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Helical trajectories of swimming cells with a flexible flagellar hook
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The flexibility of the bacterial flagellar hook is believed to have substantial consequences
for microorganism locomotion. Using a simplified model of a rigid flagellum and a flexible
hook, we show that the paths of axisymmetric cell bodies driven by a single flagellum in
Stokes flow are generically helical. Phase-averaged resistance and mobility tensors are
produced to describe the flagellar hydrodynamics, and a helical rod model which retains
a coupling between translation and rotation is identified as a distinguished asymptotic
limit. A supercritical Hopf bifurcation in the flagellar orientation beyond a critical ratio of
flagellar motor torque to hook bending stiffness, which is set by the spontaneous curvature
of the flexible hook, the shape of the cell body, and the flagellum geometry, can have
a dramatic effect on the cell’s trajectory through the fluid. Although the equilibrium hook
angle can result in a wide variance in the trajectory’s helical pitch, we find a very consistent
prediction for the trajectory’s helical amplitude using parameters relevant to swimming P.
aeruginosa cells.
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I. INTRODUCTION

One of the primary means of prokaryotic microorganism propulsion in viscous fluids is through
the rotation of one or many helical flagella, and each flagellum is connected to a rotary motor
embedded in the cell membrane by a flexible elastic hook which acts as a joint [1–4]. The bending
stiffness of flagellar hooks varies widely, from ∼10−4 pN μm2 to ∼10−1 pN μm2 [5–10], with
smaller values in peritrichous (multiflagellated) organisms which require the increased flexibility so
that the flagella may form flagellar bundles [11]; the hook length itself may be optimized in nature
in service to helical bundle stability [12]. The stiffer hook appearing in monotrichous organisms
(which propel using a single polar flagellum) appears necessary to stabilize straight swimming, but
hook compliance is also needed during the “flick” phase of so-called “run-reverse-flick” trajectories
in V. alginolyticus during chemotaxis [10,13–15]. Although it has been observed in generic settings
that a helical flagellum does not substantially deform under rotation [16], a more recent investigation
by Jabbarzadeh and Fu indicates that both hook as well as flagellum deformability are needed
to account for the large hook angles seen in such flicks [17,18], consistent with experimental
observations [14]. Even without the added complexity of a cell body, the chirality of a helical
filament results in coupling of translation and rotation which can lead to surprisingly rich dynamics
under gravity [19], under magnetic actuation [20,21], near surfaces [22,23], in a background flow
[24,25], or even double-helical trajectories for double-helical “superhelices” like insect spermatozoa
[26,27]. For very soft filaments, other instabilities and dynamics abound [28–30].

The end result of such flagellar activity is the body trajectory, itself an object of intense scrutiny.
Observations of the helical paths of swimming microorganisms date back as far as the eloquent
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descriptions by Jennings in 1901 [31]. The helical trajectories of microorganisms have been
explored in a very general setting and shown to be demanded by differential geometry under the
assumptions of a fixed velocity in the body frame by Crenshaw [32], who used the criterion that
a path with fixed curvature and fixed torsion is sufficient to identify a perfect helical trajectory.
Helical swimming is a natural consequence when the driving flagellum is tilted at an angle relative
to the surface at its connection point to the cell body. In addition to providing a thrust force
on the cell, a tilted flagellum, rotated at its base by the rotary motor, will precess in a circular
motion relative to the body surface. Though apparently detrimental to motility, this bending angle
and precession in fact leads to enhanced mobility in C. crescentus [33]. The “wobbling” and
“wiggling” of cell bodies has been investigated numerically by Hyon et al., in an effort which
included comparison to new experiments using B. subtilis cells [34], and precession was also
noted in simulations by Shum and Gaffney [35]. More recently, Constantino et al. have observed
and rationalized the helical trajectories of H. pylori [36], Rossi et al. have investigated the same
for E. gracila cells [37,38], synthetic models have been designed to explore helical trajectories
[39], and new techniques have been developed for inferring motility parameters statistically [40].
Properly tuned undulatory beating can also result in helical navigation, as found in the swimming
of Chlamydomonas reinhardtii cells [41].

Parallel to any potential functionality which might be conferred by hook deformability, there are
also constraints and requirements on its construction for usability. Vogel and Stark have presented
a very detailed picture of flagellum buckling and dynamics, and a supercritical Hopf bifurcation
in the thrust force due to hook and flagellum compliance which persists when the flagellum is
affixed to a spherical cell body during locomotion [42]. Full numerical simulations and modeling by
Shum and Gaffney [35], Nguyen and Graham [43,44], and Park et al. [15] confirmed the existence
of a critical motor torque triggering a bifurcation from straight swimming to apparently helical
swimming trajectories when flagellum flexibility is included (see also Refs. [10,35,39]).

In this paper we show using a simplified model of the flagellum and the flagellar hook that a
helical trajectory is generic, and study the dependence of the helical path geometry on material
parameters including the flagellum geometry, hook bending stiffness, and spontaneous hook curva-
ture. After providing the mathematical description of the swimming cell in Sec. II, we reproduce
in Sec. III by very elementary means a modification of the result of Crenshaw [32] that a helical
trajectory is generic, through reference to the curvature and torsion observed in a particular reference
frame. In Sec. IV we develop the simplified model of a phase-averaged helical flagellum connected
by a flexible hook to the cell body which experiences a fixed motor torque. The model is then
used to derive analytically the flagellum dynamics when the cell body is fixed in space, and then
in the full system in which the cell body, flagellar motion, and hook angle are coupled. We provide
analytical expressions for the critical stability criteria, a bifurcation in the hook bending angle which
is present in the full swimming problem but not in the fixed-body problem given the assumption of
a rigid flagellum. We conclude with a brief discussion in Sec. V.

II. MATHEMATICAL MODEL

In this paper, the cell body is modeled as a prolate spheroid with major and minor axis lengths
2a and 2b, whose position and orientation at time t evolve according to hydrodynamic force and
torque balance. Driving the body through the fluid is a single flagellum connected to the cell by a
short, deformable hook. As illustrated in Fig. 1, we define the reference frame to be that in which
the centroid of the cell body is located at the origin, and the flagellum orientation, identified by a
unit vector P, lies in the (e1, e3) plane, with {e1, e2, e3} the standard orthonormal basis. We write
P = sin φe1 + cos φe3, and refer to the angle φ as the bending angle. The rotary motor which drives
the relative rotation between the cell body and flagellar hook is located in the reference frame at
position X = ae3.

In the laboratory (lab) frame, the centroid is located at time t at a position r(t ), and the flagellum
orientation is denoted by p(t ). The centroid of the cell body evolves as ṙ = U(t ), with U the
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FIG. 1. Schematic of the prolate spheroidal cell body (axis lengths 2a and 2a
√

1 − e2, with e ∈ [0, 1) the
eccentricity) and flagellum in the reference and lab frames. (Left) Reference frame. The flagellum is affixed to
a hook emanating from the position ae3, and is oriented in the P(t ) direction. (Right) Lab frame. The centroid
is located at a position r(t ), the hook emanates from a position x(t ) = r(t ) + ad3, and the flagellum is oriented
in the p(t ) direction which is always in the (d1, d3) plane. Mapping from the reference frame to the lab frame
involves a translation by r(t ) and a rotation via matrix D(t ). The bending angle is denoted by φ(t ).

translational velocity in the lab frame. The cell’s rotational velocity in the lab frame is denoted
by �. As the system translates and rotates, it carries with it an orthonormal triad of basis vectors,
the columns of the rotation matrix D(t ) = {d1(t ), d2(t ), d3(t )}, defined such that the position of the
flagellar base in the lab frame is given by x(t ) = r(t ) + ad3(t ), and the flagellum direction remains
always in the (d1, d3) plane (P ∈ span{e1, e3} and p ∈ span{d1, d3}, with p = D · P). The rotational
velocity of the flagellum’s orientation in the lab frame is denoted by �p, with �p = � + φ̇d2 + θ̇d3,
with θ̇ a flagellar precession rate. Hence, the rotational velocity of the orthonormal basis, denoted
by �D, is given by (with d3d3 a dyadic product)

�D = (I − d3d3) · � + d3d3 · �p = � + θ̇d3. (1)

Denoting the translational and rotational velocities in the reference frame by U0 and �0, respec-
tively, we have U = D · U0 and � = D · �0, and thus �D = D · (�0 + θ̇e3). Since the basis vectors
(columns of D) evolve in time via

ḋi = �D × di = (D · �0) × di + θ̇d3 × di, (2)

the rotation matrix evolves according to [using det(D) = 1]

Ḋ = �̂D · D = (D · �̂0 · DT + �̂′) · D, (3)

where we have introduced the skew-symmetric operators �̂D = �D×, �̂0 = �0×, and �̂′ =
θ̇d3× = θ̇ (d2d1 − d1d2).

Shortly, we will use the following relations: for a constant vector a in the reference frame,

d

dt
(D · a) = Ḋ · a = (D · �̂0 · DT + �̂′) · (D · a) = D · ([�0 + θ̇e3] × a). (4)

Then, writing the flagellum orientation’s rotational velocity in the lab frame as �p = � + θ̇d3 +
φ̇d2 = D · (�0 + θ̇e3 + φ̇e2) and using Ṗ=(cos φ e1 − sin φ e3)φ̇=φ̇e2 × P (see also Appendix A),
we verify that

ṗ = d

dt
(D · P) = Ḋ · P + D · Ṗ = D · [(�0 + θ̇e3 + φ̇e2) × P] = �p × p. (5)
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III. CONSTANT BENDING ANGLE RESULTS IN A HELICAL TRAJECTORY

We begin by reproducing a modification of the result of Crenshaw [32], that a helical trajectory
is almost entirely generic at zero Reynolds number. While Crenshaw shows that a constant trans-
lational and rotational velocity in the body frame result in a helical trajectory, here we lean on the
axisymmetry of the cell body and produce a similar result by using a reference frame which rotates
relative to the flagellar orientation. The primary assumptions that we make are that the flagellum
geometry is rigid and that the force and torque generated by the rotation of the flagellum are
independent of its phase (thus neglecting small oscillations due to the rotation of a finite helical
propeller [45]). It is believed that flagella do not substantially deform during their normal rotating
thrust generation [16].

The translation and rotation rates of the cell body, as well as the evolution of the flagellar
orientation, are determined instantaneously in the Stokes flow limit of zero Reynolds number [46].
Since the flagellum orientation P in the reference frame is described by a single degree of freedom
φ ∈ [0, π ], and φ̇ is a function of φ alone by the assumption of phase independence and body
axisymmetry, we must have that φ settles to a fixed point (neglecting the special case that the
flagellum is in periodically varying hard contact with the cell body). Viewed differently, in the frame
of the cell body the flagellum orientation vector explores the two-dimensional surface of a sphere,
in which case the autonomous system demands that the orientation settles either to a fixed point or
a limit cycle. A fixed point is found if either φ = 0 (or the nonphysical orientation with φ = π ), or
when the relative precession rate between the flagellum and cell body θ̇ is zero. Otherwise, a limit
cycle must exist by the Poincaré-Bendixson theorem [47].

We begin by considering the terminal case, in which the flagellum orientation has reached its
fixed point in the reference frame (i.e., the bending angle φ is constant). By assumption of flagellar
phase independence, the cell-body velocity and rotation rate in the reference frame U0 and �0

are also constant in time, as is the differential precession rate θ̇ . We will prove that the resulting
trajectory is helical by showing that its curvature κ and torsion τ are constant. In terms of the
position of the centroid r(t ), and ṙ = dr/dt , the curvature and torsion are given by

κ = |ṙ × r̈|
|ṙ|3 , τ = −(ṙ × r̈) · ˙̇ ˙r

|ṙ × r̈|2 . (6)

With velocities in the reference frame fixed, we have that

ṙ = D · U0, (7)

r̈ = Ḋ · U0 = D · ([�0 + θ̇e3] × U0). (8)

Upon insertion into (6), we find using manipulations as in (4), and |ṙ| = |U0| that

ṙ × r̈ = D · (U0 × ([�0 + θ̇e3] × U0)), (9)

κ = |D · (U0 × ([�0 + θ̇e3] × U0))|
|D · U0|3 = |U0 × ([�0 + θ̇e3] × U0)|

|U0|3 , (10)

a constant in time by the assumptions above (see also Appendix A). The curvature may also be
written as

κ =
√

A1A2 − A2
3

A1
, (11)

where we have defined

A1 = |U0|2, A2 = |�0 + θ̇e3|2, A3 = U0 · (�0 + θ̇e3). (12)

Similarly, and again using the identity in (4), we have (again assuming θ̇ is constant) that

˙̇ ˙r = Ḋ · ([�0 + θ̇e3] × U0) = D · [(�0 + θ̇e3) × ([�0 + θ̇e3] × U0)], (13)
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and therefore

τ = −D · [U0 × ([�0 + θ̇e3] × U0)] · {D · ([�0 + θ̇e3] × ([�0 + θ̇e3] × U0))}
|D · [U0 × ([�0 + θ̇e3] × U0)]|2 (14)

= −[U0 × ([�0 + θ̇e3] × U0)] · {(�0 + θ̇e3) × ([�0 + θ̇e3] × U0)}
|U0 × ([�0 + θ̇e3] × U0)|2 = −A3

A1
, (15)

constant in time. The trajectory is therefore helical with curvature and torsion given by

κ =
√

A1A2 − A2
3

A1
, τ = −A3

A1
. (16)

The helical trajectory may alternatively be represented by its amplitude A, with A = κ/(κ2 + τ 2)
and its slope |τ |/κ . The pitch angle ψ is given by ψ = tan−1(κ/|τ |) (ψ = 0 for a straight path and
ψ = π/2 for a tightly coiled helical path). The helical amplitude and pitch angle are thus given by
A =

√
A1A2 − A2

3/A2 and ψ = tan−1(
√

A1A2 − A2
3/|A3|).

The result above is highly generic. Even if the complete hydrodynamics of the flagellum-cell
system are determined exactly, once the (assumed rigid and phase-insensitive) flagellum reaches the
fixed point in bending angle, the trajectory is assured to be helical, while the flagellum precesses
around the normal direction and the cell body translates and rotates, per the calculation above. The
terminal flagellum orientation and thus geometry of that helical trajectory may, however, depend
on the detailed hydrodynamics of flagellar propulsion. The finite length of real flagella will also
contribute very small oscillations due to a small hydrodynamic phase dependence, but the time
required for flagellum rotation about its long axis is often small compared to all other timescales in
the system, and there may be considerable cancellation of these effects in more general settings.

IV. TRAJECTORIES OF CELL BODIES WITH A MODEL HELICAL FLAGELLUM

A. Dynamics of an axisymmetric body

We turn now to the full dynamics of an axisymmetric cell body in a viscous fluid. The linearity
of the Stokes equations describing viscous flow demand a linear relationship between the force
and torque due to the flagellum and the resultant translational and rotational velocities of the cell
body [48]. The net force and torque on the full body-flagellum system must be zero at any moment
in Stokes flow, resulting in cell-body counter-rotation relative to the flagellum [49]. Although the
result of the previous section is generic, we will neglect the hydrodynamic interactions between the
cell body and the propelling mechanism for the sake of analytical tractability; an approximation by
Lighthill [Eqs. (124) and (125)] in Ref. [1] indicate a correction of the swimming speed which is
only logarithmic in the cell-body size relative to flagellum length, with noticeable but not dramatic
effects noted in Refs. [15,50–53]. Writing the viscous force and torque on the cell body in the
reference frame at its centroid as F0(P) and M0(P), the viscous resistance of a prolate spheroidal
cell body results in the translational and rotational velocities in the reference frame

U0 = −1

6πμa
[(X A)−1e3e3 + (Y A)−1(I − e3e3)] · F0(P), (17)

�0 = −1

8πμa3
[(XC )−1e3e3 + (Y C )−1(I − e3e3)] · M0(P), (18)

where, defining the body eccentricity e and Le = ln[(1 + e)/(1 − e)], we have X A =
(8e3/3)[−2e + (1 + e2)Le]−1, Y A = (16e3/3)[2e + (3e2 − 1)Le]−1, XC = (4e3/3)(1 − e2)[2e −
(1 − e2)Le]−1, and Y C = (4e3/3)(2 − e2)[−2e + (1 + e2)Le]−1 [54]. If the cell body is spherical,
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e → 0, X A = Y A = XC = Y C = 1, and

U0 = −1

6πμa
F0(P), (19)

�0 = −1

8πμa3
M0(P). (20)

To evaluate the swimming path geometry in Eq. (16) we require F0 and M0 and the flagellum
precession rate θ̇ , which all require a model of the flagellum. As a concrete example, however,
consider a flagellum connected at X = ae3, oriented in the P = sin φ e1 + cos φ e3 direction, with
the bending angle φ and precession rate θ̇ held fixed. If the flagellum is acting on the cell with force
− f P and moment −mP, then F0 = f P and M0 = ae3 × F0 + mP, and for nearly spherical bodies
we find that

κ = 3

4a

(
1 +

[
8πμa2θ̇

f

]2)1/2

sin(φ) + O(e2), (21)

τ = 3

4a2 f
(8πμa3 cos(φ)θ̇ − m) + O(e2), (22)

as e → 0. The trajectory is insensitive to the cell-body asphericity to first order in the body
eccentricity.

B. Model flagellum

In this section we will derive the translational and rotational velocities of the cell body, as well as
the precession rate θ̇ as functions of the flagellar orientation in the reference frame P. In addition,
we seek an equation for the time evolution of the bending angle φ. The model of the flagellum will
incorporate its geometry and the nontrivial relationship between the motor torque and its dynamics
via the flexible hook, to second order in the flagellum amplitude. For this purpose we use the
simplest resistive force theory approximation [55,56] as recently used in similar contexts, including
the instability of bodies propelled by N flagella or swimming with a flexible flagellum near a wall
[22,23,57], and neglecting hydrodynamic interactions with the cell body. Comparisons between
this resistive force theory and full hydrodynamic theory have been explored in detail [56,58]; a
comparison for this precise context in Ref. [44] suggests sufficient accuracy of the simpler resistive
force theory for our purposes.

The flagellum is modeled as a slender left-handed helical filament of length L and amplitude b,
with aspect ratio (diameter/length, “slenderness”) denoted by ε, with 0 < ε � 1. We parametrize
the flagellum by arc length s ∈ [0, L], describing the position on the flagellum at station s and time
t in the reference frame by X f (s, t ) = X + αsP(t ) + b[cos(ks − δ)P⊥(t ) − sin(ks − δ)P⊥⊥(t )],
with {P, P⊥, P⊥⊥} an orthonormal basis. The position X = ae3 denotes the constant location in
the reference frame of the rotary motor connecting the cell body to the flagellar hook. We set
α =

√
1 − (kb)2 so that the parameter s is the arc length, and δ is a phase constant. The tapering

of the helical radius needed to bridge the hook to the flagellum is neglected for convenience; the
inclusion of tapering has been found elsewhere to play a minimal role in this context [35]. Assuming
the flagellum to be rigid with translation velocity U f

0 and rotation rate �
f
0 in the reference frame,

the filament velocity (and thus fluid velocity, by the assumption of a no-slip boundary condition) at
station s along the filament is given in the reference frame by u0(s) = U f

0 + �
f
0 × (X f (s, t ) − X).

The rotational velocity of the flagellum in the reference frame is composed of the body rotation
rate, the rotation rate of its orientation vector P, the (unknown) precession rate θ̇ about e3, and
finally the spin rate ω about P, or �

f
0 = �

p
0 + ωP = �0 + φ̇e2 + θ̇e3 + ωP. The rate of change of

the bending angle, the precession rate, and the spin rate are then computed via the relative rotation
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rate between the flagellum and the cell body,

φ̇ = e2 · (
�

f
0 − �0

)
, (23)

θ̇ = [e3 − cot(φ)e1] · (
�

f
0 − �0

)
, (24)

ω = csc(φ)e1 · (
�

f
0 − �0

)
. (25)

The reference frame viscous drag per unit length on the flagellum f0 we model using resistive force
theory

f0(s) = − 8πμ

c + 2

[
I + 2 − c

2c
ŝŝ

]
· u0(s), (26)

where c = ln(1/ε2) − 1 (>0), and ŝ = ∂sX f (s) is the unit tangent vector. The total viscous force and
torque on the flagellum measured relative to X, denoted by F f

0 and M f
0 , respectively, are determined

by integration over the filament length,

F f
0 =

∫ L

0
f0(s) ds, (27)

M f
0 =

∫ L

0
[X f (s) − X] × f0(s) ds. (28)

Averaging over the phase δ and inserting f from above, we have the general linear resistance
relations

F f
0 = −A · U f

0 − B · �
f
0 , (29)

M f
0 = −BT · U f

0 − C · �
f
0 (30)

(see Ref. [48]) where the individual block operators are simplified using (phase-averaged) axisym-
metry:

A =
(

2πμL

c

)
[ξ1PP + ξ2(I − PP)], (31)

B =
(

2πμL2

c

)
[η1PP + η2(I − PP) + η3(P⊥P⊥⊥ − P⊥⊥P⊥)], (32)

C =
(

2πμL3

c

)
[ζ1PP + ζ2(I − PP)]. (33)

Keeping terms up to O(b4k4) in a small-amplitude approximation of the flagellum, we compute the
dimensionless quantities

ξ1 = 2(1 + b2k2), ξ2 = 4 − b2k2, (34)

η1 = 2b2k/L, η2 = −b2k/L, η3 = 2 − 3b2k2/2, (35)

ζ1 = 4b2/L2, ζ2 = 1
3 (4 − 5b2k2 + 3b2/L2). (36)

The off-diagonal tensor may be made symmetric by a parallel translation to the center of hydrody-
namic reaction, but since we will match forces and torques at an end point we leave the structure
above.
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Inverting the resistance equations (29) and (30), we find the mobility relations

U f
0 = −Ã · F f

0 − B̃ · M f
0 , (37)

�
f
0 = −B̃T · F f

0 − C̃ · M f
0 , (38)

where the individual block operators are given by

Ã =
(

c

8πμL

)
[α1PP + α2(I − PP)], (39)

B̃ =
(

c

8πμL2

)
[β1PP + β2(I − PP) + β3(P⊥P⊥⊥ − P⊥⊥P⊥)], (40)

C̃ =
(

c

8πμL3

)
[γ1PP + γ2(I − PP)], (41)

with the dimensionless quantities

α1 = 2 − b2k2, α2 = 4 + b2k2 − 9b2/L2, (42)

β1 = −kL(1 − b2k2/2), β2 = 3b2k/L, β3 = − 3
2 (4 + 3b2k2 − 12b2/L2), (43)

γ1 = L2

4b2
(4 + 2b2k2 − b4k4), γ2 = 3(4 + 5b2k2 − 12b2/L2). (44)

The viscous force and torque on the flagellum, F f
0 and M f

0 , depend on the interaction with the cell
body as mediated by the flexible hook. In the following sections we consider the cases of prescribed
forces and moments acting on the flagellum; a flexible connection to a stationary cell body; and a
flexible connection to a freely moving cell body.

C. No cell body, prescribed forces and moments

Although the force and moment are not generically aligned with P, we consider as a simple
example the case that the flagellum is subject to a force f P and a moment mP applied at the basal
connection point X. Then the viscous force and torque on the flagellum about the basal connection
point are F f

0 = − f P and M f
0 = −mP, and the resulting velocity and rotation rate about X are given

by U f
0 = Uf P and �

f
0 = � f P, where to leading order in c, assumed large,

U f = c

8πμL
(2 − b2k2)

(
f − k

2
m

)
+ O(b4k4), (45)

� f = ck

16πμL

[
−(2 − b2k2) f + k

(
2

b2k2
+ 1 − b2k2

2

)
m

]
+ O(b4k4). (46)

If f = 0 and m > 0, then the left-handed helix rotates about the P axis (� f > 0), with waves
appearing to pass in the direction away from the cell and generating a force on the fluid in the
P direction; the fluid reaction pushes the cell in the −P direction (U f < 0). These directions are
flipped for a right-handed helix (k → −k).

A subtle point arises in the limit that b → 0, in which the helix tends towards the shape of
a straight rod. Since we have neglected the rotational drag around the long axis of the filament
locally, which scales as O(ε2) as ε → 0, the rotation rate above tends towards infinity as b → 0.
Nevertheless, the coupling between the torque and the translational speed of such a filament does
not vanish in this limit, instead it tends towards dependence on the wave number k. A more detailed
examination of this asymptotic regime shows that the model above amounts to a distinguished limit,
accurate so long as εL/b is held fixed as b → 0 [59]. At leading order in c, the tensors above remain
accurate; contributions which depend on the fixed value of εL/b enter at O(1). We refer the reader
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also to the related model by Vogel and Stark in Ref. [42], there named the “helical rod model,”
which in addition to hydrodynamics incorporates filament deformability and bending stiffness.

D. Model hook, and a fixed cell body

The relationship between the viscous force and torque on the cell body and those on the flagellum
are mediated by a small flexible hook, which we model using a discretization of the Kirchhoff elastic
rod theory with only a single joint. The effective (integrated) curvature is related to the bending
angle φ with the elastic energy stored in the hook (i.e., in the joint connecting the cell body to
the flagellum); penalizing deviations of the curvature away from a preferred angle φ0, we write
Eb = (2B/�h)[tan(φ/2) − tan(φ0/2)]2, where B is the bending stiffness (with units of energy times
length) and �h is the length of the hook [60,61]. This energy penalty results in the Euler-Bernoulli
elastic moment internal to the hook in the lab frame given by (2B/�h)[tan(φ/2) − tan(φ0/2)]d2. Ex-
perimental measurements report �h ∼ 50–100 nm, which is much smaller than standard flagellum
lengths L ∼ 1–10 μm [5–7,10,62–65].

The base of the hook is assumed to be oriented normal to the surface at its connection point to
the cell body. The short hook (and thus flagellum) is driven at its base with a constant motor torque
Mae3, with Ma assumed known. This moment must be balanced by a viscous torque on the cell
body, or e3 · M0 = Ma. More detailed continuous Kirchhoff rod models have been used in related
numerical studies [15,17,42,43,66]; see also Ref. [61].

With the hook assumed to be very short compared to other length scales in the problem, we arrive
at the following system of equations:

F0 + F f
0 = 0, (47)

M0 + ae3 × F f
0 + M f

0 = 0, (48)

M f
0 − 2B[tan(φ/2) − tan(φ0/2)]e2 + Mae3 = 0, (49)

U f
0 = U0 + a�0 × e3, (50)

where U0 and �0 are related to F0 and M0 via Eqs. (17) and (18), U f
0 and �

f
0 are related to F f

0 and
M f

0 via (37) and (38). These equations represent, in order, total force balance, total torque balance
about the cell-body centroid, torque balance on the hook about the basal connection point (with the
hook length assumed small), and the kinematic constraint of flagellum attachment to the cell body.
The unknowns depend on the problem of interest.

Consider first the case that the cell-body position and orientation are pinned in space in the
reference frame U0 = 0 and �0 = 0 (and hence U f

0 = 0), by an external body force Fext = F0 and
torque Mext = M0 which now act as Lagrange multipliers. Equations (47)–(50) then reduce to three
vector equations which are solved for the variables {F0, M0,�

f
0 }, resulting in the following angular

velocity of the flagellum:

�
f
0 = cMa

8πμL3

[
L2

b2
cos(φ)P − η sin(φ)P⊥

]
− cBη

4πμL3�h
[tan (φ/2) − tan (φ0/2)]P⊥⊥, (51)

with P⊥ = cos(φ)e1 − sin(φ)e3, P⊥⊥ = e2, and

η = γ2 − β2
2 + β2

3

α2
= 3 + 3b2k2

4

(
5 − 3

k2L2

)
+ O(k4b4)· (52)

The rotational velocity may instead be decomposed into its bending, precession, and spin [with
errors on the scale of O(b4k4)] as

φ̇ = − cBη

4πμL3�h

[
tan

(
φ

2

)
− tan

(
φ0

2

)]
, θ̇ = cηMa

8πμL3
, ω = 1

8πμLb2
− η

8πμL3
. (53)
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The precession rate is perhaps surprisingly independent of the bending angle, but the same viscous
moment resists the lateral flagellum motion regardless of bending orientation. The force and moment
required to maintain a motionless cell body do, however, depend on the bending angle.

With the body fixed in space, the bending component is decoupled from the rest of the rotation,
evolving until it reaches a fixed point, in this case the preferred hook angle φ0. This equilibrium
hook angle is stable, per observation of (53). Upon equilibration, with φ = φ0 the external force
and torque required to pin the cell body are, with P⊥ = cos(φ)e1 − sin(φ)e3 and P⊥⊥ = e2,

Fext = Ma

L

{−β1

α1
cos(φ0)P + β2

α2
sin (φ0)P⊥ − β3

α2
sin (φ0)P⊥⊥

}
(54)

and

Mext = Ma

{(
cos(φ0) + aβ3

Lα2
sin2(φ0)

)
P − sin (φ0)

(
1 − aβ3

Lα2
cos(φ0)

)
P⊥

− a

2Lα1α2
sin (2φ0)(α2β1 − α1β2)P⊥⊥

}
. (55)

One might expect the force required to increase with the length of the flagellum, but that assumes
fixed flagellar rotation rate; with the motor torque fixed the rotation rate diminishes as 1/L, and
the resulting force is thus independent of L (to leading order in the helical amplitude). Upon phase
averaging over a full precession cycle, we find

〈Fext〉 = kMa

2

(
cos2(φ0) − 3b2

2L2
sin2(φ0)

)
e3 + O(b4k4), (56)

and 〈Mext〉 = Mae3, with the b → 0 limit again remaining informative. With positive motor torque
Ma the left-handed helix is viewed as passing waves up away from the body, pushing the cell body
downward and requiring an external force in the positive e3 direction to maintain the cell’s position.
Note that Vogel and Stark in Ref. [42] show the onset of a flagellum bending instability in the
pinned case beyond a critical motor torque, a self-driven Euler-buckling similarities to that found in
sedimenting [67] and axially driven rods [68] (see Ref. [69] for a general overview).

E. Full swimming problem

Finally, we consider the full picture in which the cell-body motion and flagellum motion are
coupled. This amounts to the solution of the four vector equations (47)–(50) for the variables
{U0,�0, U f

0 ,�
f
0 }. The simplest case is the axisymmetric configuration in which the preferred

flagellar orientation is normal to the cell body, or φ0 = 0, and the bending angle is zero, φ = 0. Then
φ̇ = 0, and extracting the precession and spin rates from Eqs. (23)–(25) we obtain the translation
and rotation rates

U0 = β1Ma

2πμL(3aα1X A + 4Lc−1)
e3 = −ckMa

4πμ(3acX A + 2L)

(
1 − b2k2L

3acX A + 2L

)
e3 + O(b2k2), (57)

�0 = − Ma

8πa3μXC
e3, (58)

which are constant in time, as the body swims along in a straight path. Generally, however, for
preferred bending angle φ0 and instantaneous bending angle φ, the body translation and rota-
tion rates depend on the complete body and flagellum geometries (see Appendix B). But using
φ̇ = e2 · (� f

0 − �0) they reveal an equation describing the dynamics of the bending angle alone
(even while the entire system translates and rotates and the flagellum precesses):

φ̇ = − B

8πμL3�h

{
C1(φ)

[
tan

(
φ

2

)
− tan

(
φ0

2

)]
− M̃a sin(φ)C2(φ)

}
, (59)
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where M̃a = (B/�h)−1Ma is a dimensionless active moment and λ = L/a is the scaled flagellum
length, and the functions C1(φ) and C2(φ) are given in Appendix B. In the slender flagellum limit
(c → ∞), however, we have

C1(φ) = 2cη + 1

Y C
{2λ3 + 5λ2m3 cos(φ) + 3m2

3λY C[Q2 + Q1 cos(2φ)]} + O(λ/c), (60)

C2(φ) = λ2m2

Y C
cos(φ) + λQ1m3[m1 + m2 cos(2φ)] + O(λ/c), (61)

where η is given in Eq. (52) and we have defined

m1 = −
(

β1

α1
+ β2

α2

)
= kL

2

(
1 − 3b2

2L2

)
+ O(b4k4), (62)

m2 = −
(

β1

α1
− β2

α2

)
= kL

2

(
1 + 3b2

2L2

)
+ O(b4k4), (63)

m3 = −2β3

3α2
= 1 + 1

2
b2k2

(
1 − 3

2(kL)2

)
+ O(b4k4), (64)

Q1 = 3

4Y C
+ 1

Y A
− 1

X A
, Q2 = 1

X A
+

[
1 + 2

(
β2

β3

)2](
1

Y A
+ 3

4Y C

)
. (65)

In the limit of a very large cell body or very short flagellum, λ → 0, the problem reduces to that
studied in the previous section: the base of the flagellum is effectively pinned on a wall, C1(φ; φ0) =
2cη and C2(φ) = 0, and φ rapidly relaxes to its preferred value of φ0. That an equation for the
bending angle alone must emerge is clearest in the reference frame; since the body is axisymmetric,
the body may spin in the reference frame about the e3 direction, but the bending angle rate φ̇ is
wholly independent of the azimuthal angle θ , and no other physics in the problem selects any special
orientations or directions.

Substantial simplification ensues when considering nearly spherical bodies and small flagellar
helical amplitudes, leaving simply

C1(φ) = 1

ν(φ)

(
6c + 2λ2

3c
[3λ2 + 6λ cos(φ) + 14]

+ λ

2
{4λ2 + 12λ cos(φ) + 3[11 + cos(2φ)]} + 4λ5

9c2

)
+ O(b2k2, e2), (66)

C2(φ) = kLλ cos(φ)

12ν(φ)
[9 cos(φ) + 6λ + 2c−1λ2] + O(b2k2, e2), (67)

with ν(φ) = 1 + c−1λ[11 − cos(2φ)]/8 + 7c−2λ2/18 + O(b2k2, e2), as bk → 0 and e → 0.

1. Straight swimming is unstable beyond a critical active moment

Is the straight swimming configuration, with φ0 = 0 and φ = 0, stable? Expanding Eq. (59) about
small φ (without assuming λ/c to be small), we find the linearized equation

φ̇ = − B

8πμL3�h

(
1

2
C̃1 − M̃aC̃2

)
φ, (68)
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FIG. 2. Contours of the dimensionless function F are shown, where e is the cell-body eccentricity and
M∗

a = [(Bac)/(kL2�h )]F is the critical active moment beyond which a straight swimming trajectory is unstable
(to leading order in the flagellar amplitude). The critical active moment is generically nonmonotonic in L/a.

with

C̃1 = 1

3α2 + λc−1Q3

(
6cα2η + 2λγ2Q3 + 6

Y C
(−2β3λ

2 + α2λ
3) + 8λ4

cY AY C

)
, (69)

C̃2 = λ

[α1X A + 4λ(3c)−1](3α2 + λc−1Q3)

(
(X AQ3 − 4)β1β3 + 3λX A

Y C
α1α2m2 + 4λ2(β2 − β1)

cY C

)
,

(70)

having defined Q3 = 3/Y C + 4/Y A. A critical orientational instability is thus observed when the
active dimensionless motor torque M̃a = (B/�h)−1Ma crosses a threshold M̃∗

a := C̃1/(2C̃2), or

M̃∗
a = [α1X A + 4λ(3c)−1][6cα2η + 2λγ2Q3 + (2/Y C )(−6β3λ

2 + 3α2λ
3 + 4c−1λ4/Y A)]

(X AQ3 − 4)β1β3 + 3λX Aα1α2m2/Y C + 4c−1λ2(β2 − β1)/Y C
. (71)

In the small helical amplitude limit bk → 0, this may be written as

M̃∗
a = c

akλ2
F (λ, e, c) + O(b2k2), (72)

where

F (λ, e, c) = 4(3X A + 2λc−1){9Y AY C + 3λc−1[(λ2 + 3λ + 3)Y A + 4Y C] + λ4c−2}
9[(3 + 2λ)X AY A + 4X AY C − 4Y AY C] + 6λ2Y Ac−1

. (73)

Figure 2 shows the contours of F for c = 10 and 100 across a range of flagellum lengths λ = L/a
and body eccentricities e. When the flagellum is substantially aspherical (e increasing towards 1),
straight swimming tends to be less stable in the sense that the critical active moment before
instability is reduced. As shown in the leftmost panel with c = 10, the critical active motor torque
is generically nonmonotonic in the flagellum length, as described by Nguyen and Graham [43].
As λ → 0, M̃∗

a ∼ (3c)/(akQ1λ
2) as λ → 0, a singularity indicating that the active motor torque

required to destabilize the system grows without bound as the relative flagellum length goes to zero
(or the cell-body size becomes large). This is consistent with the limiting case studied in the previous
section. Meanwhile, for large λ, M̃∗ ∼ 4λ/(3ackY A) as λ → ∞, and once again in this limit the
motor torque required to destabilize the system becomes very large. Note that the nonmonotonicity
of the critical active moment M̃∗

a is not observed if terms of order c/λ are not retained. For yet a
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FIG. 3. e = 0. (Left) The dimensionless hook bending rate as a function of the current hook angle is shown
for a selection of preferred hook angles φ0 with dimensionless active motor torque M̃a = 1. The body is
spherical, e = 0, and the remaining dimensionless parameters are c = 10, kL = 1, and λ = L/a = 1. (Right)
The same, but for two different values of the dimensionless active motor torque M̃a, and two different preferred
hook angles.

clearer inspection, for a spherical cell body we find

M̃∗
a =

(
4(3c + 2λ)

3akλ2

)
9 + 3c−1(λ3 + 3λ2 + 7λ) + λ4c−2

3(3 + 2λ) + 2λ2c−1
, (74)

from which the nonmonotonicity in λ is more easily argued.
For a very slender flagellum c 
 1 (e.g., with c = 100 in the rightmost panel of Fig. 2), a longer

flagellum results in greater orientational instability since the moment applied at its base by the
flagellar hook is fixed, but the viscous resistance to realigning the flagellum to the normal direction
is increased. However, the stability of this configuration also depends on the flagellum slenderness.
As c → ∞ the normal orientation is stable, as the resistance to returning the filament to the normal
direction is reduced. In practice, however, c is logarithmic in the filament slenderness, and c is more
likely to be on the scale of 10–100 [2].

At leading order for large c we do not observe a dependence of stability on the flagellum
amplitude, but we do observe a dependence on the flagellum wave number, owing to the discussion
at the end of Sec. IVc. The hook is stabilized with a smaller wave number k or a longer flagellar
wavelength [via the prefactor c/(akλ2) in M̃∗

a ] since a given motor torque generates less thrust in that
case, all else being equal. Chirality is important, however: changing the sign of the active moment
results in a reversal in the flagellum rotation direction, rendering the unstable regimes above stable;
namely, φ = 0 is always a stable equilibrium in this model if the flagellum is pulling on the cell
body. For a slender cell body e ≈ 1 we find M̃∗

a ∼ 4ca/{kL2[(Le − 1)λ + Le]} + O(1) as e → 1,
further highlighting the competition between the slenderness of the flagellum and the slenderness
of the cell body.

To summarize, if the preferred flagellum orientation is normal to the cell surface, a straight
swimming path is predicted for motor torques below a critical value, including negative values cor-
responding to puller-type swimming. Figure 3 (right) shows the function φ̇(φ) for φ0 = 0 with two
dimensionless motor torques M̃a = 0.1 and M̃a = 50 as solid curves. Straight swimming with φ = 0
begins for small M̃a as a stable fixed point, but a new stable fixed point emerges in a continuous
departure from zero just as soon as the active moment increases beyond the critical value M̃∗

a while
straight swimming becomes unstable. This represents (the physical half of) a supercritical pitchfork
bifurcation. Beyond the critical destabilizing motor torque, which is generically nonmonotonic in
the flagellum length, the hook angle φ equilibrates at another value (perhaps in contact with the cell
body), as dictated by the autonomy of the dynamical system. In that configuration, the trajectory is
assured to be helical, given the discussion in Sec. II, a point to which we will shortly return.
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FIG. 4. The dynamics of the flagellar tip, represented as motion on a sphere (see schematic on the left).
The preferred hook angle is φ0 = 0 (top row) or φ0 = π/4 (bottom row). Left column: large motor torque
applied to the flagellum results in flagellum orientation instability and the tip slowly winds down towards
a large equilibrium hook angle. Center column: with the motor torque very near to but below the critical
motor torque for instability, the flagellum orientation relaxes to an equilibrium after a few precessions. Right
column: for very small motor torques, the bending stiffness of the hook overwhelms any other effects and the
orientation returns to the preferred angle exponentially fast in time. The dynamics of the tip are consistent with
a supercritical Hopf bifurcation.

2. Arbitrary preferred hook angle and helical trajectories

Finally, we consider the case that the preferred flagellar orientation is not normal to the cell,
φ0 �= 0. Figure 3 (left) shows the dimensionless hook bending rate φ̇ as a function of the current
bending angle φ for a selection of preferred angles φ0, with dimensionless active motor torque
M̃a = (B/�h)−1Ma = 1. For these plots the body is assumed spherical, e = 0, and the remaining
dimensionless parameters are chosen as follows: c = 10, kL = 1, and λ = 1. An angle φ∗ close to
(but not generally equal to) φ0 is observed to be stable. But upon increasing the motor torque, φ̇ can
become nonmonotonic, as shown in Fig. 3 (right), which includes two preferred angles φ0 = 0 and
π/4, and two dimensionless motor torques M̃a = 0.1 and 50. The φ0 = 0 case reveals a pitchfork
bifurcation at the critical value M̃a = M̃∗

a , as described in the previous section. If φ0 > 0, however,
the nonmonotonicity of φ̇ does not affect the stability of the fixed point, it merely nudges the fixed
point closer to π/2.

Another view of the dynamics is provided by focusing on the path taken by the tip of the
flagellum in a frame in which the body is fixed. The top row of Fig. 4 shows the dynamics of
the flagellar tip when φ0 = 0 for an active moment substantially larger than the critical moment,
one commensurate with but just below that critical value, and one which is much smaller than
the critical value. The unstable case involves many rotations and a slow departure away from
the normal direction, the commensurate case shows oscillations with exponential decay towards
the equilibrium, and the final case reveals an overdamped decay (no oscillations) to the preferred
orientation. The pitchfork bifurcation in the bending angle, seen in Fig. 3 (right) for preferred hook
angle φ0 = 0, is in this perspective a Hopf bifurcation, a stable fixed point destabilizing into a stable
limit cycle. The second row of Fig. 4 shows the flagellum tip dynamics with a preferred hook angle
of φ0 = π/4, showing a similar dynamical structure as in the φ0 = 0 case. When the active moment
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FIG. 5. Helical swimming trajectories using physical constants measured for P. aerugenosa: b = 0.2 μm,
a = 2 μm, ε ≈ 1

200 (c = 10), k = 3.34 μm−1, L = 4 μm, b/a = 1
4 . (Left) Equilibrium hook angle; (center)

helical trajectory pitch angle ψ ; (right) helical trajectory amplitude A. The phase space of spontaneous hook
angle and motor torque show distinct regions of hook angle instability, but also an intermediate range of
values of the hook angle for which large motor torques might still be used without destabilizing the flagellum
orientation.

is small, the hook angle rapidly adjusts to nearly the preferred angle φ0, then the flagellum precesses
around the normal direction with a constant rotation rate.

Once the dynamical system above has selected the fixed point φ∗, such that φ̇ = 0, the body
moves along a helical trajectory. Performing a simple numerical root-finding algorithm on Eq. (59)
and evaluating U0 and �0 at this angle, the helical amplitude A, and the pitch angle ψ are quickly
computed using the expressions in Sec. III. Figure 5 shows contours of the equilibrium bending
angle, amplitude, and pitch angle as functions of the dimensionless motor torque M̃a = (B/�h)−1Ma

and the preferred hook angle φ0. To generate these plots, we use biologically relevant material
parameters, taking values describing an organism with a single polar flagellum P. aeruginosa from
Refs. [70,71], and assuming the “normal form” of the flagellum. The cell body has half-length a =
1 μm and aspect ratio 4, giving an eccentricity e = √

15/4 ≈ 0.97. The relative flagellum length
is taken to be λ = L/a = 2, the helical radius is b = 0.2 μm, and the pitch is P = 1.4 μm, so
we take k = 2π/

√
P2 + 4π2b2 = 3.34 μm−1. The flagellum aspect ratio is ε = 20 nm/4 μm =

0.005, which gives c = − ln(ε2) − 1 ≈ 10.
The equilibrium pitch angle is an increasing function of the motor torque and is only nonsmooth

(but still continuous), consistent with Ref. [43] for φ0 = 0. Large motor torques nudge the equilib-
rium angle towards ψ = π/2, and the flagellum closer to the tangent plane of the cell body at the
hook connection point. The helical pitch angle transitions from small (nearly straight swimming)
for φ0 = 0 and small motor torque to values closer to ψ = π/2 (and a tightly coiled path) for
large preferred hook angles. The pitch angle of the helical trajectory tends to be smaller than the
equilibrium hook bending angle, as it incorporates the full hydrodynamic coupling with the cell
body. Finally, the helical amplitude shows a remarkable feature. As soon as the equilibrium hook
angle is not very small, either because the preferred angle is not small, or because the motor torque
is large, the helical amplitude remains in a very small range around a maximum near A ≈ 0.6 μm.
We might expect, then, to find P. aeruginosa cells swimming along a variety of helical paths with
different pitch angles but very similar amplitudes.

V. DISCUSSION

We have aimed to isolate the role of a flexible flagellar hook in microorganism locomotion by
studying a model phase-averaged rigid helical flagellum. The mathematical simplicity offered by
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this modeling choice allowed for the analytical prediction of a critical stability criterion for the
motor torque beyond which the flagellum hook angle becomes unstable, a prediction which included
details about the flagellum geometry. This constraint also indicates that the straight or nearly
straight swimming of some flagellated microorganisms might not be possible beyond a maximum
speed, as increasing the motor torque to increase the thrust may destabilize the trajectory. This is
reminiscent of vastly larger organisms like fish, which exploit flexible appendages for speed and ef-
ficiency benefits, but beyond a critical flapping frequency the appendage deformability can result in
dramatically poor performance, even retrograde motion [72–74]. The constraints on the flagellar
hook flexibility, and the functionality conferred by its deformability, may lead to deeper insights
about the evolutionary development of flagellar cell motility. Observations of natural motility
continues to motivate the creation of synthetic analogs [75–81], biohybrids [82], and even energy
harvesting applications [83]. Other important questions relate to enhanced diffusion, fluid transport,
and mixing [84–87]; the role of hook flexibility and flagellar buckling on such phenomena is not
currently clear. Many organisms swim through fluids which are substantially non-Newtonian, and
the additional physical forces conferred on the helical flagellum (and the cell body) by viscoelas-
ticity [88–95] and shear-dependent viscosity [96,97], for instance, are likely to contribute to these
buckling criteria as well, just as they can affect the dynamics of flagellar bundling [98].

We have only considered a phase-averaged model flagellum in this work, but it is worth con-
sidering what possible effects a true finite-length flagellum might introduce (while still neglecting
the possibility of hard contact between the flagellum and cell body; see Refs. [15,44] for such
simulations). Each of the mobility and resistance coefficients in Sec. IV B generally depends upon
the flagellar phase; hence, instead of arriving at a single equation for the bending angle [Eq. (59)],
a coupled two-dimensional dynamical system linking the bending angle and the phase (φ, δ) would
emerge (ostensibly a rather ungainly one). But the system would remain autonomous, reducing the
space of possible dynamical behaviors via the Poincaré-Bendixson theorem, and convergence to a
limit cycle (a periodic orbit) is thus still expected. If the cell body is not axisymmetric, however,
the flagellum state is governed by a three-dimensional dynamical system with phase space (φ, δ, θ ),
opening up a much wider space of possibilities for the flagellum tip dynamics. The net effect this
may have on the ultimate swimming trajectory is hard to predict, but such body shapes can enhance
cell motility [33].

Among our findings we have shown that straight swimming is less stable for longer flagella or
for cell bodies with a smaller aspect ratio, in the sense that the active motor torque required to
destabilize straight swimming is decreased. On the other hand, when the flagellum is vanishingly
thin, there is very little resistance to returning the flagellum to the preferred hook angle. The final
outcome depends on all parameters, including the relative flagellum length and helical wave number,
and the cell-body eccentricity. But once the hook angle settles to its equilibrium, the cell body still
traverses a helical path, even as the flagellum precesses and the cell body translates and rotates. The
stability of the body trajectory is substantially softened when the preferred hook angle is nonzero,
in the sense that the resulting helical trajectory appears to have a much smoother dependence on
the active moment applied to the hook at the base of the flagellum. This raises the question of
whether the nonzero spontaneous hook angle may have arisen in part to confer a more predictable
path through the fluid, predictability upon which other biological functions might develop like flow-
enhanced molecular transport [99], albeit along a dizzying helical trajectory.
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APPENDIX A: DERIVATION OF EQ. (9)

We will use F (a1, a2, a3) to denote the determinant of the matrix with columns a1, a2, a3.
Consider (ṙ × r̈) · c for some vector c. Using DDT = I and det(D) = 1, we have

[(D · a) × (D · b)] · c = F (D · a, D · b, c) = F (D · a, D · b, DDT · c) = det (D)F (a, b, DT · c)

= F (a, b, DT · c) = (a × b) · (DT · c) = [D · (a × b)] · c.

Since c is an arbitrary vector, we find (D · a) × (D · b) = D · (a × b).

APPENDIX B: CELL TRANSLATION AND ROTATION RATES

In the full problem of a freely swimming cell body, solving Eqs. (47)–(50) we find the body
translation in the reference frame

U0 = −Ma

12πμaLX A

(
X A

Y A
m2 sin(2φ)e1 + 3

X A

Y A
m3 sin(φ)e2 + [m1 + m2 cos(2φ)]e3

)

+ B

6πμaL�hX A

{
3

X A

Y A
m3

[
sin(φ) − tan

(
φ0

2

)
cos(φ) − tan

(
φ

2

)]
e1

+ (m1 − m2)
X A

Y A

[
tan

(
φ

2

)
− tan

(
φ0

2

)]
e2 − 3m3

[
1 − cos(φ) − tan

(
φ0

2

)
sin(φ)

]
e3

}

+ O(λ/c), (B1)

and the rotation rate

�0 = −Ma

8πμa3XC

(
−3m3XC

2λY C
sin(φ)e1 + m2XC

2λY C
sin(2φ)e2 + e3

)

+ B

8πμa2L�hY C

[
tan

(
φ

2

)
− tan

(
φ0

2

)]
{(m2 − m1)e1 + [2λ + 3m3 cos(φ)]e2} + O(λ/c),

(B2)

as c/λ → ∞, where we have defined the scaled flagellum length λ = L/a and m1, m2, and m3

are given in Sec. IV E. The component of the flagellum rotation rate relevant to the bending angle
dynamics is

e2 · �
f
0 = MaQ1

8πμaL2
m3 sin(φ)[m1 + m2 cos(2φ)]

− B

8πμ�hL3

[
2cη + 3λ2m3

Y C
+ 3λm2

3[Q2 + Q1 cos(2φ)]

][
tan

(
φ

2

)
− tan

(
φ0

2

)]

+ O(λ/c), (B3)

with Q1 and Q2 defined in (65) and η given in (52). Although c/λ = ca/L is assumed large for the
expressions above, no such assumption is made when presenting the hook bending rate, Eq. (59),
and we find

C1(φ) = cM1 + M0 + c−1M−1 + c−2M−2 + c−3M−3

3α1α2X AXCY C (3α2 + c−1λQ3)ν(φ)
, (B4)

C2(φ) = λ(N0 + c−1N−1 + c−2N−2)

3(3α2 + c−1λQ3)ν(φ)
, (B5)
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where Q3 = 3/Y C + 4/Y A and

ν(φ) = 1 + λ

6c

[(
1

α2
+ 1

α1

)(
Q3 + 4

X A

)
+ 4

(
1

α2
− 1

α1

)
Q1 cos(2φ)

]
+ 4λ2

9c2

Q3

α1α2X A
, (B6)

and the coefficients are as follows:

M1 = 18
{
α2ην(φ) − β2

3 [1 − ν(φ)]
}
, (B7)

M0 = 18λ3α1α
2
2X AY A − 36λ2α1α2β3X AY A cos(φ)

+ 3λY AY C
{
4α2β

2
3 Q1X A cos(2φ) − Q3X A

[
(2α1 + α2)β2

3 − 2α1α2γ2ν(φ)
] − 4α2β

2
3

}
, (B8)

M−1 = 6α2λ
4[α1Q3X AY A + 2(α1 + α2)(X A + Y A) + 2(α1 − α2)(X A − Y A) cos(2φ)]

− 12β3λ
3Y A(4α2 + α1Q3X A) cos(φ) − 4λ2β2

3 Q3Y
AY C{2 + Q1X A[1 − cos(2φ)]}, (B9)

M−2 = 4λ5[8α2 + Q3(α1 + α2)(X A + Y A) + Q3(α1 − α2)(X A − Y A) cos(2φ)]

− 16λ4β3Q3Y
A cos(φ), (B10)

M−3 = 32λ6Q3/3, (B11)

and finally

N0 = 9λ

Y C
α2m2 cos(φ) − 6β3Q1[m1 + m2 cos(2φ)], (B12)

N−1 = 3m2λ
2Q3 cos(φ)

Y C
+ 2β3

α1α2
λQ3Q1[(β1 + β2) + (β1 − β2) cos(2φ)] + 12(β2 − β1)λ2 cos(φ)

α1X AY C
,

(B13)

N−2 = 4(β2 − β1)λ3Q3 cos(φ)

α1α2X AY C
. (B14)
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