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In reacting flows where chemical reactions occur within a flowing fluid, certain changes
in the properties of the fluid, induced by the chemical reaction, can alter the flow dynamics.
Generally, the most significant changes in the flow characteristics are associated with
the largest changes in the fluid properties induced by the reaction. Specifically, the flow
changes monotonically in response to the change in the physical properties induced by
the reaction. However, this paper demonstrates a reacting liquid flow where the effect on
the flow reverses in response to changes in the physical properties. We experimentally
investigated viscous fingering (VF) in a reacting flow where the chemical reaction produces
a gel. VF is a phenomenon wherein the interface of two fluids is fluid-dynamically unstable
and forms a fingerlike pattern when the more-viscous fluid is displaced by the less-viscous
one in porous media or Hele-Shaw cells. Rheological measurements of the gel produced
at the liquid-liquid interface demonstrate that gel production affects the VF dynamics in
completely opposing manners, depending on the strength of the gel. The VF pattern is
approximately the same as the nonreactive case when the gel strength is weak, the fingers
become narrower when the gel strength is medium, and the fingers become wider when
the gel strength is strong. These opposing trends cannot be explained by standard linear
stability analysis for a reactive system where only the viscosity effect is considered. In this
paper, we propose a model that explains these opposite effects via a stability analysis of
the VF that considers the strength and viscoelastic properties of the gel. In the proposed
model, the VF becomes thinner when the shear thinning viscosity of the gel is effective,
whereas the VF becomes wider when the gel behaves as an elastic or solid material and,
thus, acts to reduce the permeability of the porous media. The aforementioned viscoelastic
properties are based on actual viscosity measurements of the gel bulk itself. Combining the
experimental results and theoretical considerations, we demonstrate that it is possible to
achieve opposite VF effects depending on the gel strength. This is enabled by the fact that
the rheological properties, which are primarily responsible for the flow dynamics, change
depending on the gel strength.

DOI: 10.1103/PhysRevFluids.7.023201

I. INTRODUCTION

Reacting flows in which chemical reactions occur within a flowing fluid, can be seen in a
wide variety of fields, such as in industrial, environmental, and biological applications [1]. In
reacting flows, the flow characteristics change when the physical properties of the fluid related
to the flow (density, viscosity, interfacial tension, and viscoelasticity) change due to the reaction.
Various experimental and theoretical studies on reacting flows have been performed, focusing on the
chemical reaction-induced modification of flow dynamics via changes in density [2–20], viscosity
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[21–36], interfacial tension [37–41], and viscoelasticity [42–49]. One such study reviewed previous
studies on the effects of reaction-induced changes in density and viscosity on hydrodynamics [50].
Generally, the ratio between the reaction rate and flow rate, which is known as the Damköhler
number (Da), significantly influences the reacting flow dynamics. Additionally, the variation in the
physical properties induced by the reaction is also a significant factor. Given the same Da, or in an
infinite Da condition with a very high reaction rate, typically, the influence of the reaction on the
flow increases as the variation in the physical properties induced by the reaction increases. These
effects, induced by density changes, viscosity changes, change in interfacial tension, and change
in viscoelasticity, were reported in Refs. [2–6,8,10,12,13,16–18,20,21,23–25,29,31,34–36,41,46],
respectively. Essentially, the flow changes monotonically in response to the changes in the physical
properties induced by the reaction. However, in the present paper, we demonstrate, an observation
of reversals in the flow dynamics induced by the reaction, dependent on the changes in the physical
properties of the fluid. This finding was obtained in a reacting flow that produces a viscoelastic gel.

In the present paper, we investigated the viscous fingering (VF) phenomenon as a flow field. VF
or Saffman-Taylor instability is a phenomenon where the interface of two fluids is hydrodynamically
unstable. This induces a fingerlike configuration where the more viscous fluid is displaced by the
less viscous liquid within a porous media or a Hele-Shaw cell—a thin gap between parallel plates,
which is considered the simplest model of two-dimensional flow in porous media [51,52]. Generally,
VF is classified according to the miscibility of the two fluids. When immiscible, the capillary
number, which is the ratio of the interfacial tension and viscous force, is the dominant dimensionless
number governing the behavior of the flow; and when miscible, the Péclet number, which is the
ratio of the mass transport rate by convection and that by diffusion, is the dominant dimensionless
number. The characteristics of VF with Newtonian fluids have been well investigated [52]. For
both systems, the nonlinear propagation of VF is governed by multiple mechanisms including
shielding and spreading and splitting. Shielding is the phenomenon in which a finger slightly ahead
of its neighboring fingers quickly outruns them and shields them from further growth. Spreading
and splitting are the phenomena in which a finger spreads until it reaches a certain width and
becomes unstable and splits [52]. It is known that the non-Newtonian property of a fluid has great
influence on the VF pattern. Experiments on materials, such as clay slurries, colloidal fluids, and
polymer solutions, revealed branched fractal or fracturelike patterns [53–56]. The physical origin
of the significantly different structures is so far unclear, mainly because these fluids simultaneously
display multiple non-Newtonian properties, such as shear thinning or thickening, viscoelasticity,
and yield stress. Therefore, numerous studies have been conducted on VF in non-Newtonian fluids
with the aim of elucidating how each non-Newtonian property affects the VF formation. This was
accomplished using fluids which can be regarded as having only one non-Newtonian property so
that other non-Newtonian properties can be neglected [57–62]. In addition to the non-Newtonian
fluid properties, chemical reactions occurring at the interface between the two fluids have attracted
significant research attention because such reactions affect the VF dynamics. Both experimental
and theoretical studies have reported changes in the VF pattern induced by changes in viscosity
due to chemical reactions in the miscible systems [21–36]. In the immiscible system, changes were
reported in the VF pattern induced by changes in the interfacial tension due to chemical reactions
[37,39,41]. Additionally, a number of studies, including the present paper, have been conducted
on VF in the presence of gel production. For miscible systems, Nagatsu et al. [46] reported that
the VF pattern changes to a spiral pattern due to gel formation. For immiscible systems, a report
by Niroobakhsh et al. [48] demonstrated that a wide variety of fingering patterns can be observed
depending on the reactant concentration and flow rate, which are strikingly different from classic
VF instability.

Not limited to VF, several studies have also been conducted on reacting flows that produce
gels or viscoelastic materials [43–45,47,49]. Significant attention has been paid to the elastic
fingering phenomenon, which is induced in gel-like materials due to a chemical reaction during
fluid displacement in the Hele-Shaw cell [42,63–67] (elastic fingering can be distinguished from
VF because it is induced mainly by the elastic properties). However, no studies have systematically
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REVERSAL OF EFFECTS FROM GEL PRODUCTION IN A …

FIG. 1. Shear viscosity for the polymer solutions with varying pH.

changed the viscoelastic strength of the gels produced and clarified the effects in detail. In this
paper, we combine a reacting flow experiment, which produces gel via VF and the rheological
measurements of the gel. We demonstrate that the VF pattern is the same as in a nonreactive flow
when the gel strength is weak, becomes narrower when the gel strength is medium, and becomes
wider when the gel strength is high. These results indicate that the flow dynamics reverse depending
on the degree of change in the physical properties of the fluid induced by the gel production reaction
in the reacting flow, which has, thus, far not been clearly demonstrated. We demonstrate that these
opposite effects cannot be explained using a standard linear stability analysis for reactive miscible
VF [36] where only the influence of the viscosity is considered. Alternatively, we propose a simple
model for the stability of VF that considers the viscoelastic effects of the gel produced, which can
explain the opposite effects.

II. SOLUTION SYSTEM AND MEASUREMENT OF FLUID PROPERTIES

In this paper, we employed a 1.00-wt% partially hydrolyzed polyacrylamide (HPAM) solution as
the more viscous fluid and a 0.1-M Fe(NO3)3 solution as the less viscous fluid. To alter the strength
of the gels produced whereas maintaining the viscosities of the polymer solutions, we changed the
pH of the polymer solution by diluting the polymer solution with an aqueous solution of NaOH,
instead of water. When the aqueous solution of NaOH was added to the PAM solution, a portion of
the amide groups in the PAM was hydrolyzed to form carboxylate groups [Eq. (1)] [68]. Both the
PAM (weight-average molecular weight: Mw = 5×106) and the NaOH were obtained from WAKO
Pure Chemical Industries, Ltd. without further purification. We prepared polymer solutions with pH
values ranging from 9 to 13. Prior to the VF experiment, we measured the shear viscosity using
an AR-G2 rheometer from TA Instruments. The results of these measurements are presented in
Fig. 1. The polymer solutions have approximately the same viscosity but have a shear-thinning
property. The density was measured by a pycnometer: the densities of the polymer solutions of pH
9, 10, 11, 12, 13, and that of the 0.1-M Fe(NO3)3 solution were 1.001, 1.001, 1.001, 1.001, 1.003,
and 1.126 g/cm3, respectively. However, the effect of the density can be negligible in a horizontal
Hele-Shaw flow when the gap is sufficiently small as in this paper,

(1)
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The following chemical reaction occurs at the interface between the displaced HPAM solution
and the displacing Fe(NO3)3 solution [69]:

(2)

This chemical reaction is a type of cross-linking reaction that results in a high viscoelasticity.
Therefore, a cross-linked gel-like material is produced at the interface during the displacement.
Here, we measured the interfacial rheology via a small-amplitude oscillatory shear using a commer-
cial ARES-G2 rheometer from TA Instruments. For the measurements, we used a double wall ring
geometry for the interfacial shear rheometry [70] [Fig. 2(a)]. We placed the higher density Fe(NO3)3

solution on the surface followed by a sensor. After 180 s, we poured the polymer solution onto the
Fe(NO3)3 solution.

The results from the time sweep measurements are presented in Figs. 2(b)–2(h), where G′
and G′′ represent the storage modulus (corresponding to the viscous response) and loss modulus
(corresponding to the elastic response), respectively. The results from the solutions with pH ranging
from 9–11.5 demonstrate that both G′ and G′′are fluctuated due to liquidity interface because either
the strength of the gel is too weak, or the cross-linking reaction does not occur. However, G′ and
G′′ for the solutions with pH of 12, 12.5, and 13 are clearly observable and reach a steady value
after an initial temporal increase. At pH of 12 and 12.5, the measured values become constant after
around t = 300 s. Therefore, the cross-linking reaction at pH of 12 and 12.5 requires approximately
120 s as the two solutions are contacted at t = 180 s. In contrast, the cross-linking reaction is
instantaneous at a pH of 13 as the measured values are constant from t = 180 s when the two
solutions come in contact. We averaged the values of G′ and G′′ at time sweeps from the interfacial
rheological measurement of Fig. 2 where the value of the steady state in multiple experiments for
each pH condition are averaged; the results of which are presented in Fig. 3(a). Subsequently, we
plot the average value of tan δ, which is defined as the ratio of G′′ to G′; the results are presented
in Fig. 3(b). According to the definition of tan δ, when tan δ is less than 1, the elastic component is
larger than the viscous one, whereas the viscous component is larger than the elastic one when tan δ

is greater than 1. The values of G′ and G′′ monotonically increase with the pH; as the pH increases,
the values very slightly increase for solutions with pH of 9–11, the values significantly increase for
solutions with pH of 11–13, and the increase in G′ is more intensive than that in G′′. The value of
tan δ monotonically decreases as the pH is increased for solutions with pH of 9–13. According to
the results in Figs. 3(a) and 3(b), we can conclude that a minimal amount of gel is produced when
using solutions with a pH of 9 or 10; the strength of the gel is weak when using solutions with a pH
of 11, medium when using solutions with a pH of 12, and is strong when using a solution with a pH
of 13.

We also performed a frequency sweep measurement at the liquid-liquid interface, the results of
which are presented in Fig. 4 where the storage modulus G′, loss modulus G′′, and complex viscosity
η∗ are compared against the various angular frequencies ω. It is well accepted that [71]:

(i) G′ and G′′ increasing with ω whereas η∗ remains constant, demonstrates the properties of a
dilute solution of a polymer.
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FIG. 2. (a) Schematics of the double wall ring geometry for an interfacial shear rheometry. Time-sweep
measurement of the liquid-liquid interfacial rheology between (b) pH 9, (c) pH 10, (d) pH 11, (e) pH 11.5,
(f) pH 12, (g) pH 12.5, and (h) pH 13 of polymer solution and Fe(NO3)3 solution with 1% strain and frequency
of 0.2 Hz. At t = 180 s, which is drawn by red solid lines, the Fe(NO3)3 solution contacts the polymer
solutions.

(ii) G′ and G′′ having a cross-over point with ω, demonstrates a concentrated solution of a
polymer.

(iii) G′ and G′′ being constant as ω is changed whereas η∗ decreases as ω demonstrates gel.
The results for solutions with pH of 9 or 10 indicate a dilute solution, i.e., no or little gel is

produced because both G′ and G′′ are relatively small, and approximately tan δ = 1. Also, the result
for pH 11 or 11.5 indicates that the solution has weak gel property because both G′ and G′′ are
relatively larger, and tan δ is smaller than 1. However, the measurements for solutions with pH of
12, 12.5, or 13 demonstrate that gel is produced since both G′ and G′′ are almost constant against ω

[Figs. 4(e)–4(g)], and the gel produced is stronger as pH is larger because G′ and G′′ are greater and
tan δ is smaller as pH is larger. The results presented in Figs. 2–4 demonstrate that gel is effectively
not produced when the pH are 9 and 10, the gel produced at a pH of 11 is weak, medium at a pH of
12, and strong at a pH of 13.
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FIG. 3. (a) Measured storage and loss moduli and (b) tan δ calculated based on (a) for several pH. The
error bars indicate standard deviation.

III. VF EXPERIMENT

The VF experiments in this paper were conducted using a radial Hele-Shaw cell, which consists
of two parallel glass plates (140×140 mm2) with a 0.5-mm gap between the plates. First, the flow
through a porous media is expressed by Darcy’s law,

⇀

u = − k

η
∇p, (3)

where
⇀

u is the velocity of the flow through the porous media, k is the permeability of the porous
media, η is the viscosity of the fluid, and p is the pressure. The flow in Hele-Shaw cells is expressed
as

�u = − b2

12η
∇p, (4)

FIG. 4. Frequency sweep measurement of the liquid-liquid interfacial rheology between (a) pH 9,
(b) pH 10, (c) pH 11, (d) pH 11.5, (e) pH 12, (f) pH 12.5, and (g) pH 13 of polymer solution and Fe(NO3)3

solution with 1% strain.
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FIG. 5. Displacement results for (a) pH 9, (b) pH 10, (c) pH 11, (d) pH 11.5, (e) pH 12, (f) pH 12.5, and
(g) pH 13 HPAM cases. The time shown at right bottom corner represents the time when the picture was taken
(when the longest radius reaches 45 mm).

where b is the gap between the two parallel plates. Equations (1) and (2) are equivalent when
k = b2/12. Therefore, it is possible to visualize the flow through the porous media as the flow
in Hele-Shaw cells. The flow rate employed in the present paper was 100 ml/h. The more viscous
polymer solutions were dyed blue using 0.01-wt% methylene blue to visualize the displacement
process. The displacement experiments were conducted a minimum of three times under each
condition.

The observations made during the displacement of the HPAM solutions by the Fe(NO3)3 solution
suggest that the strong gel stabilizes the finger pattern as shown in Fig. 5(g). The standard fingering
patterns are observable at pH values ranging from 9 to 12.5 [Fig. 5(a)–5(f)]. However, upon a more
detailed investigation, the fingers at a pH of 12, shown in Fig. 5(e), are narrower compared to the
other fingers. At a pH of 12.5, somewhat wider finger are observed. Figure 6 presents the time
evolution of fingers at a pH of 13. In these images, the cross-linking chemical reaction results in
the production of gel at the interface between the displacing and the displaced solutions. This gel
stabilizes the fingering pattern, making a circular pattern. However, the classical fingers appear
at t = 60 s because the ferric ion Fe3+ has been consumed, and so the chemical reaction does
not occur. Essentially, the concentration of the Fe(NO3)3 solution at the interface decreases with
time. Therefore, to maintain the strength of the gel at the interface at all times, the concentration

FIG. 6. Time evolution of the finger growth at pH 13. The black arrows show the classical fingering patterns
because the chemical reaction of the cross-linking does not occur.
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FIG. 7. Quantitative analyses for (a) the area density and (b) the finger width density.

of Fe(NO3)3 should be sufficiently large. In the present paper, the 0.1-M Fe(NO3)3 solution was
sufficiently concentrated to maintain the cross-linking reaction when the volume ratio was 1,
meaning 100 ml of HPAM was able to fully react with 100 ml of the 0.1-M Fe(NO3)3 solution.
However, focusing on the interface, the concentration of the 0.1-M Fe(NO3)3 solution may be
insufficient.

To analyze the pattern quantitatively, we utilized the area density darea, (which is sometimes
called the finger density) defined as the ratio of the area occupied by the pattern within the circle
of radius rmax to the area of the circle πr2

max, where rmax is the longest radius [Fig. 7(a)] [21]. As
expected, the darea of pH 13 is the largest, and the darea of pH 12 is the smallest. Focusing on the
finger width, Fig. 7(b) shows the finger width density dw [39], where dw is a function of the radius r
and is defined as the ratio of the average finger width w̄ to 2πr. w̄ is measured using the intersection
of concentric circles, centered on the injection point as a function of the circle radius r [48,72]. dw

is determined by averaging dw over r = 5–45 mm. The results of the calculation of dw are presented
in Fig. 7(b), where dw at a pH of 13 is much higher than that at a pH of 9–12 because of the VF
stabilized by the gel produced in the reaction. Additionally, dw has a nonmonotonic relation to the
pH as the value of dw is lowest at a pH of 12.

FIG. 8. Measurement of concentration profile in different pH fingering regimes. (a) The definition of ∇φ,
which is the gradient of brightness and (b) the relation between ∇φ and different pH fingering.
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FIG. 9. (a) G′ vs area density, (b) tan δ vs area density, (c) G′ vs width density, and (d) tan δ vs width
density.

Subsequently, the concentration gradient around the interface was investigated. Figure 8(a)
presents a gradient of the brightness around the interface φ, which is defined as the amount of the
gap that is filled by Fe(NO3)3 solution. It is calculated using the image processing program IMAGEJ

as brightness divided by x, the interfacial length. Therefore, ∇φ represents degree of miscibility over
the gel interface. The value of ∇φ was calculated from 15 measurement points at each pH level.
When the chemical reaction [Eq. (2)] was insufficient or the gel strength was too weak, the interface
became miscible, and the finger pattern was similar to a classical miscible VF pattern as presented
in numerous studies [52,73,74]. By contrast, when the chemical reaction produces a strong gel-like
material at the interface, the interface becomes immiscible because the two solutions cannot mix
with each other. A low value for ∇φ means the interface is miscible, and a high value means that a
gel is produced at the interface. From Fig. 8(b), we can confirm that the relation of ∇φ to the pH of
the polymer solutions demonstrates monotonic behavior in which ∇φ is effectively constant for pH
in the range of 9–11 and monotonically increases with pH when pH is larger than 11. These results
demonstrate that either very little gel is produced, or the strength of the gel during VF formation
is weak for solutions with pH of 9–11, the strength is medium at a pH of 12, and strong at a pH
of 13, which is consistent with the results of the interfacial rheological measurements described
earlier.

The next step was to investigate the relation between the gel production effects on the VF pattern
and the rheological properties of the gel. For this purpose, we plotted darea vs G′, darea vs tan δ, dw

vs G′, and dw vs tan δ in Figs. 9(a)–9(d), respectively. From these figures, it is clear that all of the
relations demonstrated nonmonotonic behavior. These results clearly demonstrate that the gel has
opposite effects on the VF dynamics depending on the gel strength. Specifically, the gel produced
at a pH of 12 decreases the darea and dw compared to the cases with no gel or weak gel at pH of
9–11; in contrast, the gel produced at pH of 13 increases darea and dw compared to the cases with
no or weak gel at pH of 9–11.
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Here, we comment quantitative values to define what is weak, medium, or strong for the strength
of the gel. In general, it is possible to quantitatively evaluate the gel strength by the absolute value
of G′, G′′, and tan δ and by the dependence of them on the frequency. Our main findings in the
present paper are the effect of the gel production on VF dynamics are opposite, depending on the gel
strength. Specifically, the VF pattern is approximately the same as the nonreactive case when the gel
strength is weak, the fingers become narrower when the strength is medium, and the fingers become
wider when the strength is strong. A threshold for the opposite effect are determined not only by
the gel strength, but also by the viscosity of the more-viscous liquid and the flow rate. However, we
find that we can classify the gel strength under the present condition of them as follows; G′ ∼ 10−4

N/m, tan δ ∼ 1 for no gel, G′ ∼ 10−4 − 10−3 N/m, tan δ ∼ 0.6–0.7 for weak gel, G′ ∼ 10−3 N/m,
tan δ ∼ 0.5 for medium gel, and G′ > 10−3 N/m, tan δ < 0.5 for strong gel.

In the next section, we attempt to theoretically explain the opposite or nonmonotonic effects of
the gel strength on the VF dynamics.

IV. THEORETICAL INVESTIGATION

A. Linear stability analysis

To conduct a stability analysis, we utilized the nondimensional governing equations provided by
Hejazi et al. [36] as follows:

∇ · �u = 0, (5)

∇p = −η(�u +�i), (6)

∂a

∂t
+ �u · ∇a = ∇2a − Daab, (7)

∂b

∂t
+ �u · ∇b = ∇2b − Daab, (8)

∂c

∂t
+ �u · ∇c = ∇2c + Daab, (9)

η = exp {RBb + RCc}, (10)

RB = ln

(
ηB

ηA

)
, (11)

RC = ln

(
ηC

ηA

)
, (12)

where �u is the velocity vector; �i is the unit vector along x; p is the pressure; η is the viscosity; a–c
are the concentrations of the polymer Fe(NO3)3, and produced gel-like material, respectively. Note
that these are all nondimensional variables. Da is the Damköhler number; and R is the logarithmic-
viscosity ratio. It should be noted that this is a model for a Newtonian fluid. Subsequently, the
standard linear stability analysis was conducted using Eqs. (5)–(12) following Hejazi et al. [36]. For
the finite Da, the relation between growth rate σ and wave-number k is derived by Hejazi et al. [36]
as follows:

(eRB + 1)(
√

k2 + σ + Da + k){RBk − 2
√

k2 + σ (k +
√

k2 + σ )}
+ k(eRB − 1)(RC − RB)(

√
k2 + σ −

√
k2 + σ + Da) = 0. (13)

The dispersion results with different Das are presented in Fig. 10. To obtain the values of RB and
RC , we directly measured ηA, ηB, and ηC using the rheometer and found RB = 4.83, RC = 4.83 at a
pH of 9; RB = 4.83, RC = 8.36 at a pH of 12; and RB = 4.83, RC = 10.2 at a pH of 13. A detailed
explanation of the viscosity measurement is included in the subsequent section. From Fig. 10, it
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FIG. 10. Dispersion curves at t0 = 0 showing the interface of Da for (a) Da = 0.1, (b) Da = 1, (c)
Da = 100, (d) Da = 103, and (e) Da = 104.

is clear that the growth rate monotonically changes with the pH, even when the various reaction
rates are considered. Therefore, this linear stability analysis alone cannot explain the nonmonotonic
behavior, such as the area density and finger width density. Thus, a new model is required to explain
this phenomenon, the details of which are described in the following subsection.

B. Proposed model

In this section, the mechanism by which the produced gel influences the VF dynamics is
considered. We assumed that:

(i) The chemical reaction is instantaneous.
(ii) The situation is illustrated by Fig. 11, where u is velocity, z is the position, η is the viscosity,

p is the pressure, L is the length of the porous media, and indices A and B represent the zone. δz is
virtual displacement.

The flow in Hele-Shaw cells is expressed by Eq. (3) as presented in the Introduction. The flow in
one dimension is expressed as

u = k

η

(
−d p

dz

)
. (14)

We consider that the less-viscous Fe(NO3)3 solution with viscosity η1 flows left to right, displacing
the more-viscous HPAM solution with η3, and the gel with viscosity η2 is produced between the
two solutions as is shown in Fig. 11. We assume the viscosity of the gel at zone B where the virtual
displacement is imposed is slightly different than that at zone A and, thus, it is denoted as βη2.

023201-11



HIRANO, NAGATSU, AND SUZUKI

FIG. 11. Schematic of the Hele-Shaw flow near the interface between more- and less-viscous liquids (inset)
for the present paper. The less viscous Fe(NO3)3 solution with viscosity η1 flows left to right, displacing the
more viscous HPAM solution with η3, and the gel with viscosity η2 is produced between the two solutions in
the figure. k is the permeability. We assume that the viscosity of the gel at zone B is slightly different than that
at zone A, and, thus, it is denoted as βη2.

Under this assumption, we obtain the following equation based on Eq. (14):

uA − uB = η1 + (β − 1)η2
z2−z1

δz − η3

η1z1 + η2(z2 − z1) + uAη3(L − z2)
uBδz. (15)

The derivation of Eq. (15) is described in the Supplemental Material [75]. Denoting z2−z1
δz as z′,

Eq. (15) becomes

uA − uB = η1 + (β − 1)z′η2 − η3

η1z1 + η2(z2 − z1) + uAη3(L − z2)
uBδz. (16)

Here, the denominator on the right side of Eq. (16) is positive because η1–η3, (z2 − z1), and (L − z2)
are positive. When uA − uB is positive, the virtual displacement becomes sufficiently small such that
the interface finally becomes flat, which means no fingering occurs or that the system becomes
hydrodynamically stable. In the opposite situation, when uA − uB < 0, the virtual displacement
becomes enhanced, resulting in a VF pattern. Additionally, the case where uA − uB < 0 should
be divided into two, namely, (uA − uB)reactive < (uA − uB)nonreactive < 0 and (uA − uB)nonreactive <

(uA − uB)reactive < 0. In the former case, the VF dynamics become increasingly unstable due to the
reaction. In the latter case, the VF dynamics become less unstable due to the reaction but are still
hydrodynamically unstable. To evaluate uA − uB, the numerator in the right-hand side of Eq. (16)
should be investigated. In this paper, the viscosity of the Fe(NO3)3 solution η1 was 9.65×10−4 Pa s,
the viscosity of the HPAM solution η3 was 0.120 Pa s at γ̇ = 1.4 s−1, which were calculated from
the injection rate of 100 ml/h at r = 25 mm using the equation, U = q

2πrb , and γ̇ f = q
πRb2 , where

U is the increase rate of the circle’s radius R when the less-viscous liquid completely displaces the
more-viscous liquid, keeping the boundary circular, and γ̇ f is the shear rate in the vicinity of the
fingertip [21]. In addition, we roughly estimate the width of gel as z2 − z1 ∼ 1 mm, and the virtual
displacement as δz ∼ 0.1 mm, and, thus, z′ ∼ 10. The phase diagram spanned by η2 and (β − 1) for
effect of the gel production on the VF dynamics is presented in Fig. 12, which was obtained using
the aforementioned values of η1, η3, and z′. The physical meaning of the horizontal axis (β − 1)
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FIG. 12. Phase diagram spanned by (β − 1) and η2 for the effect of the gel production on the VF dynamics.
When the condition is in the stable region, the pattern is stable and is circular. The standard fingering patterns
are observable at the unstable region. At the more unstable region, the fingers are narrower than those without
the produced gel. (uA − uB )R and (uA − uB )NR represent (uA − uB )reactive and (uA − uB )nonreactive, respectively.

is whether the gel viscosity effectively increases or decreases by the virtual displacement. In the
diagram, the stable and unstable zones, determined based on whether uA − uB is positive or negative,
are shown. The dashed line represents uA − uB = 0, and the red region represents uA − uB > 0.
The blue region demonstrates that uA − uB of the reactive system is more negative than uA − uB

of the nonreactive VFs without produced gel, namely, (uA − uB)reactive < (uA − uB)nonreactive < 0.
When (β − 1) becomes negative, uA − uB is more negative than uA − uB without the reaction at all
times, and the VF dynamics become more unstable due to the reaction. When the viscosity of the
gel is large and (β − 1) is positive and large, uA − uB is positive, and the virtual displacement is
suppressed.

It is important to know the viscosity of the gel to identify the cases for pH 12 and 13 in the
diagram. Therefore, we measured the viscosity of the gel bulk itself, which is obtained by mixing
the two solutions [HPAM at a pH of 12 and 13 and the 0.1 M Fe(NO3)3] in equal volumes in a
beaker, using a rheometer and a cone plate. The results are presented in Fig. 13. Figure 13 shows
that:

FIG. 13. Results of shear viscosity measurement of the gel using cone plates.
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(i) The gel produced at a pH of 12 demonstrates shear-thinning viscosity behavior.
(ii) The gel produced at a pH of 13 demonstrates shear-thinning viscosity over approximately

γ̇ = 2 s−1, whereas it has constant viscosity when less than γ̇ = 2 s−1.
Therefore, the difference between the gels produced at pH values of 12 and 13 is whether the gel

demonstrates shear-thinning viscosity behavior. At a pH of 12, the shear-thinning viscosity behavior
indicates that the value of (β − 1) should be negative. This is because the shear rate imposed on zone
B is larger than that imposed on zone A. This consideration leads to β < 1 for the fluids having shear
thinning viscosity. Therefore, the case with pH 12 can be located in the blue region. Specifically,
an estimated zone where the case with pH 12 is located in a black ellipse in the blue zone since
η2, pH=12 = 4.11 Pa s, which is the value at γ̇ = 1.4 s−1 (Fig. 13). On the other hand, for pH 13,
we consider that the constant viscosity of the gel against the shear rate and that the gel behaves as
a solid, which acts to reduce the permeability. The reduction of permeability means a decrease in
mobility k/η. The influence of this decrease is similar to the effect that would be obtained by an
increase in viscosity, which leads to a positive (β − 1). Additionally, the viscosity of the gel at a pH
of 13 is η2, pH=13 = 27.1 Pa s, which is the value at γ̇ = 1.4 s−1 (Fig. 13). Therefore, the case with
pH 13 can be located in a black ellipse in the red region because η2 = 27.1 Pa s and 0 � (β − 1) is
possible. Note that the location of the case with pH 10 is indicated by a black circle because the gel
is hardly produced, resulting in η2, pH=10 being equal to η3 (which is 0.120 Pa s at γ̇ = 1.4 s−1) and
β = 1. To summarize, using the proposed model, when the shear thinning viscosity property of the
gel is produced at a pH of 12 and the elastic property of the gel is produced with sufficiently high
viscosity at a pH of 13 acting to reduce the permeability, which are based on actual measurements
(Fig. 13), we can explain the opposite effects of the gel production on the VF dynamics. Therefore,
the proposed model demonstrates that the opposite effects, depending on the gel’s strength, is driven
by the fact that the rheological properties, which are mainly responsible for the flow dynamics,
change depending on the gel strength.

V. CONCLUSIONS

In this paper, the effects of gel production at the liquid-liquid interface on VF dynamics were
investigated using the displacement of the more viscous HPAM solutions with variable pH by a
less-viscous Fe(NO3)3 solution in a radial Hele-Shaw cell along with the corresponding rheological
measurements. We found that the VF pattern is the same as for the nonreactive one when the gel
strength is weak becomes narrower when the gel strength is medium and becomes wider when the
gel strength is high. These results demonstrate that the gel production can have opposite effects
on VF dynamics depending on the gel strength. A linear stability analysis of the reactive system
developed by Hejazi et al. [36], which is a model for a Newtonian fluid where only the viscosity
effect is considered, was not able to explain the opposing effects. We were able to develop a simple
model of the stability of VF, which can explain the opposite effects by considering the viscoelastic
effects of the gel produced in the reaction. In the proposed model, the VF becomes thinner when the
shear thinning viscosity of the gel viscosity is effective, whereas the VF becomes wider when the gel
behaves as an elastic or solid material and, thus, acts to reduce the permeability of the porous media.
The aforementioned viscoelastic properties are based on actual viscosity measurements of the gel
bulk itself. Combining the experimental results and theoretical considerations demonstrates that the
opposite effects, dependent on the gel strength, are driven by the fact that the rheological properties,
which are mainly responsible for the flow dynamics, change depending on the gel strength.

In reacting flows, it is well recognized that the flow changes more significantly as the change in
the fluid properties, induced by the reaction, increases. Specifically, the flow changes monotonically
in response to the change in the physical properties induced by the reaction. However, this paper
clearly demonstrates that the effect on the flow reverses depending on the degree of change in the
physical properties of the fluid due to the reaction in the reacting flow involving the gel production.
This is because the viscoelastic properties of the gel differently affect flow dynamics depending
on the gel strength (here, the shear thinning viscosity property is effective when the gel strength
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is medium, whereas the elastic property is effective when the gel strength is high). In Fig. 6 in
Ref. [48], the patterns of VF with production of viscoelastic material as a function of the reactant
concentration under a fixed flow rate were reported. The patterns seem to nonmonotonically change
with the reactant concentration. We note that the authors of Ref. [48] did not take the results shown in
Fig. 6 as such. The results could be similar to the present main findings, i.e., the nonmonotonic effect
of the gel strength on the VF pattern under a fixed flow rate. However, in Ref. [48], the systematic
rheological measurement of the gel as a function of the reactant concentrations was not performed.
This paper will help to elucidate origin of the nonmonotonic effects observed in Ref. [48].

Control of flow dynamics utilizing change in fluid properties induced by chemical reaction is
called chemical control of flow. The chemical control of flow is based on an idea such that the flow
monotonically changes more significantly as the change in the fluid properties due to the reaction
is larger. However, this paper shows that the above idea is not always correct in chemical control
of flow with production of viscoelastic material. Therefore, this paper can lead the reacting flow
research to a different stage and open avenues for flow control using chemical reactions. In fact,
it was reported that in the application of chemical control of flow with viscoelastic material to
enhanced oil recovery in three-dimensional porous media, VF dynamics become more stable by the
reaction, which results in a significant increase in the oil recovery [76,77]. Also, it was reported
that thinned VF of gastric acid in the mucus layer in gastric epithelium, which is pointed out to be
driven by gel produced by the acid and mucus, is responsible for a mechanism by which gastric
acid is transported inside the stomach without damaging the gastric mucosa [78]. The present paper
will contribute to elucidate such reversal of effects of production of viscoelastic materials on flow
dynamics observed in the example of chemical control of flow with viscoelastic material or the
application of reacting flow with production of viscoelastic material.
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