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Hydrodynamic interactions between a point force and a slender filament
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The Green’s function of the incompressible Stokes equations, the stokeslet, represents
the singular flow due to a point force. Its classical value in an unbounded fluid has been
extended near surfaces of various shapes, including flat walls and spheres, and in most
cases the presence of a surface leads to an advection flow induced at the location of the
point force. In this paper, motivated by the biological transport of cargo along polymeric
filaments inside eukaryotic cells, we investigate the reaction flow at the location of the
point force due to a rigid slender filament located at a separation distance intermediate
between the filament radius and its length (i.e., we compute the advection of the point
force induced by the presence of the filament). An asymptotic analysis of the problem
reveals that the leading-order approximation for the force distribution along the axis of
the filament takes a form analogous to resistive-force theory but with drag coefficients
that depend logarithmically on the distance between the point force and the filament. A
comparison of our theoretical prediction with boundary element computations shows good
agreement. We finally briefly extend the model to the case of curved filaments.

DOI: 10.1103/PhysRevFluids.6.124101

I. INTRODUCTION

As for many other partial differential equations, the Green’s function of the incompressible
Stokes equations [1] is useful to help solve these equations in a variety of configurations [2,3]. In
an unbounded fluid, that Green’s function is referred to as the stokeslet [4]. Beyond its fundamental
mathematical structure, the stokeslet represents a fundamental flow; it is asymptotically the leading-
order flow induced by a forced rigid body when observed sufficiently far from it [3]. In more
complex geometries, one can extend this fundamental solution and its higher multipole moments to
satisfy the correct boundary condition on surfaces. Classical work in that area includes the solution
near a plane wall [5-7], near a sphere [8—10], or between two infinite plates [11]. In essentially
all these cases, the presence of a surface leads to a flow induced at the location of the point force,
which means that the forced rigid body experiences an additional surface-induced advection. In this
paper, we consider a point force located outside of a rigid, slender filament and propose a theoretical
approach to compute the filament-induced advection of the point force.

The primary motivation to consider a point force near a filament stems from a classical biological
situation. As part of the normal function of eukaryotic cells, various cargoes require to be trans-
ported in the cell’s cytoskeleton, a fibrillar mesh composed of different elongated slender polymer
filaments, from soft actin to more rigid microtubules [12]. This form of intracellular transport
is powered by motor proteins (myosins, kinesins, and dyneins) that ratchet their way along the
filaments and drag their cargo along with them [13,14]. Since this transport takes place inside a
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cell, and thus immersed in the viscous cytoplasm [15], it is important to quantify the hydrodynamic
interactions between a forced rigid body (cargo) and a slender filament (polymer).

In this paper, we outline a physically intuitive approximation for the flow in the limit of an
intermediate separation between the slender filament and the point force. We assume that the
distance between the filament and the point force (denoted by d) is large compared to the diameter
of the cross section of the filament (denoted by 2a), but small compared to its length (2L), so we
are in the limit ¢ <« d < L. The full solution for a point force outside an infinite cylinder is already
known [16] but it can be used as an approximation in practice only for extremely slender filaments.
Here we thus seek a different approach that will provide us with a better approximation for filaments
with finite aspect ratios.

The literature on the response of slender filaments to external flows is substantial. The
majority of the past theoretical results relies on the well-known framework of slender-body theory
(SBT) [17-25]. Built on the idea of approximating the flow around a slender filament by a
distribution of hydrodynamic singularities along its centerline (primarily point forces and source
dipoles), this framework can be thought of as an asymptotic approximation of the boundary integral
formulation of the Stokes flow [26,27]. SBT has been of great use in modeling the suspensions of
passive slender fibers [28,29] as well as the swimming of elongated microorganisms [30-33]. The
combined dynamics of passive and active filaments is relevant to the motion of microswimmers
through a matrix of rigid obstacles [34-38].

In this paper, we propose a physically intuitive approach to compute the impact of the filament on
the velocity of the point force itself that lays the groundwork to investigate the interactions between
higher-order hydrodynamic singularities and slender filaments of complex shapes. This will allow
for future studies on the motion of microswimmers [39—46] through filamentous media, such as
cervical mucus [47]. After introducing the setup of the problem (Sec. II), we show that the flow
can be captured by the use of adjusted local resistive-force theory coefficients (Sec. III), which
we then use to predict the advection of the point force in the presence of the filament (Sec. IV).
We next validate our theoretical results using boundary element method computations (Sec. V) and
investigate how to extend the results for curved filaments (Sec. VI). Our numerical code is validated
in the Appendix.

II. SETUP AND GENERAL FRAMEWORK

The setup consists of a fixed, rigid, circular cylinder of radius a and length 2L > 2a as illustrated
in Fig. 1(a). A point force of strength F is set at a distance d > a from the axis of the cylinder and
contained in the plane of the middle cross section of the cylinder. For the purpose of calculations,
we introduce a set of Cartesian coordinates with the origin at the location of the singularity and the
axis of the cylinder described by the line segmenty = 0, x = —d, —L < z < L [see Fig. 1(a)].

The system is immersed in an incompressible, Newtonian fluid of dynamic viscosity w that is
otherwise at rest. Motivated by applications from biology and complex fluids, we focus on the
low-Reynolds number limit and assume that the flow is governed by the incompressible Stokes
equations. Thus, we solve for a velocity field # and a pressure field p such that

—uVu+Vp=Fsx), V-u=0, (1)

ulg, =0, and |u(x)| — 0 as |x| — oo, 2)

where €2, is the surface of the cylinder.
In the absence of the cylinder, the solution for the flow due to a point force singularity,

1 I xx
u(O):H(;_FF).FéG(x).F, 3)

where I is the identity tensor, satisfies all equations except for the no-slip condition on the surface
of the cylinder. Rather than determining the total flow, it suffices then to derive the reaction flow
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FIG. 1. (a) Schematic illustration of our setup. A point force is located at a distance d from a centerline
of the cylinder of diameter 2a and length 2L and we derive the flow in the limit a < d <« L. (b) Schematic
illustration of the setup with lengths scaled by L and with the regions relevant for the asymptotic analysis
labeled. (c) Mesh used for the boundary element computations.

uY = u — u® due to the presence of the cylinder that solves the incompressible Stokes equations
with no long-range volume forces acting on the fluid and with uV’ = —u® on the surface of the
cylinder.

Since the cylinder has a large aspect ratio, L >> a, we can exploit the framework of SBT [17-25]
to find the leading-order value (in a/d) of the reaction flow as a flow due to a distribution of point
forces f set along the axis of the cylinder, as

L
ul(y) = / Gly —x(2)] - f(z)dz, 4)
-L

with x(z) = (—d, 0, z) parametrizing the axis of the cylinder and y being any point in the fluid
domain such that its distance to the filament is much larger than a. We exploit the fact that the
cylinder is much longer than the distance to the singularity € £ d/L < 1 and perform an asymptotic
calculation in € to adjust the classical resistive-force theory [4,21,48], which is the local form of the
SBT, to this setting.

III. ADJUSTED RESISTIVE-FORCE THEORY

Starting from the version of slender-body theory derived by Keller and Rubinow [20], we can
write the integral equation for the force distribution f(z) along the axis of the cylinder as

L AN
8 () = [(Ls + 1T — 22) +2(Ls — D& - f(2) + (1 +22) f % iz, (5)
_L -

with Ly = In4(L? — z?)/a® and where u?)(z) is the flow velocity due to a point force set at the origin
evaluated at the axis of the cylinder, i.e., at the point —d% + zZ. Note that this force distribution f(z)
is the same as the one appearing in Eq. (4). Since the cylinder is straight, the directions are decoupled
and Eq. (5) becomes

L f@) - fi@ 5

—8ruu’(z) = (Ls + 1) fi(z) + ; Z, (6a)
L 17 —1
L AN

—4m puu®(2) = (Ls — Df(2) + / w‘”’ (6b)
71‘ -
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with £ = x, y. We focus on the equation in the x direction and drop the x subscript as the other di-
rections follow similarly. After introducing o = 1/(Ls + 1) and fo(z) = —8m nau?(z), the integral
equation for f(z) becomes

1 N
SE) = F )

1 |s" — s|

Jo(s) = f(s) +« ; (N
where we introduced the nondimensional arclength along the axis s = z/L to facilitate the asymp-
totic analysis.

The common way to solve this Fredholm integral equation of the second kind is to use the
iteration scheme under the assumption o < 1 with f = f; as initial guess [20]. This guess is re-
ferred to as the resistive-force theory (RFT), an approximation that excludes nonlocal hydrodynamic
interactions between different cross sections of the cylinder. In our setting, we have another small
quantity € = d/L, the ratio between the cylinder-singular distance and the cylinder (half) length. On
the left-hand side of Eq. (7), fy has a functional form proportional to (€2 + s2)~1/2 as the stokeslet
singularity decays as the inverse distance from the singularity. Assuming that f(s) has a similar
behavior (which we will check a posteriori), we can compare the contributions from the “outer”
s' ~ O(1) and “inner” s’ ~ O(¢) regions to the integral on the right-hand side of Eq. (7), when
s ~ O(e), i.e., when solving for the force distribution in the inner region [see Fig. 1(b)]. We focus
on this inner region because our goal is to evaluate the flow at the position of the singularity, i.e.,
integrate the flows of the point forces f ds propagated by the stokeslet singularity. This results in the
integration of a function of the form (e + s?)~!, which clearly has a dominant contribution coming
from the s ~ O(¢) region.

Next, the numerator f(s') — f(s) will always be on the order of € !, since when s’ ~ O(1) we
have fy(s’) ~ O(1). This type of integrals is well known [49] and often appears in slender-body
calculations. The main contribution comes from the intermediate region with € < s’ <« 1 where
f(s") — f(s) = —f(s). Hence, we need to integrate — f(s)/|s’ — s|, which is again a well-known
result [49], and we finally obtain

!
Jo(s) ~ f(s) =2 f(s)Inl/e + 0(m> ®)
We can therefore state that
8rau®(s) _ 8 ul®(s) ~ 87 ul®(s)
1 —2alnl/e 14+Ls—2InL/d 1+2In2d/a’
where the last approximation is made in Lg &~ 21In(2L/a), valid as s < 1. Thus, the RFT for

the slender filament is “adjusted” through the presence of new perpendicular and parallel drag
coefficients:

Ja(s) ~ — €))

: 4

f1= In(2d/a) + 0.5 (10a)
B 2

§ = S — (10b)

In(2d/a) — 0.5

These coefficients have the same form as in the standard RFT [18] but with the effective length
of the cylinder replaced by the distance d.

IV. ADVECTION OF THE POINT FORCE

To determine how the singularity interacts with the cylinder, we next write the reaction flow
of the cylinder of a line of point forces distributed along its axis as in Eq. (4) and the magnitude
f of which is set by the effective drag coefficients in Eq. (10) above. The effective drag coefficients
are only valid in the inner region z ~ d [i.e., s ~ € in Fig. 1(b)]. However, because of the fast
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spatial decay of both the stokeslet and the force distribution on the cylinder, the main contribution
to the flow originates from this z ~ d region and it is therefore appropriate to use the adjusted drag
coefficients in determining the flow at the location of the point force. We thus write

) 1 L I XX ~ A = an ()

ug’ ~—— -+ =) LT -2 +§2] - u(x)dz, (11)
8t J_p \r r

where we use the subscript S to indicate that it is the velocity of the reaction flow at the location of

the singularity. Since x(z) = (—d, 0, z), r = |x| and ¥ (x) = G(x) - F where 87u G(x) =1/r +

xx/r3 is the Oseen tensor, we may further write

F Lyd /1 xx £ £ I xx
o, o) oy Sl (2 )y 12
ug — /L/d (r + r3) |:8n,u( 22)+ Snﬂzz} (r + r3> ¢, (12)

with ¢ = z/d the rescaled integration variable, appropriate for the z ~ d part of the filament with
the dominant contribution to the reaction flow. Note that in Eq. (12) and in what follows, we
nondimensionalize all spatial variables by d but keep the same symbols for notation simplicity.

As expected from the linearity of the Stokes equations and dimensional analysis, we can write
ugl) = —(8mud)'F -M for some dimensionless second-rank tensor M(a/d, L/d), which, by
symmetry, is diagonal in the (x,y, z) frame. It is represented by the dimensionless integral in
Eq. (12), and thus the diagonal components of M are

L& [ 4+ 5—&/00 ¢’
o= |+ T e

w1941 0( d/L 1 )
© 8[1+21In(2d/a)] InL/a’ In®L/a)’

£, /°° dc bs d/L 1
M, = —=— —= = , , 13b
8w Joo P2 1+21n(2d/a)+o InL/a’ In*L/a (130)

(13a)

p e 1 + 4 2 £ _ = oo 1 + 2 252
M. = 1 / dc ¢ +§|| &/ dg( %)
8 J_ o r 8t J_o 7o
1+ 19T L 1
_ (1 + 19T) o d/ ’ ’ (13¢)
8[1 + 21n(2d /a)] InL/a’ In*L/a
with the ratio of drag coefficients I' given by
3 1 In(2 .
_ & _ 1mGd/0+05 "

&, 2InQ2d/a)—0.5’

In the asymptotically slender limit Ind /a >> 1, we can approximate I' ~ 1/2 and retrieve the results
from Ref. [16], which are obtained using an asymptotic expansion of the exact solution for the flow
induced by a point force near a rigid infinite cylinder (L — 00) in the d/a > 1 limit.

V. COMPARISON WITH NUMERICAL COMPUTATIONS

To test our theoretical results, we use simulations based on the boundary element method
(BEM) [50-53]. We mesh the cylinder into uniform triangles with five cross-sectional vertices [see
Fig. 1(c)]. A point force of unit strength is then placed at a distance d and we solve for the single
layer potential on the surface of the cylinder corresponding to the reaction flow ‘"), This allows us
to evaluate the reaction flow at the location of the point force, ug), and to examine its spatial decay
with a change in the value of d. Our numerical code is validated in the Appendix against two exact
solutions (point force near a rigid surface and outside a sphere); we also verify there that changing
the number of cross-sectional vertices does not significantly impact our results.
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FIG. 2. (a) Decay gradient of the reaction flow for various cylinder aspect ratios L/a in the case of a
point force pointing in the positive x direction. The numerical results of boundary element method (BEM)
computations are shown by symbols while the predictions from the standard RFT with drag coefficients
independent of d shown in Eq. (15) follow the appropriately colored solid lines. We plot our theoretical
prediction in Eq. (16) as a solid black line while the infinite cylinder prediction from Ref. [16], abbreviated
as AIH (1980) in the legend, is shown as a gray dashed line. Computations shown with filled symbols
were performed with the same uniform size of surface elements while the ones represented by (+) and (x)
have elements that are two and four times larger, respectively, in the direction of the axis of the cylinder.
(b) The same data plotted against Ind /L. The RFT prediction lines from panel (a) all collapse onto the single
solid blue line in panel (b).

In Fig. 2(a) we show the results of numerical computations in the form of d In |u(sl) |/dA versus
A = In(d/a), for a point force pointing in the positive x direction. This quantity represents the slope
of the log-log dependence of the advection of the point force as a function of the separation d
between the point force and the cylinder. We choose to plot this quantity for two reasons. First,
a power-law decay of the form u(sl) o d~* has a constant log-log slope dIn |u(sl)| /d) = —k. In
the limit of large separations d > L we know that the point force and the cylinder will interact
as stokeslets with 1/d decay, so the advection rate decays as 1/d”> and we expect a plateau to
dln |u(sl)| /d) — —2. Secondly, a common way of visualizing the information about spatial decay

is to show the log-log plot of |u§1 )| and d. However, the variation in the slope would not be prominent
in such a plot since we are interested in the initial increase in the slope that varies from —1.4 to —1.2
[see Fig. 2(a)].

In the large separation limit d >> L, the reaction flow is well approximated by a point force and
thus the d =2 decay of |u(sl)| is expected. We do recover this prediction on the far right of Fig. 2(a)
with d In |u§1)| /d ). converging to —2. The approach to this plateau over the range of separations
d 2 L is well captured by the standard RFT with drag coefficients independent of the separation d,
given by [18]

4 2T 1

f1= In(2L/a) + 0.5’ fi = In2L/a) — 0.5°

15)

The theoretical predictions based on the standard RFT are obtained with a calculation based on
Eq. (12) where & and &, from Eq. (15) are used instead of §|| and £, from Eq. (10a). The results are
shown in Fig. 2(a) as solid lines of color (we use the same colors as the computations). Furthermore,
we are able to collapse these large-d theoretical predictions by shifting the horizontal axis by In L/a,
as shown in Fig. 2(b). Indeed, for large values of d /L, the hydrodynamics become independent of
the radius of the cylinder a and so the decay is governed by d/L or A — InL/a = Ind /L in the plot.
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FIG. 3. (a) Setup for the calculation in the case of a curved filament. (b) Correction to the decay rate due
to the curvature as a function of the separation d/a, for various relative curvatures « = L/R. The point force is
pointing in the positive x direction. Symbols represent results of the BEM computations and solid lines follow
the theoretical prediction from Eq. (20).

In the case of intermediate values of d with a < d < L, our theoretical result in Eq. (13a) with
the point force in the x direction leads to the prediction

dinfu’| 1
dn A4+1In2+0.5’

where we have assumed that the ratio of drag coefficients takes its slender value, i.e., I' & 1/2. The
solid black line in Eq. (16) shows this prediction, which is in good agreement with the computational
results.

In the same plot we also show as a dashed line the theoretical prediction based on the asymptotic
analysis of the solution with an infinite cylinder (abbreviated as AIH 1980) [16]. Our theoretical
prediction leads to a much better agreement with the BEM computations in the case of a finite-size
filament than the result for an infinite cylinder. The work presented in this paper allows one therefore
to capture the hydrodynamic interactions between a point force and a slender filament of finite size.

Our computational results may be extended to the case where the point force is not placed
symmetrically to be equidistant from both ends of the cylinder [i.e., not in the xy plane, see
Fig. 1(a)]. Since the dominant contribution to the flow induced at the location of the singularity
arises from the part of the filament that is closest to the point force, if the displacement of the point
force in the z direction is comparable with the separation d, the flow should not change at leading
order. BEM computations carried out with point force displaced along z by up to 10a show that, for
the same range of d /a as in Fig. 2(a), the values of d In |u§1)| /d A stay within 1% of the original case
(not shown).

(16)

VI. CURVED FILAMENTS

For the asymptotic calculations proposed above to hold, the filament requires a large aspect ratio.
In an experiment, such a slender filament would be flexible and prone to deformations, so it is
important to investigate how a more complex slender shape for the filament centerline interacts with
a nearby point force. Here we present preliminary results in the case of the simplest choice for
a curved shape, namely, a uniformly curved filament with its centerline forming a circular arc of
radius R = «~! [see Fig. 3(a)].

We assume that the filament is curved in such a way that it stays in the xz plane and that its
ends are further away from the point force than its midpoint; this ensures that the midpoint is
always the part of the filament closest to the force so that we can rely on our calculations above
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for straight filaments. The centerline of the filament is parametrized by the arclength s via x =
{—d — R[1 — cos(s/R)], 0, Rsin(s/R)}. Apart from the curvature, all other parameters of the prob-
lem remain the same as in the previous section.

We may repeat the calculation from above and determine the rate at which the point force is
advected by the presence of the filament, u(]) i.e., the reaction flow at the location of the force.
These calculations are based on using the RFT for approximating the reaction flow, but with adjusted
drag coefficients, as in Eq. (10b), with

f=—1E.0—it)+ &t - u®x), (17)

where u©® = @mu) '(I/r +xx/r’)-F is the bulk stokeslet flow and =
[—sin(s/R), 0, cos(s/R)] is the unit tangent along the centerline of the filament. As above,
we aim to compute the diagonal entries of the nondimensional matrix M, defined through
(1) = —(8mpud)~'F - M, which, within the RFT framework, can be approximated by the
d1mens1onless integral

Ljd
sz (h"_’j) [£<H_tt>+ fi ](h’%‘)d;, (18)
—L/d r r- 8 8 0 r r

with ¢ = s/d and with all the other spatial variables nondimensionalized by d. This integral can
be determined analytically in a closed form but the full expression is cumbersome and thus we do
not include it. Instead, we note that by introducing another length scale to the problem, R, we can
form two additional dimensionless groups that describe the setup, namely, « = L/R and 8 = d/R.
We assume that the radius of curvature is comparable with the length of the cylinder, « ~ O(1) and
thus B < 1. Under these assumptions, we expect the corrections due to the curvature to be small
compared to the case of a straight filament since the main contribution arises from the s ~ d <« R
part of the filament, which is only very slightly curved. To determine these corrections, we expand
Eq. (18) in powers of B and obtain explicitly the leading-order term in 8 to be

My = My |y — 8& 3";<15n — 12 + 36sina + 32 cot 2) + 0B, (192)
My = Myleco — - 6& B(m +2c0t ) + OB, (19b)
M, = M_|e—o — ;—lﬁ(@ — 120 — 36sina + 64 cot — ) +OBY), (19¢)

where again we assumed I' = &, /€, = 1/2.

We plot in Fig. 3(b) the results of the BEM computations for a filament of fixed aspect ratio and
with various radii of curvature, performed similarly to what was described for straight filaments.
The point force is in the x direction and we plot the difference in the previously introduced quantity,
dIn |u(sl)| /dX, between the values for the curved and straight filament. The result in Eq. (19a)
provides us with a theoretical prediction as

j—/\ In fus| — j—/\ In [ sle_o ~ —%(1571 — 12 + 365sin« + 32 cot 2) x g, (20)
which is a linear function of d/a with a slope that depends on o = L/R and R/a. This theoretical
prediction is plotted for a filament of aspect ratio L/a = 250 and different values of o and these
are shown as appropriately colored solid lines in Fig. 3(b). The theoretical prediction from Eq. (20)
agrees well with the BEM computations over a wide range of dimensionless curvatures.

Note that the corrections to the tensor M in Eq. (19a) as an expansion in 8 < 1 are valid only
within the adjusted RFT approximation, i.e., the RFT with drag coefficients given by Eq. (10b). The
adjusted RFT is an exact asymptotic approximation for the force distribution only in the inner region
s ~ d; however, in calculating the O(B) terms in Eq. (19a), we kept the finite limits +L/d of the
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integral in Eq. (18). We thus included the subdominant contribution of the outer region s ~ L but
with the drag coefficients from the inner region; keeping the integral limits finite gives a significantly
better agreement in Fig. 3 with the results of BEM computations.

Although the above are preliminary results, they show convincingly that the method developed
in this paper also works in the case of nonstraight filaments; further work will be able to quantify in
which limit this approach breaks down.

VII. DISCUSSION

In this paper, we investigate the reaction flow outside a rigid, slender filament due to a point
force located outside of it at an intermediate distance (i.e., at a distance intermediate between the
filament radius and length). We exploit the slenderness of the filament to derive a physically intuitive
approximation of the flow, through the framework of slender-body theory. An asymptotic analysis
of the problem reveals a leading-order approximation for the force distribution along the axis of the
filament in the form of an adjusted RFT with drag coefficients that are not intrinsic to the filament
but depend on its distance to the point force. We next use these new drag coefficients to compute
the filament-induced advection of the point force. We then test this theoretical prediction against
boundary element computations and obtain excellent agreement. Using this adjusted RFT, we next
form a theoretical prediction on how the flow would change if the filament is curved and again find
good agreement with computations. While a full solution was already known for the flow due to a
point force outside an infinite cylinder [16], the theory presented in this paper provides significantly
better predictions for large but finite aspect ratio filaments. With our approximation for the flow,
it will be easier to derive higher moments of the reaction flow at the location of the force, such as
torque, stress, etc. Our results could also be generalized for higher-order hydrodynamic singularities
and thus allow one to investigate the interactions between microswimmers and biological filaments.
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APPENDIX: CODE VALIDATION

To confirm the validity of our BEM code, we show here its convergence to exact solutions in two
classical cases: a point force near a rigid plane wall [5] and near a rigid sphere [2,8,9]. Additionally,
we demonstrate the robustness of the code to different cross-sectional geometries used on the same
setup as in the main body of the paper.

The total flow due to a point force F located at y in these two test geometries can be written
as G(x —y) - F 4+ ug(x), where x is any point in the fluid domain and G is the Green’s function
defined in Eq. (3). In both geometries, the reaction (image) flow has a closed analytic form ug (x)
that in most cases can be expressed as a finite sum of hydrodynamic singularities set at an image
point y* (below the surface [5] or inside the sphere [2]). The exact functional dependence of y* on y
depends on the particular geometry of the solid boundary and we define r = x — y* and r = |r| for
any point x in the fluid domain.

In these standard geometries, we can compare the results of our numerical computations uy
against the exact solution ug, thereby testing the validity of our BEM implementation. We choose
an appropriate finite set of points S, in the fluid domain and formulate a distance between
the numerical solution u, and the exact solution ug as a root mean squared (RMS) error as a square
root of |S f|‘1 ersf lun (x) — ug (x)|%. Henceforth, this RMS error will be used to demonstrate the
convergence of the numerical results towards the exact solution as the surface meshing gets refined.
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FIG. 4. Validation of the BEM code on the case of a point force near a plane wall. We show the convergence
towards the exact solution by plotting the RMS error in the cases of a point force parallel [(a), (c)] and
perpendicular [(b), (d)] to an infinite no-slip wall. [(a), (b)] The size of the plane is fixed to D = 20h and
the size of the discretizing elements is varied. [(c), (d)] The size of the elements is fixed but the size of the
discretized part of the plane D is varied.

1. Point force near a plane wall

Consider first a three-dimensional semi-infinite domain of fluid (xy, x, x3) with x3 > 0 and a
solid no-slip boundary located at x3 = 0. If a point force F is set aty = (0, 0, &) the exact flow can
be expressed in index notation (with the summation convention assumed) as [5]

F 3 T o (hr; S ror
(up)j = o | =2 = LE 4 2h(Sabar — s = 2 — (L + 52 ) . AD
8t r r ory | r r r

with j, k,I =1, 2,3 while @ = 1, 2. The image point in this case is simply located at the reflection
of y below the surface, i.e., y* = (0, 0, —h).

For our numerical computations, we uniformly triangulate a part of the x3 = 0 plane where
—D/2 < x1,x, < D/2 and apply our BEM code to find a numerical approximation of the flow
uy. To define our RMS error, we consider a cubic lattice of points discretizing a cube centered
at (0, 0, h), with edges of length & parallel to the coordinate axes. The dependence of the RMS
error on the size of the finite elements is plotted in Fig. 4(a) for a point force parallel to a surface
and Fig. 4(b) in the perpendicular case. For these computations we discretize the D x D part of
the plane, with D = 20h. The error is of range ~10~2 — 1073, and with a decrease of the mesh size
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FIG. 5. Validation of the BEM code on the case of a point force near a rigid sphere. (a) An example of the
discretization of the sphere. [(b), (c)] RMS error as a function of the number of triangles used to discretize the
sphere, in the case of a point force being perpendicular (b) or parallel (c) to the surface of the sphere.

(i.e., an increase of the total number of triangles in a discretization), we obtain a monotonic decrease
in the error for both orientations of the force. Additionally, we confirm the convergence to the exact
solution by keeping the size of the triangles fixed but varying the size of the discretized part of the
plane D [see Figs. 4(c) and 4(d)].

Note that in the case of a perpendicular force, we need to discretize the plane much finer than
in the case of a parallel force to get a monotonic decay of the error. This results from the different
spatial decay of the total flow in the two cases; when the force is parallel, the total far-field flow is
a force dipole with a 1/r? decay, while in the perpendicular case the far field is a force quadrupole
and a source dipole decaying as 1/r>. The single layer potentials, crucial to the BEM scheme [26],
follow the decay of the total flow and thus the gradients of the potential in the perpendicular case
vary more rapidly than in the parallel case. Hence, the perpendicular orientation of the force requires
a finer mesh to capture the rapid variations of the single layer potential.

2. Point force near a sphere

Consider now an infinite fluid domain |x| > R outside a rigid no-slip sphere located at |x| = R.
The point force F is located at y = (d, 0, 0) = dd, where d > R. In the spherical geometry, the
image point is obtained by the inversion of y with respect to the sphere, i.e., y* = (R?/d, 0, 0). In
the case of a radial force, i.e., one with F = (F,0,0) = F d , the exact solution for the image flow is
given by [2]

3R R\ . RE RY\(sy |1
up = (Zd 2d3> d-G(r) F[(d2 d4)<dd 3}1) -V:| -G(r)
FR R?
4d < d?
The flow in the case of a transverse force has a closed form as well [8,9] but it is cumbersome and
hence we do not include it here.

The sphere is meshed using the FREEFEM++ software [54] by discretizing the domain of standard
spherical coordinates, adjusting the mesh to the metric of the sphere, and then mapping it to its
surface. This process produces relatively uniform elements, as illustrated in Fig. 5(a). We define
the RMS error with the exact solution using a uniformly spaced set of points on the surface of
the sphere |x| = SR. In Figs. 5(b) and 5(c) we plot the value of this error for computations with three
different values of the separation between the point force and the sphere (d/R = 2, 3, 4), in the case
of a radial and transverse force, respectively. The error is on the order of 1072 and is seen to decay
monotonically with an increase in the number of triangles used to discretize the spherical boundary
|x] = R. Note that the errors decrease as the force is further away from the spherical boundary. This

2
) a-V2G(). (A2)
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FIG. 6. Relative error in computations of d In |u§”| /d X between results obtained with a mesh of pentagonal
cross sections and meshes with triangular (a) and square (b) cross sections.

is to be expected since the RMS error is absolute and the image flow becomes weaker in magnitude
with an increase of d/R.

3. Code robustness to the geometry of the cross section

The numerical results shown in Fig. 2 were obtained by using a mesh with five vertices on
each discretized cross section. We also performed the same computations for meshes with three
or with four vertices on each cross section. In Fig. 6 we show the relative error between the
computational results for d In |u(sl)| /d ). obtained with a pentagonal mesh and the other two types
of meshes (triangle and square); the error is well below a few percent for the range of separations
relevant for our paper.
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