ ) = 0.

⇒ Dα p − η2D(Dγ Dαvγ︸ ︷︷ ︸+DμDμvα ) = 0. (B4)

Considering the term under braces in the above equation, we note that the derivatives Dγ and Dα do
not commute in curved surfaces; hence while flipping their order one picks up a commutator term
proportional to the local Gaussian curvature K (x):

Dγ Dαvγ = Dγ Dαvγ = [Dγ , Dα]vγ + Dα����0
Dγ vγ = K (x)vα. (B5)

Using this in Eq. (B4) we get

Dα p − η2D(K (x)vα + DμDμvα ) = 0. (B6)

In order to extract the flows due to point sources in the curved membrane, it is important to
understand the spectrum of the operator η2D(K (x) + �),

η2D(K (x) + �)vα (�x, s) = λsvα (�x, s), (B7)

where s labels the eigenvalues λs and corresponding eigenfunctions vα (�x, s). A generic velocity
field in the curved geometry can thus be written as a superposition of these eigenmodes vα (�x, s) as
follows:

vα (x) =
∑

s

Asvα (�x, s). (B8)

In view of the incompressibility of the velocity eigenmodes, we introduce a stream function φ(�x, s):

vα (�x, s) = εαγ Dγ φ(�x, s). (B9)

In terms of this stream function, Eq. (B7) takes the form

η2D[2K (x)Dγ φ(�x, s) + Dγ �φ(�x, s)] = λsD
γ φ(�x, s). (B10)

For generic curved membranes, one can construct numerical solutions. But for surfaces of constant
curvature, analytic progress can be made since the equation has the simple structure of a Laplace
eigenvalue equation:

�φ(�x, s) = λs − 2Kη2D

η2D
φ(�x, s). (B11)
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Having discussed the hydrodynamic equations for a generic curved membrane, we now briefly
discuss the external viscous fluids, described by the usual 3D Stokes equations. Hydrodynamic
quantities like velocity, pressure, and viscosity for r > R carry a suffix +, while those for r < R
carry a −:

�∇ · �v± = 0, η±∇2�v± = �∇p±. (B12)

The membrane fluid equations together with the 3D fluid equations need to be solved with the
boundary conditions

v±|r=R = v (B13)

and stress balance condition

σ ext
α = Dα p − η2D(K (x) + �)vα + Tα. (B14)

Here σ ext
α is the stress from the external point source generating the flow, while Tα represents the

traction stress due to coupling of the membrane fluid with the external fluids:

Tα = σ−
αr − σ+

αr |r=R, σ±
i j = η±(Div

±
j + Djv

±
i ) − gi j p±. (B15)

In terms of stream function defined in Eq. (B9), one can recast the stress balance equation (B14)
(after taking an antisymmetric derivative to remove the membrane pressure term):

εαβDβσ ext
α = −

∑
s

Asλs�φs + εαβDβTα. (B16)

The discussions above hold for generic curved membranes; however, from now on we specialize to
the spherical membrane and construct the Stokeslet flows.

1. Spherical membrane

The spectrum of the Laplace Beltrami operator on a sphere obeys

�φlm = − l (l + 1)

R2
φlm. (B17)

Comparing Eqs. (B11) and (B17) we can read off the eigenvalues λ,

λl = 2 − l (l + 1)

R2
η2D (B18)

and the eigenfunctions are the usual spherical harmonics

φlm = Ylm(θ, φ). (B19)

The velocity field on the spherical membrane can thus be written as

vα =
∑
lm

Almεαγ DγYlm. (B20)

One solves the unknown coefficients Alm from the stress balance condition (B14). Using the
well-known Lamb’s solution [34] for the external solvents, one can compute the traction term in
Eq. (B16),

Tα =
∑
lm

(
η−
R

(l − 1) + η+
R

(l + 2)

)
AlmεαβDβYlm(θ, φ). (B21)
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Since we are interested in Stokeslet flows, we insert a point force localized at (θ0, φ0) and decom-
pose it via

σ ext
α = F0α

R2

∞∑
l=0

l∑
m=−l

Ylm(θ, φ)Y ∗
lm(θ0, φ0)

︸ ︷︷ ︸
1

sin θ0
δ(θ−θ0 )δ(φ−φ0 )

. (B22)

One can now solve Alm in terms of force components F0α
from Eq. (B16):

Alm = csc θ0

η2Dsl l (l + 1)

[
Fθ0∂φ0Y

∗
lm(θ0, φ0) − Fφ0∂θ0Y

∗
lm(θ0, φ0)

]
, (B23)

where sl = l (l + 1) − 2 + R
λ−

(l − 1) + R
λ+

(l + 2) and λ± = η2D

η±
.

Plugging Eq. (B23) into Eq. (B20) leads us to the final form of the Stokeslet flow (4), which we
repeat here for convenience:

vStokeslet = 1

4πη2D
∇̃θ,φ

(
f · ∇̃θ0,φ0 S[γ ]

)
, (B24)

where ∇̃θ,φ is the twisted gradient operator (csc θ ∂φ,−∂θ ) at the response location (θ, φ) and ∇̃θ0,φ0

is a similar gradient at the source location and

S[γ ] :=
∑

l

2l + 1

sl l (l + 1)
Pl [cos γ ]. (B25)

In our numerical simulations, we used analytic versions of Eq. (B25) in real space, performing the
sum over Legendre modes with some care. The roots of sl = 0 appearing in the denominator of
Eq. (B25) are given by

lp =
−(η2d + Rη− + Rη+) +

√
9η2

2d + 6Rη2d (η− − η+) + R2(η− + η+)2

2η2d
,

lm =
−(η2d + Rη− + Rη+) −

√
9η2

2d + 6Rη2d (η− − η+) + R2(η− + η+)2

2η2d
. (B26)

The model parameters thus control the location of the roots in the real line. While lp lies in the range
−2 < lp � 1, the other root lm is always negative. Using this knowledge about the roots, one can
now perform a partial fraction decomposition of Eq. (B25) and sum the parts separately, leading to
different real space representations of S depending on the sign of the root lp, listed in Eq. (B27) and
Eq. (B29) below.

2. Case 1: −2 < lp < 0 (low-curvature regime)

Slp<0 = 1

lmlp

[
log[2] − log(− cos γ +

√
2 − 2 cos γ + 1)

]
+ 1

(1 + lm)(1 + lp)
log[

cos γ − √
2 − 2 cos γ − 1

cos γ − 1
]

+ 1 + 2lm
lm(1 + lm)(lm − lp)

A[lm] + 1 + 2lp

lp(1 + lp)(lp − lm)
A[lp], (B27)
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where the function A[lm] is expressed in terms of Appell hypergeometric function A,

A[lm] = (−1+lm )lmA[2−lm, 1
2 , 1

2 ,3−lm,eiγ ,e−iγ ]−(−2+lm )((−1+lm )A[−lm,− 1
2 ,− 1

2 ,1−lm,eiγ ,e−iγ ]+2lmA[1−lm, 1
2 , 1

2 ,2−lm,eiγ ,e−iγ ]Cosγ )
(−2+lm )(−1+lm )lm

(B28)

and a similar relation for A[lp].

3. Case 2: 0 < lp < 1 (high-curvature regime)

In this situation,

Slp>0 = 1

lmlp
(log[2] − log(− cos γ +

√
2 − 2 cos γ + 1))

+ 1

(1 + lm)(1 + lp)
log

[
cos γ − √

2 − 2 cos γ − 1

cos γ − 1

]

+ 1 + 2lm
lm(1 + lm)(lm − lp)

A[lm] + 1 + 2lp

lp(1 + lp)(lp − lm)
B[lp], (B29)

where

B[lp] = − 1

lp
+ 1 − A

[ − lp,
1
2 , 1

2 , 1 − lp, eiγ , e−iγ
]

lp
. (B30)

Some special cases not captured by the above representations are listed below for completeness.

4. Case 3: One of the roots is zero

In terms of the other root, denoted by l̃ = η−+4η+
η−−2η+

we get

S =
∑

l

2l + 1

(l − l̃ )l2(l + 1)
Pl [cos γ ]

= −1 − l̃

l̃2
[log[2] − log(− cos γ +

√
2 − 2 cos γ + 1)]

− 1

l̃
S0 + 1

1 + l̃
A[−1] + 1 + 2l̃

l̃2(1 + l̃ )
A[l̃], (B31)

where

S0 =
∞∑

l=1

Pl [cos γ ]

l2
(B32)

is convergent and needs numerical evaluation.

5. Case 4: One of the roots is −1

In this situation the other root is l̃ = 2(η−+η+ )
2η−−η+

, and we have

S =
∑

l

2l + 1

(l − lp)l (l + 1)2
Pl [cos γ ]

= −1

l̃
[log[2] − log(− cos γ +

√
2 − 2 cos γ + 1)] + 1

−l̃ − 1
S̃0

+ l̃

(l̃ + 1)2
A[−1] + 1 + 2l̃

l̃ (1 + l̃ )2
A[l̃], (B33)
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where

S̃0 =
∞∑

l=1

Pl [cos γ ]

(l + 1)2
(B34)

is convergent and needs numerical evaluation.
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