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Flow topology and enstrophy production in chemically reacting compressible isotropic
turbulence are studied by using numerical simulations with solenoidal forcing at initial
turbulent Mach numbers ranging from 0.2 to 0.6 and at initial Taylor Reynolds numbers
ranging from 32 to 160. A detailed chemical kinetic mechanism including nine species and
19 elementary reactions is employed to represent the H2/O2 reaction in turbulence. It is
found that heat release leads to an increase of internal energy and turbulent length scales.
After strong heat release during the chemical reaction process, the instantly increased
temperature results in the increase of viscosity and pressure work, leading to the decrease
of turbulent Mach number and Taylor Reynolds number, as well as the decrease of intrinsic
flow compressibility and density gradient magnitude. Various statistical properties of eight
flow topologies based on the three invariants of velocity gradient tensor are investigated
with a specific focus on the effect of reaction heat release and compressibility. The topolo-
gies unstable focus/compressing (UFC), unstable node/saddle/saddle (UN/S/S), and
stable focus/stretching (SFS) are predominant flow patterns at three turbulent Mach num-
bers. The topologies UN/S/S and SFS have major contributions to the overall enstrophy
production in expansion regions, while the topology UFC leads to evident destruction of
enstrophy in compression regions. The strong compression motions cause the destruction
of enstrophy by the interaction between the vorticity and strain rate tensor, while strong
expansion motions significantly enhance the generation of enstrophy. The most probable
eigenvalue ratios for the strain rate tensor at three turbulent Mach numbers are found to be
−4:1:3 in the overall flow field. Overall, the heat release by chemical reaction significantly
reduces the compressibility effect on the local flow topologies and enstrophy production in
chemically reacting compressible turbulence.

DOI: 10.1103/PhysRevFluids.7.033201

I. INTRODUCTION

In turbulent flows, the chaotic small-scale turbulent motions can be studied conveniently by
examining the behaviors of flow quantities in different flow topologies. Chong et al. [1] proposed
a general classification of three-dimensional flow patterns based on the invariants of the velocity
gradient tensor. For incompressible turbulence, the first invariant of the velocity gradient tensor is
zero due to the continuity condition. Thus, the local flow topologies can be characterized by the
two-dimensional plane of the second and third invariants of the velocity gradient tensor. It was
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observed that the joint probability density function (PDF) of the second and third invariants of the
velocity gradient tensor exhibits a universal “teardrop” shape with a statistical preference in the
second and fourth quadrants, and the corresponding local topologies unstable node/saddle/saddle
and stable focus/stretching are predominant in a wide variety of incompressible turbulence [2–6].
The flow topology in compressible turbulence is more complex, as compared to that of incom-
pressible turbulence. There are nonlinear couplings of the solenoidal mode, compressible mode
and thermodynamic mode for compressible turbulence, leading to the distinct flow structures and
statistical features of velocity field in compressible turbulence [7–13].

Enstrophy is an important quantity which characterizes the rotation of small-scale motions in
turbulent flows [14]. Vortex stretching, which results from nonlinear coupling between vorticity and
strain rate tensor, is a characteristic feature of turbulence and is responsible for transporting velocity
fluctuations over different length scales [15,16]. The alignment of the vorticity vector and the second
eigenvector of the strain rate tensor has a tendency to be positive on average, and thus leads to the
production of enstrophy in turbulent flows [6,17–20]. Understanding of enstrophy production is
important to reveal many complex phenomena in turbulence, including energy cascade, material
element deformation, and small-scale motions [21]. Tsinober [22] examined the statistical relation
between strain production and enstrophy production of wall-bounded flows in the invariant map
of the second and third invariants of velocity gradient tensor and concluded that nonlinearities
prevails in the fourth quadrant of the invariant map of the second and third invariants of velocity
gradient tensor, in which the production of strain predominates over enstrophy production. Bechlars
et al. [23] studied the compressible evolution equations for three invariants of the velocity gradient
tensor and the probability distribution of the enstrophy production in the compressible turbulent
boundary layer. They found that even though the ratio of the principal strains and the alignment of
vorticity with the eigenvectors of the strain rate tensor varies with the wall distance in the boundary
layer, the enstrophy production exhibits self-similarity above the buffer layer. The discussion of
enstrophy production in different flow topologies is more convenient to reveal the local behaviors
of small-scale motions in compressible turbulence. Wang et al. [24] studied the flow topologies in
compressible turbulent boundary layers and observed that enstrophy production relies on the topol-
ogy unstable node/saddle/saddle in the inner layer and on the topology unstable focus/stretching
in the outer layer.

In chemically reacting turbulence, the swirl motion and strain can strongly affect local scalar
structure and species mixing [25]. Moreover, heat release through chemical reactions can affect
small-scale flow motions and change the statistics of the enstrophy production and thermochemical
transport [26]. Tanahashi et al. [27] analyzed the direct numerical simulation (DNS) database of a
hydrogen/air turbulent premixed flame and used the second invariant of the velocity gradient tensor
to distinguish strain-dominated and vorticity-dominated regions. They found that the vorticity vector
remains perpendicular to the flame normal vector and the coherent structures can survive beyond
the flame front. Cifuentes et al. [28] investigated the statistical properties of various flow topologies
in turbulent premixed flames and found that the universal teardrop shape of the joint PDF of the
second and third invariants of the velocity gradient tensor disappears in the “fresh reactant” region.
Wacks et al. [29] studied the statistics of local flow topologies and velocity gradient as well as their
influence on the scalar dissipation rate and enstrophy transport in turbulent premixed flames. They
also examined the sensitivity of the joint PDF of the second and third invariants of the velocity
gradient tensor to the Lewis number. The effect of local flow topology on the enstrophy transport
was further analyzed in different regimes of the premixed turbulent combustion field, including the
corrugated flamelets, thin reaction zones, and broken reaction zones [26].

For highly compressible chemically reacting turbulence, the compressibility effect and reaction
heat release further complicate the behavior of small-scale motions. Wang et al. [30] studied
the compressibility effects on small-scale structure by analyzing a DNS database of nonreacting
compressible isotropic turbulence at turbulent Mach number around 1.0 and found that the en-
strophy production highly depends on the local flow dilatation. They demonstrated that strong
local compression motions enhance the enstrophy production by vortex stretching, while strong
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local expansion motions suppress enstrophy production by vortex stretching. The presence of
shocklets in highly compressible turbulence considerably increases flow dilatation at small scales,
which significantly enhances enstrophy production. Thus, analysis of enstrophy production and
transportation is essential for understanding the small-scale flow behaviors and flame structures
in combusting turbulence [26,31,32]. Nevertheless, the combined effects of heat release through
chemical reactions and turbulence compressibility on flow topology as well as enstrophy production
in compressible chemically reacting turbulence are less understood.

The current study aims to explore flow topology of small-scale motions in solenoidally forced
chemically reacting compressible isotropic turbulence at initial turbulent Mach numbers ranging
from 0.2 to 0.6 and at initial Taylor Reynolds numbers ranging from 32 to 160, with a specific
focus on the effects of reaction heat release and compressibility on various flow topologies. In-
depth analysis is carried out on the enstrophy production at various flow topologies. The rest of the
paper is organized as follows. In Sec. II the governing equations are presented and the numerical
methodology is elaborated. The reaction process and one-point statistics of the simulated reactive
flows are presented in Sec. III. The statistical properties of the flow topology and its influence on
enstrophy production are discussed in Sec. IV. A summary of major findings and conclusions are
provided in Sec. V.

II. GOVERNING EQUATIONS AND NUMERICAL STRATEGY

Numerical simulations of solenoidally forced stationary chemically reacting compressible tur-
bulence are performed, employing the following dimensionless Navier-Stokes equations [33–35] in
conservative form:

∂ρ

∂t
+ ∂ (ρu j )

∂x j
= 0, (1)

∂ (ρui )

∂t
+ ∂ (ρuiu j + pδi j )

∂x j
= 1

Re

∂σi j

∂x j
+ Fi, (2)
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= 1

α

∂
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∂x j
+ � − 	 + F ju j, (3)

∂ (ρYs)
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+ ∂ (ρYsu j )

∂x j
= 1

Re
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Scs

∂

∂x j

(
μ

∂Ys

∂x j

)
+ ω̇s, s = 1, 2, . . . , ns − 1, (4)

p = ρT/(γ M2M), (5)

where ui is the velocity component, p is the pressure, T is the temperature, ρ is the mixture density,
and M is the mean molecular weight of the mixture, where M = 1/

∑ns
s=1(Ys/Ms), Ys, and Ms

denote mass fraction and dimensionless molecular weight of the sth species, respectively. ns is the
total number of species. The viscous stress σi j is given by

σi j = μ

(
∂ui

∂x j
+ ∂u j

∂xi

)
− 2

3
μθδi j, (6)

where θ = ∂uk/∂xk is the velocity divergence. For the multispecies mixture, ω̇s is the sth species
production rate. � denotes total heat of reaction, where � = −∑ns

s=1 H0
s ω̇s/[(γ − 1)M2] and −H0

s
is the dimensionless heat of reaction for sth species. [33,35].

The total energy per unit volume E is defined by

E = p

γ − 1
+ 1

2
ρ(u ju j ). (7)

A set of reference scales are used to normalize the variables in chemically reacting compress-
ible turbulence, including the reference length L f , velocity Uf , density ρ f , pressure p f = ρ f U 2

f ,
temperature Tf , energy per unit volume ρ f U 2

f , species source term ρ f Uf /L f , heat of reaction
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Cp, f Tf , molecular weight M f , viscosity μ f , and thermal conductivity κ f . Three reference governing
parameters are derived: the reference Reynolds number Re = ρ f Uf L f /μ f , the reference Mach
number M = Uf /c f , and the reference Prandtl number Pr = μ f Cp, f /κ f . The speed of sound is
defined by c f = √

γ R f Tf , where R f is the specific gas constant and γ = Cp, f /Cv, f is the ratio of
specific heat at constant pressure Cp, f to that at constant volume Cv, f . γ is assumed to be equal to
1.4 in our simulations. The parameter α is defined by α = Pr Re(γ − 1)M2. It is assumed that the
parameter Pr = 0.7 and the gas is perfect [33,36].

Sutherland’s law is adopted for calculation of the nondimensional temperature-dependent vis-
cosity coefficient μ and thermal conductivity coefficient κ [37]:

μ = 1.4042T 1.5

T + 0.40417
, (8)

κ = 1.4042T 1.5

T + 0.40417
. (9)

For the convenience of subsequent discussions, the governing equations for kinetic energy EK

and internal energy EI are given by [37–40]

∂EK
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+ ∂ (EK u j )
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κ
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+ 1

Re
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+ � − 	, (11)

where EK = ρu ju j/2 and EI = ρT/[(γ − 1)γ M2]. Terms on the right-hand side of Eq. (10) repre-
sent work due to pressure-dilatation, viscous stress, and the energy injection through forcing, while
terms on the right-hand side of Eq. (11) represent pressure-dilatation work, heat diffusion, viscous
dissipation, reaction heat release, and the cooling rate. For homogeneous isotropic turbulence with
periodic boundary conditions, applying the spatial average operation 〈·〉 over the entire domain gives

∂〈EK〉
∂t

= 〈pθ〉 − 1

Re

〈
σi j

∂ui

∂x j

〉
+ 〈F ju j〉, (12)

∂〈EI〉
∂t

= −〈pθ〉 + 1

Re

〈
σi j

∂ui

∂x j

〉
+ 〈�〉 − 〈	〉. (13)

The large-scale forcing Fi is applied to the solenoidal velocity component by fixing the velocity
spectrum within the two lowest wave number shells [9,37,41]. The effect of the spatially uniform
cooling function 	 in the energy conservation equation is to partly remove internal energy, in order
to balance the energy injection through the large-scale forcing. We have considered the following
cooling function:

	 = σT m, (14)

where m = 0. Previous studies showed that the results are not sensitive to the type of cooling applied
for m = 0, 2 and 4. In the wave number space, the essential dynamics of energy transfer involves
kinetic energy transfer from large to small scales through a forward kinetic energy cascade and
the viscous dissipation process converting local kinetic energy to internal energy. For statistically
stationary flow without chemical reaction heat release, there is 〈F ju j〉 − 〈	〉 = 0, where the
overline represents the time average [37]. This equation precisely expresses the relation between
kinetic energy injection and the cooling function in the energy conservation equation. In other
words, the large-scale forcing F j , which maintains the forward kinetic energy cascade from large to
small scales, and the cooling function, which removes the increased internal energy due to viscous
dissipation constitute a total energy conservation system. The averaged internal energy per unit
volume is given by EI = 〈EI〉. In the programming for numerical simulations without chemical
reaction heat release, the cooling function keeps the total energy constant at each time step by
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ensuring 〈ρT 〉(n) = 〈ρT 〉(init ial ), where the superscripts (n) and (init ial ) represent the value at the
nth time step and the initial value after initialization, respectively. For the situation with chemical
reaction heat release, the cooling function keeps the total energy in a new step to be equal to
total energy in the previous step plus the total heat release by a chemical reaction by ensuring
〈ρT 〉(n+1) = 〈ρT 〉(n) + 〈�〉dt , where the superscript (n) denotes a value in the current time step,
(n + 1) represents a value in the next time step, and dt is the time step size.

The H2/O2 reaction that includes 19 elementary reactions and nine species is used in current
simulations [42]. The species are H, H2, O, O2, OH, H2O, HO2, H2O2, and N2. The Schmidt number
for each species is determined by the Lewis number [43] as follows where Scs = LesPr:

LeH2 = 0.3, LeO2 = 1.11, LeO = 0.7, LeOH = 0.73, (15)

LeH2O = 0.83, LeH = 0.18, LeHO2 = 1.10, LeH2O2 = 1.12. (16)

Calculation of chemical reaction parameters is based on dimensional variables, which are
denoted by the superscript “D.” The detailed chemical reaction kinetic mechanism is given by Li
et al. [42]. The general finite rate reaction equation is written as

ns∑
s=1

v′
s,rχs

Kf ,r

�
Kb,r

ns∑
s=1

v′′
s,rχs, r = 1, 2, . . . , nr, (17)

where χs is the mole fraction of sth species, v′
s,r , v′′

s,r represent the stoichiometric mole numbers
of the reactants and products, and Kf ,r , Kb,r represent the forward and backward reaction rate
coefficient for the rth elementary reaction, respectively. Both the forward and backward reaction
rate coefficients of rth reaction can be calculated with the Arrhenius equation [42] as follows:

Kr = ArT Br e−Cr/RT D
, (18)

where Ar , Br , and Cr are found from experimental data and R is the universal gas constant. The
dimensional source term of of sth species ω̇D

s can be calculated by

ω̇D
s = MD

s

nr∑
r=1

[
(v′′

s,r − v′
s,r )

(
Kf ,r

ns∏
s=1

χ
v′

s,r
s − Kb,r

ns∏
s=1

χ
v′′

s,r
s

)]
. (19)

The dimensional source term ω̇D
s and heat of reaction −H0,D

s of sth species are nondimen-
sionalized as ω̇s = ω̇D

s /[ρ f (Uf /L f )] and −H0
s = −H0,D

s /(Cp, f Tf ), respectively. To validate the
chemical modeling, a zero-dimensional chemical reaction model is derived in Appendix A. The
good agreement of experimental data with results obtained by the current adopted method for the
species source terms and heat of reaction suggests that the chemical modeling is valid.

The governing equations of chemically reacting compressible turbulence are solved numerically
in a cubic domain of (2π )3 by using periodic boundary conditions in all three spatial directions. A
hybrid scheme combining an eighth-order compact finite difference scheme for smooth regions [44]
and a seventh-order weighted essentially nonoscillatory (WENO) scheme [45,46] for shock regions
[30,37,47,48] is adopted for both weakly and highly compressible reacting isotropic turbulence.
To implement the shock detecting process, a shock front detecting relation θ < −Rθ θ

′ [7] is used,
where Rθ = 3.0. Then the shock front and additional six grid points on both the left and right in each
spatial direction immediately outside the shock front are treated as a shock region that is calculated
with the WENO scheme. The remaining region is treated as the smooth region [37]. Successful
applications of this numerical scheme are seen in [12,21,30,38,40,49–52].

III. REACTION PROCESS AND SIMULATION STATISTICS

The entire simulation process includes two consecutive steps. In the first step, an inert flow
is simulated where the species evolve with turbulent motions through diffusion and advection
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without chemical reaction. In the second step, the chemical reaction is activated when the flow
is fully developed. The initial pressure and temperature of the reacting mixture are 32 424 Pa
and 880 K, respectively. The initial mole fraction for species H2, O2, and N2 are 0.16, 0.08, and
0.76, respectively. Initial mole fractions for the other six species in the mixture are assigned to
0.0. The Taylor microscale Reynolds number Reλ and the turbulent Mach number Mt are defined,
respectively by [37,47]

Reλ = Re
〈ρ〉u′λ√

3〈μ〉 , Mt = M
u′

〈√T 〉 , (20)

where 〈·〉 stands for spatial average and the Taylor microscale is

λ =
√ 〈

u2
1 + u2

2 + u2
3

〉
〈(∂u1/∂x1)2 + (∂u2/∂x2)2 + (∂u3/∂x3)2〉 . (21)

Three sets of a grid (643, 1283, 2563) are employed for numerical simulations at initial Taylor
Reynolds numbers 32, 64, and 160, respectively. The initial turbulent Mach numbers for each grid
resolution are assigned to 0.2, 0.4, and 0.6. The nondimensional initial temperature is 1.0. The
nondimensional initial pressure is 92, 23, and 10 for initial turbulent Mach numbers 0.2, 0.4, and
0.6, respectively.

To present a general view of the chemical reaction process, the temporal variations of flow
statistics in the simulated data with 2563 grid resolution for three initial turbulent Mach numbers
are shown in Fig. 1. The chemical reaction time t is normalized by the large-eddy turnover time τ ,
where τ = LI/u′. The normalization can be used to assess the overall chemical reaction timescale
relative to the characteristic turbulent timescale. Here LI is the integral length scale defined by

LI = 3π

2(u′)2

∫ ∞

0

E (k)

k
dk, (22)

where E (k) is the spectrum of kinetic energy per unit mass, namely,
∫ ∞

0 E (k) dk = (u′)2/2.

u′ =
√

〈u2
1 + u2

2 + u2
3〉 is the root-mean-squared (r.m.s.) velocity magnitude. In Fig. 1 the start point

t/τ = 0 represents the end of inert flow simulation and the activation of the chemical reaction.
The temporal variations of spatial average of normalized heat release 〈�〉(γ − 1)M2 and spatially
averaged temperature 〈T 〉 are shown in Figs. 1(a) and 1(b), respectively. It is shown that the time
required for the flow to reach the maximum value of heat release decreases with the increase
of turbulent Mach number. Zhao et al. [53] suggested that the ignition delay time decreases
monotonically with the increase of initial temperature at a given initial pressure. In our simulations,
the initial pressure and temperature are identical for three turbulent Mach numbers. However, the
higher fluctuating temperature at higher turbulent Mach number leads to smaller ignition delay time.
This results in the observation that the time needed to reach the maximum reaction rate is shorter at
higher turbulent Mach number. The total normalized heat release 〈�〉(γ − 1)M2 during the entire
chemical reaction process at three turbulent Mach numbers is nearly equal to each other, since
the area integrals beneath the curves as shown in Fig. 1(a) are nearly identical. Correspondingly,
the averaged temperature in Fig. 1(b) starts to increase at t/τ > 50 and approaches the maximum
value at t/τ > 100. The averaged temperature for three turbulent Mach numbers is nearly identical
at the end of chemical reaction. Figure 1(c) shows the temporal variation of averaged density of
OH. It is observed that the time for the maximum radical production is nearly identical to the
time for the maximum heat release. The temporal variation of the averaged magnitude of density
gradient G(ρ) is shown in Fig. 1(d), where G(ρ) =

√
〈(∂ρ/∂x1)2 + (∂ρ/∂x2)2 + (∂ρ/∂x3)2〉. The

magnitudes of the density gradient for three turbulent Mach numbers decrease when heat release is
strong at t/τ > 50. The values of the density gradient magnitude at the end of the chemical reaction
(t/τ > 100) for three turbulent Mach numbers are significantly smaller than their initial values. The
observation suggests that heat release suppresses flow compressibility during the chemical reaction
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 × 0-

FIG. 1. Temporal variation of flow statistics at Mt,i = 0.2, 0.4, 0.6: (a) normalized averaged heat release
〈�〉(γ − 1)M2; (b) averaged temperature 〈T 〉; (c) averaged density of species OH 〈ρOH〉; (d) averaged magni-
tude of density gradient G(ρ ); (e) turbulent Mach number Mt ; (f) Taylor Reynolds number Reλ.

process and the effect is more evident at larger turbulent Mach numbers. The temporal variations
of turbulent Mach number Mt and Taylor Reynolds number Reλ are shown in Figs. 1(e) and 1(f),
respectively. It is found that both Mt and Reλ decrease during the reaction process due to the increase
of the averaged temperature.

We employ the method suggested by Malik et al. [54] to estimated the nonstretched laminar
flame speed sL at given dimensional temperature, pressure, and equivalence ratio for H2/air com-
bustion. Figure 2(a) shows the temporal variation of normalized laminar flame speed. The values
of initial laminar flame speed sL,init are calculated using initial parameters before the activation of
the chemical reaction, and the dimensional values of sL,init are 6.40, 7.94, and 8.35 m/s for initial
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FIG. 2. Temporal variation of flow statistics at Mt,i = 0.2, 0.4, 0.6: (a) laminar flame speed, sL; (b) ratio
of r.m.s. values of dilatational velocity component to solenoidal velocity component, (ud )′/(us )′; (c) internal
energy, EI ; (d) r.m.s. value of ρT , (ρT )′.

turbulent Mach numbers 0.2, 0.4, and 0.6, respectively. It is found that the laminar flame speed
decreases slightly during the strong heat release period and then increases when heat release is
weak at the end of the chemical reaction. The temporal variation of the ratio of r.m.s. values of the
dilatational velocity component to that of the solenoidal component is presented in Fig. 2(b). Here
the Helmholtz decomposition is applied to decompose the velocity field u into a solenoidal compo-
nent us and a dilatational component ud [37]: u = us + ud , where ∇ · us = 0 and ∇ × ud = 0.

The r.m.s. values of the two components of velocity are (ud )′ =
√

〈(ud
1 )2 + (ud

2 )2 + (ud
3 )2〉 and

(us)′ = √〈(us
1)2 + (us

2)2 + (us
3)2〉, respectively. It is observed that the normalized r.m.s. value of the

dilatational velocity component increases during the strong heat release period and then decreases
when the chemical reaction is weak for three turbulent Mach numbers. The temporal variation
of internal energy EI and r.m.s. value of ρT are shown in Figs. 2(c) and 2(d), respectively. Here
(ρT )′ =

√
〈(ρT − 〈ρT 〉)2〉 and can be used to assess the fluctuating property of the internal energy.

It is shown that the internal energy EI increases evidently when the reaction heat release is strong
at three turbulent Mach numbers. The observation suggests that the released heat of reaction is
transferred to internal energy in a short time. Meanwhile, the strong heat release leads to evident
fluctuations of ρT , especially for Mt,i = 0.4 and 0.6.

We plot the temporal variations of averaged kinetic energy and kinetic energy transfer terms
in Fig. 3 to evaluate the kinetic energy change during the chemical reaction process. According
to Eq. (12) [37–40], we define the total kinetic energy dissipation rate as εT = −〈pθ〉 + 〈εV 〉. The
total kinetic energy dissipation rate represents the total conversion rate of kinetic energy into internal
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FIG. 3. Temporal variation of flow statistics at Mt,i = 0.2, 0.4, 0.6: (a) averaged pressure-dilatation 〈−pθ〉;
(b) averaged viscous dissipation rate 〈εV 〉; (c) total kinetic energy dissipation rate 〈−pθ〉 + 〈εV 〉; (d) averaged
kinetic energy EK .

energy, and εV = (1/Re)σi j (∂ui/∂x j ). εin j = Fiui represents the energy injected by the large-scale
forcing [40]. As shown in Figs. 3(a) and 3(b), the averaged pressure dilatation 〈−pθ〉 fluctuates
evidently in the strong heat release phase at 50 < t/τ < 100, while the averaged viscous dissipation
rate 〈εV 〉 also fluctuates during the entire reaction process. The averaged kinetic energy is defined
as EK = 〈EK 〉. As shown in Fig. 3(c), the averaged pressure dilatation has a significant contribution
to the total dissipation rate. Due to the effects of heat release, the averaged kinetic energy decreases
at t/τ > 80 as shown in Fig. 3(d).

Through the observations of the temporal variations of flow statistics in Figs. 1 to 3, we find that
heat release by chemical reaction plays an important role in characterizing flow behaviors during
the reaction process. At the initial period after the activation of the chemical reaction, the reaction
rate and heat release are weak, and the compressibility of the flow is characterized by the initial
turbulent Mach numbers. As chemical reaction proceeds when heat release is strong, the dilatational
component of velocity increases due to the fact that energy is transferred from internal energy to
the dilatational mode of kinetic energy [35,55]. When internal energy increases due to the reaction
heat release, the mean temperature of the mixture raises. Based on the above observations, we
roughly divide the entire chemical period into three phases to distinguish different flow features in
each period of the reaction process. The three phases are the initial reaction phase (0 < t/τ < 50,
subscript i), strong heat release phase (50 < t/τ < 100, subscript s), and reaction end phase (100 <

t/τ < 150, subscript e). The subsequent discussions of flow statistics are specified in the different
reaction phases.
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TABLE I. Temporal average of flow statistics based on flow data of 2563 grid.

Mt,i 〈T 〉i 〈μ〉i 〈c〉i 〈εV 〉i −〈pθ〉i 〈EK 〉i (∂〈EK 〉/∂t )i 〈u′〉i

0.2 1.00 1.00 21.97 0.71 5 × 10−4 2.51 −4 × 10−4 2.26
0.4 1.00 1.00 21.97 0.72 4 × 10−3 2.53 −8 × 10−5 2.25
0.6 1.00 1.00 21.97 0.69 8 × 10−3 2.48 −3 × 10−4 2.48
Mt,i 〈T 〉s 〈μ〉s 〈c〉s 〈εV 〉s −〈pθ〉s 〈EK 〉s (∂〈EK 〉/∂t )s 〈u′〉s

0.2 1.62 1.43 28.25 0.65 −5 × 10−4 2.37 −7 × 10−4 2.19
0.4 1.84 1.56 28.67 0.66 −2 × 10−3 2.42 −3 × 10−4 2.18
0.6 2.11 1.71 30.57 0.63 −5 × 10−3 2.34 −3 × 10−3 2.16
Mt,i 〈T 〉e 〈μ〉e 〈c〉e 〈εV 〉e −〈pθ〉e 〈EK 〉e (∂〈EK 〉/∂t )e 〈u′〉e

0.2 2.38 1.85 32.68 0.63 8 × 10−5 2.30 −6 × 10−4 2.16
0.4 2.38 1.85 32.68 0.62 3 × 10−3 2.31 −2 × 10−3 2.15
0.6 2.38 1.85 32.68 0.62 2 × 10−3 2.33 −1 × 10−3 2.15

In Fig. 3(d) we find that the averaged kinetic energy decreases after strong heat release. Now
we show the temporal average of flow statistics over different reaction phases in Table I to further
explain the decrease of averaged kinetic energy as well as flow compressibility after the strong
heat release during the chemical reaction process. It is observed that the averaged temperatures
increase from 1.0 to 2.38 for three turbulent Mach numbers after strong heat release. Consequently,
the averaged viscosity coefficients increase from 1.0 to 1.85. The sound velocity is defined as
c = √

γRmixT , and Rmix is the gas constant of the mixture. It is shown that the sound velocities
for three turbulent Mach numbers also increase due to the increase of temperature. According to
Eq. (12), the averaged viscous dissipation rate of kinetic energy not only depends on viscosity
coefficient but also is closely related to velocity gradients. It is shown that the averaged viscous dis-
sipation rates of kinetic energy decrease from approximately 0.7 to 0.6 after the strong heat release
period for three turbulent Mach numbers. The pressure-dilatation correlation plays an important
role in energy transfer for compressible turbulence [40]. We can find that −〈pθ〉 are all negative
for three turbulent Mach numbers during the strong heat release phase. According to the definition
of the total kinetic energy dissipation rate εT = −〈pθ〉 + 〈εV 〉, we can find that the energy transfer
rate from kinetic energy to internal energy decreases; however, we cannot determine the variations
of the averaged kinetic energy considering only the change of total the kinetic energy dissipation
rate as indicated by Eq. (12). The averaged value of external forcing also plays an important role
in deciding the temporal variation of averaged kinetic energy. To further evaluate the variation rate
of averaged kinetic energy, the time derivatives of the averaged kinetic energy for three reactions
phases are calculated. It is shown that the time derivatives of averaged kinetic energy are negative
throughout the entire chemical reaction process. Consequently, the averaged kinetic energy as well
as the r.m.s values of the velocity decrease. Additionally, we show the temporally averaged velocity
spectra for three turbulent Mach numbers in Fig. 4 to explain the decrease of averaged kinetic energy.
The spectra for each turbulent Mach number are averaged values in three reaction phases. With the
increase of temperature after strong heat release, the viscosity coefficient increases. The increased
viscosity coefficient leads to the decrease of the Taylor Reynolds number. Under this situation,
the flow becomes smoother and the spectra of the velocity become shorter as shown in Fig. 4.
Meanwhile, due to the decrease of the Taylor Reynolds number, the kinetic energy cascade becomes
weaker, and thus the external energy injection is reduced. When the new equilibrium is established,
the averaged kinetic energy decreases. It is noted that after strong heat release, the turbulent Mach
number decreases. The combined effects of the increased sound velocity and the decreased velocity
fluctuations lead to the overall decrease of flow compressibility after strong heat release. The tem-
poral averaged values of sound velocity and the r.m.s. values of velocity as shown in Table I suggest
that the increased sound velocity is the major reason for the decrease of flow compressibility.
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FIG. 4. Temporally averaged velocity spectra for three reaction phases at Mt = 0.2, 0.4, and 0.6.

To further reveal the effects of chemical reaction process and heat release on flow compressibility,
Fig. 5 shows the instantaneous isosurfaces of normalized velocity divergence θ/θ ′ for three turbulent
Mach numbers 0.2, 0.4, and 0.6 and at various normalized reaction time. The three selected

FIG. 5. Instantaneous isosurfaces of normalized velocity divergence θ/θ ′ for the simulations with 2563

grid resolution at Mt,i = 0.2, 0.4, 0.6 and at various normalized reaction times: (a1)–(a3) Mt,i = 0.2; (b1)–(b3)
Mt,i = 0.4; (c1)–(c3) Mt,i = 0.6.
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TABLE II. Specification of DNS parameters and resulting flow statistics.

Resolution Reλ,i Reλ,e Mt,i Mt,e (η/�x)i (η/�x)e (LI/η)i (LI/η)e Kai Kae

643 34 21 0.17 0.11 1.02 1.52 18.7 13.2 55 416
643 34 21 0.34 0.21 1.03 1.52 18.8 13.2 35 54
643 34 21 0.51 0.32 1.03 1.53 18.8 13.1 32 42
1283 62 42 0.18 0.11 1.05 1.66 33.3 22.4 209 1135
1283 62 42 0.36 0.22 1.05 1.66 33.3 22.5 135 176
1283 63 43 0.54 0.34 1.07 1.67 33.1 22.5 119 147
2563 99 72 0.20 0.12 0.98 1.60 62.5 40.5 960 4564
2563 100 73 0.40 0.25 0.99 1.61 62.2 41.1 610 736
2563 101 73 0.60 0.37 0.99 1.64 61.8 41.0 547 568

normalized reaction times for each turbulent Mach number correspond to chemical reaction instants
in the initial period when heat release is weak (t/τ = 30), at the peak heat release moment
(t/τ = 76.4 for Mt,i = 0.2; t/τ = 67.3 for Mt,i = 0.4; t/τ = 57.9 for Mt,i = 0.6), and in the
reaction end period (t/τ = 110) when heat release is weak. It is observed that at t/τ=30 as shown
in Figs. 5(a1)–5(c1) which corresponds to the instants during the initial reaction period in Fig. 1(a),
the length scales of compression and expansion flow structures are small. With the increase of
initial turbulent Mach number, for example, at Mt,i = 0.6, more blue streaky structures are which
associated with strong compression regions are observed. At the maximum heat release time as
shown in Figs. 5(a2)–5(c2) for each turbulent Mach number, the length scales of compression and
expansion structures become larger compared to those at the initial period. When the chemical
reaction approaches the end of the chemical reaction at t/τ=110 as shown in Figs. 5(a3)–5(c3),
large patches of compression and expansion regions are sparsely distributed in the flow field,
implying that the length scales of compression and expansion structures become relatively large
and the flow compressibility becomes smaller.

The specification of simulated parameters and resulting flow statistics at the initial reaction phase
and reaction end phase are listed in Table II. We present flow statistics averaged in those two reaction
phases to evaluate the flow state change resulting from the chemical reaction. The Taylor Reynolds
number and turbulent Mach number decrease after strong heat release at three initial turbulent
Mach numbers. The decrease of the two statistics is closely related to the increase of the averaged
temperature as shown in Fig. 1(b) and the decrease of velocity fluctuations shown in Fig. 2(b). The
Kolmogorov length scale is defined by η = [〈μ/(Re ρ)〉3/ε]1/4 [16,37], where the dissipation rate
of the kinetic energy per unit mass is given by ε = 〈σi jSi j/(Re ρ)〉. The magnitude of Kolmogorov
length scale η represents the dissipation-range resolution, which plays a significant role in the grid
convergence of velocity statistics in DNS [56]. As shown in Table II, the resolution parameter η/�x
lies within the range between 0.98 and 1.07 at the initial reaction phase, where �x denotes the
grid length in each direction. It is straightforward to derive that 3.08 < kmaxη < 3.36, where the
largest wave number kmax is half of the number of grids N in each direction: kmax = N/2 = π/�x.
At the end phase of chemical reaction, the resolution parameter η/�x � 1.52, which suggests
that reaction heat release leads to an increase of the Kolmogorov length scale. Previous DNS
results [57] showed that the resolution parameter η/�x � 0.7 is good enough for convergence of
high-order moments of velocity gradients. Therefore, the overall statistics are well converged in
current numerical simulations [30,47]. The ratio of LI/η lies within the range 18.7 � LI/η � 62.5
at the initial reaction phase and decreases at the reaction end phase. The Karlovitz number is used
to classify various combustion regimes of turbulence/flame interaction and is defined as the ratio
of the flame timescale τF to the Kolmogorov timescale τη [58]. Alternatively, the Karlovitz number
can also be calculated by the ratio of the flame length scale LF to the Kolmogorov length scale η

[59]: Ka = L2
F /η2, where LF = ν/(Sc sL ) and sL denotes the nonstretched laminar flame speed.
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TABLE III. Flow statistics in reaction initial phase and strong heat release phase.

Resolution Mt,i S3,i S3,s θ ′
i θ ′

s ω′
i ω′

s (θ ′/ω′)i (θ ′/ω′)s (S′/ω′)i (S′/ω′)s

643 0.17 −0.31 −0.30 0.02 0.01 3.86 3.35 0.006 0.003 0.707 0.707
643 0.34 −0.33 −0.28 0.08 0.03 3.81 3.24 0.021 0.009 0.707 0.707
643 0.51 −0.33 −0.21 0.24 0.14 3.85 3.22 0.061 0.043 0.710 0.709
1283 0.18 −0.43 −0.40 0.04 0.02 5.89 4.61 0.006 0.003 0.707 0.707
1283 0.36 −0.39 −0.40 0.15 0.22 5.86 4.86 0.025 0.045 0.708 0.709
1283 0.54 −0.37 −0.38 0.62 0.50 5.67 5.65 0.108 0.088 0.713 0.716
2563 0.20 −0.47 −0.42 0.08 0.08 10.77 7.64 0.008 0.011 0.707 0.707
2563 0.40 −0.46 −0.43 0.32 0.47 10.62 7.68 0.031 0.058 0.707 0.709
2563 0.60 −0.45 −0.42 1.20 0.68 10.36 7.59 0.116 0.089 0.717 0.713

For the low Taylor Reynolds number cases at 643 grid resolution, the initial Karlovitz numbers are
less than 100, which suggests that the flame locates in the thin reaction zone. The initial Karlovitz
numbers in the cases of 1283 and 2563 grid resolutions are larger than 100, which indicates that the
initial flame locates in the broken reaction zone. The laminar flame speed sL changes dramatically
at the reaction end phase, especially at Mt,i = 0.2 as shown in Fig. 2(a). The Karlovitz numbers at
the reaction end phase are larger than their initial values for three initial turbulent Mach numbers.

Table III shows the resulting flow statistics based on simulated data in the reaction initial phase
and the strong heat release phase. The velocity derivative skewness S3 is calculated by

S3 = [〈(∂u1/∂x1)3 + (∂u2/∂x2)3 + (∂u3/∂x3)3〉]/3

[〈(∂u1/∂x1)2 + (∂u2/∂x2)2 + (∂u3/∂x3)2〉/3]3/2
. (23)

As shown in the table, the magnitudes of S3 decrease slightly with the increase of turbulent Mach
number for the situations of 1283 and 2563 grid resolutions at the initial reaction phase. The strong
heat release leads to a slight decrease of the magnitudes of S3 at three turbulent Mach numbers after
strong heat release. The r.m.s. value of velocity divergence is calculated by θ ′ =

√
〈θ2〉. It is found

that θ ′ is enhanced at Mt,i = 0.4 for the situations of 1283 and 2563 grid resolutions during the
strong heat release phase compared to those at the initial reaction phase. For results at Mt,i = 0.6,
the strong heat release leads to rapid transfer of kinetic energy into internal energy, and thus results
in the decrease of θ ′ during the strong heat release phase. Vorticity is defined by ω = ∇ × u. The

r.m.s. value of vorticity magnitude is obtained by ω′ =
√

〈ω2
1 + ω2

2 + ω2
3〉. It is shown that ω′ is

insensitive to the change of turbulent Mach number in our numerical simulations at both the initial
reaction phase and the intense heat release phase. However, ω′ decreases during the strong heat
release phase compared to the initial reaction phase. The r.m.s. value of the strain rate tensor is
defined by S′ = √〈Si jSi j〉. It is shown that S′/ω′ is insensitive to the change of turbulent Mach
number and reaction heat release. The statistics of temporally averaged flow quantities conditioned
on a specified time period, for example, on the strong heat release phase, is more meaningful to
show the influence of reaction heat release on turbulence than the temporal average conditioned on
the entire reaction process.

The above analyses suggest that the quantities of flow statistics exhibit dependence on the
duration of each reaction phase and the amount of heat release during the chemical reaction
process. To exclude the influence of initial conditions and to obtain a general applicability of current
qualitative results considering the effects of heat release, we provide additional simulations using
a 643 grid to assess the influence of initial conditions on flow statistics in Appendix B. As shown
in Figs. 22 through 25, we find that even through the quantities of heat release rate, reaction rate,
and the extent for the decrease of turbulent Mach number as well as the Taylor Reynolds number
are different for different initial conditions, the variations of the flow statistics after reaction heat
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FIG. 6. Spectrum of heat release � and PDF of normalized heat release �/�′ at various normalized
reaction time: (a), (c), (e) spectra of � at Mt,i = 0.2, 0.4, 0.6; (b), (d), (f) PDF of �/�′ at Mt,i = 0.2, 0.4,
0.6.

release are similar. The temporal averaged flow quantities in different reaction phases as shown in
Tables IX and X are also similar to each other.

We plot the the spectrum of heat release E�(k) and the probability density function (PDF) of
normalized reaction heat release �/�′ at Mt,i = 0.2, 0.4, and 0.6 for different normalized reaction
time t/τ in Fig. 6, where

∫ ∞
0 E�(k) dk = 〈(� − �0)2〉 and �0 is the mean value of heat release.

The normalized reaction time 13 < t/τ < 17 corresponds to the time period in the initial reaction
phase. It is observed from the left column of Fig. 6 that with the increase of normalized reaction
time, E�(k) at small kη (kη < 0.1) increases due to the increase of heat release. E�(k) at large kη

(kη > 1) is nearly unaffected during this period. The observation suggests that the spectrum of heat
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FIG. 7. Instantaneous contours of normalized heat release �/�′ and isolines of normalized magnitude of
vorticity ω/ω′ (blue lines) at various normalized reaction time at Mt,i = 0.2, 0.4, 0.6: (a), (d) Mt,i = 0.2, (b),
(e) Mt,i = 0.4, (c), (f) Mt,i = 0.6.

release is more likely to be enhanced at large scales at the initial phase of chemical reaction. It can
also be found that the spectrum of heat release does not exhibit the −5/3 law in the inertial range.
The right column of Fig. 6 shows the PDFs of �/�′. The normalized reaction time t/τ corresponds
to the time shown in the left column for each turbulent Mach number. It is observed that the left
tails of the PDFs are evidently longer than their right tails. With the increase of normalized reaction
time, the left tails becomes shorter and the overall PDFs shift towards the right corresponding to the
increase of heat release.

To further reveal the temporal variations of heat release and vortical structures, we depict the
instantaneous contours of normalized heat release �/�′ superimposed by isolines of normalized
magnitude of vorticity ω/ω′ at the normalized reaction time of maximum heat release for each
turbulent Mach number and at t/τ=110 in the reaction end phase in Fig. 7. It can be observed that
the structures of strong heat release can be found in both small and large structures. The strong heat
release structures at the two normalized reaction times are scattered in the flow field and belong to
the broken reaction zone according to the combustion regime classification for the Karlvoitz number
Ka > 100 at three turbulent Mach numbers. At the maximum heat release time for three turbulent
Mach numbers as shown in Figs. 7(a)–7(c), the vortical structures are not directly associated with
the heat release structures. At t/τ=110 in the reaction end phase, the vortical structures are more
likely to be found in the weak heat release regions as shown in Figs. 7(d)–7(f).

We depict the average of normalized magnitude of vorticity, strain rate tensors, enstrophy
production, and its dilatational component conditioned on the normalized velocity divergence θ/θ ′
at Mt,i = 0.2, 0.4, 0.6 in Fig. 8. The temporal average is based on simulated data in the strong heat
release phase (50 < t/τ < 100). As shown in Fig. 8(a), the conditional average of ω/ω′ increases
with the increase of the velocity divergence magnitude in strong compression and expansion regions.
In compression regions, the conditional averages of ω/ω′ for three turbulent Mach numbers are
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FIG. 8. Conditional average of the normalized magnitude of vorticity, strain rate tensors, enstrophy pro-
duction, and its dilatational component at Mt,i = 0.2, 0.4, 0.6: (a) 〈ω/ω′|θ/θ ′〉; (b) 〈S/S′|θ/θ ′〉; (c) 〈�|θ/θ ′〉;
(d) 〈�d |θ/θ ′〉.

close to each other. The conditional average of ω/ω′ increases with the increase of initial turbulent
Mach number in the expansion regions. In Fig. 8(b) we observe that the conditional average of
S/S′ increases linearly with the increase of velocity divergence magnitude in strong compres-
sion regions and strong expansion regions. Moreover, the conditional average of S/S′ in strong
compression regions and strong expansion regions increases with the increase of initial turbulent
Mach number. We further consider the enstrophy production ωiω jSi j by the strain rate tensor Si j

via the vortex stretching and tilting mechanism. We denote the normalized enstrophy production
and its dilatational component as � = ωiω jSi j/〈ωiω jSi j〉, �d = ωiω jSd

i j/〈ωiω jSi j〉, respectively.
In weakly compressible turbulence [8,60,61], the predominance of vortex stretching over vortex
compression causes self-amplification of local vorticity, leading to the fact that the spatial average
of enstrophy production is positive, i.e., 〈ωiω jSi j〉 > 0. It is found that 〈ωiω jSi j〉 > 0 in our
numerical simulations of chemically reacting compressible isotropic turbulence at three turbulent
Mach numbers. Figures 8(c) and 8(d) show the average of enstrophy production and its dilatational
component conditioned on normalized velocity divergence at Mt,i = 0.2, 0.4, 0.6. It is observed that
the conditional average of � and �d is negative in strong compression regions, indicating that the
interaction between the vorticity and strain rate tensor causes the destruction of enstrophy in strong
compression regions. The conditional average of � and �d increases rapidly with the increase
of normalized velocity divergence in strong expansion regions, suggesting that strong expansion
motions significantly enhance the generation of enstrophy and its dilatational component by the
interaction between the vorticity and strain rate tensor.
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FIG. 9. Isosurfaces of normalized velocity divergence θ/θ ′ for the simulations with 2563 grid resolution
at the maximum heat release time for each turbulent Mach number at Mt,i = 0.2, 0.4, 0.6. The isosurfaces
are colored by ωiω jSi j/〈ωiω jSi j〉: (a) θ = −1.5θ ′ at Mt,i = 0.2; (b) θ = 1.5θ ′ at Mt,i = 0.2; (c) θ = −1.5θ ′ at
Mt,i = 0.4; (d) θ = 1.5θ ′ at Mt,i = 0.4; (e) θ = −1.5θ ′ at Mt,i = 0.6; (f) θ = 1.5θ ′ at Mt,i = 0.6.

We further explore the relation between compression and expansion structures with enstrophy
production. Figure 9 displays isosurfaces of velocity divergence of θ = −1.5θ ′ and θ = 1.5θ ′
for Mt,i = 0.2, 0.4, 0.6 at the maximum heat release time (t/τ = 76.4 at Mt,i = 0.2; t/τ = 67.3
at Mt,i = 0.4; t/τ = 57.9 at Mt,i = 0.6) for each turbulent Mach number. The isosurfaces are
cikired by the normalized enstrophy production ωiω jSi j/〈ωiω jSi j〉. It is shown that the number
of isosurfaces of θ = −1.5θ ′ and θ = 1.5θ ′ increase with the increase of initial turbulent Mach
number. The isosurfaces are bloblike and tubelike in our numerical simulations. Both the positive
and negative values of entrophy production ωiω jSi j are found on the isosurfaces of θ = −1.5θ ′, and
the entrophy production is likely to be positive on the isosurfaces of θ = 1.5θ ′. These observations
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are consistent with the previous results on the conditional average of entrophy production ωiω jSi j

as shown in Fig. 8(c), demonstrating that the interaction between the vorticity and strain rate tensor
causes the production of enstrophy in strong expansion regions.

IV. LOCAL FLOW TOPOLOGIES OF COMPRESSIBLE REACTIVE TURBULENCE

1. Topological classification of compressible turbulence

According to the topological classification by Chong et al. [1], the local flow pattern at a point
in a compressible flow field can be deduced by three invariants of the velocity gradient tensor Ai j =
∂ui/∂x j . The first, second, and third invariants of Ai j are denoted by P, Q, and R, respectively, which
are defined by

P = −(ξ1 + ξ2 + ξ3) = −θ, (24)

Q = ξ1ξ2 + ξ2ξ3 + ξ3ξ1 = 1
2 (P2 − Si jSi j + Wi jWi j ), (25)

R = −ξ1ξ2ξ3 = 1
3 (−P3 + 3PQ − Si jS jkSki − 3Wi jWjkSki ). (26)

Here Si j = (Ai j + Aji )/2 is the strain rate tensor, and Wi j = (Ai j − Aji )/2 is rotation rate tensors. It
is noted that the first invariant P characterizes the flow dilatation, and the second invariant Q mea-
sures the relative importance of enstrophy and strain. Positive values of Q represent that enstrophy
dominates over strain, and vice versa [62]. The character of the third invariant R depends on Q,
i.e., Q > 0, R < 0 represents vortex stretching, and Q > 0, R > 0 represents vortex compression.
For Q < 0, R is dominated by the strain self-amplification [62]. Three eigenvalues of the velocity
gradient tensor are denoted by ξi (i = 1, 2, 3), which satisfy the following characteristic equation:

ξ 3
i + Pξ 2

i + Qξi + R = 0. (27)

The three invariants can be further decomposed into two parts: a symmetric part and an antisym-
metric part:

Ps = P = −θ, Qs = 1
2

(
P2

s − Si jS ji
)
, Rs = 1

3

( − P3
s + 3PsQs − Si jS jkSki

)
, (28)

Pw = 0, Qw = − 1
2Wi jWji, Rw = 0, (29)

where Ps is identical with P. Qs is the second invariants of the strain rate tensor (i.e., symmetric
part of ∂ui/∂x j) and Qw is the second invariants of the rotation rate tensor (i.e., antisymmetric part
of ∂ui/∂x j). The correlation between Qs and Qw can be used to measure the relative importance of
flow motions between pure straining motion and pure solid-body rotation. Rs is associated with the
strain production [62–64].

The discriminant � of the velocity gradient tensor is defined by

� = 27R2 + (4P3 − 18PQ)R + (4Q3 − P2Q2) (30)

If � < 0, the three eigenvalues of Ai j are all real: ξ1 � ξ2 � ξ3. On the other hand, if � > 0, only
one eigenvalue is real, and the two other eigenvalues are complex conjugate pairs, ξ1,2 = ξr ± iξi

and ξ3 is real, where ξr and ξi are real numbers. � < 0 and � > 0 correspond to the nonfocal
regions and focal regions, respectively [1]. The surface � = 0 can be split into two surfaces r (1a)

and r (1b), given by

P(9Q − 2P2) − 2(−3Q + P2)3/2 − 27R = 0, (31)

P(9Q − 2P2) + 2(−3Q + P2)3/2 − 27R = 0. (32)
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FIG. 10. The topological classifications of three representative Q-R planes: (a) P = 0, (b) P > 0, and
(c) P < 0. The description of acronyms for various flow topologies are provided in Table IV.

The two surfaces r (1a) and r (1b) osculate each other to form a cusp. In the region � > 0, there is
another surface r (2) which contains the points associated with purely imaginary eigenvalues:

PQ − R = 0 (33)

The P-Q-R space can be partitioned into different spatial regions by the surfaces r (1a), r (1b), r (2) and
R = 0. r (1a) = P(Q − 2P2/9)/3 − 2(−3Q + P2)3/2/27 and r (1b) = P(Q − 2P2/9)/3 + 2(−3Q +
P2)3/2/27.

The flow topology can be studied conveniently in the Q-R plane for a given value of P or θ

[24,65]. The surfaces r (1a), r (1b), r (2) and R = 0 appear simply as curves on the Q-R plane, dividing
the plane into different regions corresponding to different topologies. The topological classifications
of three representative Q-R planes are plotted in Fig. 10: P = 0, P > 0, and P < 0. The description
of acronyms for various flow topologies is given in Table IV. On the plane P = 0 as shown in
Fig. 10(a), the curves r (1a) and r (1b) are symmetric to each other with respect to the Q axis, and the
curve r (2) is coincident with the Q axis. Four different topologies can be identified: UFC, UN/S/S,
SN/S/S, and SFS, which are denoted by S(1), S(2), S(3), and S(4), respectively. UN/S/S and SN/S/S
are nonfocal structures associated with � < 0, while UFC and SFS are focal structures associated
with � > 0. Specifically, the properties of three eigenvalues of velocity gradient tensor in these
topologies are ξ1 < 0, ξ2 > 0, and ξ3 > 0 for UN/S/S; ξ1 < 0, ξ2 < 0, and ξ3 > 0 for SN/S/S; ξr >

0 and ξ3 < 0 for UFC; and ξr < 0 and ξ3 > 0 for SFS. On the plane P > 0 as shown in Fig. 10(b),
the curves r (1a) and r (1b) are no longer symmetric to each other, and the curve r (2) intersects with the
curve r (1b) at Q = 0 and R = 0. Six different topologies can be identified: UFC, UN/S/S, SN/S/S,
SFS, SFC, and SN/SN/SN, which are denoted by S(1), S(2), S(3), S(4), S(5), and S(6), respectively. It
is worth noting that ξr < 0 and ξ3 < 0 for SFC, while ξ1 < 0, ξ2 < 0, and ξ3 < 0 for SN/SN/SN.

TABLE IV. Description of acronyms of various flow topologies.

Sector Acronym Description

S(1) UFC Unstable focus/compressing
S(2) UN/S/S Unstable node/saddle/saddle
S(3) SN/S/S Stable node/saddle/saddle
S(4) SFS Stable focus/stretching
S(5) SFC Stable focus/compressing
S(6) SN/SN/SN Stable node/stable node/stable node
S(7) UFS Unstable focus/stretching
S(8) UN/UN/UN Unstable node/unstable node/unstable node
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FIG. 11. Instantaneous contours of P/〈Qw〉1/2, Q/〈Qw〉, and R/〈Qw〉3/2 for the simulations with 2563 grid
resolution for Mt,i = 0.2, 0.4, 0.6 at the maximum heat release time for each turbulent Mach number: (a1)–(a3)
P/〈Qw〉1/2; (b1)–(b3) Q/〈Qw〉; (c1)–(c3) R/〈Qw〉3/2.

On the plane P < 0 as shown in Fig. 10(c), the curve r (2) intersects with the curve r (1a) at Q = 0
and R = 0. Six different topologies can be identified: UFC, UN/S/S, SN/S/S, SFS, UFS, and
UN/UN/UN, which are denoted by S(1), S(2), S(3), S(4), S(7), and S(8), respectively. It is worth noting
that ξr > 0 and ξ3 > 0 for UFS, while ξ1 > 0, ξ2 > 0, and ξ3 > 0 for UN/UN/UN.

2. Statistical properties of the invariants of velocity gradient tensor

We show instantaneous contours of normalized three invariants P/〈Qw〉1/2, Q/〈Qw〉, and
R/〈Qw〉3/2 for Mt,i = 0.2, 0.4, and 0.6 at the maximum heat release time for each turbulent
Mach number in Fig. 11. The first invariant P characterizes the velocity divergence. As shown
in Figs. 11(a1)–11(a3), a large number of compression and expansion patches are observed in the
flow field. With the increase of initial turbulent Mach number, the length scales of the compression
and expansion structures become smaller. The normalized second invariant Q/〈Qw〉 is shown in
Figs. 11(b1)–11(b3). A number of small-scale positive Q/〈Qw〉 blobs are found in both compression
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FIG. 12. Logarithm of the joint PDF of the second and third invariants of the velocity gradient tensor and
their components at Mt,i = 0.2, 0.4, 0.6: (a1)–(a3) log10PDF(Q, R), the second and third invariants are nor-
malized as Q/〈Qw〉 and R/〈Qw〉3/2, respectively; (b1)–(b3) log10PDF(−Qs, Qw ), the invariants are normalized
as −Qs/〈Qw〉 and Qw/〈Qw〉, respectively; (c1)–(c3) Qw log10PDF(Qs, Rs ), the invariants are normalized as
Qs/〈Qw〉 and Rs/〈Qw〉3/2, respectively. (a1), (b1), (c1) Mt,i = 0.2; (a2), (b2), (c2) Mt,i = 0.4; (a3), (b3), (c3)
Mt,i = 0.6.

and expansion regions, indicating that flow dilatation has little influence on the flow areas in
which the enstrophy dominates over stain. A large part of the flow field has a negative Q/〈Qw〉
value, suggesting that the strain dominates over enstrophy in most areas of the flow field. The
third normalized invariant R/〈Qw〉3/2 is shown in Fig. 11(c1)–11(c3). It is found that in positive
Q/〈Qw〉 regions, smaller scale negative R/〈Qw〉3/2 blob structures are found, indicating that the
vortex stretching is dominating these areas.

The statistical properties of the velocity gradient tensor can be studied conveniently in terms of
the joint PDF of the second and third invariants and their components. Figure 12 depicts the joint
PDF of the normalized second and third invariants and their components averaged using simulated
data in the strong reaction phase. The logarithm of the joint PDF of Q and R, log10PDF(Q, R)
is shown in Figs. 12(a1)–12(a3), where Q and R are normalized as Q/〈Qw〉 and R/〈Qw〉3/2,
respectively. It is shown that the joint PDF of the second and third invariants at three turbulent Mach
numbers us consistent with the well-known universal teardrop diagrams [4]. Moreover, the diagram
of the joint PDF of Q and R is insensitive to the change of turbulent Mach number. The joint PDF of
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−Qs and Qw can be utilized to identify the physical position relative to the vortex tube. Points close
to the horizontal line (−Qs = 0) implies a flow region at the center of the vortex with high enstrophy
but small translational dissipation. Points close to the vertical line (Qw = 0) suggest regions away
from the vortex tubes having high translational dissipation but low enstrophy [64]. The logarithm
of the joint PDF of −Qs and Qw, log10PDF(−Qs, Qw ) is shown in Figs. 12(b1)–12(b3), where −Qs

and Qw are normalized as −Qs/〈Qw〉 and Qw/〈Qw〉, respectively. It is shown that the diagrams at
three turbulent Mach numbers are similar to each other, suggesting that the physical position relative
to the vortex tube is slightly influenced by turbulent Mach number, and the flow regions at the center
of the vortex and away from the vortex tube are equally distributed. The logarithm of the joint PDF
of Qs and Rs, log10PDF(Qs, Rs) as shown in Figs. 12(c1)–12(c3) is another important invariant map
related to the geometry of small-scale fluid strain, where Qs and Rs are normalized as Qs/〈Qw〉 and
Rs/〈Qw〉3/2, respectively. In particular, the positive values of the third invariant Rs indicate the flow
compression and the destruction of strain, and the negative value of Rs suggests flow expansion and
the production of strain. It is observed that the positive Rs dominates over the negative Rs at three
turbulent Mach numbers, suggesting that the flow compression is the predominant flow motion. It
also can be found that both the positive and the negative values of Rs increase with the increase of
turbulent Mach number, suggesting that both strain production and destruction are enhanced with
the increase of flow compressibility.

The statistical properties of velocity gradient tensor can be further analyzed in terms of the
joint PDF of the second and third invariants PDF(Q, R) for a given range of velocity divergence θ .
Three typical ranges of velocity divergence are considered: −0.05 � θ/θ ′ � 0.05, −2.05 � θ/θ ′ �
−1.95, and 1.95 � θ/θ ′ � 2.05, approximately corresponding to three values of the normalized
first invariant P/P′ ≈ 0, P/P′ ≈ 2, and P/P′ ≈ −2, respectively. Here P′ represents the r.m.s.
value of the first invariant P: P′ =

√
〈P2〉 = θ ′. The second and third invariants of the velocity

gradient tensor are normalized as Q/〈Qw〉 and R/〈Qw〉3/2, respectively. Figure 13 depicts the
logarithm of the joint PDF of the second and third invariants of the velocity gradient tensor at
Mt,i = 0.2, 0.4, and 0.6 for three ranges of velocity divergence averaged using simulated data in
the strong heat release phase. It is shown that the joint PDF for the nearly incompressible region
−0.05 � θ/θ ′ � 0.05 (P/P′ ≈ 0) as shown in Figs. 13(a1)–13(a3) exhibits the teardrop shapes
at three turbulent Mach numbers, which is similar to those observed in the overall flow field as
shown in Fig. 12(a1)–12(a3), as well as reported results in the compressible decaying isotropic
turbulence [65] and compressible turbulent boundary layer [24]. Similar observations were also
reported in a wide range of incompressible turbulent flows [2,3,66]. The joint PDF of the second and
third invariants at three turbulent Mach numbers in the compression region −2.05 � θ/θ ′ � −1.95
(P/P′ ≈ 2) as shown in Figs. 13(b1)–13(b3) becomes more symmetric, and the fractions of the
joint PDF occupying the first and third quadrants become larger, as compared to those of the nearly
incompressible region −0.05 � θ/θ ′ � 0.05. It is observed that the flow topologies S(1) and S(4)

are predominant in the compression regions. The joint PDF of the second and third invariants at
three turbulent Mach numbers in the expansion region 1.95 � θ/θ ′ � 2.05 (P/P′ ≈ −2) as shown
in Figs. 13(c1)–13(c3) has a tendency to occupy the second and fourth quadrants and exhibits more
skewed shapes as compared to those of the nearly incompressible region −0.05 � θ/θ ′ � 0.05. It
is found that the expansion region is favorable to the unstable topologies S(2) and S(7). It is worth
noting that the joint PDFs for three ranges of velocity divergence are similar to each other at a
given velocity divergence range, suggesting that flow compressibility exerts little influence on the
dominating feature of the joint PDFs of the second and third invariants.

We denote three eigenvectors of the strain rate tensor Si j as �1, �2, and �3, with corresponding
eigenvalues λ1, λ2, and λ3 arranged in ascending order: λ1 � λ2 � λ3. The normalized eigenvalues
of the strain rate tensor are defined as [30]:

β j = λ j√
λ2

1 + λ2
2 + λ2

3

. (34)
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(a1) (a2) (a3)

(b1) (b2) (b3)

(c1) (c2) (b3)

FIG. 13. Logarithm of the joint PDF of the second and third invariants of the velocity gradient tensor
at Mt,i = 0.2, 0.4, 0.6, for three ranges of velocity divergence: (a1)–(a3) −0.05 � θ/θ ′ � 0.05; (b1)–(b3)
−2.05 � θ/θ ′ � −1.95; (c1)–(c3) 1.95 � θ/θ ′ � 2.05. (a1), (b1), (c1) Mt,i = 0.2; (a2), (b2), (c2) Mt,i = 0.4;
(a3), (b3), (c3) Mt,i = 0.6. The second and third invariants are normalized as Q/〈Qw〉 and R/〈Qw〉3/2,
respectively.

We provide the PDFs of the normalized eigenvalues β j of the strain rate tensor at Mt,i = 0.2,
0.4, and 0.6 averaged using simulated data in the strong heat release phase in Fig. 14. It is shown
that shapes of PDF of the normalized eigenvalues are close to each other for three turbulent Mach
numbers. Most values of β1 are negative, and the maximum value of the PDF decreases with the
increase of turbulent Mach number, while most values of β2 and β3 are positive. The most probable
ratios of three eigenvalues for the strain rate tensor at three turbulent Mach numbers are very close to
−4:1:3, which is similar to the most likely eigenvalue ratio in incompressible turbulence [18]. The
observation suggests that due to heat release through chemical reactions, the flow compressibility
is reduced to much lower values for each turbulent Mach number compared to their initial values.
Thus the most probable ratios of three eigenvalues for the strain rate tensor at three turbulent Mach
numbers are close to that observed in incompressible turbulence.

We further provide the conditional PDFs of the normalized eigenvalues β j of the strain rate
tensor conditioned on the normalized velocity divergence θ/θ ′ at Mt,i = 0.2, 0.4, and 0.6 averaged
using simulated data in the strong heat release phase in Fig. 15. In high compression regions −∞ <

θ/θ ′ < −2 as shown in Figs. 15(a), 15(c), and 15(e), the most probable values of β j decrease slightly
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FIG. 14. PDFs of the normalized eigenvalues β j of the strain rate tensor at Mt,i = 0.2, 0.4, 0.6.

with the increase of turbulent Mach number. In high expansion regions 2 < θ/θ ′ < +∞ as shown
in Figs. 15(b), 15(d), and 15(f), the most probable values of β j increase slightly with the increase
of turbulent Mach number. The most probable ratios of three eigenvalues for the strain rate tensor
at three turbulent Mach numbers are close to the overall probable ratio. The observation suggests
that the strong heat release reduces flow compressibility characterized by the initial turbulent Mach
number.

3. Flow topology and the relevant statistical properties

The statistical properties in P-Q-R space can be characterized conveniently by the volume
fractions V (k)

f of various flow topologies S(k) in compressible isotropic turbulence. We show the

volume fractions V (k)
f of various flow topologies at turbulent Mach numbers Mt,i = 0.2, 0.4, 0.6

for different Taylor Reynolds numbers averaged using simulated data in the strong heat release
phase in Table V. It is observed that three topologies S(1), S(2), and S(4) are predominant flow
patterns at Mt,i = 0.2, 0.4, and 0.6 for different Taylor Reynolds numbers, similar to the situations
of decaying compressible isotropic turbulence [65] and the compressible turbulent boundary layer
[24]. The results are consistent with the joint PDF of the second and third invariants as shown
in Figs. 12(a1)–12(a3), in which values predominate in the first, second, and fourth quadrants.
The topologies S(5), S(6), S(7), and S(8) can be observed only for compressible flows. The volume
fractions of topologies S(6) and S(8) are very small as compared to those of S(5) and S(7). It is noted
that the flow topologies S(5) and S(7) become larger with the increase of turbulent Mach number. The
Taylor Reynolds number has little influence on the volumetric average of flow topology statistics.

To further evaluate the heat release effects on volume fractions of various flow topologies, Fig. 16
shows the relative values of volume fractions of various flow topologies in three reaction phases.
The volume fractions of topologies S(1) to S(8) in three reaction phases are normalized by the
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FIG. 15. Conditional PDFs of the normalized eigenvalues β j of the strain rate tensor at Mt,i = 0.2, 0.4, 0.6,
for two ranges of velocity divergence: (a), (c), (e) −∞ < θ/θ ′ < −2; (b), (d), (f) 2 < θ/θ ′ < +∞.

corresponding values in the initial reaction phase. Thus, the relative values of volume fraction of
various flow topologies are 1.0 in the initial reaction phase. It is shown that the relative values of
the volume fraction of topologies S(1) ∼ S(4) are close to each other in three reaction phases at
three initial Taylor Reynolds numbers. The relative values of volume fraction of topologies S(5)

and S(7) significantly increase in the strong heat release phase, both of which are focal topologies,
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TABLE V. Volume fractions of various flow topologies (%).

Resolution Rei Mt,i S(1) S(2) S(3) S(4) S(5) S(6) S(7) S(8)

643 34 0.17 29.44 25.40 6.88 38.19 0.07 0.00 0.03 0.00
643 34 0.34 28.89 23.54 6.49 40.68 0.27 0.00 0.13 0.00
643 34 0.51 27.46 23.83 6.84 37.78 1.19 0.00 0.90 0.00
1283 62 0.18 25.85 27.75 7.37 38.89 0.09 0.00 0.05 0.00
1283 62 0.36 25.18 27.68 7.45 37.18 1.35 0.00 1.17 0.00
1283 63 0.54 24.26 26.28 7.82 35.99 2.57 0.01 3.06 0.01
2563 99 0.20 24.47 29.59 8.45 36.92 0.30 0.00 0.27 0.00
2563 100 0.40 23.69 28.78 8.34 36.25 1.45 0.00 1.48 0.00
2563 101 0.60 23.11 28.18 8.43 35.65 2.15 0.00 2.39 0.00

suggesting that the strong heat release is more likely to enhance the flow topologies which are
sensitive to dilatation change. This observation is consistent with the results obtained by Lai et . al
[67] in simulating a turbulent premixed flame in which the volume fraction of focal topologies
decreases from the unburned side to the burned side of the flame front.

In order to address the effect of flow topology on the enstrophy production ωiω jSi j , we calculate
the percentages of the relative contribution of various flow topologies to the average enstrophy
production as shown in Table VI. The statistics are averaged using simulated data in the strong
heat release phase. It is found that the total percentage of relative contribution of topologies S(2)

and S(4) is larger than 90% at three turbulent Mach numbers, indicating that the topologies S(2) and
S(4) have major contributions to the average enstrophy production 〈ωiω jSi j〉. This observation is
consistent with the teardrop shapes of PDF(Q, R), which exhibit a statistical preference in the second
and fourth quadrants of Q-R space corresponding to the topologies S(2) and S(4). The contribution
of topology S(1) to the average enstrophy production is negative for all turbulent Mach numbers,

(a1) (a2) (a3)

(b1) (b2) (b3)

(c1) (c2) (c3)

FIG. 16. Relative values of volume fractions of various flow topologies in three reaction phases, (a1)–(a3)
results obtained by 643 simulation data; (b1)–(b3) results obtained by 1283 simulation data; (c1)–(c3) results
obtained by 2563 simulation data.
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TABLE VI. Percentages of relative contribution of various flow topologies to the average enstrophy
production 〈ωiω jSi j〉 (%).

Resolution Rei Mt,i S(1) S(2) S(3) S(4) S(5) S(6) S(7) S(8)

643 34 0.17 −12.28 20.16 4.38 87.73 0.00 0.00 0.00 0.00
643 34 0.34 −7.77 20.56 4.58 82.07 0.00 0.00 0.02 0.00
643 34 0.51 −10.21 27.34 4.70 85.43 −0.24 0.00 0.27 0.00
1283 62 0.18 −4.82 23.02 4.33 77.46 0.01 0.00 0.01 0.00
1283 62 0.36 −5.10 22.29 4.18 78.43 −0.22 0.00 0.43 0.00
1283 63 0.54 −2.15 24.55 4.07 72.36 −1.31 0.00 2.49 0.00
2563 99 0.20 −5.36 22.77 4.26 78.28 −0.01 0.00 0.06 0.00
2563 100 0.40 −4.52 23.17 4.22 76.81 −0.32 0.00 0.63 0.00
2563 101 0.60 −3.84 23.73 4.18 75.19 −0.90 0.00 1.64 0.00

suggesting that the topology S(1) trends to lead to the destruction of enstrophy. The contribution of
topology S(5) and S(7) to enstrophy production is the opposite. With the increase of turbulent Mach
number, the enstrophy production by topology S(7) increases.

Figure 17 shows the relative contribution of various flow topologies to the average enstrophy
production 〈ωiω jSi j〉 in three reaction phases. The relative contribution of various flow topologies
to the average enstrophy production in three reaction phases is normalized by the corresponding
values in the initial reaction phase. It is observed that the destruction of topology S(1) to the average
enstrophy slightly decreases, while the contribution of topology S(7) to the average enstrophy
production significantly increases in the strong heat release phase. Heat release leads to the increase
of the relative volume fraction of flow topologies S(5) and S(7) in the strong heat release phase as
shown in Fig. 16; however, the effect of the relative increased volume fraction of topology S(5) to
the average enstrophy is not evident compared that of topology S(7). This observation suggests that

(a1) (a2) (a3)

(b1) (b2) (b3)

(c1) (c2) (c3)

FIG. 17. Relative contribution of various flow topologies to the average enstrophy production 〈ωiω jSi j〉 in
three reaction phases: (a1)–(a3) results obtained by 643 simulation data; (b1)–(b3) results obtained by 1283

simulation data; (c1)–(c3) results obtained by 2563 simulation data.
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FIG. 18. Volume fractions V (k)
f of various flow topologies S(k) conditioned on the normalized velocity

divergence θ/θ ′: (a), (b) Mt,i = 0.2; (c), (d) Mt,i = 0.4; (e), (f) Mt,i = 0.6.

the unstable focus/stretching topology enhanced by heat release is more conducive for enstrophy
production.

We depict volume fractions V (k)
f of various flow topologies S(k) conditioned on the normalized

velocity divergence at Mt,i = 0.2, 0.4, and 0.6 in Fig. 18. For compression regions θ/θ ′ < 0, as
the magnitude of velocity divergence becomes larger, the volume fraction of the flow topology S(3)

increases, while the volume fractions of the flow topologies S(1), S(2), and S(4) decrease. The flow
topology S(3) predominates over seven other flow topologies in high compression regions θ/θ ′ < −5
at Mt,i= 0.2. It is shown that the volume fraction of the flow topology S(5) is comparable to or larger
than those of flow topologies S(1), S(2), and S(4) in compression regions θ/θ ′ < 0 at Mt,i= 0.4 and
0.6. At Mt,i= 0.2, the volume fraction of the flow topology S(6) is larger than those of flow topologies
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×10-2

FIG. 19. The average of contributions �k of various flow topologies S(k) to the normalized enstrophy
production ωiω jSi j/〈ωiω jSi j〉 conditioned on the normalized velocity divergence: (a), (b) Mt,i = 0.2; (c), (d)
Mt,i = 0.4; (e), (f) Mt,i = 0.6.

S(1), S(2), S(4), and S(5) in high compression regions θ/θ ′ < −2. For expansion regions θ/θ ′ > 0,
as the magnitude of velocity divergence increases, the volume fractions of the flow topologies S(1),
S(2), S(3), and S(4) decrease. The volume fraction of the flow topology S(2) is larger than those of flow
topologies S(1), S(3), and S(4) in high expansion regions θ/θ ′ > 3. It is found that the flow topology
S(7) increases rapidly with the increase of velocity divergence in expansion regions θ/θ ′ > 0, and
predominates over other seven flow topologies in expansion regions θ/θ ′ > 0 at Mt,i = 0.4 and
0.6. It should be noted that the volume fraction of the flow topology S(8) predominates over seven
other flow topologies in expansion regions θ/θ ′ > 0 at Mt,i = 0.2. The volume fractions of the flow
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FIG. 20. The average of contributions �d
k of various flow topologies S(k) to the normalized enstrophy

production ωiω jSd
i j/〈ωiω jSi j〉 conditioned on the normalized velocity divergence: (a), (b) Mt,i = 0.2; (c), (d)

Mt,i = 0.4; (e), (f) Mt,i = 0.6.

topology S(8) at Mt,i = 0.4 and 0.6 are quite small compared to that at Mt,i = 0.2 in expansion
regions.

We define the contributions �k of various flow topologies S(k) to the normalized enstrophy
production ωiω jSi j/〈ωiω jSi j〉 as follows: �k = ωiω jSi j/〈ωiω jSi j〉 if the point is located in the
topology S(k); otherwise, �k=0. Similarly, the contributions �d

k of various flow topologies S(k)

to the dilatational component of normalized enstrophy production ωiω jSd
i j/〈ωiω jSi j〉 are defined as

�d
k = ωiω jSd

i j/〈ωiω jSi j〉 if the point is located in the topology S(k); otherwise, �d
k =0. We plot the

average of contributions �k of various flow topologies S(k) to the normalized enstrophy production
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ωiω jSi j/〈ωiω jSi j〉 conditioned on the normalized velocity divergence at Mt,i = 0.2, 0.4, and 0.6 in
Fig. 19. The statistics are averaged using simulated data in the strong heat release phase. In compres-
sion regions θ/θ ′ < 0, as the magnitude of velocity divergence becomes larger, the magnitudes of
the conditional average of �2 and �4 are negligibly small, while the magnitudes of the conditional
average of �5 increases at Mt,i = 0.2 and 0.4. With the increase of turbulent Mach number, the
magnitude of the conditional average of �1, �4, and �5 become larger in compression regions
at Mt,i = 0.6. In expansion regions θ/θ ′ > 0, the contribution of flow topologies S(4) and S(7) has
significant contributions to the positive values of enstrophy production for θ/θ ′ > 2.5. Additionally,
the contribution of topologies S(3), S(6), and S(8) to the enstrophy production is nearly zero in both
compression and expansion regions. With increase of turbulent Mach number, the magnitudes of
the conditional average of �5 and �7 increase due to the increase of flow compressibility.

We show the average of contributions �d
k of various flow topologies S(k) to the dilatational

component of normalized enstrophy production ωiω jSd
i j/〈ωiω jSi j〉 conditioned on the normalized

velocity divergence at Mt,i = 0.2, 0.4, and 0.6 in Fig. 20. The statistics are averaged using simulated
data in the strong heat release phase. In compression regions θ/θ ′ < 0, the magnitudes of the
conditional average of �d

2 and �d
3 are small, while the magnitudes of the conditional average of �d

1 ,
�d

4 , and �d
5 increase with the increase of magnitude of velocity divergence. In expansion regions

θ/θ ′ > 0, the contribution of flow topologies S(3), S(6), and S(8) to the dilatational component of
enstrophy production is negligible at three turbulent Mach numbers, while flow topologies S(4) have
significant contributions to the positive values of the compressible component of enstrophy produc-
tion. Comparatively, the contributions of topologies S(4) and S(7) to the dilatational component of
enstrophy production are small compared to the contribution to the overall enstrophy production.

V. CONCLUDING REMARKS

In this paper, the statistical properties of flow topologies and enstrophy production in chemically
reacting compressible isotropic turbulence are investigated at initial turbulent Mach numbers from
0.2 to 0.6 and at initial Taylor Reynolds number ranging from 32 to 160. During the chemical
reaction process, the dynamic process of energy transfer leads to an increase of internal energy
and a decrease of kinetic energy, as well as a decrease of flow compressibility and an increase of
turbulent length scales.

The strong compression motions cause the destruction of enstrophy by the interaction between
the vorticity and strain rate tensor, while strong expansion motions significantly enhance the
generation of enstrophy by the interaction between the vorticity and strain rate tensor. The effects
of compression and expansion motions on the enstrophy production are stronger at higher turbulent
Mach numbers due to the larger compressibility after the strong heat release period during the
chemical reaction process. The joint PDFs of the second and third invariants of velocity gradient
tensor are similar to the well-known universal teardrop diagram at three turbulent Mach numbers.
The joint PDF exhibits a skewed shape and has a stronger preference for the second and fourth
quadrants in expansion regions and consequently leads to the enstrophy production. The three
eigenvalues of the strain rate tensor have a most probable ratio of −4:1:3 at three turbulent Mach
numbers, which is consistent with the results obtained in incompressible turbulence.

Various statistical properties of eight flow topologies based on the three invariants of the velocity
gradient tensor are investigated. It is found that three flow topologies UFC, UN/S/S, and SFS
are predominant flow patterns at three turbulent Mach numbers. The volume fractions of various
flow topologies conditioned on the normalized velocity divergence are studied. It is revealed
that the flow topology SFS predominates in high compression regions, while the flow topology
UN/S/S predominates in high expansion regions at three turbulent Mach numbers. The various
flow topologies exhibit different effects on the enstrophy production by the interaction between the
vorticity and strain rate tensor. The topologies UN/S/S and SFS have major contributions to the
overall positive enstrophy production. The contribution of topologies UFC and SFC to the average
enstrophy production is negative at three turbulent Mach numbers.
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In the current study we simulate the unsteady H2/O2 chemical reaction process, which includes
the initial slow reaction phase, strong heat release phase, and slow reaction phase approaching
the depletion of reactants. The temporally averaged flow quantities conditioned on the strong heat
release phase reveals the distinct effects of reaction heat release on compressible turbulence, and
those effects would pertain in quasistable premixed/nonpremixed turbulent combustion in regions
where strong heat release prevails. To enhance the general applicability of the present methods and
results for the H2/O2 reaction in compressible turbulence over a wide range of initial conditions,
we provide the statistics of additional DNS data using a 643 grid for different initial pressure,
temperature, and species mass fractions in Appendix B. Those additional statistics can be used
to confirm the similarity of the temporal average of flow statistics conditioned on different reaction
phases at different initial conditions.
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APPENDIX A: VALIDATION OF CHEMICAL MODELING

In order to validate the chemical modeling, the zero-dimensional chemical reaction model based
on dimensional variables is derived. The dimensional governing equations are given as follows, and
the superscript “D” denotes dimensional variables. The zero-dimensional chemical reaction model is
derived based on Navier-Stokes (N-S) equations without consideration of flow motion and diffusion
[35]. The chemical reaction-related parameters, i.e., the reaction rate and heat of reaction in the
zero-dimensional model, are identical to those used in solving chemically reacting compressible
N-S equations:

∂ρD

∂tD
= 0, (A1)

∂ED

∂tD
= −

ns∑
s=1

H0,D
s ω̇D

s , (A2)

∂ (ρDYs)

∂tD
= ω̇D

s , s = 1, 2, . . . , ns − 1, (A3)

pD = ρDRDT D = ρD R

MD
T D, ED = ρDCD

v T D, (A4)

1

MD
=

ns∑
s=1

Ys

MD
s

, CD
v =

ns∑
s=1

YsC
D
v,s, CD

v,s = CD
p,s − R

MD
s

, (A5)

CD
p,s = R

MD
s

[ζ0,s + ζ1,sT
D + ζ2,s(T

D)2 + ζ3,s(T
D)3 + ζ4,s(T

D)4]. (A6)

In the equations, the variables include density ρ, time t , pressure p, temperature T , total energy
per unit volume E , total number of species ns, mass fraction of sth species Ys, heat of reaction of sth
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TABLE VII. Initial conditions for chemical modeling validation.

Case No. H2 (%) O2 (%) N2 (%) Tinit (K) pinit (Pa)

S13 0.95 0.49 98.56 934 306002
S14 1.01 0.52 98.47 933 344505
S15 1.01 0.52 98.47 934 607950
S16 0.50 0.50 99.00 880 32424

FIG. 21. Chemical modeling validation: temporal variation of species mole fractions and temperature for
different initial conditions.
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TABLE VIII. Initial conditions for chemical reactions.

Reaction No. H2 (%) O2 (%) N2 (%) Tinit (K) pinit (Pa)

R1 16.0 8.00 76.00 880 32 424.0
R2 16.0 40.0 44.00 800 10 132.5
R3 10.0 20.0 70.00 1000 101 325.0
R4 5.00 5.00 90.00 1200 202 650.0
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FIG. 22. Temporal variation of flow statistics of R1 at Mt,i = 0.2, 0.4, 0.6: (a) normalized averaged heat
release 〈�〉(γ − 1)M2; (b) averaged temperature 〈T 〉; (c) averaged density of species OH 〈ρOH〉; (d) averaged
magnitude of density gradient G(ρ ); (e) turbulent Mach number Mt ; (f) Taylor Reynolds number Reλ.
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 ×10-2

FIG. 23. Temporal variation of flow statistics of R2 at Mt,i = 0.2, 0.4, 0.6: (a) normalized averaged heat
release 〈�〉(γ − 1)M2; (b) averaged temperature 〈T 〉; (c) averaged density of species OH 〈ρOH〉; (d) averaged
magnitude of density gradient G(ρ ); (e) turbulent Mach number Mt ; (f) Taylor Reynolds number Reλ.

species −H0
s , reaction rate of sth species ω̇s, molecular weight of sth species Ms, mean molecular

weight of the mixture M, specific heat at constant pressure of sth species Cp,s, specific heat at
constant pressure of the mixture Cp, specific heat at constant volume of sth species Cv,s, and specific
heat at constant volume of the mixture Cv . The specific heat at constant pressure of sth species Cp,s

can be obtained through polynomial fitting with Eq. (A6), in which the fitting coefficients ζ0,s, ζ1,s,
ζ2,s, ζ3,s, and ζ4,s can be found in [68].

We choose a detailed H2/O2 chemical reaction kinetics in the current study instead of a single-
step chemistry previously used [35] based on two considerations. First, we want to improve our code
in solving real combustion problems. Hydrogen/air combustion is important and widely considered
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 ×10-3

FIG. 24. Temporal variation of flow statistics of R3 at Mt,i = 0.2, 0.4, 0.6: (a) normalized averaged heat
release 〈�〉(γ − 1)M2; (b) averaged temperature 〈T 〉; (c) averaged density of species OH 〈ρOH〉; (d) averaged
magnitude of density gradient G(ρ ); (e) turbulent Mach number Mt ; (f) Taylor Reynolds number Reλ.

in clean energy utilization problems. Second, in previously used single-step chemistry, Pr = Sc =
0.7, which suggested a unity Lewis number for all species. In current study, we consider a nonunity
Lewis number situations for different species.

The experimental data from a H2/O2 reaction in a flow reactor by Mueller et . al [69] are used to
validate the chemical reaction modeling. Table VII shows initial conditions for four validation cases.
The initial mole fractions of H2, O2, and N2 are given in the table, and the concentrations of six other
species in the mixture are specified as 0.0. Figure 21 shows the comparison of zero-dimensional
model results and experimental data. It is shown that the temporal variation of mole fraction of
species H2, H2O, and O2 in four cases collapses with the experimental data. The temporal variation
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 ×10-3

FIG. 25. Temporal variation of flow statistics of R4 at Mt,i = 0.2, 0.4, 0.6: (a) normalized averaged heat
release 〈�〉(γ − 1)M2; (b) averaged temperature 〈T 〉; (c) averaged density of species OH 〈ρOH〉; (d) averaged
magnitude of density gradient G(ρ ); (e) turbulent Mach number Mt ; (f) Taylor Reynolds number Reλ.

of temperature in case S13 and case S16 from the zero-dimensional model prediction is larger than
experimental data at the later stage of chemical reaction. This deviation might result from that in the
zero-dimensional chemical reaction model; kinetic energy is not considered, and thus the chemical
reaction heat release has been completely converted to internal energy, leading to a larger spatially
averaged temperature than experimental measurements in an actual environment. In general, the
model predictions are in good agreement with the experimental data for different initial conditions.

We use nonunity Lewis numbers in current simulations and do not simulate the H2/O2 combus-
tion under unity Lewis number situations for comparison. The effects of differential diffusion would
be considered in future explorations. Lapointe et al. [70] studied the differential diffusion effects in
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TABLE IX. Resulting flow statistics at reaction initial and end phases.

Case No. Reλ,i Reλ,e Mt,i Mt,e (η/�x)i (η/�x)e (LI/η)i (LI/η)e Kai Kae

R1M02 34 21 0.17 0.11 1.02 1.52 18.7 13.2 55 416
R1M04 34 21 0.34 0.21 1.03 1.52 18.8 13.2 35 54
R1M06 34 21 0.51 0.32 1.03 1.53 18.8 13.1 32 42
R2M02 34 21 0.17 0.10 1.03 1.56 18.8 12.9 185 3542
R2M04 34 21 0.34 0.21 1.03 1.56 18.8 12.9 250 643
R2M06 34 21 0.51 0.31 1.03 1.56 18.8 12.9 251 336
R3M02 34 25 0.17 0.12 1.01 1.33 18.9 14.8 991 1076
R3M04 34 25 0.34 0.25 1.02 1.36 18.8 14.6 567 1032
R3M06 34 25 0.51 0.37 1.03 1.36 18.8 14.6 140 629
R4M02 34 30 0.17 0.15 1.02 1.18 18.9 16.6 471 2795
R4M04 34 30 0.34 0.28 1.03 1.19 18.9 16.6 171 1301
R4M06 34 27 0.51 0.44 1.03 1.21 18.8 16.5 110 475

premixed n-heptane/air flames at different Karlovitz numbers using direct numerical simulations.
They found that simulations with nonunity Lewis numbers exhibit lower mean fuel consumption and
heat release rates than their unity Lewis number counterparts. However, the effects of differential
diffusion decrease at large Karlovitz number situations. In our simulations for 1283 and 2563 grid
resolutions, the Karlovitz numbers are larger than 100. Based on the findings by Lapointe et al., we
expect that the differential diffusion effects would not be evident at large Taylor Reynolds numbers.

APPENDIX B: INFLUENCE OF INITIAL CONDITIONS

In order to enhance the general applicability of the present methods and results for H2/O2

reaction in compressible turbulence over a wide range of initial conditions, we provide the statistics
of additional DNS data using 643 grid for different initial pressure, temperature, and species mass
fractions.

1. Specification of DNS parameters

The specification of initial conditions for four reactions are provided in Table VIII. The initial
conditions for reaction R1 are those adopted in the main text. The initial conditions for reactions
R2–R4 are additional cases for comparison. For the four reactions, the mole fraction range of H2 is
5%–16%, the mole fraction range of O2 is 5%–40%, the initial temperature range is 880–1200 K,
and the initial pressure range is 32 424–202 650 Pa.

2. Temporal variations of the flow statistics

Figures 22–25 show the temporal variations of flow statistics for the four reactions. It is observed
that the temporal variations of flow statistics for reactions R2–R4 are similar to those for reaction
R1. For the four reactions, with the increase of reaction heat release, the temperature increases, and
the turbulent Mach number as well as the Taylor Reynolds number decreases. The initial conditions
influence the time to reach the maximum heat release, the final averaged temperature, and the extent
for the decrease of the turbulent Mach number and Taylor Reynolds number.

3. Averaged values of flow statistics

We provide the averaged values of flow statistics for different reaction phases in Tables IX and X.
It is shown that the initial conditions influence the amount of heat release which result in a different
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TABLE X. Resulting flow statistics at reaction initial and strong heat release phases.

Case No. S3,i S3,s θ ′
i θ ′

s ω′
i ω′

s (θ ′/ω′)i (θ ′/ω′)s (S′/ω′)i (S′/ω′)s

R1M02 −0.31 −0.30 0.02 0.01 3.86 3.35 0.006 0.003 0.707 0.707
R1M04 −0.33 −0.28 0.08 0.03 3.81 3.24 0.021 0.009 0.707 0.707
R1M06 −0.33 −0.21 0.24 0.14 3.85 3.22 0.061 0.043 0.710 0.709
R2M02 −0.33 −0.30 0.02 0.05 3.86 4.00 0.005 0.013 0.707 0.707
R2M04 −0.33 −0.36 0.08 0.11 3.81 3.81 0.021 0.029 0.709 0.707
R2M06 −0.31 −0.33 0.22 0.21 3.83 3.72 0.057 0.056 0.710 0.708
R3M02 −0.26 −0.27 0.02 0.15 3.95 3.38 0.005 0.044 0.707 0.707
R3M04 −0.30 −0.28 0.09 0.72 3.90 3.22 0.023 0.224 0.707 0.707
R3M06 −0.34 −0.58 0.23 1.07 3.88 3.20 0.059 0.334 0.710 0.708
R4M02 −0.36 −0.32 0.02 0.07 3.98 3.88 0.005 0.018 0.707 0.707
R4M04 −0.36 −0.29 0.08 0.25 3.92 3.82 0.020 0.065 0.707 0.707
R4M06 −0.33 −0.45 0.24 0.59 3.81 3.45 0.063 0.171 0.709 0.708

turbulent Mach number and Taylor Reynolds number in the reaction end phase. The variations of
the averaged flow statistics for four reactions are similar to each other.
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