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In suspended falling films, i.e., films on the underside of a bounding wall with arbitrary
inclination, the surface film topology evolves towards a distinct spanwise structuring of the
flow into rivulets, which is potentially accompanied by dripping events. Experimental data
suggest a connection between long-term spanwise structuring and primary instabilities of
the film surface. However, available experimental data regarding this connection remain
nonconclusive. Hence, the present study aims at elucidating the evolution of a suspended
falling film from varying imposed initial conditions to the emergence of spanwise mod-
ulations and rivulet formation. The study is carried out by means of extended numerical
simulations employing a weighted residual integral boundary layer model for falling liquid
films. The investigated parameter space covers recent experimental data on the topic.
Varying imposed initial conditions, Reynolds number, Kapitza number, as well as wall
inclination, several possible causes for a deviation of observed spanwise wavelengths from
the one predicted by the primary Rayleigh-Taylor mechanism, are identified. This includes
a distinct influence of initial conditions, asynchronous destabilization of consecutive wave-
fronts, competing short wave capillary instabilities, and rivulet interaction.
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I. INTRODUCTION

In falling liquid films a cascade of primary and secondary fluid dynamical instabilities leads to
complex patterns of waves on the film surface as well as characteristic vortex structures in the liquid
and surrounding gaseous phase. These flow structures are associated with an increase in surface
area and result in favorable heat transfer rates or analogously mass transfer rates in multicomponent
solutions [1–3]. Not surprisingly, falling films are encountered in various technical systems in
energy and process engineering, from heat exchangers and distillation processes to nuclear fusion
reactor design [4–6] or coating processes and the fabrication of polymer shells [7,8].

In the special case of a film flow on the underside of a substrate (suspended film) with sufficient
inclination from the vertical, dripping, i.e., fluid detachment from the substrate, might occur [9–11].
The fluid dynamical instability associated with dripping is the Rayleigh-Taylor (RT) instability
[12–14], which arises if a denser fluid (film) is accelerated towards a less dense fluid (ambient
gas), for example, through gravitational acceleration [15] or centrifugal acceleration [16] or even
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through electric forces [17]. Reinforcement or prevention of dripping is of significant importance
in many engineering situations. In coating problems, a destabilization of the film might lead to
undesired inhomogeneities of the surface topology. In fact, several recent studies have explored the
suppression of the RT instability through, e.g., vibration of the substrate [18], thermal gradients at
the film surface [19], surface tension gradients [20], or the application of electric fields [21,22]. At
the same time, Mathelot et al. [23] have demonstrated that the RT instability acting on a curing
polymer film on a rotating cylinder can be “harvested” to create soft materials with regularly
structured surfaces over many length scales. In cooling tower fills or structured packings in chemical
engineering, dripping leads to increased surface areas for transfer processes, but at the same time to
decreased residence times within the system, leaving room for potential optimization.

Experimental studies of suspended falling films or more general films under the influence of
a destabilizing body force have demonstrated that dripping is generally preceded by a distinct
spanwise structuring of the flow into rivulets [16,24,25]. However, only a few studies have analyzed
the wavelength of developing rivulet structures, let alone its evolution over time. For a low Reynolds
number (Re � 1) falling liquid film, characterized by a low Kapitza number, Ka = 5.1, it has
been shown that the wavelength of evolving rivulets can be predicted by a wall inclination angle-
dependent formulation of the RT mechanism with satisfying accuracy [16]. Ledda et al. [26] and
Lerisson et al. [27] have experimentally and numerically investigated the emergence and stability of
rivulet structures putting in evidence a secondary instability leading to traveling lenses emerging on
top of these streamwise-aligned structures. Experimental data, in this context, have been presented
for a viscous fluid and negligible inertia. Again, a wall inclination angle-dependent formulation of
the RT mechanism was found to describe the wavelength of emerging rivulets. At the same time, a
set of experimental data on the topic provided by the study of Charogiannis et al. [11] points to the
wavelength selection mechanism being more intricate for increased Reynolds and Kapitza numbers.
Specifically, it was observed that the measured rivulet wavelength either coincides with the one
predicted by the RT mechanism under consideration of the angle of inclination or under neglecting
the angle of inclination. The latter equals the classical formulation of the RT wavelength for a fluid
layer beneath a horizontal wall. A dependency on imposed flow rate and inclination angle was
shown. However, the physical explanation for the experimentally observed effect as well as possible
influences of imposed initial conditions remains unclear. At the same time, a thorough description
of the evolution of rivulet wavelengths in suspended falling films has important implications for a
correct interpretation of related experimental and numerical investigations. In an experiment, the
length of the experimental test section as well as the measurement position have to be chosen
accordingly to the state of the evolution of the falling film, which is of interest to the respective
study. Hence, a potentially complex evolution of rivulet structures has to be taken into account.
In numerical investigations, awareness of the consequences of the choice of initial condition and
imposed noise on rivulet evolution are key in reproducing realistic results, which might be observed
in real-world applications. In the end, a complex wavelength selection mechanism of evolving
rivulets is supposed to have a major influence on the dripping regime and its prediction as well
as reinforcement or suppression.

The present study aims at elucidating the evolution of a suspended falling film from varying
imposed initial conditions to the emergence of quasisteady rivulet structures. In this context, specific
focus lies on the evolution of the number of rivulets (their wavelength) over time. To this end,
numerical simulations employing the well-established weighted residual integral boundary layer
(WRIBL) model for falling liquid films are performed in an extended parameter space of Re and
Ka, which includes recent experimental data on the topic [11]. The purpose of this numerical study is
twofold. First, it is examined under which circumstances and to which extent spanwise structuring of
suspended falling films can be rationalized by predictions made by an angle-dependent formulation
of the RT mechanism. Second, additional effects which lead to an increase in complexity regarding
rivulet formation and evolution are described and analyzed. This includes the influence of the chosen
initial condition, wave-to-wave interactions, and capillary instabilities. Finally, we rationalize the
various observations on rivulet wavelengths observed in experiments.
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FIG. 1. Schematic of a suspended falling liquid film under the destabilizing action of gravity, with incli-
nation α from the vertical. Simulations are performed in a domain with periodic boundary conditions in the
x-direction and z-direction.

The paper is organized as follows. In Sec. II the governing equations and boundary conditions
are recalled briefly. The third section outlines the numerical procedure and provides a discussion
of domain size, resolution, and the choice of the initial condition. In the results section, spanwise
structuring and rivulet formation are discussed in detail for two specific flow conditions: a low
Reynolds and low Kapitza number case and a case with moderate Reynolds and Kapitza numbers.
In both cases, the inclination angle is varied to provide insights into the mechanisms of rivulet
formation and evolution. The paper ends with a parametric study, varying the Kapitza number in the
range defined by the two previously introduced cases.

II. GOVERNING EQUATIONS AND BOUNDARY CONDITIONS

The relevant physical parameters in dimensionless space characterizing an isothermal film flow
of Newtonian fluid under a tilted plane wall consist of Reynolds number (Re), Kapitza number (Ka),
and inclination number (Ct):

Re = q

ν
, Ka = σ

ρg1/3
x ν4/3

, Ct = −gy

gx
= − sin α

cos α
,

with q, the flow rate per unit length, ν, the fluid kinematic viscosity, σ , the fluid surface tension,
ρ, the fluid density, gx, the streamwise component of gravitational acceleration, gy, the wall
normal component of gravitational acceleration, and α, the wall inclination from the vertical. The
inclination number is well defined by the limiting cases of wall inclination, namely, a vertical and a
horizontal wall, corresponding to inclination numbers zero and minus infinity. The Weber number
(We) can be expressed through Kapitza and Reynolds numbers by

We = Ka

(3Re)2/3
.

The boundary layer approximation for the problem in question is obtained through introduction
of an ordering parameter ε, which compares within the film weak gradients in streamwise and span-
wise directions, to strong gradients in the cross-stream direction, such that ε � 1. The derivation
of the boundary layer equations was thoroughly introduced, for example, by Kalliadasis et al. [3].
Thus, only the respective system of dimensionless conservation equations and boundary conditions
for the investigated case of an isothermal suspended falling film of Newtonian fluid is given here. A
Cartesian coordinate system (x, y, z) is introduced denoting the streamwise, crosswise, and spanwise
coordinates of the falling film (see Fig. 1) together with a respective velocity vector (u, v,w). The
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position of the wall is fixed at y = 0. The position of the interface, h, is a function of space and time,
h = f (x, z, t ).

Employing the given definitions, the continuity equation reads

∂xu + ∂yv + ∂zw = 0. (1)

The equations for streamwise, crosswise, and spanwise momentum conservation are given by

3εRe(∂t u + u∂xu + v∂yu + w∂zu) = −ε∂x p + ε2∂xxu + ∂yyu + ε2∂zzu + 1, (2)

3ε2Re(∂tv + u∂xv + v∂yv + w∂zv) = −∂y p + ε∂yyv − Ct, (3)

3εRe(∂tw + u∂xw + v∂yw + w∂zw) = −∂z p + ε2∂xxw + ∂yyw + ε2∂zzw, (4)

respectively. Note that terms which are of order ε3 have been neglected. The dimensionless bound-
ary condition at the wall (y = 0) is given by

u = v = w = 0. (5)

At the free surface h(x, z, t ), the kinematic boundary condition is given by

v = ∂t h + u∂xh + w∂zh. (6)

Additionally, dynamic boundary conditions at the free surface describe the normal and the two
tangential stress balances in the form

p = 2ε(∂yv − ∂xh∂yu − ∂zh∂yu) − ε2We(∂xxh + ∂zzh), (7)

∂yu = ε2[∂zh(∂zu + ∂xw) + 2∂xh(2∂xu + ∂zw) − ∂xv], (8)

∂yw = ε2[∂xh(∂zu + ∂xw) + 2∂zh(2∂zu + ∂xw) − ∂zv], (9)

in which terms of order ε3 have been neglected.

III. NUMERICAL PROCEDURE

The numerical analysis of spanwise structuring and rivulet formation in suspended falling films
poses specific requirements to the efficiency of the employed simulation method. This is because
either (1) long domains or (2) large simulation times in combination with periodic boundary
conditions are required to capture the entire film evolution until a characteristic quasistationary
film topology develops. Even though the results of both approaches are not strictly identical, long
evolution times or lengths hold especially for low inclinations from the vertical, where growth rates
of perturbations are generally low compared to the flow rate. Fully resolved numerical simulations
are hardly applicable in this context [28]. Thus, models of reduced dimensionality are the method of
choice. The weighted residuals integral boundary layer model of Ruyer-Quil and Manneville [29]
(WRIBL model) is employed here to allow for long-term simulations with a manageable amount of
computational cost. Derivation of the full second-order 2D WRIBL model obtained from the system
of Eqs. (1)–(9) was introduced in Scheid et al. [30]. This model consists of a set of seven coupled
evolution equations for the film thickness h, the flow rate components q‖ and q⊥ in the streamwise
and spanwise directions, and two corrections for each flow rate component, accounting for second-
order inertia effects. An efficient computational implementation of the model has recently been
provided by Rohlfs et al. [31] in the form of the open access software package WAVEMAKER. In
WAVEMAKER, the model is solved using a pseudospectral method. Hence, simulations are performed
in a domain with periodic boundary conditions in streamwise and spanwise directions.
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TABLE I. Fluid properties and simulation parameters.

Case I Case II

ρ 1214 1127 [kg/m3]
ν 49.9 4.4 [10−6 m2/s]
σ 62.4 57.7 [10−3 N/m]
lc 2.289 2.285 [10−3 m]
Re 1 40 –
Kaα=0◦ 13.1 330 –
Ct 0–3.72 0–3.72 –
α 0–75 0–75 [deg]
αc [10] 70 85 [deg]

A. Simulation parameters

Fluid properties as well as the parameter space for the simulations are defined in Table I. In this
context, the properties of two different aqueous-glycerol solutions are employed corresponding to
the fluids used in the experimental study by Charogiannis et al. [11]. The two cases comprise a low
Reynolds and Kapitza numbers case (case I) and an intermediate Reynolds and Kapitza numbers
case (case II), both lying within the validity range of the employed numerical model [3]. The choice
of these fluids for the simulations has several advantages: (1) The most obvious advantage is that
experimental data are available for a part of the parameter space (case I: α = 30◦, case II: α =
[15◦, 30◦, 45◦] [11]) allowing for a comparison to simulation results. (2) A less obvious advantage
is that the two fluids, significantly differing only in their viscosity, have a comparable capillary
length defined as

lc =
√

σ

ρg
,

which scales the most amplified wavelength of the RT instability [see Eq. (15)]. Consequently,
almost identical capillary lengths enable direct comparability of the cases with respect to expected
and observed spanwise structuring. The Reynolds number is fixed for each fluid independently
of the wall inclination, which can be associated with an increasing film thickness with increasing
inclination from the vertical. At the same time, the vertical Kapitza number Kaα=0◦ is fixed by the
respective fluid properties. Simulations have been performed with inclination numbers ranging from
0 to 3.72, corresponding to wall inclinations between 0◦ and 75◦ from the vertical. Angles closer
to the horizontal have not been investigated due to the tendency of the film flow to drip after short
times. Dripping as such cannot be resolved by the WRIBL model being a single-value model and
thus leads to model failure. An estimate of the critical inclination angle αc below which the flow is
always linearly convectively unstable and hence immediate dripping is not expected was provided
by Scheid et al. [10] based on the linear transition between absolute and convective instability. The
values of αc for cases I and II are given in Table I.

Note that in order to reduce the level of abstraction and allow for immediate comparability of
simulation results to related experimental studies, results are presented with dimensions, except for
the film height h, which is given in units of the Nusselt flat film thickness

h̄N = (3Re)1/3ν2/3

[g cos(α)]1/3
.

B. Domain size and resolution

The choice of domain size is crucial for the investigation of spanwise structuring as the domain
size is a multiple of the emerging wavelength. Thus, the accuracy of the wavelength to be determined
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FIG. 2. (a) Linear streamwise and spanwise growth rates (γi,x and γi,z) of sinusoidal (normal mode)
modulations of the film surface with wave number kx, kz for the case Re = 1; Ka = 10; Ct = −1 (α = 45◦).
(b) Dependence of observed spanwise rivulet wavelengths on spanwise domain size Lz.

decreases in a smaller domain. In streamwise direction, a domain size containing an uneven number
of waves enforces a synchronous pattern formation using periodic boundary conditions. To obtain
an estimate of the wavelengths to be expected and thus enable a reasonable choice of domain size,
the dispersion relation corresponding to the employed WRIBL model (in 1D form) is utilized (see
Appendix A). Note that this expression has been already employed in a previous study [16] and is
restated here for completeness.

The most amplified wavelengths in streamwise and spanwise directions can be approximated
by the dispersion relation by making use of the nature of the primary instabilities acting on the
film. In streamwise direction, the primary instability mechanism can be viewed as a combination
of the inertia-driven Kapitza instability and the RT instability induced by destabilizing gravity. In
a temporal analysis of Eq. (A3), the growth rate of perturbations with a real wave number k can
be obtained by assuming a complex angular frequency γ = γr + iγi and solving Eq. (A3), which
is a polynomial in γ of degree four, for the root with largest imaginary part. The most amplified
wavelength in streamwise direction is the maximum of the obtained dispersion relation γi,x(kx ) [see
Fig. 2(a), black continuous line].

For an estimation of the most amplified wavenumber in spanwise direction, negligible impact of
inertia is assumed (Re = 0), leading to a simplification of Eq. (A3):

3iγ − 3ik +
(

27

5
iγ − Ct

)
k2 − 12

5
ik3 − Wek4 = 0, (10)

in which the terms 27
5 iγ k2 and − 12

5 ik3 account for viscous dispersive effects [3]. Note that ne-
glecting of those terms in Eq. (10) reduces the dispersion relation to the classical form of the RT
type instability for a thin wall bound film [12,13]. Based on experimental observations [11,16],
it is assumed that Eq. (10) serves as an appropriate estimate for spanwise wavelengths at least in
determining a reasonable domain size. Adding to this, Eq. (10) is used in the remainder of this study
as a reference to elucidate in how far the observed evolution of spanwise wavelengths deviates from
the classical linear RT mechanism, especially with respect to case II, for which Re � 1.

Solving Eq. (10) analogously to Eq. (A3) gives the dispersion relation γi,z(kz ) = γi,x(k)|Re=0 for
the most amplified wave number in spanwise direction [see Fig. 2(a), black dashed line].

The domain employed in the simulations is constructed based on the determined most ampli-
fied linear wave numbers. In the streamwise direction, a multiple of the determined wavelength
λx,max = 2π h̄N

kx,max
is chosen. In the spanwise direction, the domain size is chosen so that it is much larger
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than the wavelength of any expected developing rivulets λz,max = 2π h̄N
kz,max

. In this way, an influence
of the domain size on frequency selection regarding the rivulets is minimized. The influence of
spanwise domain size on observed rivulet wavelengths λz is illustrated in Fig. 2(b), for both case
I and case II and an inclination of α = 45◦. Note that the number of grid points for respective
simulations has been selected according to required resolutions as specified in the next paragraph.
In Fig. 2(b), determined wavelengths λz are normalized by the wavelength observed for the largest
spanwise domain size λz,0.8. In addition, a domain 10 times larger than the most amplified spanwise
wavelength corresponding to the displayed cases is indicated [dashed line in Fig. 2(b)] beyond which
the value of observed wavelengths converges. The spanwise domain size Lz has been chosen to be
at least 0.4 m for all performed simulations.

The spatial resolution of the pseudospectral code WAVEMAKER is determined by the number of
modes, fixing in turn the number of grid points by a factor two. Due to the employed method using
Fourier transforms, the number of modes is restricted to values equal to a power of two. To identify
an appropriate number of grid points, the resolution has been increased in a grid-dependency study
from 16 × 128 to 128 × 1024 grid points for both case I and case II at an inclination angle of
α = 45◦. A domain in real space of 0.04 m in streamwise and 0.4 m in spanwise direction is covered
for case I comprising two streamwise wavelengths. For case II, the domain extends over 0.014 m in
streamwise and 0.4 m in spanwise direction comprising only one streamwise wavelength. For both
cases, no convergence was achieved for a resolution lower than 16 × 128 grid points.

To evaluate the influence of grid resolution on rivulet formation, the wave topology is shown
in Fig. 3 shortly after the spanwise destabilization of 2D waves for each case. Concerning case I,
the evolving spanwise wavelength that destabilizes the 2D wave front is similar for all resolutions.
However, the number of spanwise waves increases slightly from 15 (lowest resolution) to 16 for
the three higher resolutions. In this context, it is mentioned that the spanwise wavelength selection
mechanism is not that restrictive as to not allow a noise induced slight variation of the number
of evolving waves [see Fig. 2(a)]. Regarding case II, model failure was observed shortly before
the destabilization of wavefronts for the two lowest resolutions. Developing wavefronts are seen to
be significantly steeper for case II, leading to increased requirements regarding spatial resolution
in comparison to case I, for which film height gradients are moderate. A minimal resolution of
64 × 512 grid points or higher has been employed for all simulations regarding case I while a
minimum resolution of 128 × 512 has been employed for case II accounting for the increased film
height gradients in the streamwise direction.

C. Initial conditions

The initial condition with an initially imposed perturbation on the film surface or flow has a
profound influence on the evolution of the film flow, especially on the temporal development. Note
that the idea to impose no disturbances and to start with a flat film will also cause an evolution of
waves. In this case, the disturbances in the system are caused by numerical rounding errors.

To identify the influence of domain size and the initially imposed disturbance on the film surface,
three different initial conditions are employed (see Table II). In this context, Lx and Lz describe the
respective dimensional length and width of the simulation domain. In the streamwise direction, the
domain is either twofold (IC1 and IC2) or just onefold of the most amplified wavelength λx,max

(IC3). In the spanwise direction, according to the previous paragraph, a spatial extent of 0.4 m has
been chosen. Note that for low inclinations from the vertical, where large rivulet wavelengths are
expected, some simulations have been repeated with an increased value of Lz (0.8 m).

For the initial disturbance, the flat film is superimposed with 2D random noise with a relative
amplitude of 0.0001. We ensure that no mass is added through the initialization of random noise
by fixing the first Fourier coefficient of the Fourier transformed film thickness (corresponding to
the average film thickness) to the Nusselt flat film thickness. Adding to this, streamwise sinusoidal
waves with a relative amplitude of 0.5 are imposed, two waves for IC1 and one wave for IC3.
By simulating only one streamwise wavelength in IC3, the influence of wave to wave interactions
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FIG. 3. Determination of required grid resolution. Simulation results are displayed shortly after the span-
wise destabilization of 2D waves or at the instant of model failure: (Top) Exemplary simulation results
employing a domain size of 0.4 m in the spanwise direction and 0.04 m in the streamwise direction for
an increasing number of grid points. Case I: Re = 1; Ka = 13.1; Ct = −1 (α = 45◦). (Bottom) Exemplary
simulation results employing a domain size of 0.4 m in the spanwise direction and 0.014 m in the streamwise
direction for an increasing number of grid points. Case II: Re = 40; Ka = 330; Ct = −1 (α = 45◦).

on developing rivulets is suppressed. Analogies to the sinusoidal forcing in experimental tests
or application are a willingly imposed excitation at the fluid inlet or fluctuations in flow rate
due to system components such as pumps and piping. The effect of the amplitude of sinusoidal
perturbations on film development has been checked by reducing the amplitude down to a value of
0.2, using the properties of case I and IC1. In Fig. 4 the evolution of the maximum and minimum
film height is presented for two initial amplitudes of sinusoidal excitation, 0.2 and 0.5, and for two
different inclinations. Maximum and minimum film height are shown to reach a constant value after
a short time independently of the initial amplitude and depending only on the angle of inclination
α. In other words, the system chooses its own sustainable amplitude of sinusoidal perturbation as
initial condition (depending on α). Hence, the value of 0.5 has been employed in all simulations.
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TABLE II. Types of initial conditions used in the simulations. The term rand(x, z) describes a random
number between zero and one at the position (x, z).

Lx [m] Lz [m] h(x, z)

Initial condition 1 (IC1) 2λx,max 0.4 (0.8) 1 + 0.0001 rand(x, z) + 0.5sin
(

x
λx,max

2π
)

Initial condition 2 (IC2) 2λx,max 0.4 (0.8) 1 + 0.0001 rand(x, z)
Initial condition 3 (IC3) λx,max 0.4 (0.8) 1 + 0.0001 rand(x, z) + 0.5sin

(
x

λx,max
2π

)

IV. RESULTS

This results section focuses on the film evolution of two distinct flow conditions with fixed values
of Reynolds and Kapitza numbers. The first part treats the low Reynolds and Kapitza numbers
case (case I). For a comprehensive overview of the film evolution and rivulet formation, exemplary
simulation results and observed regimes are presented for IC1–IC3. Subsequently, the growth of
spanwise modulations of the film surface is investigated through spectral analysis, which allows us
to rationalize influences of initial conditions on spanwise structuring. Finally, the mean spanwise
film profile is analyzed in temporal representation, allowing for a quantitative analysis of the
evolution of rivulets and rivulet wavelength within the chosen parameter space.

The second part treats a case of intermediate Reynolds and Kapitza numbers (case II) with special
attention on differences to case I. Again, spectral analysis as well as representations of the temporal
development of the mean spanwise film profile allow for a quantitative analysis of the evolution of
spanwise wavelengths.

The third part elucidates observed differences between case I and case II through a parametric
study, varying Kapitza number at a constant angle of inclination.

A. Case I: Low Reynolds and Kapitza numbers (Re = 1, Kaα=0◦ = 13.1)

The temporal evolution of the film flow is illustrated for IC1–IC3 and an exemplary inclination
of α = 45◦ in Figs. 5 to 7. In this framework, distinct stages, representative for the variety of

FIG. 4. Influence of the amplitude of initially imposed sinusoidal perturbations on film evolution. The
development of the maximum and minimum film height is illustrated for two different initial amplitudes (0.2
and 0.5) and two different inclinations each, using the properties of case I and IC1.
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FIG. 5. Temporal evolution of the film topology for case I exemplarily shown for the case Re = 1, Ka =
13.1, Ct = −1 (α = 45◦) employing IC1. Dark colors depict areas of low film height, light colors depict areas
of large film height.

observed regimes of film evolution for all investigated inclinations, are displayed. For IC1 (Fig. 5)
this includes (1) the formation of 2D waves, (2) their spanwise destabilization, (3) the inception
of 3D waves and spanwise structuring, and finally (4) reorganization into fully developed rivulets.
Within the first second, distinct 2D waves develop with a steeper front and a more gradual back from
the initialized sinusoidal perturbation (see t = 1.25 s). These wavefronts destabilize in spanwise
direction, in this case in an asynchronous form, i.e., transverse modulations are out of phase for
consecutive wavefronts (t = 2.675 s). The asynchronous flow regime as well as the related regime
of synchronous destabilization have been observed numerically and experimentally for vertical and
positively inclined films. Theoretically the regimes have been predicted by Floquet analysis of 2D
traveling wave solutions [32,33]. Experimentally both types have been observed, for example, in
the comprehensive study of Liu et al. [34] through careful variation of initially imposed noise. It
has been shown that the synchronous mode is oftentimes favored in experimental investigations,
where spanwise inhomogeneities are generally introduced at the inlet of an experimental setup due
to small defects on the blade distributing the film or on the substrate, or due to edge effects. The
sensitivity of the transition from asynchronous to synchronous destabilization of consecutive wave-
fronts with respect to the introduction of additional spanwise noise at initialization is illustrated in
Appendix B. The destabilization of 2D waves is followed by the inception of 3D waves, accom-
panied by a breakdown of the highly regular structures (see Fig. 5: time step, 6 s). This regime
is characterized by strong interactions between subsequent wavefronts including the merging of
waves. In this context, larger and faster wave humps statistically experience more wave-to-wave
interactions than smaller and slower ones. This further amplifies the growth of larger waves
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FIG. 6. Same as Fig. 5 for IC2.

increasing wave height and velocity. Thus, dominant waves act as nuclei for the reorganization
into rivulet structures (Fig. 5: time step, 10 s).

Significant differences in the early stages of film evolution are observed for IC2, where no
streamwise sinusoidal perturbation is initially imposed. For this case, an extended regime of primary
growth precedes the emergence of continuous wavefronts (see Fig. 6, t = 1.25 s). In addition,
the developing wavefronts display a weak 3D character (see Fig. 6, t = 3.5 s) which has been
also commonly observed experimentally for naturally developing waves [16,35]. The subsequent
film evolution, however, is analogous to IC1 with the asynchronous destabilization of wavefronts,
inception of spanwise coherent structuring, and finally reorganization into fully developed rivulets.

The reduced computational domain for IC3 permits only the formation of one wave in the
streamwise direction and thereby does not allow for the complex interaction between consecutive
wavefronts observed for IC1 and IC2. Consequently, using this particular condition in numerical
simulations enforces a specific development and reduces the degrees of freedom. Nevertheless,
it offers insights into the film evolution for cases in which no asynchronous destabilization of
wavefronts evolves. As a result of the suppression of an asynchronous destabilization of consecutive
wavefronts, an extended regime of 3D waves and reorganization is missing for IC3 (as observed
in Fig. 7). In fact, a direct connection between the location of spanwise destabilization of the
2D wavefront (Fig. 7, t = 3.275 s) and spanwise location of emerging rivulets (Fig. 7, t = 9 s) is
apparent. Despite significant differences regarding the temporal film evolution depending on the
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FIG. 7. Same as Fig. 5 for IC3.

chosen initial condition, the final state of fully developed rivulets is almost identical with respect to
rivulet wavelength, which suggests that intermediate regimes of asynchronous destabilization and
spanwise reorganization are insignificant for the long-term evolution of the film flow. This in turn
constitutes evidence for a strong connection between primary instabilities of the film surface and
long-term spanwise reorganization into rivulets for case I.

1. Spectral analysis of spanwise modulations of the film surface

To quantify the connection between primary instabilities and long-term evolution and especially
the influence of initial conditions on primary instabilities, a spectral analysis of spanwise growth
rates, most amplified wavelengths, and deformation energies is performed. The analysis is based on
the evolution of the mean spanwise film height profile given through

h̄z(t, z) = 1

M

M∑
m=1

h(xm, z, t ), (11)

where M denotes the number of streamwise grid points (e.g., M = 64). Spectral growth rates γi are
then obtained through fitting an exponential function to the temporal evolution of respective spatial
Fourier coefficients b(λ, t ) obtained from the Fourier transform of h̄z(t, z) in the form

b(λ, t ) = aeγi (λ) t , (12)

where λ is the wavelength of the respective mode and a a constant coefficient. The temporal
evolution of spatial Fourier coefficients is exemplarily illustrated in Fig. 8(a) for an inclination
of α = 45◦ and IC3. For the fit of an exponential function to the data, a short interval of maximally
50 ms starting at a specific point in time is considered (indicated at t = 1 s). One second has been
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FIG. 8. Spectral analysis of film evolution for case I and α = 45◦. (a) Temporal evolution of the spatial
Fourier coefficients b(λ, t ). Coefficients corresponding to dominant wavelengths in the linear growth phase
are plotted as black lines. (b) Growth rates at the beginning of film evolution (t = 1 s). Open circles (RT)
correspond to growth rates obtained through Eq. (10). (c) Temporal evolution of the spanwise deformation
energy Ez. (d) Temporal evolution of most amplified spanwise wavelengths λz.

identified to be small enough for all cases to remain in the linear growth regime, but large enough
to have a significant amplitude to be treated. Determined growth rates are disregarded if the signal
is not well represented by exponential growth, i.e., R2 < 0.95. Figure 8(b) illustrates the spectrum
of growth rates at t = 1 s for IC1–IC3. Additionally, growth rates determined through Eq. (10)
are depicted by open circles. Equation (10) equals the classical formulation of the RT instability,
except that viscous dispersive effects are additionally taken into account. An almost exact match
between determined growth rates and the RT mechanism is observed for IC2. At the same time,
both IC1 and IC3, where the initial condition is characterized through sinusoidal perturbations,
show significant deviation from the pure RT mechanism. Note that at t = 1 s wavefronts with a
gradual back and steeper front have already developed from the initial condition for IC1 and IC3.
Particularly, increased overall growth rates and a slight increase in the most amplified wavelength
are observed, while the critical wavelength (i.e., for γi = 0) remains approximately constant with
λc ≈ 0.016 m. It is reasonable to assume that the growth rate spectrum determined for IC1 and IC3
is still associated with a RT-type instability, however modulated through the altered film topology.
This is supported by the shape of the spectrum being similar to the one associated with the RT
mechanism and the fact that the spectrum is one-peaked, which negates the existence or at least
demonstrates the insignificance of additional instability mechanisms acting on the film. Clearly, the
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choice of initial condition significantly impacts the stability of the film flow in the linear stage of
development.

How the linear growth phase transitions into the late stages of film evolution is well illustrated
through the development of spanwise deformation energies as depicted in Fig. 8(c). The spanwise
deformation energy Ez(t ) is defined here as the quadratic sum of the spatial Fourier coefficients
obtained from the Fourier transform of h̄z(t, z) as

Ez(t ) = 1

N

(
N∑

n=1

b(λn, t )2

)1/2

. (13)

The temporal development of Ez is depicted in Fig. 8(c) in semilogarithmic representation again for
IC1–IC3 and for the RT mechanism included in the dispersion relation (10), which was determined
by assuming the corresponding growth rate spectrum acting on the film being independent of film
topology and hence independent of time. This allows to identify the point in time for which a pure
RT mechanism fails to describe the evolution of spanwise structuring for IC2, namely, at approx-
imately t = 2.7 s, which corresponds to emergence of significant 2D waves on the film surface
and long wave modulations of the latter (see Fig. 6). An abrupt change in slope is also seen for
IC1 corresponding to the asynchronous destabilization of consecutive wavefronts at approximately
t = 2.4 s. Meanwhile, IC3 displays no abrupt changes in slope and directly transitions into a regime
of saturation. Interestingly, the initial film evolution is characterized through a distinct phase of
primary growth for all ICs, with IC1, and IC3, however, displaying larger slopes of the respective
graphs corresponding to increased growth rates. How the described evolution of deformation
energy is related to the temporal evolution of most amplified spanwise wavelengths is illustrated
in Fig. 8(d). Clearly, most amplified wavelengths in the early stage of film evolution are very similar
to most amplified wavelengths in the late stages of film evolution, indicating a connection between
primary growth and long-term spanwise structuring. The intermediate most amplified modes of
short and long wavelengths for IC1 and IC2, namely, asynchronously destabilizing consecutive
wavefronts and modulated 2D wavefronts, do not remain dominant for the late stages.

2. Temporal evolution of the mean spanwise film height profile

To further address the influence of primary instabilities on long-term spanwise structuring,
a parametric analysis has been performed varying both wall inclination and initial condition.
From this perspective, film evolution within the parameter space is investigated through temporal
representations of the mean spanwise film topology h̄z(t, z), Eq. (11). To visualize the temporal
film evolution from the beginning, where very small spanwise variations are present, to the late
stages, where large amplitude quasistationary rivulets are formed, the mean spanwise film topology
is normalized based on the minimum and maximum values at each respective time step through

h̄z,norm(t, z) = h̄z(t, z) − h̄z,min(t )

h̄z,max(t ) − h̄z,min(t )
with h̄z,norm(t ) ∈ [0, 1]. (14)

The results are visualized in Figs. 9 to 11 for inclination angles 0◦, 5◦, 15◦, 30◦, 45◦, and 75◦
and initial conditions IC1, IC2, and IC3. For orientation, the end of the primary growth phase of
spanwise modulations tP,end is indicated for IC1 and IC2, tP,end being characterized according to
Fig. 8(c) through an abrupt change in slope of the corresponding evolution of spanwise deformation
energy.

The physical simulation time varies between the different cases and decreases systematically
with increasing inclination. For an inclination angle of α = 0◦ (vertical plate), the film flow evolves
over more than 100 s owing to low growth rates of hydrodynamic instabilities. For high inclinations
(α = 75◦) not more than 2.6 s of film evolution are shown. Note that simulation results for α = 45◦
and α = 75◦ are terminated at the point in time when a very high (almost infinite) slope of the film
topology occurs within the simulation domain. In this case, the employed modeling technique fails.
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FIG. 9. Temporal plots of the average spanwise film height profile h̄z,norm(t, z) and spatial plots of the last
simulated time step using IC1. The temporal development is illustrated for various inclination angles. Dark to
light colors span the value range [0,1] of the normalized mean spanwise film topology (see Eq. (14)). Spatial
plots of the last time step are normalized by the minimum and maximum film height.
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FIG. 10. Same as Fig. 9 for IC2.
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FIG. 11. Same as Fig. 9 for IC3.
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FIG. 12. Spanwise growth rates at the beginning of film evolution (t = 1 s) for α = 0◦. Open circles (RT)
correspond to growth rates obtained through Eq. (10).

The strong steepening of the wave can be associated with the formation of droplets and hence to the
beginning of dripping [36]. Below each temporal evolution, the spatial film topology is shown for
the last simulated time step.

For all cases including a vertical wall (Ct = 0; α = 0◦) spanwise redistribution of fluid is
observed (see Figs. 9 to 11), which leads to a spanwise modulation with alternating locations
of increased and respectively decreased average film height. At the same time, the final spatial
film topology reveals a significantly different flow behavior between the cases of suspended films
(α > 0◦) and the vertical wall case, i.e., α = 0◦. The destabilizing gravitational force normal to the
wall for α > 0◦ leads to the formation of distinct rivulets separated by thin film areas. Note that
rivulet formation is only weakly observable for small inclinations from the vertical α = 5◦. Rivulet
width, or equivalently rivulet wavelength, is shown to decrease with increasing inclination from
the vertical in agreement with recent experimental studies [11,16,25]. For α = 0◦, i.e., without the
destabilizing action of gravity, temporal plots may also suggest the existence of rivulets. However,
the spatial film topology displays no distinct rivulet development at t = 100 s. Rather, spanwise
coherent structuring observed in the temporal evolution of the average spanwise film height profile
might be seen as the trace of dominating wavefronts formed earlier in the process of film evolution
connected to the destabilization of 2D wavefronts. Kofman et al. [37] have demonstrated that
gravity can still destabilize 2D wavefronts in the sense of an instability mechanism of inertial origin
connected to the curvature of the wavefront for α � 0◦. This is confirmed for case I by Fig. 12,
illustrating the growth rate spectrum for α = 0◦ and IC1–IC3. For IC2 no growth of spanwise
modulations (γi < 0) is present at t = 1 s as predicted from linear stability analysis of the initially
flat film. At the same time, both IC1 and IC3 lead to a single peaked spectrum with positive growth
rates over a significant range of spanwise wavelengths. The same mechanism is supposed to account
for rivulet emergence as observed by Kharlamov et al. [35] for a vertical falling liquid film.

The imposed initial condition is shown to significantly influence the temporal evolution of
the spanwise redistribution process of the fluid (see Figs. 9 and 11). This can have important
implications for experimental and numerical studies. First, the asynchronous destabilization of
consecutive 2D waves, most pronounced in IC1, leads to an extended region of decreased spanwise
wavelengths (see case IC1, 15◦, about 6 s to 14 s after initialization) and a subsequent pronounced
region of spanwise reorganization (see case IC1, 15◦, about 14 s to 30 s after initialization). These
regions shrink and move closer to film initialization (t = 0 s) for an increasing inclination from the
vertical. This is grounded both in the increase of the growth rate of the primary hydrodynamic

084805-18



SPANWISE STRUCTURING AND RIVULET FORMATION IN …

FIG. 13. Determination of the dominant spanwise wavelength, illustrated for α = 5◦ and IC1. Left: De-
termination of the final rivulet wavelength by manually counting the number of spanwise rivulets. Right:
Determination of the dominant final rivulet wavelength though spectral analysis.

instability, which supports the growth of 2D waves, as well as that of the RT instability. The
latter drives the reorganization of the 3D wave regime into separate rivulets. As a consequence,
experimental evaluation of the spanwise film topology at a fixed position and for an increasing
inclination might lead to the observation of a regime change with respect to rivulet wavelengths,
which is in fact a decreasing inception length of the above described regimes. Less pronounced
regimes of locally decreased spanwise wavelength are visible for IC2, for example, for an inclination
of 15◦ around the 5 s mark and for an inclination of 75◦ around the 2.5 s mark. A cause of this
difference to IC1 can be found in the initially developing wavefronts. In contrast to IC1, these
are not 2D, but highly 3D while still forming a connected wave. In fact, in Fig. 10, the moment
of formation of connected 3D wavefronts is clearly visible through an abrupt change of the mean
spanwise wave topology profile (IC2: 0◦, at about 8 s; 15◦, at about 5 s; 45◦, at about 3–4 s). The 3D
character of these wavefronts hinders the development of structures with high symmetry therefore
promoting wave interactions and reorganization into rivulets. For IC3, the connection between
spanwise wavelength selection in the linear growth phase and long-term spanwise structuring is
apparent for all investigated inclinations.

3. Wavelength of spanwise structures

In the following, a quantification of observed spanwise wavelengths within the investigated
parameter space is conducted to further elucidate the connection between initial growth rates of
spanwise perturbations and long-term spanwise structuring. For this purpose, dominant spanwise
wavelengths at the end of film evolution are compared to the initially most amplified spanwise
wavelength determined from the growth rate spectrum of the average spanwise wave-height profile
[see Figs. 8(b) and 12] and the primary RT mechanism.

In this context, dominant spanwise wavelengths at the end of film evolution are determined by
dividing the domain size in spanwise direction by the number of manually counted rivulets (see
Fig. 13, left) and additionally through spectral analysis of the average film height profile (see
Fig. 13, right). Precision is given for the wavelengths determined through counting of rivulets
considering the error which would occur if the number of rivulets would be increased or respectively
decreased by one. The results are illustrated in Fig. 14 for IC1–IC3, together with the most amplified
wavelength of the primary RT instability (continuous line) as a function of the inclination angle,

λRT = 2π
√

2lc
1√

sin α
, (15)

as well as the most amplified wavelength determined from the growth rate spectrum of spanwise
perturbations at t = 1 s, i.e., within the linear growth phase (dashed line). Note that Eq. (15) directly
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FIG. 14. Quantitative evaluation of the wavelength of spanwise structuring (rivulet formation) for IC1–IC3
under variation of wall inclination. Most amplified wavelength of the primary RT instability λRT (continuous
line) as a function of the inclination angle and the most amplified wavelength λz,max determined from the
growth rate spectrum of spanwise perturbations at t = 1 s, i.e., within the linear growth phase (dashed line),
are indicated. Experimental data points taken from [11].

follows from Eq. (10) under neglecting viscous dispersive effects. Within the investigated parameter
space, Eqs. (15) and (10) give almost exactly the same result for the most amplified spanwise
wavelength. Therefore, only Eq. (15) is plotted. Additionally, accessible experimental data from
the recent study of Charogiannis et al. [11] are indicated. Exact initial conditions of the respective
experiment are unknown. Therefore, the data point is added to the plot of all three different ICs
employed within this study.

Most notably, Fig. 14 illustrates that final wavelengths of spanwise structuring are strongly
correlated to the most amplified wavelengths determined from the growth rate spectrum of spanwise
perturbations within the linear growth phase (dashed line). Predominantly for IC1 and IC3, it is
apparent that this remains true for small angles from the vertical and even angles where α < 0◦,
as illustrated for IC3. Note that in the case of IC2 these wavelengths coincide with λRT, while, as
has been shown earlier (see Fig. 8), for IC1 and IC3 growth rates differ from λRT due to initialized
sinusoidal perturbations. Meanwhile, λRT fails to predict spanwise structuring for small inclinations
from the vertical, where corresponding growth rates are low, and is seen to serve as a good estimator
for final rivulet wavelengths only for α > 5◦. In other words, for small inclinations from the vertical
spanwise structuring is determined through an instability mechanism connected to the developing
wavefronts (secondary instability) more than through the primary RT instability. A reasonable match
between experimental data [11] and performed simulations is observed, even if experimental data
for a validation of the generally observed trend is missing.
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FIG. 15. Temporal evolution of the film topology for case II exemplarily shown for the case Re = 40; Ka =
330; Ct = −0.58 (α = 30◦) employing IC3. Additionally, the suppression of a short wavelength instability is
illustrated for α = 75◦ (Ct = 3.73). Dark colors depict areas of low film height, light colors depict areas of
high film height.

B. Case II: Increased Reynolds and Kapitza numbers (Re = 40, Kaα=0◦ = 330)

The flow conditions of case II are characterized by a stronger influence of inertial forces
(higher Reynolds number) and a stronger influence of capillary forces (higher Kapitza number).
As such, growth rates of initial disturbances are larger, and observed wave patterns are of much
higher complexity. Owing to the increase in computational effort, simulations of case II have been
performed only utilizing IC3, which hinders only the discussion of synchronous/asynchronous
destabilization of consecutive wavefronts.

Figure 15 illustrates the temporal evolution of the film topology for α = 30◦ (Ct = −0.58). Note
that the timespan in which the different stages of film evolution occur is significantly shortened
in comparison to case I because of the increased growth rates of fluid dynamical instabilities. For
the same reason, simulation failure due to potential dripping events occurs much earlier, hindering
simulations deep into the regime of rivulet formation, especially for large inclinations from the
vertical.

Differences to case I are already observed in the development stage of quasi-2D waves which
emerge from the initialized sinusoidal perturbation. The stronger influence of surface tension causes
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a pronounced capillary wave pattern that precedes the main wave hump (visualized in Fig. 15 at
t = 0.17 s). The capillary wave pattern is subject to a short wavelength instability that originates in
the capillary wave region and invades the remainder of the fluid domain (0.525 s). In a later stage
(at about t = 0.68 s) the main wave hump (located at ≈3 mm) begins to destabilize, however with
a much larger wavelength compared to the one of the capillary waves. Within a regime of strong
interactions between short- and long-wave instabilities of the capillary waves and the main wave
hump, respectively, the flow reorganizes into rivulet structures.

Note that the emergence of a short wavelength instability with capillary origin has not been
observed for α > 45◦ in case II. This is exemplarily shown in Fig. 15 for α = 75◦. In this case,
the main wave hump destabilizes with a distinct wavelength which is imprinted onto the whole
fluid domain including the preceding capillary wave, which shows no destabilization through an
instability with short wavelength. Hence, the long wavelength instability of the main wave hump
dominates the process of spanwise structuring of the film topology for sufficiently large inclination
angle.

1. Spectral analysis of spanwise modulations of the film surface

Analogously to case I, a spectral analysis of spanwise growth rates, most amplified wavelengths
and deformation energies is performed in the following. Due to the regime change regarding the
dominance of a short wavelength instability of capillary waves or a long wavelength instability of
the main wave hump during the early film evolution (see Fig. 15), the analysis is carried out for two
inclinations, α = 30◦ and α = 60◦.

Figure 16(a) depicts the wave profile for both inclinations before a significant spanwise destabi-
lization is observed. Both waves are characterized by a distinct capillary wave preceding the main
wave hump.

Corresponding spectra of growth rates of spanwise wavelengths are illustrated in Fig. 16(b).
Matching the observation of the existence of long and short wavelength instabilities, two peaks
are found for both inclinations. For α = 30◦, growth rates of the short-wave mode (λshort−wave ≈
0.008 m) exceed growth rates of the long-wave mode (λlong−wave ≈ 0.02 m). This leads to the
observed dominance of a short wavelength instability of the capillary wave observed in Fig. 15. For
α = 60◦ the long-wave mode dominates, while the short-wave instability is suppressed. Meanwhile,
both spectra differ remarkably from respective spectra associated with the RT instability, Eq. (10).
Most notably, growth rates of the long wavelength instability are seen to approximately remain
comparable for both inclinations, while the RT mechanism predicts a significant increase according
to the increasing angle from the vertical. Additionally, the most amplified long-wave mode differs
significantly from the one associated with the primary RT mechanism for α = 30◦.

The temporal evolution of spanwise deformation energy Ez in Fig. 16(c) displays a phase of
constant growth following the relaxation of initially imposed noise, which directly transitions
into a regime of saturation. This is comparable to the evolution of spanwise deformation energy
observed for IC3 regarding case I. Note that the regime of saturation could not be resolved for
α = 60◦ due to model failure, which points to the emergence of an infinite slope within the domain
at t ≈ 0.8 s.

Regarding the temporal evolution of dominant spanwise wavelengths [Fig. 16(d)], for α = 30◦,
observed values are confined by the short-wave and the long-wave mode. An intermediate value
of λz ≈ 0.017 m is reached at the end of the simulation. For α = 60◦, after a short initial growth
phase, the dominant spanwise wavelength is seen to correspond to the long-wave mode. Note that
the corresponding wavelength λz = 0.025 m is close to the most amplified wavelength associated
with the RT mechanism, as obtained through either Eq. (10) or (15).

2. Temporal evolution of the mean spanwise film height profile

For case II, the film evolution within the investigated range of inclinations is analyzed anal-
ogously to case I through temporal representations of the mean spanwise film topology h̄z(t, z)
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FIG. 16. Spectral analysis of film evolution for case II and for inclination angles α = 30◦ and α = 60◦.
(a) Profile of initially developing waves; (b) growth rates at the beginning of film evolution (t = 0.3 s).
Dashed lines (RT) correspond to growth rates obtained through Eq. (10) for the respective inclinations.
(c) Temporal evolution of spanwise deformation energy Ez. (d) Temporal evolution of most amplified spanwise
wavelengths λz.

(Eq. (11)) in Fig. 17. For the case of a vertical wall (α = 0◦), only very weak spanwise reorganiza-
tion is observed within the simulated timespan. While rivulet-like structures are recognizable in the
temporal plot of the average spanwise film height, no alignment parallel to the flow direction is seen,
indicating an extended regime of wave interaction. In accordance with results presented in Fig. 16,
for low inclinations from the vertical, strong interactions between short- and long-wave instabilities
are seen to significantly influence spanwise structuring and rivulet formation. Particularly, the
early dominance of the short-wave mode is visible as a high-frequency modulation of the mean
spanwise film height profile for inclination angles α = 0◦–30◦. With an increasing angle from
the vertical, alignment of rivulet structures with the flow direction rapidly increases, pointing to
an increasing influence of the RT instability. Meanwhile, temporal changes of dominant spanwise
wavelengths are clearly observable. Exemplarily, for α = 30◦, the superposition of a short and long
wavelength instability is sustained up to approximately 0.8 s . Afterwards, the film reorganizes into
well-separated rivulets. By increasing the inclination angle further, the dominant role of short-wave
capillary instabilities vanishes and initial spanwise structuring arises with a wavelength associated
with the destabilization of the main wave hump.
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FIG. 17. Temporal plots of the average spanwise film height profile h̄z,norm(t, z) and spatial plots of the last
simulated time step for case II employing IC3. Dark to light colors span the value range [0,1] of the normalized
mean spanwise film topology [see Eq. (14)]. Spatial plots of the last time step are normalized by the minimum
and maximum film height.
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FIG. 18. Quantitative evaluation of the wavelength of spanwise structuring (rivulet formation) for case II
under variation of wall inclination. The most amplified wavelength of the primary RT instability as a function
of the inclination angle (continuous line) is indicated. Adding to this, most amplified wavelengths (short-wave
and long-wave modes) determined from the growth rate spectrum of spanwise perturbations at t = 0.3 s, i.e.,
within the linear growth phase (dashed and dotted line) are shown. Experimental data points taken from [11].

3. Wavelength of spanwise structures

A quantification of observed spanwise wavelengths is conducted analogously to case I and shown
in Fig. 18. Dominant spanwise wavelengths at the end of the film evolution are compared to the
initially most amplified spanwise wavelengths determined from the growth rate spectrum of the
average spanwise wave-height profile [see Fig. 16(b)]. In this context, wavelengths corresponding
to the short-wave mode (λshort−wave, dotted line) and to the long-wave mode (λlong−wave, dashed line)
are shown. Additionally, the wavelength of spanwise structuring associated with the primary RT
mechanism [Eq. (15)] is plotted. Most notably, the primary RT mechanism [Eq. (15)] completely
fails to predict final rivulet wavelengths except for large inclinations from the vertical (α > 45◦),
for which the wavelengths approach a value of about 0.02 m. As already observed for case I, the
best predictor for the characteristics of long-term spanwise structuring is given through maximally
amplified wavelengths in the initial stage of film evolution, associated with the destabilization
of 2D wavefronts. Specifically, for case II, wavelengths of the long-wave mode (λlong−wave) are
seen to accurately capture rivulet wavelengths at the end of simulations (t = tend). Interestingly,
the short-wave mode is not sustained after destabilization of wavefronts. The results agree well
with available experimental data (hexagonal markers in Fig. 18), indicating that the underlying
physical mechanisms can be accurately recovered through the performed simulations. Particularly,
the large deviation of observed final spanwise wavelengths from the prediction of the RT mechanism
is rationalized.

C. Parameter variation at a constant angle of inclination (α = 15◦, Re = 40, Kaα=0◦ = 13–1000)

Regarding case I, the angle-dependent formulation of the RT instability [λRT, Eq. (15)] was
shown to capture the final wavelength of spanwise structuring with satisfying accuracy, at least for
inclination angles α > 5◦. This was shown to be true for different imposed initial conditions despite
possible transient variations in spanwise wavelength.
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At the same time, significant deviations between observed spanwise wavelengths and λRT have
been found for case II, particularly for inclination angles α < 60◦. These deviations could be traced
back to the growth rate spectrum of spanwise wavelengths associated with the destabilization of
wavefronts, which differs significantly from the spectrum associated with the primary RT instability
and includes the onset of a short-wave instability of capillary waves preceding the main wave hump.
These findings demonstrate that the RT mechanism is not suited for a general description of rivulet
formation in suspended falling films. To track the influence of increased capillary forces on rivulet
evolution (as present for case II), the Kapitza number (scaling capillary forces to inertial and viscous
forces) is varied for a constant angle of inclination (α = 15◦) and a constant Reynolds number
(Re = 40). To this end, Ka has been adjusted by variation of the fluid viscosity according to

ν =
(

Kaα=0◦ ρ g1/3

σ

)−3/4

.

This allows for a direct comparison of simulation results regarding spanwise structuring, because
the Kapitza number is varied without changing lc and thus λRT, which are independent of ν. Note
that the imposed flow rate has been adjusted accordingly to keep the Reynolds number constant
(Re = 40).

Strikingly, a strong dependence of the evolution of spanwise structures on the Kapitza number is
found, which is illustrated in Fig. 19. In this context, simulation results are illustrated analogously
to Figs. 9 to 11 and 17. Increasing Ka, well-separated rivulets aligned in flow direction evolve
into less pronounced and less aligned rivulet structures with decreased wavelength. Additionally,
a regime of short wavelength capillary instabilities dominates the beginning of film evolution for
higher Kapitza numbers. For Kapitza numbers 125, 200, and 1000 this is visible through a high-
frequency modulation of the average spanwise film height profile (see Fig. 19).

A quantitative evaluation of spanwise wavelengths is illustrated in Fig. 20. Note that values for
Kaα=0◦ = 1000 should be treated with caution, because of the observed complex film topology with
weak alignment of spanwise structures. Nevertheless, a general trend of the wavelength to decrease
further might be noted. In fact, the observed rivulet wavelength changes from about 0.02 m (as
observed for case II), to slightly above 0.04 m (as observed for case I), if Ka is lowered from a
value of 330 to 13.1. Interestingly, for Kaα=0◦ = 13.1 the spanwise wavelength found for case I is
recovered despite an increased Reynolds number (from 1 to 40). Again, it is confirmed that the final
wavelength of spanwise structuring is well approximated by the maximally amplified spanwise
wavelength associated with the destabilization of the main wave hump (dashed line). How the
growth rate spectrum changes in variation of Kapitza number is depicted in Fig. 21 (top). Increasing
the Kapitza number, a shift of the most amplified long-wave mode to shorter wavelengths as well as
the inception of a short-wave mode corresponding to the destabilization of the preceding capillary
wave is observed, which indicates the strong dependence of the respective spectrum on the wave
topology. Profiles of the associated 2D wavefronts before spanwise destabilization are illustrated at
the bottom of Fig. 21. Note that corresponding streamwise wavelengths decrease for an increasing
Kapitza number due to a decreased streamwise extend of the simulation domain, which is based
on the most amplified streamwise wavelength for any given condition. The elaborated observations
have several important implications.

First, the prediction of long-term spanwise structuring in suspended films has to account for the
topology of developing 2D wavefronts, which have a significant impact on the growth rate spectrum
of spanwise perturbations. This finding is coupled to the precondition that no significant spanwise
structuring has taken place before the formation of these wavefronts. However, this is typically
the case in naturally developing films where the growth of streamwise perturbations exceeds the
growth of spanwise perturbations. Accordingly, emergence of 2D waves precedes the occurrence
of spanwise structuring in the form of rivulets. Note that respective growth rates of streamwise
and spanwise perturbations should become comparable for large inclinations from the vertical (e.g.,
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FIG. 19. Variation of the Kapitza number for a constant angle of inclination (α = 15◦), a constant Reynolds
number (Re = 40), and employing IC3: Temporal plots of the average spanwise film height profile and spatial
plots of the last simulated time step. Dark to light colors span the value range [0,1] of the normalized mean
spanwise film topology [see Eq. (14)]. Spatial plots of the last time step are normalized through the minimum
and maximum film height.
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FIG. 20. Rivulet wavelengths for Kaα=0◦ = 13–1000, Re = 40 and a constant inclination angle of α =
15◦. The most amplified wavelength of the primary RT instability for α = 15◦ (continuous line) is indicated.
Adding to this, most amplified wavelengths (long-wave and short-wave mode) determined from the growth
rate spectrum of spanwise perturbations at t < 1 s, i.e., within the linear growth phase (dashed line) is shown.
Experimental data points taken from [11].

FIG. 21. Linear growth rate spectrum of spanwise perturbations at t < 1 s for an increasing Kapitza number
(top) and profiles of corresponding 2D wavefronts (bottom) for a constant Reynolds number (Re = 40).
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α > αc). However, these cases are not regarded within the present numerical analysis because of the
possible dripping issue.

Second, we observe the tendency of dominant capillary forces (high Ka) to counteract the forma-
tion of well-aligned permanent rivulets. Comparing cases I and II, this has been most prominently
observed for a vertical inclination. For case I, maintained spanwise structuring could be traced
back to dominant waves, which maintain their spanwise position over extended periods of time.
At the same time, for the vertical wall case of case II, spanwise meandering of waves without
maintained alignment has been observed. Figure 19 illustrates that this remains true at least for small
inclinations from the vertical (α = 15◦) for large enough Ka. Suppressed alignment into rivulets
and simultaneously increased spanwise redistribution of fluid due to capillary action might be a
dominant mechanism suppressing nonlinear dripping in high Kapitza number fluids like water.

V. CONCLUSION

Simulations of suspended falling liquid films have been performed employing the weighted
residual integral boundary layer model of Ruyer-Quil and Manneville [38] and its respective
computational implementation within the software package WAVEMAKER [31]. In particular, the
film evolution has been analyzed regarding spanwise structuring and rivulet formation due to the
destabilizing action of gravity for two distinct cases and under variation of numerically imposed
initial conditions. Specific focus was on the wavelength selection mechanisms of rivulet formation
and the evolution of their wavelength over time. The two investigated cases are a low Reynolds and
Kapitza numbers case (case I: Re = 1, Kaα=0◦ = 13.1) and an intermediate Reynolds and Kapitza
numbers case (case II: Re = 40, Kaα=0◦ = 330) for both of which experimental data were recently
provided in the study of Charogiannis et al. [11]. The parameter space used in the simulations
extends around available experimental data points and considers inclination angles of the bounding
wall between α = 0◦ and α = 75◦.

Experimental results could be recovered with satisfying accuracy for both cases indicating the
validity of employed numerical methods for the problem in question. Specifically, in agreement
with experimental data, it has been observed that an inclination angle-dependent formulation of
the RT mechanism (λRT) satisfyingly describes the wavelength of evolving rivulets for sufficiently
low Re and Ka numbers (case I) for α > 5◦. This was shown for varying types and magnitudes
of initially imposed noise. However, it has been observed that an asynchronous destabilization of
consecutive wavefronts might lead to decreased spanwise wavelengths during the early stages of
film evolution. Adding to this, the primary RT mechanism was shown to fail to predict spanwise
structuring for inclination angles near the vertical (α < 5◦). Analysis of the growth rate spectrum of
spanwise perturbations associated with the destabilization of wavefronts was shown to provide the
best predictor for long-term film evolution.

For sufficiently moderate Re and Ka numbers (case II), and again in accordance with experimen-
tal findings, a significant deviation between the prediction of λRT and numerical results has been
observed. Furthermore, a competing short-wave instability of capillary origin associated with waves
preceding the main wave hump was shown to impact early spanwise structuring. The influence of
capillary instabilities on rivulet evolution has been elucidated through variation of Ka at a constant
inclination of α = 15◦. The linear growth rate spectrum of spanwise perturbations of destabilizing
2D wavefronts exhibits a strong dependence on Ka and the wavelength of spanwise structuring
matches well with the most amplified wavelength of respective spectra. For large enough Ka,
suppressed alignment into rivulets and simultaneously increased spanwise redistribution of fluid
is observed, which might be a dominant mechanism suppressing nonlinear dripping in high Kapitza
number fluids like water.

For all investigated cases, it has been revealed that the final wavelength of spanwise structuring
is best approximated by the maximally amplified spanwise wavelength associated with the linear
spanwise destabilization of the main wave hump.
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APPENDIX A: DISPERSION RELATION OF THE FULL WRIBL MODEL

The linear dispersion relation corresponding to the full second-order (WRIBL) model introduced
by Ruyer-Quil et al. [29,38] is taken from the monograph by Kalliadasis et al. [3]. The complete
expression of the full second-order model is additionally found in recent publications [10,39] and
not explicitly shown here. We consider normal mode perturbations around the dimensionless Nusselt
flat film solution in the form:

h = 1 + aei(kx−γ t ), (A1)

q = 1
3 + bei(kx−γ t ), (A2)

where k = kr + iki and γ = γr + iγi are dimensionless complex wave number and dimensionless
complex angular frequency, a, b are amplitudes of the perturbation, and h, q are dimensionless film
thickness and flow rate. Inserting Eqs. (A1) and (A2) into the full model, linearizing for small
amplitudes a, b, and writing the expression in Nusselt scaling with characteristic dimensionless
groups Reynolds number (Re), Weber number (We), and inclination number (Ct) lead to the
dispersion relation

0 = A + Bk + Ck2 + Dk3 + Ek4 + Fk5 + Gk6,

with
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FIG. 22. Transition from synchronous to asynchronous destabilization of 2D waves depending on the mag-
nitude of imposed spanwise noise and wall inclination. Conditions: Re = 1; Ka = 13.1; Ct = −1 (α = 45◦)
or as labeled. Initial condition of the film surface is given by h* [see Eq. (B1)], with indicated relative noise
amplitudes.

APPENDIX B: SYNCHRONOUS VERSUS ASYNCHRONOUS DESTABILIZATION
OF CONSECUTIVE WAVEFRONTS

Figure 22 provides a parameter variation of imposed initial noise to address the selection mech-
anism between synchronous and asynchronous patterns. For this purpose, an additional systematic
spanwise noise that is constant in the x direction is added to the noise already imposed in IC1. The
varied initial condition is given by

h∗ = hIC1(x, z) + hspan(z), (B1)

with

hIC1(x, z) = 1 + a2Drand(x, z) + 0.5sin

(
x

λx,max
2π

)

and

hspan(z) = aspanrand(z),

where a2D and aspan define noise amplitudes. Note that this type of additional noise can be viewed
as small persistent perturbations in the distribution blade of the experimental setup or small
modulations of the substrate surface.

If the spanwise noise exceeds the initial 2D noise by at least one order of magnitude, a
synchronous destabilization is observed. Contrarily, an asynchronous destabilization is sustained
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if the spanwise noise is of the same order as the 2D noise or lower. At the same time, a transition
between synchronous and asynchronous wave fronts is also observed by variation of wall inclination
(varying Ct) as illustrated in the second row of Fig. 22. Specifically, a transition from a synchronous
to an asynchronous destabilization can be induced by lowering the value of Ct, i.e., lowering the
influence of the RT instability. The given results illustrate the sensitivity of the mode selection
(synchronous versus asynchronous) depending on the imposed initial conditions, as was already
shown in Scheid et al. [30]. Hence, caution has to be exercised in interpreting related experimental
data where imposed noise at film initialization is generally not or hardly quantifiable.
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