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Settling and clustering of particles of moderate mass density in turbulence
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We present a numerical study of settling and clustering of small inertial particles in
homogeneous and isotropic turbulence, in the dilute regime in which particles do not
interact with each other or affect the fluid. Particles are denser than the fluid, but not in
the limit of being much heavier than the displaced fluid. At fixed Reynolds and Stokes
numbers, we vary the fluid-to-particle mass ratio and the gravitational acceleration. The
effect of varying one or the other is similar but not quite the same. We report nonmonotonic
behavior of the particles’ velocity skewness and kurtosis with the second parameter, and
an associated anomalous behavior of the settling velocity when compared to the free-fall
Stokes velocity, including some cases of loitering. Clustering increases for increasing
gravitational acceleration and for decreasing fluid-to-particle mass ratio.
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I. INTRODUCTION

The preferential concentration or clustering of inertial particles observed in turbulent flows is
important not only for our understanding of basic properties of turbulence but also for industrial
applications (as in spray dynamics and mixing of powders) and the environment (as in the transport
of pollutants and in droplet dynamics in clouds) [1,2]. Clustering is also important to correctly
quantify collisions, particle coalescence, fragmentation events, and phase transitions in particle
laden flows [3,4], as the inhomogeneous concentration of the particles changes their effective
mean free path and, as a result, their collision rate. Preferential concentration of particles also
has an impact on biological problems, for example, when quantifying the rate of mutual contact
between different species of marine microorganisms in the ocean [5–7]. These problems are further
complicated when gravity is considered, which causes settling and can enhance heavy particles
clustering [8,9].

In spite of decades of active research, the detailed mechanisms by which turbulence affects
particle motions are still unclear. In the absence of gravity, and for the average concentration,
the main mechanisms behind heavy particles clustering are centrifugal expulsion [10] and the
sweep-stick mechanism [11]. The former mechanism, believed to be dominant in particles with
small inertia (and thus, with small Stokes number) results in the expulsion of particles from the core
of turbulent eddies and in their accumulation in regions of low vorticity of the carrier flow [10].
The latter, expected to be dominant for particles with large inertia (or large Stokes number) results
in the accumulation in regions with zero Lagrangian acceleration of the carrier flow [11], where
the force on the particles (in the frame of reference of the fluid) cancels out. Evidence of this
mechanism for heavy particles in laboratory experiments and numerical simulations was reported,
e.g., in Ref. [12]. Also, while these two mechanisms can be dominant at setting the mean local
particle concentration, multiscale flow effects may be also relevant [13,14], and the roles of other
effects such as the impact of considering moderate mass particles, of finite radius in the case of large
particles, or the effect of mean or large-scale flows are still unclear [15–17].
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Gravity has a profound impact in particle-laden flows. It is not yet completely clear whether
particles in a turbulent flow fall more quickly or more slowly than the Stokes terminal velocity,
or under what conditions they do one or the other, as the equations governing the motion of
the particles can be very different depending on particle parameters and the regime considered.
This is also observed in experiments, which yield different outcomes depending on the region
of parameter space studied. In most cases considered particles tend to fall more quickly than the
Stokes velocity. Indeed, observations indicate that raindrops fall more quickly than expected [18].
However, in isotropic and homogeneous turbulence, it was also reported that pressure gradients
can lead to a decrease in the settling velocity through a “preferential sweeping” mechanism, while
the Basset history force can increase or decrease the settling depending on the Stokes number
[19]. Good et al. [20] also reported that sedimentation rates of large particles can be reduced by
nonlinear drag. Most of these studies considered the case of heavy particles, as is the case of many
aerosols in the atmosphere or of large droplets carrying viruses from coughing and sneezing [21].
However, in the cases of the smallest aerosols in the atmosphere or of almost neutrally buoyant
ocean microorganisms, the particles transported by the turbulent flow have moderate mass density,
close to that of the carrying fluid. As an example, for particles that are only slightly heavier than
the fluid and with nonlinear drag effects, the mean settling speed has been reported to be sometimes
between 6 to 60% of the Stokes terminal velocity [22].

Gravity also impacts the preferential concentration of particles. Besides the differences reported
in the settling velocities, most studies considering particles with gravity found a stronger preferential
concentration with increasing acceleration of gravity (see, e.g., Refs. [8,9]). Usually, particles in
these studies are much heavier than their environment [8,9,23,24], such that gravity and the Stokes
drag become the dominant forces. Recently, a generalized sweep-stick mechanism was derived in
this limit, considering the effect of sedimentation in the formation of clusters [9]. Considering also
the effect of added mass, non-negligible for particles with moderate mass density and resulting
from the displacement of the fluid by the particles [10,25], leads to statistical deviations from a
normal distribution in particles velocities [26,27]. In addition, added mass effects depend on the
density difference between the particles and the medium, affecting the concentration of particles
[28,29]. Finally, it has been observed that particles with different densities can clump together or be
segregated as a result of light and heavy particles having different responses to turbulent fluctuations
[30].

In this work, we present a study of settling and clustering of small inertial particles in direct
numerical simulations (DNSs) of turbulence, using a model for the particles obtained from the
Maxey-Riley equation [10], including gravity, Stokes drag, and added mass effects up to linear
order in the particle radius. One-way coupling between the fluid and the particles is considered.
Particles are denser than the fluid, but not much denser (i.e., we do not work in the heavy particle
limit). At fixed Reynolds and Stokes numbers, we explore the effect of varying the fluid-to-particle
mass ratio and the acceleration of gravity. We observe deviations of the particles’ settling velocity
from the Stokes terminal velocity in the fluid at rest, and nonmonotonic dependence of the skewness
and kurtosis of the particles velocity on the particles Froude number. We report an increase in the
particles clustering for increasing gravitational acceleration (or decreasing Froude number), and
for decreasing fluid-to-particle mass ratio. Finally, we quantify the roles of added mass effects by
artificially varying the amplitude of that term in the equation of motion of the particles and of
finite-size domain effects in the formation of clusters by varying the domain height.

II. NUMERICAL SIMULATIONS

To evolve the Eulerian velocity field u of the fluid in time we use GHOST, a parallel and fully
dealiased pseudospectral code [31,32]. The incompressible Navier-Stokes equation,

Du
Dt

= ∂u
∂t

+ u · ∇u = − 1

ρ f
∇p + ν∇2u + f, (1)
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(where D/Dt is the material derivative, p is the pressure, ρ f is the fluid density, ν is the kinematic
viscosity, and f is an external mechanical forcing) is evolved in time with the constraint ∇ · u = 0
in a three-dimensional periodic domain of length 2πL0. Lengths and velocities are in dimensionless
units, using a unit length L0 and a unit velocity U0 in the periodic domain. A spatial resolution
of N3 = 5123 grid points is used in all simulations, where N is the linear resolution in each
direction. The external mechanical forcing is applied to all modes in the shell in Fourier space
with wave number k f = 1/L0 and has random phases which are slowly varied in time with a
correlation time of τ f = 0.5L0/U0. The kinematic viscosity is chosen so that the Kolmogorov scale
η = (ν3/ε)1/4 ≈ 0.013L0 is well resolved, where ε = ν〈|ω|2〉 is the energy dissipation rate with
ω = ∇ × u the vorticity. This results in κη ≈ 2.2, where κ = N/(3L0) is the maximum resolved
wave number (the reason for this choice, besides having well resolved simulations [33,34], will
become clear when particles are discussed). The Reynolds number based on the Taylor microscale is
Reλ = u′λ/ν ≈ 180, where u′ = U/

√
3 is the one-component typical flow velocity, U = 〈|u|2〉1/2 =

(2E )1/2 is the rms flow velocity, E is the mean kinetic energy, and λ = (15νu′2/ε)1/2 ≈ 0.38L0 is the
Taylor microscale. Finally, the flow integral scale is defined as L = (2π/E )

∫
E (k)/k dk ≈ 4.5L0,

where E (k) = dE/dk is the energy spectrum, resulting in a Reynolds number Re = u′L/ν ≈ 2100.
Inertial particles are modeled using the Maxey-Riley equation [10], assuming that the typical

length over which the velocity field changes appreciably is much larger than the particle radius a.
Under these hypotheses, the Faxén terms are negligible, and the equations of motion of the particles
are

ẋ = v, v̇ = 1

τp
[u(x, t ) − v(t )] − W

τp
ẑ + 3

2
R

D

Dt
u(x, t )+

√
9R

2πτp

∫ t

0

d

dτ
[u(x, τ ) − v(τ )]

dτ√
t − τ

,

(2)

where x is the particle position, v is the particle velocity, u(x, t ) is the fluid velocity at the particle
position, and d/dt is the time derivative following the particle trajectory. The particle relaxation time
is τp = (mp + m f /2)/(6πaρ f ν), where mp is the particle mass and m f is the mass of the displaced
fluid. For a spherical particle, τp = 2a2(1 + γ /2)/(9γ ν), with γ = m f /mp. We define the Stokes
number as St = τp/τη, where τη = (ν/ε)1/2 is the Kolmogorov timescale. The parameter W is the
particle sedimentation rate for the fluid at rest and is defined as W = gτp(1 − γ )/(1 + γ /2), where
g is the gravitational acceleration. Note that W/τp = g(1 − γ )/(1 + γ /2) is the buoyancy force per
unit mass, which is independent of the particle size, and its sign depends on the value of γ . Finally, R
is the mass ratio parameter, R = γ /(1 + γ /2): γ < 1 or R < 2/3 corresponds to aerosols (particles
heavier than the fluid), γ = 1 or R = 2/3 to neutrally buoyant particles, and γ > 1 or R > 2/3 to
bubbles (particles lighter than the fluid).

The last term on the right-hand side of the equation for v̇ in Eq. (2) is the Basset-Boussinesq
history term. In this work, this term will be neglected in the time evolution of the particles, although
it will be computed to estimate the error in doing so (see Ref. [35] for approximate methods
to compute this term). Even though this term is very often neglected assuming it only gives an
enhanced viscous drag [25] (i.e., a contribution similar to the first term on the right-hand side of the
equation for v̇), the physical reasons to do so based on the particles parameters are not clear. Van
Hinsberg et al. [19] showed that for small particles with γ = 10−2 this term has an important effect
in the settling velocity, while for lighter particles with γ = 0.1 its contribution is smaller. Here we
will consider particles with γ = 0.1 or larger, and as a result we will not consider its effect in the
particles dynamics.

Initially we distribute the particles randomly in the flow, with initial velocities equal to the fluid
velocity at the center of the particle. The equations of motion of the particles are integrated in
time using a Runge-Kutta method, and the velocity of the fluid at the particles positions is estimated
using three-dimensional splines following the method described in Ref. [36]. We performed multiple
simulations in the turbulent steady state of the flow (i.e., after integrating the forced flow for over 30
turnover times without particles), injecting np = 106 particles in each simulation. In the simulations
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TABLE I. Parameters used for the particles in the simulations with fixed value of g. The name labels each
simulation, γ is the ratio of the mass of displaced fluid to the particle mass, g is the gravitational acceleration
in units of U 2

0 /L0, τp is the particle relaxation time in units of L0/U0, St is the Stokes number, Fr is the particle
Froude number, R is the mass ratio parameter, and a is the particle radius.

Name γ g [U 2
0 /L0] τp [L0/U0] St Fr R a [L0]

g1γ 01 0.1 1 1.2 6 0.4 0.09 0.02
g1γ 02 0.2 1 1.2 6 0.4 0.18 0.03
g1γ 05 0.5 1 1.2 6 0.4 0.40 0.05
g1γ 08 0.8 1 1.2 6 0.4 0.57 0.06
g1γ 095 0.95 1 1.2 6 0.4 0.64 0.06

we varied γ or g, while keeping ν and τp fixed (or equivalently, the particles Stokes number). As a
result, note that as γ is changed, the radius of the particles, a, has to change accordingly to keep τp

constant. In this way, we can quantify the effect of varying the amplitude of the second and third
terms on the right-hand side of the equation for v̇ in Eq. (2), while keeping the control parameter
in front of the first term fixed. Tables I and II give the parameters used in all the simulations. The
simulations are separated in two sets. In the first set, in Table I, we list five simulations with fixed g,
and varying values of γ between 0.1 and 0.95 (i.e., for particles 10 times heavier than the displaced
fluid to particles almost neutrally buoyant; note that in all cases γ < 1 and thus we consider particles
heavier than the fluid but not in the limit of heavy particles for which the third term on the right-hand
side of the equation for v̇ becomes negligible). This results in the mass ratio parameter R varying
from 0.09 to 0.64. In all simulations, the Stokes time is τp = 1.2L0/U0, resulting in a Stokes number
of St ≈ 6 with τη ≈ 0.2L0/U0. The radii of the particles vary from a ≈ 0.02L0 for the heaviest
particles (γ = 0.1), to ≈0.06L0 for the lightest particles (γ = 0.95). Both values are of the order of
the Kolmogorov scale and significantly smaller than the Taylor microscale. We can use the particles’
Froude number as a dimensionless number to quantify the ratio between inertial acceleration and
gravity acting on the particles, with Fr = aη/g = ε3/4/(gν1/4), where aη is the turbulent (inertial)
acceleration at the Kolmogorov scale. All simulations in the first set (Table I) have Fr ≈ 0.4. In the
second set, listed in Table II, we kept γ = 0.5 fixed (i.e., the mass of the particles is twice the mass
of the displaced fluid, resulting in R = 0.4), and we varied g from 0.5 to 8 in units of U 2

0 /L0. This
results in the Froude number of the particles varying from 0.8 to 0.05.

Two clarifications are now in order. The first is whether for these particle radii it is correct to use
the Maxey-Riley equation and how reasonable it is to neglect the Faxén and Basset-Boussinesq
corrections. Particles’ radii in Table I vary from 1.5η to 4.6η. Equation (2) requires the shear
Reynolds number Re� = a2�/ν (with � a typical velocity gradient) and the particle Reynolds
number Rep = a〈|u − v|〉/ν to be small. In the simulations Re� ≈ 0.4 for the smallest particles and

TABLE II. Parameters used for the particles in the simulations with fixed value of γ . The name labels each
simulation, γ is the ratio of the mass of displaced fluid to the particle mass, g is the gravitational acceleration
in units of U 2

0 /L0, τp is the particle relaxation time in units of L0/U0, St is the Stokes number, Fr is the particle
Froude number, R is the mass ratio parameter, and a is the particle radius.

Name γ g [U 2
0 /L0] τp [L0/U0] St Fr R a [L0]

g05γ 05 0.5 0.5 1.2 6 0.8 0.4 0.05
g1γ 05 0.5 1 1.2 6 0.4 0.4 0.05
g2γ 05 0.5 2 1.2 6 0.2 0.4 0.05
g4γ 05 0.5 4 1.2 6 0.1 0.4 0.05
g8γ 05 0.5 8 1.2 6 0.05 0.4 0.05
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FIG. 1. Average vertical velocity of the particles as a function of time, for all simulations with Fr = 0.4
and different values of γ (see Table I). The dashed horizontal lines represent the theoretical Stokes terminal
velocity for the fluid at rest.

≈3 for the largest particles. The particle Reynolds number is typically Rep ≈ 20 for all simulations
in Table I and in the range of ≈10 to 30 for the first three simulations in Table II. The last two
simulations have respectively Rep ≈ 50 and 100 (with the increase associated to the increase in
the settling velocity as g is increased); for the latter nonlinear drag effects may become important
(see Ref. [35] for a study of this effect, where it is also reported that the effect of nonlinear drag
in the settling is small for particles of moderate mass density). Concerning Faxén corrections, their
amplitudes scale as (a/λ)2 [15], which is ≈3 × 10−3 for the smallest particles and ≈2 × 10−2 for
the largest particles. Finally, the averaged relative amplitude of the Basset-Boussinesq force FB to
the Stokes drag FD is 〈|FB/FD|〉 ≈ 0.1 to 0.4 in all simulations, and when compared with fluid
and added mass forces, FA = mp(3R/2)Du/Dt , it is 〈|FB/FA|〉 ≈ 3 × 10−2. Further studies on the
effect of varying the particle radius (and τP, or St) would require considering these neglected effects,
except in the case of heavy particles. For a study on the effect of varying St on settling and clustering
in this limit, see Ref. [9].

The second clarification concerns the number of particles considered and the volumetric ratio of
particles 
p = npVp/(2πL0)3, where Vp is the volume of each particle. For the smallest particles

p ≈ 0.1, while for the largest particles 
p > 1. To consider only one-way coupling, much smaller
volumetric ratios are needed [37]. Thus, the number of particles used here has the purpose of im-
proving the statistics of the results, and physically the simulations should be interpreted as multiple
realizations of a large statistical ensemble, each loaded with a smaller number of particles (e.g.,
103 particles per element in the ensemble). In other words, particles should be considered as “test”
particles that do not interact with each other or affect the fluid. Under this approximation, increasing
the number of particles does not result in a densely loaded configuration, but no conclusions on the
effect of varying the particle density can be extracted from the present study.

III. SETTLING VELOCITY

We first consider the settling of the particles in the turbulent flow by studying the mean vertical
velocity 〈vz〉p(t ) as a function of time, where the subindex p indicates the average is computed over
all particles (for simplicity, the subindex or the angle brackets will be dropped when the average
over particles is clear from the context). Note that when the fluid is at rest, and in the steady state of
the particles (v̇ = 0), Eq. (2) reduces to

vz = vτ = −W = −gτp

(
1 − γ

1 + γ /2

)
. (3)

Figure 1 shows the average particles vertical velocity as a function of time in the first 30 turnover
times of the simulations in Table I. The dashed horizontal lines represent the Stokes velocity in
Eq. (3) for each case. Figure 2 shows the same for all simulations in Table II (i.e., for fixed γ = 0.5
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FIG. 2. Average vertical velocity of the particles as a function of time, for all simulations with γ = 0.5 and
different values of g and Fr (see Table II). The dashed horizontal lines represent the theoretical Stokes terminal
velocity for the fluid at rest.

and varying g or Fr). Note fluctuations in these cases are larger. Although the particles velocity
fluctuates around the Stokes terminal velocity, some cases also display systematic deviations. Such
cases, with slow and larger fluctuations, were integrated up to t = 60L0/U0 to better estimate
averages of vz over time and over all particles.

In Ref. [9], it was found, in the limit of heavy particles, that inertial particles fall through a
turbulent flow in such a way that the vertical drift velocity is equal to the Stokes velocity, and thus,
if the particles explore preferentially regions with positive or negative vertical velocities, then the
settling velocity can differ from the Stokes velocity. For particles with moderate mass density, a
similar result can be recovered from Eq. (2) if it is assumed that on the average 〈Duz/Dt〉 ≈ 0
(i.e., that the particles sample the flow homogeneously and not preferentially through trajectories
displaying skewness or at least some preference in the sign of the vertical Lagrangian acceleration).
Under those conditions, from Eq. (2) it follows that in the steady state

〈vz〉 = 〈uz〉 + vτ , (4)

where 〈uz〉 is the mean vertical velocity of the fluid at the particles’ positions. This equation seems
to be more or less satisfied by all the data (see Fig. 3, where the averages are over all particles and

−4 −3 −2 −1 0
〈uz〉 + vτ [U0]

−5

−4

−3

−2

−1

0

〈v z
〉[

U
0]

(a)

γ = 0.1
γ = 0.2
γ = 0.5
γ = 0.8
γ = 0.95

Fr = 0.8
Fr = 0.2
Fr = 0.1
Fr = 0.05

0.00 0.05 0.10 0.15 0.20 0.25 0.30
〈uz〉/vτ

0.8

0.9

1.0

1.1

1.2

〈v z
〉/

v τ

(b)

FIG. 3. (a) Mean particles vertical velocity 〈vz〉 as a function of the mean fluid velocity at particles positions
plus Stokes terminal velocity, 〈uz〉 + vτ . The drift relation in Eq. (4) is shown by the dashed line. (b) Mean
particles vertical velocity normalized by the Stokes velocity (i.e., anomaly in the terminal velocity 〈vz〉/vτ ) as
a function of 〈uz〉/vτ . Error bars are shown as a reference. In all panels, simulations with different values of γ

have Fr = 0.4, and simulations with different Fr have γ = 0.5.
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FIG. 4. Probability distribution functions (PDFs) of the particles velocity components vx (left) and vz

(right), with Fr = 0.4 and different values of γ < 1. Note the increase in the dispersion with increasing γ

(i.e., as the mass of the particles decreases).

over time, in the steady state of the particles). However, the same relation can also be rewritten as

〈vz〉/vτ = 1 + 〈uz〉/vτ , (5)

which allows for more direct visualization of any anomaly in the settling velocity when compared
with the Stokes velocity. In this case, differences between the data and these relations become
more evident. Indeed, from Figs. 1 and 2 it already seems apparent that some sets of particles
fall faster than the Stokes velocity. Figure 3(b) shows the anomaly 〈vz〉/vτ as a function of 〈uz〉/vτ .
Differences between 〈vz〉 and the Stokes velocity of up to ≈15% can be seen. For γ = 0.5, cases
with small values of Fr have 〈vz〉/vτ ≈ 1, cases with large values of Fr fall ≈10% faster than the
Stokes velocity, but for intermediate values of g or Fr the particles loiter. For fixed Fr = 0.4, a
similar effect is observed for intermediate values of γ .

IV. THE EFFECT OF VARYING GRAVITY AND THE MASS RATIO

A. Mass ratio effects

We now consider other moments of the velocity of the particles, as we are not only interested
in their mean velocities but also on how much the particle velocities fluctuate around the averaged
values. Figure 4 shows the probability distribution functions (PDFs) of the x and z components of the
particle velocities, for all simulations with Fr = 0.4. For convenience, we subtract the mean values
averaged over time and over all particles, as 〈vz〉 depends on γ . An increase in the dispersion of the
velocity components is observed as γ is increased; i.e., particle velocities display larger fluctuations
around the mean for larger γ (or for smaller mass). This can be expected from Eq. (2); note that the
term Du/Dt is weighted by the mass parameter R, which increases from 0.09 to 0.64 as γ increases.
Thus, lighter particles (i.e., particles with larger γ < 1) are more sensitive to the Lagrangian fluid
acceleration, which can take extreme values, resulting in larger velocity fluctuations of the particles.
But interestingly, an asymmetry can be also observed in the PDFs of vz, stronger for smaller values
of γ (i.e., for particles heavier than the displaced fluid).

To better quantify the role of γ in the shape of these PDFs, we computed three of their
moments: the standard deviation σvi = (μ2,vi )

1/2, the skewness μ̃3,vi = μ3,vi/σ
3
vi

, and the kurtosis
μ̃4,vi = μ4,vi/σ

4
vi

, where the nth order moment μn,vi of the PDF p(vi ) of the ith Cartesian component
of the particles velocities is defined as

μ̃n,vi =
∫

(vi − 〈vi〉)n p(vi ) dvi. (6)

Figure 5 shows all these moments for vx and vz, for all simulations with fixed Fr = 0.4 and varying
values of γ .
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FIG. 5. From left to right: standard deviation, skewness, and kurtosis of vx as a function of γ in the first
row, and same quantities for vy in the second row. All simulations have Fr = 0.4.

In Figs. 5(a) and 5(d), an increase in the standard deviation of vx and vz is observed as γ increases,
confirming the observations in Fig. 4. Figure 5(b) shows that the PDF of vx is approximately
symmetric (i.e., μ̂3,vx is close to zero), in agreement with the symmetries of the system. Any small
asymmetry in the PDF of vx can be expected to be associated with statistical fluctuations; indeed,
for other problems such as, e.g., the statistics of the passive scalar in homogeneous and isotropic
turbulence, getting symmetric PDFs requires extremely long time integrations. In comparison,
Fig. 5(e) shows a large and systematic deviation from small values in the behavior of μ̂3,vz ,
confirming the asymmetry observed in Fig. 4. Interestingly, this asymmetry decreases with γ as the
skewness in vz approaches zero, which can be caused by a smaller relevance of gravity as γ ≈ 1,
and a larger effect of strong fluctuations associated with the Duz/Dt term. For small values of γ ,
the values μ̂3,vz > 0 also indicate that it is more probable to find particles falling more quickly than
the mean vertical velocity, than more slowly than this mean velocity (especially for small values
of γ , or for heavier particles, similar to observations of rain droplets which are much heavier than
the carrier fluid [18]). Finally, Figs. 5(c) and 5(f) show the kurtosis of vx and vy as a function of γ ;
a value of 3 is subtracted from the kurtosis as μ̃4 = 3 for a Gaussian distribution. Smaller values
of kurtosis (i.e., slightly sub-Gaussian statistics) are observed for larger values of γ . However, the
particles with γ = 0.1 have μ̃4 > 3 and are weakly leptokurtic.

To further study the fluctuations in the horizontal velocity of the particles (i.e., perpendicular to
the direction of gravity), we define the increments in this velocity as

δvx(τ ) = vx(t + τ ) − vx(t ), (7)

for a given time lag τ . The time lag τ is chosen as a fraction of the Stokes time τp. For τ < τp and
for heavy particles, the statistics of δvx(τ ) are expected to approach a Gaussian and fluctuations to
become small, as the drag filters fast fluctuations in the velocity field. However, for not so heavy
particles, the added mass term proportional to the Lagrangian acceleration of the fluid can introduce
fast and intermittent fluctuations in the particle velocity, resulting in leptokurtic PDFs of δvx(τ ). For
the following analysis, values of τ = τp/2, τp/4, τp/6, and τp/8 are considered. Note that as St = 6,
a time lag of τp/6 also corresponds to the Kolmogorov dissipation time of the fluid τη.

Figure 6 shows the PDFs of the velocity increments δvx(τ ) for the simulations in Table I.
As expected, particles with γ = 0.1 do not display fat tails in the PDFs; i.e., fluctuations are
approximately Gaussian. However, for smaller values of γ the PDFs of velocity increments display
strong tails, which increase with decreasing values of γ . These strong fluctuations are associated
with the increase in R and the contribution of the term proportional to Du/Dt in Eq. (2), which can
take extreme values and thus also generate strong fluctuations in the particles velocities even below
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FIG. 6. Probability distribution functions of the vx velocity variations at a given time lag τ = τp/2, τp/4,
τp/6, and τp/8, for particles with Fr = 0.4 and for different values of γ . Note tails become heavier as γ

increases, i.e., as particles become lighter.

the particle response time τp. Indeed, albeit the heavy tails decrease their amplitude with decreasing
time lags τ , they do so slowly, and even for τ � τp/6 = τη fat tails can still be observed specially
for the particles with γ = 0.8 or 0.95.

Finally, as a reference we provide typical values for the ratio of the term associated to added mass
effects in the equation for v̇ in Eq. (2), (3R/2)Du/Dt , to the gravity term in the same equation, W/τp,
to further help disentangle their relevance as γ is varied, both in the PDFs as well as in the settling
velocities discussed in Sec. III. The ratio is (3R/2)〈|Du/Dt |〉/(W/τp) ≈ 11 for γ = 0.1, decreases
to ≈7 for γ = 0.2, and then increases monotonically up to ≈100 for γ = 0.95. This is in good
agreement with the change in the velocity fluctuations for the different values of γ reported in this
section.

B. Froude number effects

We now consider statistical moments of the particles velocities, but in the case in which the mass
density ratio γ is kept fixed at a value of 0.5 (i.e., particles are twice as heavy as the displaced fluid),
and the gravitational acceleration g is changed with respect to the acceleration at the Kolmogorov
scale aη. This corresponds to the simulations in Table II. The Froude number is changed in the range
Fr ∈ [0.05, 0.8]; i.e., g is varied between 1.25aη (for Fr = 0.8) and 20aη (for Fr = 0.05). Note the
effect of this change in Eq. (2) is not quite the same as changing γ . While changing γ (at fixed St)
changes the amplitude of the second and third terms on the right-hand side of the equation for v̇,
changing g only changes the amplitude of the second term while keeping the third the same.

The PDFs of vx and vz for these simulations (with their mean values subtracted) are shown in
Fig. 7. A decrease in the velocity dispersion is observed for smaller values of Fr (i.e., for larger
values of g). But interestingly, we also observe an asymmetry in the PDFs of vz, which is larger for
intermediate values of Fr. In other words, for intermediate values of Fr it is more probable to find
particles falling more quickly than their mean vertical velocity.
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FIG. 7. PDFs of the particles velocity components vx (left) and vz (right), with γ = 0.5 and different values
of Fr. Note the increase in the dispersion with increasing Fr (i.e., as inertial acceleration becomes comparable
with gravity).

To quantify the effect of varying Fr on the moments of these PDFs, we revert again to the study
of the standard deviation, the skewness, and the kurtosis of vx and vz, now as a function of Fr.
Figures 8(a) and 8(d) show σvx and σvy for the simulations in Table II. The standard deviation of
both velocity components decrease with decreasing Fr (i.e., with increasing g/aη), as it decreased
with decreasing γ (i.e., for heavier particles). The skewness of vx, shown in Fig. 8(b), is close to
zero, as expected from the symmetries of the system and as was the case in the simulations with
varying γ . However, the skewness of vz is positive and significantly larger, consistent with the PDFs
in Fig. 7. Moreover, μ̃3,vz grows with increasing Fr reaching a maximum when g = 5aη (Fr = 0.2),
and then decreases for even larger values of Fr. The first increase can be understood as, for very
small values of Fr (large values of g), gravitational forces become dominant over the contribution of
the drag and the Lagrangian acceleration in Eq. (2), and as particles falling faster through the fluid
interact for shorter times with local flow fluctuations. Finally, Figs. 8(c) and 8(f) show the kurtosis
of vx and vz. Although the behavior of the kurtosis is again nonmonotonic with Fr, most cases are
slightly sub-Gaussian except again for vz in the simulation with g = 5aη (Fr = 0.2).

Finally, Fig. 9 shows the PDFs of the increments in vx for time lags τ = τp/2, τp/4, τp/6, and
τp/8. Strong variations in vx decrease for decreasing Fr (with the simulations with Fr = 0.2, 0.4,
and 0.8 being practically indistinguishable), and in particular, note that when compared with the
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FIG. 8. From left to right: standard deviation, skewness, and kurtosis of vx as a function of Fr in the first
row, and same quantities for vy in the second row. All simulations have γ = 0.5.
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FIG. 9. PDFs of the vx velocity variations at a given time lag τ = τp/2, τp/4, τp/6, and τp/8, for particles
with γ = 0.5 and different values of Fr. Dispersion decreases for smaller Fr.

PDFs in Fig. 6 (with a fixed Fr = 0.4 and different values of γ ), velocity variations for cases with
Fr < 0.2 are significantly smaller. As we will see next, for large values of g/aη particles tend to
fall through sedimentation columns, which confine particles to preferential regions in the flow,
resulting in a reduced exploration of the flow by the particles and also in smaller variations in their
velocities.

V. CLUSTER FORMATION AND VORONOÏ TESSELLATION

A. Clusters and sedimentation columns

To determine and quantify the clustering properties of the inertial particles for the different values
of γ and Fr, we use a three-dimensional Voronoï tessellation analysis. Voronoï tessellation has
been shown to be a useful tool to characterize preferential concentration of particles (see, e.g.,
Refs. [38–42]), with the standard deviation of the Voronoï cell volumes being associated to the
amount of clustering of the particles [12,38,39]. A Voronoï tessellation assigns a “cell” (or a volume)
to each particle, so that each point in that cell is closer to that particle than to any other particle.
Large tessellation cells correspond to voids (i.e., regions with far apart particles), while small cells
correspond to clustered particles which are closer than the average. As mentioned in Sec. II, as we
do not consider particle interactions or the feedback of the particles in the flow, the large number
of particles will be used to study the statistics of cluster formation in the one-way approximation
(i.e., to understand how the particles sample the flow), irrespective of whether particles with finite
radius superimpose or not. Later we will show that the statistics of the clusters is the same if the
106 particles are considered, or if an ensemble of flow realizations with a smaller and more realistic
number of particles (such that particles do not superimpose) is analyzed.

As an illustration of the structures that arise as a result of particle accumulation, Fig. 10 shows the
Voronoï cells in an x-y plane at t ≈ 50L0/U0 for three simulations with fixed Fr = 0.4 and different
values of γ : 0.95 (i.e., particles with mass density close to that of the fluid), 0.5 (i.e., particles
twice heavier than the fluid), and 0.1 (particles 10 times heavier than the fluid). As γ decreases and
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FIG. 10. Voronoï cells in a slice in the x-y plane at t ≈ 50L0/U0 for simulations with Fr = 0.4 and γ = 0.95
(left), 0.5 (middle), and 0.1 (right).

particles become heavier (for fixed St), localized light and dark patches appear. As the density of
particles is inversely proportional to the cell volumes (there is only one particle per cell), darker
patches correspond to accumulation of particles, while lighter patches correspond to voids. This
is to be expected: heavy particles are known to cluster, and more so for Stokes numbers close to
one [11,12,38]. Note also that strong accumulation takes place in similar regions, especially for the
particles with γ = 0.5 or 0.1 (although particles are different, with different values of γ or Fr, the
underlying turbulent flow is the same for all the different particles).

However, the effect of varying the fluid-to-particle mass ratio γ in the presence of gravity has
another effect: particles can settle. Figure 11 shows the Voronoï cells in a slice in the x-z plane at the
same time, for the same simulations as in Fig. 10. For fixed Fr, as γ is decreased (i.e., as the particles
mass is increased), clusters order into vertical sedimentation columns through which particles fall
preferentially, with large voids in between these columns (see the case with γ = 0.1). This explains
the smaller fluctuations in the particle velocities for this case reported in the previous sections:
Heavier particles explore fewer regions of the flow as they settle. The generation of sedimentation
columns in the presence of gravity, and the associated enhancement of clustering, has been observed
before but in the limit of heavy particles [8,9].

Similar results are shown in Figs. 12 and 13 for simulations with fixed γ = 0.5, and different
values of Fr, respectively for slices in the x-y and x-z planes. In the x-y slices in Fig. 12, the
development of clusters can be seen for fixed particle mass and Stokes number as Fr is decreased
(i.e., as gravity increases compared with aη). The associated formation of columns is clear in the x-y
slices shown in Fig. 13, particularly for the case with Fr = 0.05. Note columns develop in this case
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FIG. 11. Voronoï cells in a slice in the x-z plane at t ≈ 50L0/U0 for simulations with Fr = 0.4 and γ = 0.95
(left), 0.5 (middle), and 0.1 (right). Note the formation of columns.
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FIG. 12. Voronoï cells in a slice in the x-y plane at t ≈ 50L0/U0 for simulations with γ = 0.5 and Fr = 0.8
(left), 0.2 (middle), and 0.05 (right).

as in the case of heavy particles, even though γ = 0.5 and particles are just twice heavier than the
displaced fluid.

Interestingly, there is a correlation between the formation of these structures and the behavior of
the settling velocity discussed in Sec. III. On the one hand, simulations with sedimentation columns
(as, e.g., the simulation with Fr = 0.4 and γ = 0.1 in Fig. 11, or the simulation with Fr = 0.05 and
γ = 0.5 in Fig. 13), or simulations without columns, have terminal velocities equal or larger than
the Stokes velocity (〈vz〉/vτ � 1) in Fig. 3(b). On the other hand, simulations transitioning between
the two regimes, with short-lived or small columns (the simulation with Fr = 0.4 and γ = 0.5 in
Fig. 11, and the simulation with Fr = 0.2 and γ = 0.5 in Fig. 13) have 〈vz〉/vτ < 1 in Fig. 3(b) and
display more clear skewness in the PDFs of vz as seen in Figs. 7(b) and 8. This is also in qualitative
agreement with a modified sweep-stick mechanism in the presence of gravity presented in Ref. [9].
Particles accumulate in points of the flow with close to zero Lagrangian acceleration and fall from
these accumulation points, thus giving rise to the formation of the columns.

B. Statistics of Voronoï volumes

The formation of clusters can be quantified from the PDFs of the Voronoï cells and from
their standard deviation as previously shown in Refs. [38,39]. Figure 14 shows the PDFs of the
normalized volumes, V , of the Voronoï cells for all particles (where V is the volume of the
cells normalized by the mean cell volume and is thus dimensionless). For fixed Fr = 0.4 and for
decreasing γ (i.e., for heavier particles), the PDFs become wider. A similar behavior is observed
for fixed γ = 0.5 as Fr is decreased. As a reference, Fig. 14 also shows the PDF generated by

0.0 0.2 0.4 0.6 0.8 1.0
x/(2πL0)

0.0

0.2

0.4

0.6

0.8

1.0

z/
(2

π
L

0)

(a)

0.0 0.2 0.4 0.6 0.8 1.0
x/(2πL0)

0.0

0.2

0.4

0.6

0.8

1.0

z/
(2

π
L

0)

(b)

0.0 0.2 0.4 0.6 0.8 1.0
x/(2πL0)

0.0

0.2

0.4

0.6

0.8

1.0

z/
(2

π
L

0)

(c)

FIG. 13. Voronoï cells in a slice in the x-z plane at t ≈ 50L0/U0 for simulations with γ = 0.5 and Fr = 0.8
(left), 0.2 (middle), and 0.05 (right).
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FIG. 14. PDFs of the Voronoï volumes V for simulations with (a) different values of γ and fixed Fr = 0.4
and (b) different values of Fr and fixed γ = 0.5. The black dashed line indicates as a reference the PDF when
particles are randomly distributed according to a random Poisson process.

a random Poisson process (RPP), i.e., for particles randomly and uniformly distributed in space
[43,44]. Deviations of the PDFs from the RPP (and in particular, fatter tails to the left of the PDF)
are considered an indication of the formation of clusters. An increase in the width of the PDFs, or in
their standard deviations, also indicates a larger degree of clustering of the particles. This is observed
in particular as particles become heavier, or as gravity increases compared with the acceleration at
the Kolmogorov scale. This is also in agreement with the results shown in Figs. 11 and 13: For
large values of γ or small values of Fr, particles form sedimentation columns, increasing the size
of the clusters as well as of voids. Indeed, in this case particles in the sedimentation columns are
closer together (resulting in larger probabilities of finding smaller Voronoï cells), and as the number
of particles is the same in all simulations, this also results in larger probabilities of finding larger
voids. Similar structures were observed before in the limit of very heavy particles [9].

Figure 15(a) shows all the PDFs, with the logarithm of the volumes of the Voronoï cells centered
around their mean and normalized by their standard deviations. In previous studies [12,45], it
was reported that changing the Reynolds and Stokes numbers essentially changes small volumes
corresponding to regions of highly concentrated particles (i.e., the left tail of the PDFs in Fig. 15),
while large volumes corresponding to voids (i.e., the right tail of the PDFs), remain approximately
insensitive to such changes. In our simulations, at fixed St and Reλ, we see that these tails are both
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FIG. 15. (a) PDF of the Voronoï volumes V for all simulations, with the logarithm (with base 10) of the
volumes centered around the mean and normalized by the dispersion. Simulations with varying γ have Fr =
0.4, and simulations with varying Fr have γ = 0.5. (b) Variance of the Voronoï volumes, σ 2

V , as a function of
γ . (c) Same as a function of Fr. The dashed horizontal line in panels (b) and (c) indicates σ 2

V = 1 as a reference.
Light particles or with small gravity have σ 2

V < 1.

114304-14



SETTLING AND CLUSTERING OF PARTICLES …

−3 −2 −1 0 1 2 3
[log(ν) log(ν) ] /σlog(ν)

10−2

10−1

100

P
D

F

(a)

1 × 103

5 × 103

1 × 104

5 × 104

1 × 106

−3 −2 −1 0 1 2 3
[log(ν) log(ν) ] /σlog(ν)

10−2

10−1

100

P
D

F

(b)

FIG. 16. PDFs of the normalized Voronoï volumes V for the simulation with γ = 0.5 and Fr = 0.4, with
the logarithm (with base 10), using (a) one subset of the total particles, with varying sizes from 103 to 106

particles (the total of particles available, indicated by the dashed black line; all sizes of the subsets used are
indicated in the inset), and (b) for different subsets of 103 particles, compared with the PDF for the 106 particles
(indicated by the dashed black line).

affected by Fr and γ . Moreover, the effect of these parameters is not quite the same: Increasing
the particles mass makes the probability of finding voids larger than in the case when gravity
acceleration is increased.

Figures 15(b) and 15(c) show the variance of the Voronoï volumes σ 2
V as a function of γ and

Fr. As a reference, an RPP has σV ≈ 0.42 [43,44] (thus, σ 2
V ≈ 0.18). As particles become heavier,

or gravity increases (Fr decreases), σ 2
V becomes much larger than this value, indicating stronger

clustering. However, for light particles (or, in the case of particles with γ = 0.5 as gravity decreases)
σ 2
V tends to decrease and to become smaller than one, albeit even for γ = 0.95 we still observe some

weak clustering (i.e., σ 2
V > 0.18).

Finally, we show that the statistical properties of the clusters (when Voronoï volumes are nor-
malized by the mean) is the same when more realistic volumetric ratios of particles are considered.
Figure 16(a) shows the PDFs of the Voronoï volumes for all simulations, with the logarithm of
the volumes centered around the mean and normalized by the dispersion, for different subsets of
randomly chosen particles out of the 106 particles. Smaller (and more realistic) number of particles,
as, e.g., 103 particles, display the same clustering except for the larger fluctuations in the PDF
(expected as a result of the limited statistics). However, when 10 subsets of 103 particles are
considered, as shown in Fig. 16(b), the PDFs converge to the results shown for 106 particles. Note
that this does not imply that varying the density of particles in a fluid does not affect sedimentation
or clustering. Indeed, it has been shown [46–48] that varying the particle concentration affects both.
What this shows instead is that for simulations of particles in a fluid in a dilute regime (the regime
described by our equations of motion), loading the flow with a large number of noninteracting “test”
particles can improve the statistics while yielding the same results when the particles are considered
as multiple sets in a statistical ensemble. Finally, note that for this to work, subsets of particles must
be sampled randomly from the larger set.

VI. DISENTANGLING ADDED MASS AND BOX SIZE EFFECTS

One of the main differences of this work with previous studies of clustering and sedimentation
in one-way coupled particles is that we consider particles with moderate mass density, while studies
in, e.g., Refs. [8,9], considered heavy particles. This results in the appearance of fluid and added
mass effects in the Maxey-Riley equation, controlled by the parameter R. To further disentangle
the contribution of this term on settling and clustering, we now vary R separately from all other
parameters. Finally, we also show that the formation of sedimentation columns in the simulations is
unaffected by the domain size.
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FIG. 17. Average vertical velocity of the particles as a function of time, for all simulations with Fr = 0.4
and different values of R∗ (with a base value of R = 0.4). The dashed horizontal line indicates the theoretical
Stokes terminal velocity for the fluid at rest.

A. Effect of artificially varying R

Until now, the value of the mass ratio parameter, R, was changed together with γ (the ratio of the
fluid density to the particle density), as R = γ /(1 + γ /2). However, γ also changes the value of the
sedimentation rate for the fluid at rest W in Eq. (2), and as a result it is difficult to differentiate the
effect of each of these terms separately in the results. To study the effect of added mass on settling
and clustering we now vary R artificially, independently of the value of γ in the simulations (i.e.,
keeping the amplitude of all other terms in the Maxey-Riley equation the same). We will label this
synthetic value of R as R∗. The equations of motion of the particles are then given by

ẋ = v, v̇ = 1

τp
[u(x, t ) − v(t )] − W

τp
ẑ + 3

2
R∗

D

Dt
u(x, t ), (8)

where the expressions of τp and W are the same as before. We present in the following results for the
simulation g1γ 05 in Table I (with Fr = 0.4, γ = 0.5, and R = 0.4), and for two other simulations
with the same parameters (i.e., keeping Fr = 0.4 and γ = 0.5) but with R∗ = 0.2R or with R∗ =
1.6R.

Figure 17 shows the mean vertical particle velocity (averaged over all particles) as a function
of time, for all simulations. The dashed horizontal line indicates the theoretical Stokes terminal
velocity. For larger values of R∗, the actual settling velocity becomes smaller than the Stokes velocity
(i.e., particles loiter). In other words, larger values of R∗ result in slower settling, while smaller
values of R∗ result in faster settling.

This change can be partially understood from the PDFs of the particles velocities in these
simulations (see Fig. 18). For both vx and vz, larger values of R∗ result in stronger tails (i.e., on
larger probabilities of finding extreme values of the particles velocities). This is to be expected, as
Dt u = ∂t u + u · ∇u, and the Lagrangian acceleration is expected to be non-Gaussian even when
u is Gaussian, resulting in leptokurtic particles velocities. This confirms the previous observation
that added mass effects favor loitering and are responsible for the leptokurtic behavior of the
PDFs. Indeed, for smaller values of R∗ the PDFs become closer to Gaussian. However, and more
interestingly, the PDFs of vz also become more asymmetric as R∗ increases. In other words, there is
a larger probability of finding individual particles falling more quickly than the mean velocity as R∗
increases. This results in the following picture: As R∗ increases, particles tend to loiter more (i.e.,
〈vz〉 decreases), but there are more chances of finding a few particles falling more quickly than the
mean velocity. This is the effect of the flow intermittency on the particle dynamics, which becomes
more relevant as R∗ increases.

These results are consistent with previous studies of settling of heavy particles: Heavy particles
tend to fall more quickly than the Stokes velocity [8,9] (although cases of weak loitering are also
possible in this regime [9]), which correspond to the limit of our equations for negligible R∗. In
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FIG. 18. Probability distribution functions (PDFs) of the particles velocity components (a) vx and (b) vz,
with Fr = 0.4 and different values of R∗, using a base value of R = 0.4. Note the increase in the tails (and in
the asymmetry for vz) with increasing R∗.

Ref. [8], it was argued that this results from a preferential sampling of heavy particles of regions in
which the fluid goes downward, while in Ref. [9] a modified sweep-stick mechanism was presented
for the formation of sedimentation columns in this limit. In particular, in Ref. [8] it was shown
for a range of Stokes numbers that if we assume that the particles are advected by an effective
compressible velocity field v(x, t ), then 〈uz∇⊥ · v⊥〉 > 0, and as a result regions in which particles
preferentially accumulate in horizontal planes (i.e., with ∇⊥ · v⊥ < 0), must preferentially have
uz < 0. This is also the case for the lighter particles considered here, as shown in Fig. 3 (note vτ =
−W < 0, and thus 〈uz〉/vτ > 0 implies that 〈uz〉 < 0 for all cases considered). This indicates that,
on the average, the same theoretical argument put forward in Ref. [8] for heavy particles can explain
the formation of columns in the case of particles with moderate mass. However, large values of R∗
can modify this argument, introducing leptokurtic fluctuations in the particles velocities originating
in the extra term proportional to Du/Dt in the equation of motions. Moreover, if the change in R∗
results in a change in the regions of the flow that the particles preferentially explore, this should be
visible as a change in the clustering properties of the particles.

Figure 19 shows the PDFs of the Voronoï volumes V for the simulations with different values of
R∗ and with Fr = 0.4, with the logarithm of the volumes centered around the mean and normalized
by the dispersion. Increasing R∗ above R does not seem to affect the clustering significantly.
However, for R∗ < R the PDFs display almost no deviation from the RPP for small values of V ,

−4 −3 −2 −1 0 1 2 3 4
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FIG. 19. PDFs of the Voronoï volumes V for the simulations with different values of R∗, with Fr = 0.4.
The logarithm (with base 10) of the volumes is centered around the mean and normalized by the dispersion.
The dotted line indicates a random Poisson process.
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FIG. 20. Voronoï cells in a slice in the x-z plane at t ≈ 50L0/U0, for two simulations with γ = 0.5 and
Fr = 0.05, in (a) a simulation with a cubic domain of height Lz = 2π and (b) in a simulation with a domain
with twice the height. Panel (c) shows PDFs of the normalized Voronoï volumes V , with the logarithm (with
base 10), in both simulations. The dotted line indicates a random Poisson process.

indicating particles are more homogeneously distributed. Flow intermittency (which affects particles
dynamics through Du/Dt) seems to favor clustering. It is also worth pointing out that the simulation
with loitering (R∗ = 1.6R) displays “clumps” in the sedimentation columns: Particles accumulate
in some specific regions of the flow as they loiter and affect which is absent in the simulation with
(R∗ = 0.2R). This also explains the reduced preferential concentration observed in the latter case.

B. Effect of varying the domain height

We finally verify that the formation of sedimentation columns is not the result of finite domain
size effects and is not strongly dependent on them. To this end, we compare two simulations:
simulation g8γ 05 in the (2πL0)3 periodic domain (with γ = 0.5 and Fr = 0.05) and a simulation
with the same parameters but in a 2πL0 × 2πL0 × 4πL0 periodic domain. In the latter simulation,
to break any 2π periodicity in z, we also excite with a small perturbation in the forcing the Fourier
modes with vertical wavelength λz = 4πL0.

Figures 20(a) and 20(b) show the Voronoï cells in a slice in the x-z plane at t ≈ 50L0/U0 for
both simulations. Note that as we have 106 particles in both cases, while the fluid volume in the
second simulation was doubled, the density of particles (and of Voronoï cells) in the simulation in
the elongated domain is halved. In spite of this, we see similar structures, and the development of
sedimentation columns, in both simulations. Figure 20(c) shows the PDFs of the Voronoï volumes
V in both simulations, centered around their mean and normalized by their dispersion. There are
no significant differences between the two, indicating similar statistical properties of the clusters
associated to the columns.

VII. CONCLUSIONS

In this work, we presented a numerical study of settling and clustering of small inertial particles
in homogeneous and isotropic turbulence, for particles that are denser than the fluid but not in the
limit often considered in previous studies of particles much heavier than the displaced fluid [8,9].
To this end, a simple model for the particles was used based on the Maxey-Riley equation [10],
including gravity, Stokes drag, and added mass effects up to linear order in the particle radius.
However, only one-way coupling between the fluid and the particles was considered; it is worth
noting that two-way coupling can have important effects on settling through collective effects [49],
thus resulting in the first main limitation of our study. Our particles should thus be considered as
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“test” particles, used in the simulations as a means to improve statistical convergence, and the system
should not be interpreted as a densely loaded multiphase flow [37,46–48]. A study of the effect of
particle concentration in the settling or clustering of particles would require considering collisions
between particles and the forces that the particles exert in the fluid. The second main limitation is
that we explored the effect of varying the fluid-to-particle mass ratio and of varying the acceleration
of gravity, while keeping Reynolds and Stokes numbers fixed. Both these numbers are known to
have an effect on clustering for heavy particles [41,45]. Consideration of these effects is left for a
future study.

We reported deviations of the particles’ free-fall velocity from the Stokes terminal velocity in the
fluid at rest, a decrease on the standard deviation of the particle velocities with decreasing fluid-to-
particle mass ratio and with decreasing Froude number, and a nonmonotonic dependence of higher
order moments of the particle velocity on these controlling parameters. Most particles fall on the
average more quickly than the Stokes terminal velocity. However, a few cases of particles displaying
loitering are associated with (1) cases with intermediate mass (compared with the fluid displaced
mass) or gravity acceleration (compared with the fluid acceleration at the Kolmogorov scale),
(2) cases with skewness in the distribution of the vertical velocity, with larger than Gaussian
probability of finding some particles falling faster than the average, and (3) cases transitional in the
formation of clusters, with mild and small sedimentation columns. Fluid and added mass effects
were also observed, in all cases but more so for lighter particles or larger Froude numbers, to
increase strong leptokurtic fluctuations in the particles velocity. This was also verified by artificially
varying the amplitude of the mass ratio parameter, which indicated that this term also plays a
relevant role in cases in which the particles loiter.

As in previous studies [38–42], the Voronoï tessellation was found to be a useful tool to
characterize cluster formation. An increase in the particle clustering was found for increasing
gravitational acceleration and for decreasing fluid-to-particle mass ratio. In both cases, the strongest
clustering was associated to the formation of sedimentation columns that go across the entire volume
in the vertical direction and through which particles fall preferentially with smaller fluctuations than
in cases without columns. For very light particles, the probability distribution functions of Voronoï
volumes were observed to approach that of a random Poisson process (i.e., the case of randomly
and uniformly distributed particles), although even for a fluid-to-particle mass ratio of 0.95 weak
clustering is still observed.
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