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We computationally studied the pairwise hydrodynamic interactions for simple two-
dimensional dimer model swimmers over a range of intermediate Reynolds numbers (Re)
and for thousands of initial conditions, varying position and orientation. We found that
the swimmers arranged in assemblies that were sensitive to initial conditions and Re. The
resulting “phase diagrams” showed regions where the swimmers repel and swim away
from one another, regions where they form stable pairs with different symmetries, and
locations of transitions between them. The stable pairs fit neatly into combinations of five
categories: swimmers in-line and side by side, parallel and antiparallel, and perpendicular
to one another. Once arranged into the preferred stable pair, the swimmers swam together or
turned into a symmetric immotile pump, in both cases coordinating as one and generating
combined fluid flows that stabilized the assembly. By looking at the pairs’ steady state
velocities, we were able to provide insight on possible benefits of being in a pair versus
swimming alone. For some pairs, there seemed to be a clear speed advantage over the
single swimmer, while for others the presence of a second swimmer slowed them both
down. Moreover, we found that the stable pairs transition their swimming direction at
different Reynolds numbers and when compared to the single swimmer. The time-averaged
flow fields around each stable pair are also different from one another and from the single
swimmer, and evolve as Re increases. Our results provide a guide for the complex nonlinear
interactions that arise between self-propelled particles in fluids at intermediate Re by using
the fluid inertia as a knob to control assembly behavior. They are the basis for scaling up
towards many-body interactions and active matter of mesoscale swimmers.
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I. INTRODUCTION

The collective behavior of organisms, such as swarms of bacteria and schools of fish, also
known as active matter, has sparked the interest of many disciplines including physics, materials,
biology, and engineering [1–9]. The nonequilibrium dynamic assemblies of swarms are distinct
from equilibrium systems, in that, the constituent particles are motile and self-propelled—they
convert their energy into motion. From a physics perspective, active-matter systems serve as a
model for studying nonequilibrium ensembles theoretically [3,5–7], but there are also numerous
practical applications in materials [8], robotics [10,11], and therapeutics [12]. The fluid medium, in
which many swarms naturally occur, has been shown in many cases to play an important role in the
underlying physical mechanisms and interactions that give rise to the collective behavior [13]. To
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make progress in active-matter theory and applications in fluids, we must have a better grasp of the
fundamental physics of the hydrodynamic interactions for the simpler system of a pair of swimmers.

Before we discuss pairs, let us consider locomotion for a single swimmer as a function of length
scale. In the microscopic world, locomotion is limited by the scallop theorem, which states that
a swimmer with a reciprocal, time-reversible swim stroke cannot produce a net motion in Stokes
flow [14]. Real organisms overcome the scallop theorem (break time reversibility) in one way or a
combination of at least three ways: (i) with a nonreciprocal stroke, e.g., the corkscrew motion of the
flagella of sperm cells and bacteria [15] or the three-sphere swimmer by Najafi and Golestanian [16];
(ii) by swimming in groups or coordinating multiple appendages, e.g., microscopic cilia that beat
together in a metachronal way [17,18]; and (iii) by using inertial forces, i.e., their Reynolds
number (Re = vL/ν), where usually the swimmer size L or velocity v or both are large enough
for them to be in the intermediate (or high) Re regime [19,20], e.g., fish larvae, brine shrimp,
and jellyfish [21,22]. Note that the intermediate Re range is considered to be roughly in the range
Reint ≈ 1–1000 [15,23,24]. Any one of these adaptations is sufficient to break time reversibility, and
many works have been dedicated to each. In reality, organisms developed not only to overcome the
scallop theorem but also to be optimal and versatile in their swimming by combining (some or all of)
the above mechanisms. For example, even though a bacterium performs a nonreciprocal stroke and
can swim just fine in Stokes flow, bacteria do swim in swarms and can achieve much higher swim
speeds collectively than individually [4,25–27]. Adult brine shrimp are large enough (≈cm size)
to swim even with a reciprocal stroke, yet they evolved to use a nonreciprocal one, a metachronal
wave of their limbs, which leads to more efficient swimming [28]. Numerical works on brine shrimp
models that implement both metachronal beating and fluid inertia can be found in [29,30]. From a
fundamental physics and fluid dynamics point of view but also to impact applications in materials or
robotics, there is no reason to constrain ourselves to one of these mechanisms; the system naturally
provides different parameters that we can tweak to control pairwise and collective behavior. Thus,
it is important to consider simple model systems combining these different mechanisms and to
understand the physics at play. Here, we will be studying the effect of pair interactions between
reciprocal swimmers, as fluid inertia is gradually introduced in the system, i.e., (ii) and (iii). We
first discuss the interactions.

Numerous studies (both theoretical and experimental) have looked at the hydrodynamic in-
teractions between either Stokesian swimmers at low Re [31–39] or purely inertial ones at high
Re [40–46]. For example, sperm cells and B. Subtilis synchronize their flagella, and in doing so are
hydrodynamically attracted to one another [31–33]. Many microscopic swimmers can be modeled
as squirmers and then be classified as a “puller,” “pusher,” “neutral,” etc. The puller has a force
dipole, which induces a flow field that pulls in parallel to its swimming axis and pushes out in the
perpendicular, while the pusher does the opposite. Puller pairs have been shown to attract along
their swimming axis and repel in the perpendicular, and pushers have been shown to repel along the
swimming axis and attract along the perpendicular, which has implications for example on how they
swarm and accumulate near walls [15,34,35]. Collision dynamics for a model of chemically active
droplets in Stokes flow were shown to be sensitive to the relative sizes of the droplets [36,47]. Stud-
ies on the hydrodynamic interactions between a pair of dimer swimmers in Stokes flow have shown
how the swimmers align and swim together, depending on their initial configuration [37–39]. The
pair interactions between two asymmetric dimers in Stokes flow have been analytically solved for
the one-dimensional case of reflection invariant pairs (collective swimming at a constant velocity)
and translation invariant pairs (attractive or repulsive dependent on the leading swimmer orienta-
tion) [38]. A more extensive study derived stroke-averaged equations of motion for the effective
hydrodynamic interactions between asymmetric dimer pairs in Stokes flow [39]. At the other limit,
at high Re, where viscosity can be neglected, studies have been conducted on inertial swimmers
modeled as vortex dipoles, flapping plates, and for specific organisms through computational fluid
dynamics [40–46]. However, we have limited understanding in swimmer interactions at intermediate
Re where both viscous and inertial forces coexist. Yet, the intermediate Re range is home to a
plethora of biological organisms and particulate or robotic systems of interest.
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A small number of studies have looked at the interactions between swimmers at the intermediate
Re range [48–52]. Squirmers at intermediate Re and initially aligned in parallel will attract if they
are pushers and repel if they are pullers [48]. When on a collision course, inertial effects change
the contact time and scattering dynamics for pushers and can prompt hydrodynamic attraction and
circular trapped trajectories for pullers [49]. The role of finite inertia on the collective behavior
of swimmers beyond a pair remains largely unexplored, with the exception of Chatterjee et al.,
who identified stable, unstable, and turbulent states for active suspensions of weakly inertial
pushers [52], and Ouillon et al. [53], who reported increased diffusivity of swarms (compared
to a single swimmer) and proposed a continuum model. Studies on biogenic mixing are related
but the focus is more on the large-scale transport and mixing of the fluid that is generated by
plankton and other mesoscale swimmers rather than the statistical mechanics of the swarms [54–58].
Apart from squirmers, hydrodynamic interactions for lattices of flapping plates at Re in the range
10–100 were studied recently [50,51]. While squirmer and flapping-plate models have the advantage
that they are well understood mathematically, they are also quite specific and constrained in the
assumptions that are being made. The squirmer model assumes a specific flow field that stems
from low-Re swimmers, such as algae and bacteria, and the amplitude of the surface oscillations,
originally modeling beating cilia, is assumed to be small and cannot easily be varied. Real-life
organisms and experimental systems will usually have finite or large amplitudes. On the other hand,
flapping plates model a specific appendage geometry that is difficult to analytically solve [50] and,
while they are common in nature, they are just one type of appendage. It is, thus, important to
explore additional models that may offer new insights and an opportunity to identify universal
behavior in the intermediate Re regime, where in nature there is an enormous diversity of motility
mechanisms [59].

The dimer is a commonly used model for swimmers, and has been extensively studied in
Stokes, intermediate, and inertial regimes for both Newtonian and viscoelastic fluids through theory,
computer simulations, and experiments [37–39,60–70]. The dimer is a model swimmer composed
of two equal or unequal spheres that either oscillate or rotate and are usually connected via a spring
or rod or adhere to a similar spatial constraint. In most works and in our paper it is also a reciprocal
swimmer. Its geometric simplicity has allowed analytical work and comparisons between theory,
experiments, and simulations. An additional advantage of most dimer swimmers is that they are
mechanical models, in the sense that the swimmer generates its own flow field through oscillation,
so no assumptions are made on the fluid field, which also means that one can directly study the effect
of the amplitude of the oscillation (the stroke). We have shown, for example, that our dimer swimmer
exhibits behavior seen in real life organisms, such as the back-and-forth motion during recovery and
power strokes and a pusherlike or pullerlike flow field for different parts of the oscillation [66,71].

A question we asked in previous works was the following: how does a simple reciprocal
swimmer, such as the dimer, go from rest to swimming as Re increases from zero to finite values?
We showed that inertial effects in the fluid and specifically steady streaming flows can induce
a transition from rest to motility going from Re = 0 to nonzero Re, and then a switch in the
swimming direction from small-sphere leading to large-sphere leading [63,66]. Hubert et al. [68]
showed through experiments, theory, and computer simulations an interesting coasting effect due
to phase lag that induces swimming for a dimer swimmer, in the special case where fluid inertia
is zero but particle inertia is high. A related system with similar results was theoretically studied
by Felderhof [61]. In another study, Collis et al. looked at an externally vibrated dimer of unequal
spheres in size and/or density at intermediate Re and did see a switch in swim direction, in their
case generated by the coupling of translational and rotational motion due to the nonlinear convective
body force [62]. Only recently, Derr et al. [70] studied the dimer analytically and numerically, and
showed that it is important to make the distinction between fluid and particle inertia. The system
is then quite sensitive to that balance of finite fluid and/or particle inertia and behaviors such as
transitions in swim direction can vary. We expect that the forces at play will manifest even more in
pairwise and many-body interactions, where nonlinear effects will add up, giving rise to complex
and surprising assemblies.
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FIG. 1. (a) Swim stroke of the asymmetric dimer with sphere size ratio α = 0.5. The dimer’s large sphere
(orange) oscillates in antiphase with the small sphere (blue) and the distance between them is prescribed to be
of a simple harmonic oscillator with equilibrium length d̂0 and amplitude ε. (b) A pair of asymmetric dimers
separated by a distance ĥ and oriented with angle θ . θ is formed by the counterclockwise rotation from the
swimming axis of swimmer 1 to that of swimmer 2.

In this paper, we computationally study the pairwise hydrodynamic interactions for reciprocal,
asymmetric dimer model swimmers over a range of intermediate Reynolds numbers. Varying
thousands of initial positions and orientations, we plot “phase diagrams” showing regions where
the swimmers repel and regions where they interact to form stable pairs. The stable pairs can be
grouped as in-line and side by side, parallel and antiparallel, and perpendicular. Once formed,
the swimmers in stable pairs were coordinated, swum together, and generated fluid flows as one.
We study the pairs’ swimming velocities, separation distance, and fluid flows as a function of
the Reynolds number. We find that at low Re in-line pairs are more frequent and act similar to a
single swimmer (swim speed, direction, and fluid flow), while the side-by-side pairs become more
frequent as Re increases and have more complex dynamics. The trend from in-line pairs at low Re
to side-by-side pairs at high Re seems to be correlated to the time-averaged fluid flows around the
pairs (steady streaming), which evolve and switch direction as Re increases. Overall, pair dynamics
shows more complex behavior, different from the single swimmer, both in terms of swim speed and
fluid flows as Re increases.

The structure of the paper is as follows. In Sec. II, we describe the model, computational method,
and simulation details. In Sec. III we present our results starting with a review of single-swimmer
behavior and expectations for pair interactions in Sec. III A, then the pair stable states formed by
two asymmetric dimers in Sec. III B, and the pair dynamics and fluid flows for each stable pair as a
function of the Reynolds number in Sec. III C. In Sec. IV we summarize and discuss our conclusions.

II. MODEL AND METHODS

We consider a two-dimensional (2D) system of identical, asymmetric dimer swimmers. Each
dimer is composed of two unequal sized spheres of radii R and r with an aspect ratio of α = r/R =
0.5 [see Fig. 1(a)]. The dimer’s swimming axis is along the line connecting the centers of the two
spheres. The following conditions ensure that the dimer swimmer is force and torque free. The
spheres are neutrally buoyant with respect to the surrounding fluid. The distance between the two
spheres d̂ (t ) is prescribed to be of a simple harmonic oscillator such that d̂ (t ) = d̂0 + εsin(2πτ ),
where d̂0 = d0/R = 2.5 is the equilibrium distance between sphere centers, ε = 0.8 is the am-
plitude of oscillation, and τ = f t is the dimensionless time parametrized by f , the frequency
of oscillation. The amplitudes of each sphere are determined by the conservation of momentum
εr = εR2/(r2 + R2) and εR = εr2/(r2 + R2), where subscripts R and r represent quantities specific
to the large sphere and small sphere, respectively. Because R = 2r we find that εr = 4εR. Note we
nondimensionalize our length scales by normalizing by the large sphere radius R. A full list of the
parameters used is shown in Table I.

The asymmetric dimer swimmers were immersed in a viscous, incompressible Newtonian fluid
that occupied a finite cell with periodic boundary conditions. The fully coupled fluid-structure
interaction system was resolved using the immersed boundary (IB) method [72,73]. The IB scheme
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TABLE I. Dimensionless constants and variables in terms of R.

Constant Value Definition

α = r/R 0.5 Aspect ratio of sphere radii for a single swimmer
ε 0.8 Total amplitude of swimmer oscillation
εr 0.64 Amplitude of small sphere oscillation
εR 0.16 Amplitude of large sphere oscillation
d̂0 2.5 Equilibrium distance between sphere centers

Variable Value range Definition

τ = f t [0,600] Time
d̂ (τ ) d̂0 + εsin(2πτ ) Distance between sphere centers
M2 = R2/δ2 [6.4 × 10−3, 0.64] Kinematic viscosity of the fluid
Re = αεrM2 [0.5,50.0] Reynolds number of a single swimmer and its range
ĥ(τ ) 〈hx (τ ), hy(τ )〉 Separation distance between dimers’ center of mass
ĥ(τ = 0) 〈Ĥx, Ĥy〉 Initial separation distance
Ĥx [0.0,6.25] Range of initial x-separation distance
Ĥy [−4.5, 4.5] Range of initial y-separation distance
θ [0.0,337.5] Angle in degrees between two swimmers

was implemented in the open-source IBAMR software, which is an immersed boundary numerical
method with adaptive mesh refinement [72]. The IB method for fluid-structure interaction uses an
Eulerian formulation of the momentum equation and incompressibility constraint for the coupled
fluid-solid system along with a Lagrangian description of the motion of the immersed structures.
In previous works which focused on a single swimmer, we used a special case of IB within the
IBAMR platform called the constraint IB method (CIB) [74,75]. CIB is faster and does not impose
a constraint on the time step and spring stiffness. However, when introducing a second swimmer,
we found that the hydrodynamic interactions due to the second swimmer led to additional torques
that resulted in rotations of the individual spheres (rather than the swimmer as a whole). And, it
was difficult to resolve collisions between swimmers. For these reasons, we used the standard IB
method, in which the marker spring system enabled us to easily prevent the individual spheres
of each swimmer from rotating separately by tethering them together with intersphere springs so
that they act as one rigid body and rotate about its center of mass. Standard IB also allows for a
natural way to resolve collisions between swimmers as we will explain below. We describe our
implementation of the standard IB method next.

Let x ∈ 	 be fixed Eulerian physical coordinates, and let s ∈ U be fixed Lagrangian curvilinear
coordinates attached to the structure, where 	 and U are the physical regions occupied by the fluid-
structure system and structures, respectively. In our notation, X(s, t ) ⊂ 	 is the physical position of
material point s at time t . The momentum equation and incompressibility constraint are given by

ρ
Du
Dt

(x, t ) = −∇p(x, t ) + μ∇2u(x, t ) + f (x, t ), (1)

∇ · u(x, t ) = 0, a (2)

in which u(x, t ) is the Eulerian velocity field, p(x, t ) is the pressure field that imposes the incom-
pressibility constraint, f (x, t ) is a body force that arises from the presence of the immersed structure,
ρ is the mass density, and μ is the viscosity. Eulerian and Lagrangian variables are coupled via
integral transforms with Dirac delta function kernels:

f (x, t ) =
∫

U
F(s, t ) δ[x − X(s, t )] ds, (3)

074401-5



DOMBROWSKI, NGUYEN, AND KLOTSA

U(s, t ) =
∫

	

u(x, t ) δ[x − X(s, t )] dx. (4)

Equation (3) converts the Lagrangian force density F(s, t ) to an equivalent Eulerian force density
f (x, t ), and Eq. (4) evaluates the local material velocity at each structural position.

In our computer model, each sphere of the dimer was discretized using a collection of Lagrangian
marker points that were generated using an in-house PYTHON code, and the singular delta function
kernels were replaced by a four-point regularized kernel function [72]. To maintain each sphere’s
rigidity, each marker point was connected with its nearest neighbors via intrasphere stiff springs.
The spheres were also connected by a set of intersphere springs which controlled their swim stroke
oscillation and prevented individual sphere rotation. The force F(s, t ) applied on marker point s at
time t was solely due to the linear expansion or compression of the springs. The spring force for
marker points s1 and s2 connected by the spring � was given by

F�(s1, s2, t ) = −Ks(|X(s1, t ) − X(s2, t )| − R�) (5)

where Ks was the spring stiffness coefficient and R� was the resting length of spring �. We note that
F�(s1, s2, t ) = −F�(s2, s1, t ). The resting length of the intersphere springs updates to the prescribed
distance between s1 and s2 at every time step, while the resting length for the intrasphere springs
is kept fixed. For the intersphere springs, Ks = 1.0 × 104 N/m, and for the intrasphere springs
Ks = 5.0 × 104 N/m. These stiffness coefficients have been chosen small enough for numerical
stability and large enough to ensure that the individual sphere’s deformation is negligible and that
the distance between spheres is approximately kept at the prescribed distance at all times. More
details on the spatial discretization and the time-stepping algorithm for the IB method can be found
in [72,73].

In IBAMR, an adaptive fluid grid is implemented to improve the efficiency of the simulation. There
were four refinement levels (N = 16, 64, 256, and 1024). In previous work we did a refinement
study (see supplemental information in [63]), where we showed that the highest refinement was
both accurate and computationally feasible. So, the dimer meshes were evaluated at the highest grid
refinement of N = 1024 and grid spacing of ˆdX = dX/R = L/NR = 0.049, where L is the size
of the simulation box. The spacing between marker points is set by the standard IB method to be
d̂S = 0.5 ˆdX to avoid fluid leak into the spheres. The size of the simulation box, L = 12.5(d0 + R +
r) = 50R, was large enough such that the velocity of a single swimmer and of the pairs decayed
to zero before reaching the simulation boundary [see Supplemental Material (SM) Sec. I [76]].
We thus expect finite size effects to be negligible. Close contact between immersed structures is
automatically handled by IBAMR with an enhanced version of the kernel function [77]. Therefore,
no special treatment is needed for the collision between dimers within the IB scheme currently
employed.

The pair system was composed of two identical dimers parametrized by the separation distance at
time t , ĥ(t ) = h(t )/R between the dimers’ centers of mass, and the counterclockwise angle formed
between their swimming axes θ [see Fig. 1(b)]. The initial conditions are stated as ĥ(t = 0) = Ĥ =
〈Ĥx, Ĥy〉. We used the frequency Reynolds number of the small sphere Re = αεrM2, with viscosity
M2 = R2/δ2 and boundary layer thickness δ = √

ν/ω. The reason for the choice of Re is that it
has been found to control the transition of swimming dynamics in the single dimer system [63,66].
Note that there are many Reynolds numbers (dimensionless ratios) that can be defined because of
the many relevant length scales (e.g., the spheres’ two radii, amplitude, distance between spheres,
etc.)—for a discussion see Dombrowski and Klotsa [66]. We monitored the swimming pair until
the swimmers either diverged (ĥ > 10) or reached a steady state (separation distance ĥ and angle
θ changed by less than 1% over consecutive swim strokes). We monitored the pairs until steady
state had been reached, and the simulation duration varied from at least 20 to 600 oscillations. A
note on 2D versus three-dimensional (3D) cases. Our results here are all 2D, but we know from
previous works [63] that qualitatively (and quantitatively to a large extent) the behaviors we study
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and find in two dimensions for a single swimmer are the same as in three dimensions. We show the
velocity curve as a function of Re for a 3D swimmer in SM Sec. II [76]. Of course, the fluid flows
are more complex in three dimensions, and the pairwise behavior may also change, but for an initial
investigation we focus on two dimensions.

III. RESULTS

A. Single swimmer

Before we describe the results for the pair interactions between swimmers, we summarize what
we already know about the motility of a single swimmer at intermediate Re using the dimer model.
The dimer model consists of two discs (or spheres) connected by a spring that oscillate with respect
to each other. One important connection that we made in previous works [63,66] was to steady
streaming flows [78,79]. Steady streaming is the nonzero time-averaged fluid flow generated by
rigid bodies oscillating in a fluid at intermediate Re and has been studied analytically for specific
geometries (e.g., spheres, discs, and walls) and in specific regimes, where approximations can be
made, such as small oscillation amplitude. Riley [79] showed that for one oscillating sphere there
are two limiting cases to the time-averaged fluid flow, one when δ 	 r and the other when δ 
 r,
where δ is the oscillatory boundary layer thickness defined as δ = √

ν
ω

and r is the radius of the
sphere. When δ 	 r, the boundary layer is large and the average flow pulls in along the direction
of oscillation and pushes out in the perpendicular. When δ 
 r, the boundary layer is thin and
confined near the surface of the sphere, and a secondary outer vortex develops where the far field
average flow is reversed, i.e., pushes out parallel to and pulls in perpendicular to the direction of
oscillation [see Figs. 1 and 2 in [79] and Figs. 3(c)–3(f) in [63]]. Previous studies have investigated
steady streaming flows between pairs of cylinders or spheres [80,81] and we have shown through
experiments and simulations how they can lead to assemblies of granular systems [82,83].

We found that the dimer swimmer, with two spheres oscillating in antiphase, generates similar
steady streaming flows but with additional complexities. Specifically, the dimer swimmer also
exhibits a reversal in its averaged flow field (much like the single oscillating sphere), but due to the
swimmer’s asymmetry the reversal of flows corresponds to a transition in the swimming direction.
For Re � 18 the flow field is pullerlike, i.e., it pulls in along the swimming axis and pushes fluid
out in the perpendicular, and the swimmer swims small-sphere leading [see Fig. 2(a)]. For Re � 18,
the flow field is pusherlike, i.e., it pushes fluid away along the swimming axis and pulls fluid in on
the perpendicular, and the swimmer switches direction and swims with the large sphere on the front
[see Fig. 2(b) and [63,66]]. We should note that the reversal of the fluid flows is gradual. As Re
increases, the inner circulation gets thinner (boundary layer thickness) and the outer recirculation
vortices appear. We quantified the transitions in the swimming direction and averaged fluid flow
by collapsing the data to a critical transition Re that was ≈18 [63]. Our interpretation was that
the small sphere dominates the motion because it has a relatively large amplitude, εr = 4εR, and
it acts like an appendage while the large sphere is more like the swimmer’s body. Thus when the
small sphere is on average pulling fluid in towards the swimmer, it is pulled in that direction (of the
small sphere). On the other hand, when the small sphere is on average pushing fluid away from the
swimmer, the jet below the small sphere pushes it in the opposite direction (large-sphere leading).
Note that the transition in the swim direction occurs at Re ≈ 18 using the CIB method as in [63,66]
and at Re ≈ 15 using the standard IB method in the current paper. We believe that the reason for the
discrepancy is that in CIB the swimmer is constrained to move on a specific axis (there is no lateral
motion or wobbling), while in IB this is not true. We have confirmed that the fluid flows and general
trends are all the same.

Based on what we know for the single swimmer case, how do we expect two swimmers to
interact? A simple hypothesis is that when the swimmers are pullerlike they would attract along the
pulling direction, i.e., along the swimming direction forming a line one behind the other, and that
other configurations, e.g., side by side, would be unstable because the flow is pushing away [see
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FIG. 2. Schematic of the averaged fluid flow around a single dimer swimmer in the (a) small-sphere-leading
and (b) large-sphere-leading regime. Inner vortices (green) pull in the fluid along the swimming axis and push
out perpendicular to it. The small-sphere-leading swimmer is pullerlike. Secondary outer vortices (purple)
seen in (b) do the opposite, push fluid away from the swimming axis and pull in fluid perpendicular to it. The
far field flow of the large-sphere-leading swimmer is pusherlike. We expect for a second dimer swimmer to
attract along the pulling directions and repel along the pushing directions for both small-sphere-leading and
large-sphere-leading swimmers.

Fig. 2(a)]. On the other hand, when the swimmer is pusherlike, we might expect that a sideways
arrangement would be more favorable [see Fig. 2(b)]. In the next sections, we will show how this is
a reasonable initial hypothesis but is not the full story. To get a better understanding, we can break
things down to the following questions for each system.

(i) What is the swim direction of the stable pair?
(ii) Does it relate to the single swimmer’s swimming direction?
(iii) What is the averaged fluid flow around the stable pair?
(iv) Does it relate to the single swimmer’s fluid flow?
Comparing the swimming directions and fluid flows for the stable pairs amongst them and with

the single swimmer will give us more insight.

B. Pairwise interactions of dimer swimmers

1. Dimers approaching each other

In this section, we consider the pairwise interactions of two dimer swimmers on a collision course
and how they are affected by a gradual increase in inertia, similar to the study by Li et al. for inertial
squirmers [49]. The dimers’ centers of mass were initially offset by Ĥx = 10 and Ĥy = 1 at an angle
of 180◦ from one another. When Re < 15, the dimers were initially oriented with their small spheres
closest such that they would swim toward each other. Otherwise, they were initially aligned with
their large spheres closest due to the switch in swimming direction.

For all Reynolds numbers, we found that the swimmers quickly aligned their swim axes (which
were initially offset). When Re � 1.0, the swimmers approached and got hydrodynamically trapped
to form an antiparallel immotile pump with their small spheres closest [see Fig. 3(a)]. This in-
line antiparallel pair is a stable configuration. Note that this is in contrast to the inertial pullers
at similar Re, which rotate to avoid close contact and swim away from one another [49]. When
1.0 < Re � 10.0, the swimmers’ small spheres collide softly, and after a couple of collisions they
rotate about 90◦ to form a cooperative and stable side-by-side V-shape pair. The side-by-side V pair
reaches a steady state and swims at a constant speed in the direction of the small spheres. We note
that even though the angle of the V pair is quite large here (≈55◦) it is surprising to see a stable pair

074401-8



PAIRWISE INTERACTIONS BETWEEN MODEL SWIMMERS …

FIG. 3. Trajectories of two dimer swimmers at different Reynolds numbers, as they approach each other
on a collision course in (a), and when they swim side by side in (b). Squares indicate initial positions and
circles indicate final positions. On the right of each trajectory plot, we show the initial arrangement at the top
[collision course in (a) and side by side in (b)]. Next to each Re we indicate the corresponding pair that forms
with a schematic or note it diverges. The trajectories are offset by dy = 0.5 to display the information more
clearly. The square scatters represent the initial configuration for each dimer, and trajectories are color coded
by Re.

in a side-by-side orientation when the individual dimers on their own exhibit pullerlike flow [see
Fig. 2(a)].

When Re > 15.0, the dimer’s individual swimming direction switches from small-sphere leading
to large-sphere leading. (For that reason, we flip the initial orientations of the dimers to have their
large spheres closest.) At these Reynolds numbers, we see two types of behavior. At Re = 25.0 [see
red curve in Fig. 3(a)], the swimmers approach, and they collide into one another softly (their large
spheres) but do not scatter away. Unlike the inertial squirmers, which rotate out of the plane and
eventually scatter, the two dimers block each other’s swimming paths and are trapped in a loop of
gentle collisions. As Re increases, the collisions are more energetic. Eventually the dimers collide
and escape each other [see brown curve in Fig. 3(a)].
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2. Dimers moving side by side

We also consider the pair interactions for dimers initially moving side by side and how the
behavior changes with Re. The dimers’ centers of mass are initially at a horizontal distance
Ĥx = 4.25, and are initially parallel to one another (Ĥy = 0) at an angle of 0◦ [see schematic in
Fig. 3(b) legend].

When Re = 2.0, the swimmers repel one another. They initially remain oriented in parallel in a
side-by-side configuration where they swim at the same speed small-sphere leading, but the distance
between them increases as the simulation progresses. Eventually, they are two independently
swimming dimers. At higher Re [see Re = 7.0, 10.0, 25.0 in Fig. 3(b)], the swimmers are attracted
to one another and reorient themselves to form a stable side-by-side V shape, much like the one seen
when they were initially on a collision course. Together, they swim in the direction of their small
spheres. The separation distance and angle between the swimmers decrease as Re increases.

We see that V pairs occur robustly from both initializations for Re = 7 and 10. At lower Re,
the side-by-side configuration where they are exactly parallel has the swimmers repel, which makes
sense, while the collision course (that is offset) allows them to rearrange and form a stable V pair.
On the other hand, at higher Re (Re = 25), the collision course does not allow the pair to form
while the side-by-side configuration works well to stabilize it. Some of the behavior observed when
moving side by side is unexpected; for example, the dimers attract when placed side by side at
Re = 7.0 and 10.0 leading to the V pair. The single dimer swims small-sphere leading and has an
averaged flow field much like a puller. We expect that if the swimmers are placed side by side they
would be repelled and swim away from one another. We further explore the parameter space of
initial positions and orientations to develop a better understanding.

C. Emergent stable pairs as a function of initial conditions

We performed a large sweep (more than 6000 simulations) over position and rotation space,
varying the initial separation distance, 0.25 � Ĥx � 6.25 and −6.5 � Ĥy � 4.5, over angles θ in
the range 0–360◦ (increments of 360/16) for four representative intermediate Reynolds numbers,
Re = 2, 7, 10, and 25. Recall that a single swimmer switches direction at Re ≈ 15, so depending on
the Re the initial configurations are such that the swimmers either move towards each other or away
from one another.

Depending on the initial positions, the swimmers either repelled and swam away from one
another or assembled a stable pair. To form a stable pair, the swimmers first attracted or repelled (if
too close), rearranging their separation and orientation until they “locked” into the preferred pair.
Then the swimmers would swim together in a coordinated way as one unit. The large number of
initial configurations simulated allowed us to formulate two surprising findings compared to inertial
squirmers: (i) that so many of the simulations led to stable pairs and (ii) that the stable pairs can
be quantitatively described by combinations of five simple arrangements as shown schematically
in Fig. 4 (top): in-line (parallel and antiparallel), side by side (parallel and antiparallel), and
perpendicular. Note that the details of the pairs vary with Re, e.g., the distance or exact angle
between swimmers in a pair. A full breakdown of the conditions used to identify stable pairs is
shown in SM Sec. III [76].

To quantify our results, we took 2D slices of the three-dimensional phase diagrams of the stable
pairs as a function of the initial relative positions (in x and y) and angles between the swimmers. We
show a slice at four characteristic Re (see Fig. 4). Specifically, the plots show the vertical distance
Ĥy versus the angle θ between swimmers at fixed horizontal distance Ĥx = 4.25 (which captures a
lot of the interesting behavior). Diagrams for all values of the horizontal distance Ĥx simulated are
included in SM Sec. III [76].

Let us first consider Re = 2. When the swimmers are initially side by side, i.e., Ĥy = 0, we see
that for angles between 0◦ and 180◦ the swimmers repel and diverge in swimming paths (see Fig. 4).
This makes sense if we look at the corresponding initial configurations and recall two things: that
the flow field around each swimmer is pullerlike (in towards the spheres along their swimming axis,
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FIG. 4. Identified regions of diverging or stable pairs after steady state had been reached for (a) Re = 2,
(b) Re = 7, (c) Re = 10, and (d) Re = 25 based on initial configurations Ĥy and θ for constant Ĥx = 4.25.
Initial configurations are determined based on the position and orientation of the gray swimmer with respect
to the black swimmer. Top: Schematic of pair behaviors and corresponding colors: in-line parallel (green),
in-line antiparallel (orange), side-by-side V (blue), side-by-side orbit (pink), and perpendicular L (yellow).
Pairs which were seen to diverge, ĥ > 10, are colored in gray.

and pushing away from the swimmer on the perpendicular) and that they swim in the direction
of the small sphere. Thus we expect that sideways initial configurations would result in repelling
swimmers [as we saw in the previous section, Fig. 3(b)]. As the initial angle between the swimmers
gets larger than 180◦, the swimmers are now off center [see, for example, (θ = 225◦, Ĥy = 0) in
Fig. 4(a)], and so the swimmers slightly rotate to form an in-line parallel pair. As the angle is close
to perpendicular the swimmers form an L shape, and as the angle increases more they discover
another stable configuration that is a side-by-side V-shape pair. We should note that the V pairs
here have a large angle between them (≈55◦). In both the parallel in-line and the V-shape pairs,
the swimmers move together as a unit in the direction of the small spheres. The L-shape pairs also
swim as one, forming an arc trajectory, where the direction of the pair seems to be the same as the
vector sum of the individual swimmers’ velocities. When Ĥy increases in magnitude, the swimmers
are off center and we see a lot of stable pairs when the swimmers are arranged such that they are
swimming towards one another, i.e., when θ > 180◦. We also see a cluster of stable in-line parallel
pairs that form when Ĥy < 0 and θ < 180◦. We attribute this behavior to the attractive flow along
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the swimming axis. In all these cases, the black swimmer reorients itself to follow the gray swimmer
in tow until they approach one another and form a stable in-line parallel pair (small-sphere leading).

As Re increases, for Re = 7 and 10, we see transitions and differences in pair behavior compared
to Re = 2. Note that the dimers still individually swim small-sphere leading, and the averaged fluid
flow resembles a pullerlike flow [see Fig. 2(a)]. When the swimmers are initially side by side, e.g.,
Ĥy = 0, for angles between 0◦ and 45◦ they reorient to form a side-by-side V pair [see Figs. 4(b)
and 4(c)]. So, instead of swimming away from one another as they did for Re = 2 θ between 0◦ and
45◦, and Ĥy = 0, here at Re = 7 they get trapped into a V pair. The V pair has an angle between
the swimmers, θV = 32◦ for Re = 7 and θV = 29◦ for Re = 10, and separation distance, ĥ = 3.3
for Re = 7 and ĥ = 3.0 for Re = 10. Both the V-pair angle and the separation distance decrease
as Re increases. This is expected as the boundary layer thickness goes down as Re increases and
the swimmers can move closer. Let us focus on Re = 7 [Fig. 4(b)] but the same observations apply
for Re = 10 [Fig. 4(c)]. As the initial angle increases, the pair transitions from assembling into
a side-by-side V to an in-line antiparallel pair [see, for example, (θ, Ĥy = 90◦, 0) in Fig. 4(b)].
The swimmers reorient from being initially perpendicular to one another to antiparallel with their
large spheres closest. Each swimmer individually has a pullerlike flow on average, which favors
the in-line alignment, but each swimmer also wants to swim with the small sphere on the front,
which acts opposite to that attraction. It seems that for these in-line antiparallel pairs there is a
competition between these two forces. The resulting pair is an immotile pump that oscillates in
place but does not move—the swimmers are hydrodynamically trapped and do not escape. For larger
initial angles, between 135◦ and 270◦, the swimmers assemble a stable side-by-side orbiting pair,
where the swimmers are pointing in opposite directions. The dynamic pair orbits in the direction
of the large spheres [clockwise in Fig. 4(b)], which is surprising, because the individual swimmers
in isolation would swim in the direction of the small sphere. It is evident that there are many-
body interactions not captured or predicted by the single-swimmer behavior. When θ > 270◦, the
swimmers attract to form the side-by-side V shape seen previously for small angles at Re = 2.
When the swimmers are off center, e.g., θ, Ĥy = 45◦,−4.5, we also see some in-line parallel pairs,
similarly to Re = 2.

Increasing the Re further, at Re = 25, almost all initial configurations lead to side-by-side stable
pairs [see Fig. 4(d)]. This is somewhat expected from knowledge that for an individual swimmer
the time-averaged flow field at higher Re is pusherlike [Fig. 2(b)]. When the swimmers are initially
alongside one another, i.e., Ĥy = 0, we see the formation of side-by-side stable pairs depending on
the angle. When the two swimmers are initially oriented such that they swim in the same vertical
direction [e.g., for (θ, Ĥy = 45◦, 0) in Fig. 4(d)], they assemble into a side-by-side V pair with an
even smaller angle, θV = 20◦, and separation distance, ĥ = 2.5. On the other hand, when the two
swimmers are initially swimming in opposite directions [e.g., (θ, Hy = 180, 0) in Fig. 4(d)], they
reorient to antiparallel and attract to form a stable side-by-side orbit.

We observe similarities and differences in pair behavior across Re. The region of side-by-side
V pairs for θ > 240◦ is seen for all Re studied (see bottom-right region of all panels in Fig. 4).
The formation of stable side-by-side V pairs at Re < 15◦ cannot be explained by the individual
swimmer averaged flow, which disfavors sideways pairs. To understand this, we need to investigate
further and specifically study the flow field around pairs, not just the individual. The transitions in
pair behavior across Reynolds numbers from in-line pairs to side-by-side pairs are in agreement with
our initial hypothesis based on how the averaged flow field for an individual swimmer evolves with
Re. We also see expected diverging (repulsive) behavior sideways switch to attractive behavior as
Re increases. However, the transition to and formation of stable side-by-side pairs occurs at smaller
Re (2 for the V pairs and 7 for the side-by-side orbits), compared to 15 for a single swimmer.

Moreover, we note that it is not obvious that five types of pairs would be stable or that most
initial configurations would give stable pairs. In fact, it could have been that many more initial
configurations would result in the swimmers repelling and swimming away from one another,
as seems to be the case for the 3D inertial squirmers, though fewer initial configurations were
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studied [49]. Of those initial configurations, Li et al. found pushers which for Re < 5 would align
along their swimming axis and form an in-line antiparallel pair. However, the swimmers afterwards
rotated their swimming axes out of plane. They also identified pullers at Re = 10 which form a
hydrodynamically entrapped pair with separate circular trajectories rotating in opposite directions,
similar to the side-by-side orbit formed by dimers here but the dimers rotate together around their
center of mass. Note that as Re increases further, Re > 25, we expect that many of the pairs will
collide with higher velocities and more inertia and in return will become unstable, a behavior seen
also in inertial squirmers.

Why do the inertial squirmers not form similar pairs? One big difference is that our model
by construction allows for the full cycle of oscillation, which means that the swimmers interact
hydrodynamically throughout the cycle and are free to rearrange. The compression and expansion
throughout the cycle might be what allows swimmers to adjust and coordinate their flows. In other
words, it may not only be the average flow that matters. We should note that the pairs can fit into
these five categories where the details vary with Re, e.g., the angle between swimmers in the V pair,
the velocity at which the pair swims, and their time-averaged fluid flows, as we discuss next.

To summarize, our main findings are the following.
(1) There is a strong dependence on the initial configuration which is in agreement with previous

work on Stokes and inertial squirmers [34,49], and Stokes dimers [37–39].
(2) Unlike inertial squirmers, we find that for most initial conditions we actually assemble stable

pairs.
(3) Our stable pairs can be easily described and quantified into five categories.
(4) There is a clear transition from in-line to side-by-side pairs as Re increases, as expected based

on a transition of the flow field from pullerlike (favors in-line) to pusherlike (favors side by side),
but it is difficult to pinpoint the transition exactly.

(5) The transition and formation of side-by-side pairs occur at a smaller Re than expected from
single-swimmer behavior.

(6) The direction of swimming for the pair is not always the same as for the individual swimmer
at the same Re.

D. Pair swim velocity, separation, and average fluid flows as a function of Re

We monitored the pairs’ steady state velocity as well as the separation distance h across Re to
understand how different pair dynamics compare to those of a single swimmer and thus provide
insight into possible benefits behind each stable pair formation. We calculated the average velocity
of the swimmers by averaging the velocity per oscillation over the total number of oscillations in
steady state. For the orbit pair, we instead calculated the angular velocity in the same way. We
excluded antiparallel in-line pairs from the comparison because they are stationary and have neither
net translational nor angular velocity. Comparisons of the velocities for the swimming and orbiting
pairs and of a single swimmer are shown in Fig. 5(a) and the separation distance in Fig. 5(b). We
also calculated the time-averaged fluid flow for the four stable pairs after they reached a steady state,
over the range 0.5 � Re � 50. We show these flows at four characteristic Reynolds numbers, Re
= 0.5, 5, 20, and 35, that capture most of the interesting behavior [see Figs. 6(b)–6(e)]. To allow
for comparison between single and pair interactions, we also show the time-averaged fluid flow for
a single swimmer at each Re [see Fig. 6(a)]. The way each pair was initialized is reported in SM
Sec. IV [76]. We will discuss each pair separately and then compare between them.

1. Parallel in-line pair

The parallel in-line pair swims small-sphere leading, and the velocity curve looks similar to the
single swimmer in the Reynolds number range 0.5 � Re � 7.5, but with a slightly lower speed
than the single swimmer case [see Fig. 5(a) green curve]. Thus the presence of a second swimmer
slows down the pair and can be attributed to an increase in the drag force. If we approximate one
dimer swimmer as an ellipse, the aspect ratio would be ≈2.75. If we approximate the in-line pair
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FIG. 5. (a) The swimming velocity of a side-by-side V pair (blue), a parallel in-line pair (green), and a
single swimmer (black), as well as the angular velocity of the side-by-side orbit pair (pink) vs Re. The single
swimmer switches its swimming direction from small-sphere leading to large-sphere leading at Re ≈ 15, the
side-by-side V pair at Re ≈ 35, and the side-by-side orbit at Re ≈ 6.5. (b) The separation distance measured
for the four stable pairs after they reached a steady state as a function of Re. The side-by-side pairs’ (pink
and blue) separation monotonically decreases as Re increases, except for when Re = 0.5 for the V-shape pair.
Here, the pair has formed an angle of 180◦ with the small spheres closest. (b) Inset: The separation distance for
side-by-side pairs (pink and blue) as well as the angle between the two swimmers when they form a side-by-side
V pair (black) plotted in log-log (base 10) values.

of swimmers as a more elongated ellipse, the aspect ratio would be ≈5.5. Comparing the two, the
drag force on the more elongated ellipse is larger [84,85], which agrees with the reduction in speed
we see in our data. In reality, for the pair, the swimmer in tow has less drag and bumps into the
leading one. There may be benefits for swimmers to be in-line like this, but if so it is not to increase
pair speed. It may be, for example, to reduce the drag of the follower swimmers, which is known
at high Re as seen in the V formation of birds or humans cycling. What we show here is that it
could be a factor in intermediate Re swimmers, too. For Re > 7.5, the swimmers collide and push
away from one another, so there is no stable pair for which to calculate an average translational
velocity. While the speed of the pair is decreasing with increasing Re, the distance between the two
swimmers increases [see Fig. 5(b)]. To understand why this happens, we look at the time-averaged
fluid flows. As Re increases there is a gradual reversal of steady streaming flows from pullerlike
(pulling the in-line pair together) [see Fig. 6(b.ii)] to pusherlike (with flow pushing away along the
swim direction, and pair axis direction), thus causing the two swimmers to move further apart. It
seems that the development of the secondary outer vortex (steady streaming) around each swimmer
that is responsible for the pusher flow makes them increase their distance [Fig. 2(b)]. The pair
also switches from swimming small-sphere leading [down in Fig. 6(b.ii)] to large-sphere leading
[up in Fig. 6(b.iii)]. Eventually, the swimmers collide and diverge. For a dynamic visualization, see
movies S1, S2 in SM Sec. V [76] showing parallel in-line pairs and generated flow fields for Re = 5,
Re = 20 and corresponding to Figs. 6(b.ii) and 6(b.iii) respectively.

2. Antiparallel in-line pair

The antiparallel in-line pairs, as defined here with the large spheres closest, are generally
stationary, but as Re increases they also undergo a transition in fluid flow and seem to remain
stationary for different reasons at different Re. For the lowest Re’s we studied, we see that the
distance between the swimmers is quite large, yet they remain in the bound pair state. As Re
increases, in the range 0.5 � Re < 10, the distance between the two swimmers drops [see Fig. 5(b)
orange curve]. Remember that at these low Re’s each swimmer individually (a) wants to swim in
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FIG. 6. Time-averaged fluid flow for (a) an individual dimer and pairs that are (b) in-line parallel, (c) in-
line antiparallel, (d) side-by-side V shapes, and (e) side-by-side orbits, on the 100th swim stroke, τ = 100.
Also shown are individual swimmer flow and swim direction transitions from pullerlike small-sphere leading
(a.i), (a.ii) to pusherlike large-sphere leading (a.iii), (a.iv). (b) Parallel in-line pairs form when Re < 10 and
diverge otherwise. (c) Antiparallel in-line pairs transition from stationary pumps to swimmers in a periodically
occurring head-on collision. (d) Side-by-side configurations form a stationary pump pair, a V shape which
swims in the direction of the small sphere, and a staggering V shape which swims in the direction of the large
sphere. (e) Side-by-side orbits diverge swimming in the direction of the small sphere when Re < 6.5, and form
a stable orbit that rotates in the direction of the large spheres when 6.5 � Re < 30. The heatmap is color coded
by vorticity where red represents a counterclockwise rotation and blue a clockwise rotation.
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the direction of its small sphere, which, here, means breaking up the pair, and (b) has a flow field
around it that is pulling along its long axis. How do we explain this drop in the distance? One
way to think about it is based on the boundary layer thickness which decreases as Re increases.
That in itself allows the swimmers to be closer. We can see this in the two panels (c.i) and (c.ii) of
Fig. 6, where the vorticity around the large spheres gets thinner as Re goes up, resulting in a smaller
separation distance. The swimmers seem to get trapped into a combined puller flow, forming a
symmetric stationary pump [Figs. 6(c.i) and 6(c.ii)], which is surprising because if they acted as
individual swimmers they would swim away from one another (small-sphere leading). It seems
that the attractive strength between large spheres pulling the pair together is roughly equal to the
forces generated by the swimming motion in the opposite direction (towards small spheres). As
Re increases beyond 10, the flows reverse [Figs. 6(c.iii) and 6(c.iv)] and now each swimmer wants
to swim large-sphere leading, resulting in the pair remaining stable, at first, with the swimmers
bumping softly into one another. Eventually, they collide more strongly and diverge, which is
indicated by an uptake in the distance between swimmers [Fig. 5(b)]. The antiparallel in-line pair is
essentially a stationary pump that prevents the swimmers from moving around. It could have benefits
exactly for the same reason, such as mixing the fluid around it or, if we are interested in synthetic
systems, the immobilization of motile particles. See also movies S3, S4 in SM Sec. V [76] showing
antiparallel in-line pairs and generated flow fields for Re = 0.5, Re = 20 and corresponding to
Figs. 6(c.i) and 6(c.iii) respectively.

3. V pair

The V pair occurs frequently and across all the Reynolds numbers we studied, though the exact
details vary. Consider the V-pair velocity and fluid flow as a function of Re [Figs. 5(a) blue curve
and 6(d)]. At Re = 0.5 the pair is immotile, its velocity is zero, and it acts like a pump. The angle
between the swimmers, at this low Re, is 180◦, meaning that the pair forms a line with their small
spheres closest. We could have considered this a separate case, but it seems that as Re increases
the angle decreases monotonically [Fig. 5(b) inset] corresponding to a V shape, so we considered
it as such. From 0.5 < Re � 7.5 the V pair and the single swimmer’s velocity curves are close to
identical. The flow field around the pair for Re = 5 is qualitatively different from the pullerlike
flow field around a single swimmer at the same Re [see Figs. 6(d.ii) and 6(a.ii), respectively].
Specifically, the flow field for the pair at Re = 5 pulls in along the swimming axis from underneath
the small spheres, pulls through the pair like a zipline, and pushes out behind the large spheres,
while elongated vortices return the flow back towards the small spheres. The single swimmer on the
other hand looks like a puller. Yet, the pair and single swimmer are similar both in the direction
of swimming and in their speed, which is surprising. The distance between swimmers and the
angle both monotonically decrease as Re increases. This can also be seen visually by looking at
the averaged fluid flows as a function of Re [Fig. 6(d)]. Movies S5, S6, S7 in SM Sec. V [76] show
side by side V pair swimmers and the generated flow fields for Re = 0.5, Re = 5, Re = 35 and
corresponding to Figs. 6(d.i), 6(d.ii) and 6(d.iv) respectively.

Looking at the velocity curves of the V pair versus the single swimmer we see that for Re > 7.5
they diverge. The V pair actually speeds up till it stops moving in a straight line, picks up a rotational
velocity, and moves on an arc [which is probably the reason for the plateau of the translational
velocity around Re ≈ 17; see Fig. 5(a)]. Nonetheless, it seems that the V pair swims faster than
the individual in the Re range roughly between 10 and 20. At Re = 20, the flow field of the pair
resembles a pusher though the field is not quite as symmetric as in the single swimmer case (also
pusherlike) [see Figs. 6(d.iii) and 6(a.iii)], or as in the V pair at lower Re.

At Re ≈ 35, we see a sharp transition where the swim direction switches from small-sphere
leading to large-sphere leading. In other words, the Reynolds number at which the switch in swim
direction occurs is much larger for the pair (Re = 35) than for the single swimmer (Re ≈ 15), which
was not predicted. Looking closely, the switch in swimming direction for the V pair coincides with
a change in the swim stroke. The pair staggers, switches leading swimmers, and sheds vortices
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[Fig. 6(d.iv)]. For a more dynamic visualization, see SM Sec. V, Movie S7 [76]. When Re > 50
swimmers physically collide and no longer form a stable pair. It is possible that there is a Re for
which the V pair’s trajectory starts to form an arc, and that there is a dependence with Re as Re
increases further. However, it is difficult to evaluate here because of the size of the box and the fact
that the pair becomes unstable at high Re.

At this point, it is useful to discuss the scaling of the distance between the swimmers of a V
pair, where there is an interesting connection to granular systems. In previous works, we showed
that an externally vibrated system of spherical grains assembles pairs and chains (if there are many
particles) perpendicular to the direction of the oscillation, driven by steady streaming flows [82,83].
The particles in the pair aligned perpendicular to the direction of oscillation, adjusted to sit at a
well-defined distance, and oscillated in phase. The preferred distance was empirically (experiments
and simulations) found to have two scalings depending on the Re: δ2/d for Re < 50 and δA/d for
Re > 50, where δ is the oscillatory boundary layer thickness, d is the particle diameter, and A is
the amplitude of the particle with respect to the fluid. Note that for a single sphere the stagnation
point between the inner and outer streaming flows also scales as δ2/d [86]. So, how (if so) does
the scaling of the swimmers that form a V pair relate to the externally vibrated granular case? The
scaling of the distance for the V pair is ≈1/(Re)

1
4 = δ1/2

rAr
, which is a faster decay compared to the

granular system of two spheres.

4. Orbit pair

For Re < 6.5 the swimmers swim small-sphere leading and move away from one another in a
spiral [see Figs. 6(e.i) and 6(e.ii) and SM Sec. V, Movie S8 [76]]. The side-by-side orbit pair is stable
for Re � 6.5 and the pair always orbits in the direction of the large spheres [see Fig. 6(e.iii)]. The
angular velocity of the stable orbit pair increases monotonically with increasing Re [see Fig. 5(a)
pink curve]. We see that having two interacting swimmers instead of a single one changes the
dynamics: while the single swimmer transitions from small-sphere leading to large-sphere leading
at Re ≈ 15, the orbiting pair makes an analogous transition from a small-sphere-leading diverging
spiral to a large-sphere-leading stable orbit at a lower Re ≈ 6.5. As Re increases (e.g., Re = 20),
the flows become more complex [see Fig. 6(e.iii) and SM Sec. V, Movie S10 [76]]. The distance
between the two swimmers decreases monotonically (similarly to the V pair).

For Re > 30, the swimmers physically collide and are unable to maintain a stable orbit [see
Fig. 6(e.iv)]. It is interesting to note that the orbit introduces an additional length scale ( ν

	
)1/2 where

	 is the angular velocity of the orbit (see, for example, the spontaneous orbiting of a granular
dimer [87]). For a visualization of the side by side orbit pairs, see movies S8, S9, S10 in SM Sec. V
[76] showing dynamics and generated flow fields for Re = 0.5 (Fig. 6(c.i)), Re = 10, and Re = 20
(Fig. 6(c.iii)) respectively.

IV. CONCLUSIONS

We computationally studied the behavior of asymmetric, dimer swimmer pairs over a range
of intermediate Reynolds numbers and initial configurations. We found the emergence of five
assembled stable pairs both stationary and motile, arranged in-line and side by side (parallel and
antiparallel), and perpendicular. The stable pairs have motility characteristics (time-averaged fluid
flows and swim speeds) that in some cases are simple extensions of the single swimmer, while in
other cases we found states such as the orbit and the immotile pump. A general trend we see as
Re increases is a transition from in-line pairs (at low Re) to side-by-side pairs (at high Re). The
trend seems to be correlated to the time-averaged fluid flows around the single swimmer, i.e., steady
streaming, that transition from pullerlike (favoring in-line pairs) to pusherlike (favoring side-by-side
pairs). For the motile pairs, we compared their swim speeds, swim direction, and fluid flows to those
of the single swimmer. The in-line pairs, that are more frequent at the low end of Re, resembled
an elongated single swimmer if arranged in parallel and an immotile pump if arranged antiparallel.
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There were no stable in-line pairs at higher Re’s. In contrast, for the side-by-side pairs we discovered
differences compared with the single swimmer behavior: the critical Reynolds number where the
swim direction switched was lower than the single swimmer’s for the orbit, and larger for the V
pair; the time-averaged fluid flow directions were also more complex for these pairs. We expect
the interactions and assemblies discussed here to be present in various biological systems at these
scales, and to be relevant for artificial and robotic ones.

From a materials point of view, our findings provide a guide to self-assembling different pair
configurations through systematic design, by careful tweaking of the fluid inertia, and can be used
as the basis for scaling up towards many-body interactions. Specifically, our results in Fig. 4 can
be a useful tool for assembly prediction, because it seems that, knowing the average flow field and
direction of swimming for a single swimmer, and the initial positions and orientations for the pair,
one can make a good estimate as to which of the five stable pairs will form: it is the stable pair that
is geometrically the closest to the initial positions, taking into account the flow field and direction
of swimming for the single swimmer.

The fact that the swim direction transitions between small-sphere leading and large-sphere
leading at different Re’s for each stable pair and compared to the single swimmer [Fig. 5(a)], the
different speeds and shape of the velocity curves as a function of Re, and the formation of immotile
pumps and orbits are interesting results that lead to several insights. For example, they indicate
that coordinated swimmers in pairs may be hydrodynamically beneficial (faster) versus isolated
swimming. In other cases, coordinated swimming in pairs is slower and that may be beneficial
for overall energy saving, e.g., in biological organisms. In the future, it would be interesting
to determine specifically possible advantages behind forming stable pairs or multiple-swimmer
assemblies versus isolated swimming, e.g., by measuring and comparing efficiencies, and stresses,
and to be able to connect to experiments. Moreover, our results suggest that an effective Reynolds
number (or other dimensionless ratio) which accounts for the number of swimmers might be a
useful tool for describing many-body systems, as has been discussed for Stokes swimmers [88] and
for inertial swimmers [52]. Our analytical results, reported recently for the single dimer swimmer,
show that the motility behavior is sensitive to the balance between the finite inertia of the swimmer
and of the fluid [70]. It is perhaps then no surprise that when a second swimmer is introduced the
interactions become a lot more complicated and more interesting.

The pairwise or collective behavior of real systems, biological or artificial, at intermediate Re
has hardly been studied especially from a physics perspective. In our simple model, the fluid
interactions between the swimmers lead to assemblies of dynamic pairs that are either swimming
together, constituting a first step towards flocking, or canceling each other and becoming essentially
stationary immotile pumps or orbits. Building on pairwise interactions and systems like the ones
presented here is a way to test ideas and glean intuition in order to formulate a statistical mechanics
framework for inertial suspensions, as presented, for example, by Chaterjee et al. [52], and open up
the field to explore more systems of active matter on the mesoscale [59].
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