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We develop an analytical model to describe recent experimental observations of lev-
itation of evaporating microscale droplets over heated solid surfaces at temperatures far
below the Leidenfrost point. Viscous flow patterns around the droplet are determined from
the solution of the equation for the Stokes stream function in bipolar coordinates. The
results are compared to the predictions of models representing microscale droplets as point
sources in the Stokes flow equations. Formulas for the force acting on the droplet as a
result of moist air flow around it are derived and used to obtain predictions of levitation
height as a function of droplet size which are in very good agreement with the experimental
data. In addition to gravity, three physical mechanisms are identified which contribute to
the force acting on the droplet: repulsive interaction of the droplet with the solid, spatially
nonuniform evaporation along the liquid surface, and thermocapillary effect. The first two
act against gravity and allow droplets to levitate despite competing thermocapillary stresses
which push the moist air out of the region between the droplet and the solid. Relative
importance of the three mechanisms is evaluated based on an analytical model of heat
transfer both inside and outside of the droplet.
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I. INTRODUCTION

Models of evaporating droplets are important for a wide range of applications such as spray
cooling, internal combustion engines, and aerosol drug delivery [1-3]. Droplet sizes in many of
these applications are well below the capillary length of the liquid (about 2.7 mm for water), so the
free surface shapes, dominated by the capillary forces, are nearly spherical. This offers advantages
for mathematical modeling, as Maxwell [4] first demonstrated by using a steady diffusion equation
to describe spherically symmetric distribution of vapor around the droplet. The balance between
evaporative mass loss and the diffusion flux away from the droplet in this framework leads to the
classical D? law, i.e., the conclusion that the square of the droplet diameter will decrease as a linear
function of time, a trend indeed observed in many experimental studies [5].

Predictions of diffusion-based evaporation models can strongly deviate from the experimental
data due to convective flow in the gas around the droplet. The flow can be caused by factors not
related to the presence of the droplet, e.g., natural convection, or generated by the droplet itself.
The latter has to do with the fact that, even in spherically symmetric geometry, mass transfer around
the droplet is not purely diffusive, as was first pointed out in the classical works of Stefan [6]
and Fuchs [7]. The following simple argument [5] illustrates the origin of convective mass transfer
known as Stefan flow. Suppose gradient of partial density of vapor in the moist air is established
as a result of evaporation from the droplet surface. Assuming the total density of the gas phase to

2469-990X/2021/6(5)/053602(23) 053602-1 ©2021 American Physical Society


https://orcid.org/0000-0002-9764-6283
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevFluids.6.053602&domain=pdf&date_stamp=2021-05-20
https://doi.org/10.1103/PhysRevFluids.6.053602

AJAEV, ZAITSEV, AND KABOV

be constant, there also has to be gradient, in the opposite direction, of the partial density of the
remaining components of air, i.e., nitrogen, oxygen, etc. Thus these components are transported
towards the free surface. However, since these gas molecules do not penetrate the free surface, flow
has to develop to ensure the global mass conservation condition. The effect becomes stronger as the
evaporation intensity increases. Over the past several decades, a number of modeling studies and
numerical simulations of evaporating droplets and Stefan flow were conducted, reviewed by, e.g.,
Sirignano [2] and Sazhin [5].

When an evaporating droplet ends up in the vicinity of a solid surface, the evaporation can lead
to a repulsive force. The most dramatic demonstration of this effect is the well-known Leidenfrost
phenomenon [8,9]. While originally observed for macroscale droplets, more recently the Leidenfrost
effect was studied extensively for microscale droplets as well, typically the ones formed from larger
droplets as a result of gradual mass loss by evaporation. A number of novel phenomena such as
sudden droplet takeoff and explosive breakup at sufficiently small size were observed and explained
[10,11]. However, it is important to emphasize that all studies of the Leidenfrost effect consider
relatively high temperatures, far above the boiling point of liquid.

Recent experiments conducted in our group illustrated that the mechanism of repulsion of
evaporating droplets from solid surfaces is operational and can lead to levitation at temperatures
far below the Leidenfrost point and even below the boiling temperature of the liquid [12-14]. It
was established in previous studies that small droplets of condensate can form and levitate over
the surfaces of evaporating liquid layers [15,16]. This phenomenon is similar to formation of a
layer of fine mist over a cup of tea or coffee [17]. While in all these previous studies droplets were
levitating near the free surface of liquid, Zaitsev et al. [13] created a dry patch in the evaporating
layer and focused on the behavior of the condensate droplets which ended up over the dry patch
rather than near the surface of the liquid layer. Remarkably, these droplets were levitating as well
until they completely evaporated. To explain the phenomenon, a mathematical model was developed
which treats levitating droplets as point sources. The model is shown to agree with experiments for
droplets of small sizes, but failed to describe experimental trends for larger droplets. The present
study will address the effect of finite droplet size on the levitation conditions. The flow around the
droplet will be described, in the Stokes flow approximation, using an analytical approach based on
bipolar coordinates.

An important outcome of our study is a formula for the force acting on the droplet, a useful result
for applications, some of which are not directly related to levitation. In fact, a levitating droplet is a
unique tool for studies of repulsive interaction between droplets and flat interfaces. Since the droplet
is at rest, its weight, easily estimated from the image analysis, is equal to the force that repels it
from the interface. Such force is important to know in a number of applications. For example, in
spray cooling [1], repulsion of droplets from a heated surface can result in dramatic decrease of heat
transfer efficiency. In the commonly used drug delivery method by aerosol inhalation, the microscale
aqueous droplets are carried by the air flow into pulmonary airways [3]. The location of droplet
deposition at the walls of the airways is a key parameter determining the success of the therapy and
that location can change due to repulsive droplet-wall interaction typically not accounted for in the
numerical models.

Stokes flow around a spherical droplet in the presence of another droplet or near a flat interface
has been described analytically using bipolar coordinates in a number of well-known studies
[18-20]. The governing equations are reformulated in terms of the Stokes stream function, leading
to a single equation which is then solved using the method of separation of variables. The technique
has been adopted to situations when evaporation is taking place at the liquid-gas interfaces [21,22].
In particular, interaction of two evaporating spherical droplets was investigated by Oguz et al. [22].
They imposed uniform evaporation velocities at liquid-gas interfaces and thus did not have to model
heat transfer in order to describe droplet interaction. More elaborate models of the two-droplet
configuration with evaporation [23], based on earlier pioneering studies from combustion literature
[24,25], account for heat transfer both inside and outside of the droplets.
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FIG. 1. Sketch of the geometric configuration—an evaporating spherical droplet of radius R near a heated
solid surface. Dimensional cylindrical coordinates (r*, z*) are shown in the sketch and governing equations
for heat transfer in liquid and air are specified. Vapor diffusion in air is coupled to the thermal problem via
conditions at the droplet surface.

Zhang and Gogos [26] used bipolar coordinates to investigate evaporation of droplets near hot
surfaces under conditions motivated by experimental studies of the Leidenfrost phenomenon so that
evaporation rate is high and the temperatures are typically above 500 K. In the present study, we
apply this general framework to droplet evaporation at moderate temperatures [13]. Our study is
different from Zhang and Gogos [26] in the following four aspects. First, the moderate temperature
values allow us to identify the limit of small vapor concentration leading to dramatic simplification
of the model. Second, we investigate the effect of Marangoni stresses on the flow around the droplet.
Third, we consider a droplet in an imposed external temperature gradient rather than using the
condition of constant temperature away from the droplet. Finally, while the work of Zhang and
Gogos [26] was purely theoretical, we provide direct comparison of our results to experimental data.

The paper is organized as follows. In Sec. 11, we discuss the geometric configuration and the heat
transfer model for both inside and outside of the droplet, coupled to the steady diffusion equation
for vapor concentration in air. Due to small values of the Péclet number, the governing equations for
heat transfer are decoupled from the fluid flow description. Once temperature and evaporative mass
flux are found on the droplet surface, the fluid flow problem can be solved using the Stokes flow
approximation, the subject of Sec. III. Flow patterns found from the solution of the flow equations
are described in Sec. IV, followed by the calculation of the force acting on the droplet in Sec. V.
Thermocapillary effects are discussed in Sec. VI. Predictions of the model are compared to the
experimental data in Sec. VII. Finally, conclusions are presented in Sec. VIIL

II. PROBLEM GEOMETRY AND HEAT TRANSFER MODEL

Consider a spherical droplet of radius R evaporating near a heated solid surface, as sketched in
Fig. 1. The dimensional cylindrical coordinates (r*, z*) are also shown in the sketch, with the z*
axis coinciding with the axis of symmetry of the configuration. Levitation height, i.e., the distance
between the center of the droplet and the solid, is denoted by 4*. In experiments, typical values
of the droplet levitation height are below 30 pm, i.e., the droplets are very close to the heater
[13]. The droplet radii are initially near 15 um but gradually decay as a result of evaporation at a
rate R ~ 5 um/s. Conservation of mass then suggests the value of moist air velocity near droplet
surface V* = Rp, with p denoting the liquid-to-air density ratio. The significance of convective heat
transfer is measured by the Péclet number, Pe = RV* /«, where « is the thermal diffusivity of moist
air. Using p = 1.24 x 10% and x = 2.30 x 10> m?/s, based on moist air properties at 85 °C [27],
we estimate the maximum Péclet number to be 4 x 1073, The droplet radii would have to be about
3.7 mm for the Péclet number to reach unity under the conditions of experiment of Zaitsev et al.
[13]. Thus, in our modeling, we will neglect all contributions from convective heat transfer and
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write the governing equations for the temperatures in the liquid (7;) and air (7), both scaled by the
heated solid surface temperature Ty, as

AT, =0, AT,=0. (1)

The length variables r and z in the present section are nondimensionalized by R. Vapor concentration
¢, scaled by the equilibrium saturation concentration at the temperature Ty, is also described by the
Laplace’s equation,

Ac =0, 2

since the diffusion coefficient of vapor is of the same order of magnitude as thermal diffusivity of
moist air and thus the corresponding Péclet numbers for mass transport are small as well.
We follow numerous previous studies [18,20,22,26] and define bipolar coordinates (£, n) related
to the cylindrical ones via
., Rsinha sing . Rsinho sinh&
= =, 3)
cosh& —cosn cosh& —cosn
where o = cosh™! (h*/R). With these choices, the surface of the sphere in Fig. 1 corresponds to & =
«, while the solid is at & = 0. The boundary conditions at the heated solid surface are formulated as

EIE:O = 1’ (4)
L 5)
0l

At the droplet surface, the temperature is continuous and equilibrium vapor concentration is as-
sumed to be a linear function of the scaled interfacial temperature 7;, leading to the nondimensional
boundary conditions

Talé:a = Tllé:a = T; (6)

Cle=g = 1+ (T = 1), (7

with y = y*Ty/psat, v being the rate of change of the dimensional equilibrium vapor saturation
density in air with temperature, and pg, the value of this density at the temperature 7. We assume
the linear relationship given by (7) to be valid for a sufficiently wide range of temperatures so
that y* and pg, can be evaluated at the reference temperature Ty instead of the actual interfacial
temperature. Concentration and temperature gradients are related through the energy balance at the

interface, expressed as
oT, oT; 0
E<1_@c><k a ——l>=——c, (8)
P 05 09§ &

where the evaporation parameter E is related to the latent heat of phase change £ and vapor diffusion
coefficient in air D via

KTy
LDpg;’

k = k,/k;, k; denotes thermal conductivity of air (i = a) and liquid (i = /), respectively, and p is the
moist air density. Apart from differences in notation, Eq. (8) is equivalent to the condition used by
Zhang and Gogos [26] in their model of Leidenfrost droplets. However, at moderate temperatures
well below the Leidenfrost point, vapor saturation density is a small fraction of the total moist air

density and Eq. (8) simplifies to
oT, 0T, d
Jof el (10)
& 0§ 0
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Finally, we assume that far above the droplet, the concentration is a constant value denoted by ¢
and air temperature approaches a linear profile with specified gradient,

T,=1- Gz (11)

Thus an imposed constant temperature gradient is assumed throughout the zone of the experiment.
This may appear to contradict the expectation that an unsteady heat conduction model would be
more appropriate to describe heat exchange between the metal heater, switched on at the start
of the experiment (* = 0) and generating heat at a constant rate thereafter, and stationary air
which is initially at room temperature [13]. Indeed, there is a classical solution of the 1D heat
equation for this configuration [28], which predicts the dimensional heat flux ¢ in the air to
be

4@ = q(O)(l - erfzjm) (12)

In experiments, the heater is turned on for a few minutes before the measurements. Using * ~ 10 s
and z* ~ 10~* m, a value of about an order of magnitude larger than the levitation height, leads to the
conclusion that the error function term in the equation is ~10~* and thus the imposed temperature
gradient can be assumed constant in the region considered in the model. The simplified argument
presented here is only valid since the droplets are close to the solid surface and is not meant to
rule out unsteady and convective effects in heat transfer in air far above the dry patch over which
the droplets are levitating. Based on measured dimensional values of |dT*/dz*| on the order of
10 K/mm in experiments with a configuration similar to the one of interest for the present study [29],
the values of the parameter G = R|dT*/dz*|/Ty in Eq. (11) are ~10~*. This small value could be
set to zero, leading to the standard constant far-field temperature condition used in several previous
studies of both droplets and bubbles near heated solid walls [26,30]. However, we feel that it is ap-
propriate to use the nonzero gradient since in experiment heat is continuously generated in the metal
substrate and at least part of it is removed through air, suggesting a vertical temperature gradient
there.

Following the general approach of the pioneering studies of Zhang and Gogos [26] and Fisher
and Golovin [20], we write

G sinh o sinh &

oo
1
cosh& — cosn +\/COS115—_COST7§A" sinh |:(”+§>5}Pn(00577), (13)
oo
1
I} = \/MZBnei(”jL?)EPn(COS 77)» (14)
n=0

I.=1

where P, denotes the Legendre polynomial of degree n. The terms proportional to cosh (n + %)E
in the expansion for T, are not included since they contradict the condition from Eq. (4). Also,
since 7; is assumed bounded inside the droplet (including the point corresponding to § — 00), only
decaying exponentials are included in the expansion for 7;.

The solution for vapor concentration c is expressed in the same coordinate system as

C=Co + mz {Cnsinh [(n—i— %)(é —oz):|
n=0

+ D, cosh |:<n+ %)(E —oz)“P,,(cos n). (15)
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Application of the boundary conditions (5) and (7) allows us to express the concentration in terms
of the expansion coefficients B, from Eq. (14) as follows:

C=Cxo+ /MZ {tanh |:<n + %)a] sinh |:(n + %)(E — a)]
n=0

+ cosh [(n - %)(5 - oe)} }(«/56 + yB,)e "B, (cos 1), (16)

where ¢ = 1 — ¢ — y. In deriving this expression we used an identity that follows directly from
the expansion of the generating function for Legendre polynomials [31],

o0
(cosha — cosn)~1/? = «/EZe_(”’L%)“Pn(cos n). (17)
n=0
The coefficients B, are in turn expressed in terms of A, using Eq. (6) as

1
B, = V2 — V221 + 1)G sinha + A,e"+ 2 sinh (n + §>a. (18)

Assuming the temperature to be sufficiently low so that ps < p, Eq. (10) can now be used to
derive a linear system of equations for the coefficients A,. The result is shown in the Appendix.
Solving this system in MATLAB, we obtained the temperature distributions for 7, and 7; in terms
of nondimensional coordinates (r, z) = (r*/R, z*/R). Figure 2 (top) illustrates a typical solution for
parameter values (listed in the caption) based on the physical properties of moist air at 50 °C found
from Tsilingiris [27]. We plot the distribution of rescaled temperature 7' defined by

T—-Ty
-7’

where Ty is the temperature (scaled by 7y ) at the coldest point of the free surface, which according
to our solutions is at the top of the droplet. The value of G is found based on the temperature gradient
of ~10 K/mm, while c,, = 0.95 reflects the fact that the observed evaporation rate of droplets is
relatively slow [13], most likely due to the fact that vapor concentration in the region where droplets
are observed in experiments is much higher than in the ambient air. This is consistent with the
observations of vapor filling the region above the dry patch as a result of intense evaporation from
the surrounding liquid layer [12]. Specifically, we estimated the value of the far-field concentration,
which was not measured experimentally, by first finding the solution in terms of ¢y, and then
adjusting its value iteratively until the rate of mass loss matches the experimentally measured value.

Let us now discuss the physical interpretation of the result shown in Fig. 2 (top). Away from the
droplet (near r = 6 in the plot) the temperature slowly decays away from the solid surface (located
at z = 0) as dictated by the imposed temperature gradient G. It is immediately obvious that the
presence of the droplet leads to significant perturbation of the temperature field near the heater
creating a region of reduced temperature as compared to the profile without the droplet. Note that
the results are quasisteady, so the lower temperature of the droplet compared to its surroundings
is not a result of the droplet not having enough time to heat through. We believe the result can
be explained by a combination of two physical effects. The first one is evaporative cooling: as
the liquid evaporates, energy has to be supplied from the outside to maintain evaporation and thus
a temperature gradient is established. The second effect, also seen in models of nonevaporating
droplets [20], has to do with the droplet thermal conductivity being much larger than that of the
surrounding air leading to drastic reduction of temperature gradient through the droplet compared
to the imposed gradient.

The plot in Fig. 2 (top) may suggest that the droplet is at uniform temperature, but in reality the
bottom of the droplet facing the hot solid surface is still at a higher temperature than the top, as
illustrated in Fig. 2 (bottom). Temperature variation across the droplet is higher when the droplet

T =

(19)
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FIG. 2. (Top) Nondimensional temperature distribution both inside and outside of the droplet for k =
0.042, E =36.1, and y = 15.6. The liquid-gas interface location is shown by the thick black line, the
temperature distributions are axially symmetric, and half of the cross section is shown. (Bottom) Droplet
surface temperature as a function of the vertical coordinate measured from the position of the center of the
droplet, presented in nondimensional variables.

is closer to the hot solid (smaller /), but for all cases the temperature gradient in the liquid is at
least an order of magnitude lower than the imposed gradient. That has important implications for
shear stresses at the droplet surface due to temperature variation along the interface, i.e., Marangoni
stresses, which can be drastically overestimated if the imposed temperature gradient is used to find
the temperature variation.

Once the coefficients B, are found, Eq. (16) can be used to determine vapor concentration
distribution and thus calculate the nondimensional evaporative mass flux at the droplet surface,
J = —9dc/0dn. In order to illustrate the degree of nonuniformity of the profile across the droplet, we
subtract the value J, corresponding to the center of the droplet and plot the result in Fig. 3 for three
different droplet locations. Note that the negative values of J do not correspond to condensation but
rather indicate values smaller than Jy. The result for & = 2 (solid line) may appear counterintuitive
since it shows a decrease in the evaporation rate near the bottom of the droplet, despite the fact
that this part of the free surface faces the hot surface. We believe the observation can be explained
by geometric confinement: as the droplet gets closer to the solid surface, diffusion of vapor away
from the free surface is impeded by the presence of the solid, resulting in slower evaporation. This
explanation is supported by the fact that J at the bottom of the droplet increases relative to Jy as
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%107

FIG. 3. Scaled evaporation rates along the surface of the droplet plotted in terms of scaled vertical
coordinate for different locations of the droplet, measured from z = h. The parameter values are the same
as in Fig. 2.

the droplet moves away from the solid (dashed and dot-dashed lines in Fig. 3). In fact, the profile is
basically linear at 7 = 4 and higher values of / (not shown), i.e., when the droplet is sufficiently far
away from the solid. A higher evaporation rate at the bottom and lower rate at the top are dictated
there by the imposed temperature gradient.

The results presented so far are valid for relatively low heater temperature since the saturation
vapor density has to be a fraction of the moist air density to justify the use of Eq. (10). For the
solid surface temperatures in the range between 80 °C and 100 °C, in which many experiments
were conducted, Eq. (8) should be used instead. This makes the problem nonlinear, but only at
the final step of the solution when the series expansions for temperature and concentration are
substituted into Eq. (8). We have carried out this final step of the solution using fsolve from
MATLAB Optimization Toolbox with a typical result illustrated in Fig. 4. The parameter values are
calculated based on Ty = 85 °C and the value of ¢, is adjusted to match the measured evaporation

%107
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FIG. 4. Scaled evaporation rate plot for k = 0.04, E = 8.53, y = 13.3, and ¢, = 0.90 found based on
Eq. (8), solid line. A linear approximation to the profile is shown by the dashed line.
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\solid

FIG. 5. Sketch illustrating nondimensional coordinates and geometry for the fluid flow model, with arrows
schematically showing the direction of the flow away from the droplet surface, with stronger evaporation near
the bottom. Stokes flow model is used to describe flow in the gas phase, while internal circulation is neglected
due to very low values of the air-to-liquid viscosity ratio.

rate in [13]. Remarkably, the solution is still well approximated by a linear function, which is shown
by magenta dashed line in Fig. 4. The slope of this line, defined by the derivative of J at z = A, is
used in the next section to find the evaporation velocity profile.

III. FLUID FLOW MODEL

Let us now turn to the mathematical description of the flow around a spherical droplet evaporating
in the presence of a solid (Fig. 5). Evaporation is nonuniform due to the temperature gradient
established along the droplet surface as predicted by the heat transfer and diffusion model from
the previous section. The flow in moist air around the droplet generated by the evaporation will be
described using the Stokes flow approximation. Even though air viscosity is relatively low, typical
values of air flow Reynolds numbers for microscale droplets of interest here are well below unity.
For example, in the experimental configuration of Zaitsev et al. [13] the Reynolds numbers for the
gas phase flow are estimated to be below 0.1.

The discussion of the vapor diffusion model in the previous section suggests a natural choice of
the Stefan flow velocity scale

_ Dpgy
PR

v (20)

The Stokes stream function v/, scaled by R’V *, is introduced so that the scaled velocity components
are expressed by

(ug, uy) = 21

(cosh& —cosn)? [y Oy

an’ € )
The equation of continuity is then satisfied automatically. The momentum equations can be refor-
mulated in terms of the stream function, leading to

E*y =0, (22)

sinh? & sinp

where the operator E? for axisymmetric flow is defined by
sinn(coshé —cosn)[ 0 [cosh& —cosn 0 n d (cosh& —cosn 0
sinh? & OE sinn o€ an sin 7 /|

The standard no-penetration condition (#; = 0) implies that the Stokes stream function is equal
to a constant value, which can be denoted by ¥, along the solid boundary. Since ¥ is defined up to
an arbitrary constant, we choose ¥y = 0. Then, the no-penetration and no-slip (1, = 0) conditions

E? =

(23)

053602-9



AJAEV, ZAITSEV, AND KABOV

are expressed as
oy
9§

At the droplet surface, we specify instantaneous evaporation velocity, assumed to be varying linearly
in the direction of the imposed temperature gradient, leading to

Yle=o =0, =0. (24)

§=0

(coshar — cosn)? 9y

=—-Vo+Vi(z—h). 25
sinh? « sinnp  dn = 0 i ) 25)

Here we use a linear approximation for the evaporation velocity as a function of vertical coordinate
since evaporative flux variation can be accurately approximated by a linear function, as illustrated
by, e.g., the dashed line in Fig. 4. For each fluid flow solution reported, we first solved the
corresponding thermal and diffusion problems as formulated in Sec. II to determine V}, (equal to
—dc/on at z = h) and V. Integrating Eq. (25) in n gives

V sinh®« 1V sinh* o

cosha —cosn  (cosha — cosn)?

Vlemy = + A’ sinh? a. (26)

Here V =V + Vih and the integration constant, A’, is determined from the condition that v is
constant on the symmetry line (where u, = 0), leading to

V 4+ 1Vi(1 — cosha)
1 + cosha '

A =

27)

Finally, motivated by the much larger viscosity of the liquid compared to air, we impose the
no-slip condition at the free surface,

oy
— =0, 28
%, (28)

but more detailed discussion of alternative conditions can be found below in Sec. VI. Substantial
reduction in mobility of air-water interfaces in small-scale systems is a well-documented effect, e.g.,
in studies of film drainage [32].

Evaporation at the liquid surface implies that the droplet radius and thus the value of « are
changing, making the flow unsteady. We assume the evaporation to be sufficiently slow so that a
quasisteady approximation can be used, i.e., that the flow patterns at any moment in time are well
described by the solution of the steady-state Stokes flow problem corresponding to the droplet radius
at that time.

IV. FLOW PATTERNS

The general solution of Eq. (22) can be written as an expansion of the Stokes stream function in
Gegenbauer polynomials of index —1/2 [18,21,22],

¥ = (cosh& — cosn)>/? Z Wa(&)C, ! * (cos ). (29)
n=—1

Following Stimson and Jeffery [18], the coefficients of the expansion are often expressed as

W, (§) = Ao, coshn_& + By, sinhn_& + Cy, coshni & + Dy, sinhn &, 30)
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with n_ =n—1/2, ny =n+ 3/2. However, in the present study we use equivalent expressions
suggested by Oguz et al. [22],

Wn(§)=AnSinhn_(a_§) 5 sinhn_& -n<sinhn_(a_g)

. n . .
sinhn_«a sinhn_o sinhn_«a

_M) D (Smh”‘g - Si“h’”s) n> (1)

sinhny o sinhn_o  sinhnyo
with the coefficients A,, B,, C,, and D, to be determined from the boundary conditions. Further-

more, the conditions of axial symmetry allow one to express Wy and W_; in terms of only two
constants [21], denoted by A and B, so that

~ 3¢ § 3k
W_i(&) = A(cosh > + 3 cosh E) + B(smh >~ 3 sinh 5), (32)
Wo(€) = A<cosh % + 3 cosh %) — B(sinh 375 — 3 sinh %) (33)

The boundary conditions at the solid given by Eq. (24) can now be expressed as conditions for
W, and their derivatives,

W,(0) =0, (34)
Ww/(0)=0. (35)
At the droplet surface, Eqs. (26) and (28) lead to the conditions
: h2 34’ —ang —an_ 1
W, (o) = S“‘T“[T(em - "’n_ ) n [v v (n n 5) sinha:|e_"‘("+l/2>:|, (36)
3 sinh? 2n+ 1)V 1 1\2
W, (o) = %e‘“(’”l/z) {A’ - % -V |:(n + 5) cosha + (n + E) sinhozi| }

(37)

The advantage of using the form of the solution given by (31) instead of (30) is that the conditions
(34) and (36) immediately give formulas for two sets of coefficients,

A, =0, B,=W,a). (38)

The two remaining boundary conditions can then be used to find C, and D,, as shown in the
Appendix which also outlines the calculation of the coefficients A and B in Egs. (32) and (33).
The description of the viscous flow around the evaporating droplet is now complete. To summarize,
the Stokes stream function is represented analytically by Eq. (29). The functions W, (§) are defined
by Eqgs. (31)—(33) with the coefficients from (38), (A4), (AS), and (A7).

To illustrate the moist air flow patterns around evaporating droplets in situations relevant for
experimental study of Zaitsev et al. [13], the following solution procedure was adopted. We start by
evaluating the key parameters of the thermal problem from Sec. II at the experimentally measured
value of the heater temperature. For example, at Ty = 85 °C we get parameter values listed in the
caption of Fig. 4; note that c, is estimated from the droplet evaporation rate found based on the
experimentally measured radius as a function of time, R(¢). The full thermal problem with the
nonlinear version of the interfacial energy balance, Eq. (8), is then solved as outlined in Sec. II,
leading to the scaled evaporative flux profiles such as the one illustrated by the solid line in Fig. 4.
The linearized version of the profile (dashed line in the same figure) is then used to determine the
input parameters Vj and V), for the flow problem.

The contour plots of the Stokes stream function found from (29), truncated at n = 10, are shown
in Fig. 6. The plots represent two different values of nondimensional height 7 = h* /R corresponding
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FIG. 6. Flow patterns for evaporating droplet of radius R =5 um at different heights based on the
analytical solution for the Stokes stream function in bipolar coordinates. Scaled levitation heights are 7 = 10
(left) and / = 4 (right). Cylindrical coordinates are scaled by the droplet radius.

to two distinct configurations, both encountered in experiments: a small droplet far away from the
solid surface and a larger droplet evaporating closer to the solid, i.e., at a distance comparable to
its radius. For both cases, the lines under the droplet are bent significantly due to the presence of
the solid which cannot be penetrated by the fluid. For the larger A, the lines remain straight near
the droplet surface—an indication that flow is nearly spherically symmetric there and only weakly
disturbed by the presence of the solid surface far below. For the smaller scaled height, bending
starts close to the droplet surface, which is consistent with flow away from the symmetry line in
the gas confined between the droplet and the solid. Such flow can be expected to compensate for
mass transfer from the evaporating droplets, a situation qualitatively similar to the one seen in the
classical studies of the Leidenfrost phenomenon [8].

While our analytical solution for the Stokes stream function is an infinite series, the functions
W, (&) in Eq. (29) decay rapidly as n is increased for all values of &, so in practice only a few
terms in the series are needed to obtain very accurate solutions. In order to illustrate this point,
we studied the error in representation of the boundary conditions characterized by the norm of the
difference between the truncated series with N terms and the specified boundary values of ¥r. Since
the boundary conditions at the solid boundary are satisfied exactly due to the way our solution is
constructed, we focus on the boundary conditions at the droplet surface. Specifically, we define the
norm

o 1/2
Ey = [ / (y — wgfdn} , (39)
0

where Yy is the solution at £ = « given by Eq. (29) but with summation only up to n = N instead
of n = oo and ¥ is the value of the Stokes stream function at the droplet surface according to
Eq. (26). As a measure of relative accuracy of the approximation, we use the scaled quantity Ey =
EN/VBmax, where ¥pmax 1s the maximum value of i at the droplet surface. Figure 7 shows that Ey
decays rapidly as N is increased, indicating that keeping only the first few terms in the expansion
is sufficient for obtaining very accurate results. Remarkably, even at N = 2, the relative error is
already on the order of 1073, Small values of Ey seen in Fig. 7 together with similar results for
on the boundary (not shown) provide a verification that our analytical solution is indeed correct.
Note that the solution given by Eq. (29) satisfies Eq. (22) exactly by construction.

As the droplet size decreases in the configuration of Fig. 5, it is natural to expect the flow pattern
to resemble that for a point source near a wall. The inviscid counterpart of this problem is a classical
example of the method of images: a source of strength Q at z* = h* and an image source of the same
strength placed at z* = —h* generate the same flow pattern in the physical domain as the source
and a solid wall, with the no-penetration condition satisfied everywhere along z* = 0. Remarkably,
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102

FIG. 7. Scaled error norm of the representation of the stream function with the first N terms in the series
expansion shown as a function of the number of terms for 7 = 2.

similar ideas can be applied to the Stokes flow except that three singularities have to be placed
simultaneously at the location z* = —h* to ensure that not only the no-penetration but also the
no-slip condition is satisfied at z* = 0. As shown by Blake and Chwang [33], these singularities are
a source, a Stokeslet doublet, and a potential dipole, leading to the velocity field

i — Xo; i bxag 8 3xi
Q|:|x X0 X n xx3+2h*( 3 xX3>]’ i=1,223. (40)

u = — —_ —_— by e
drlx—xo” IxI* |x x*|x

Here we use Cartesian coordinates with the origin at the location of the image, with x being
the position vector and X, the value of the position vector corresponding to the location of the
actual physical source. The x3 axis is in the vertical direction and § denotes the Kronecker delta.
The flow pattern defined by (40) can now be compared to the predictions of our model, i.e., the
velocity components found from the Stokes stream function based on Eq. (21). Figure 8 illustrates a
typical comparison for scaled radial and vertical velocity components plotted as functions of radial
coordinate in the plane corresponding to z = (h — 1)/2, i.e., halfway between the bottom of the
droplet and the solid surface for two different levitation heights. Even though strictly speaking the
method of images is valid in the limit of infinitely small droplet radius, i.e., 1 — 00, it clearly
provides rather accurate velocity predictions even at the moderately large values of /, e.g., h = 10
shown in the top plots in Fig. 8. However, for smaller nondimensional levitation heights, the
differences in the predictions of the model become significant, as seen in the bottom two images
in Fig. 8. In particular, the method of images tends to underestimate the velocity under the droplet.

The method of images provides a simple physical interpretation of the experimentally observed
ability of evaporating microscale droplets to levitate at temperatures well below the Leidenfrost
point [13]. According to Eq. (40), the flow generated by the image has the upward velocity at the
location of the droplet given by

30

= —. 41
167 h*2 “1)

Thus the droplet ends up being suspended in this upward flow and, for sufficiently small weight and
strong evaporation, it will be able to levitate. More detailed discussion of the levitation conditions

is provided below.
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FIG. 8. Profiles of nondimensional radial (a), (c) and vertical (b), (d) velocities at z = (h — 1)/2 corre-
sponding to & = 10 (top plots) and # = 2 (bottom plots). Solid lines represent the model predictions based on
(29), while dashed lines are obtained from the method of images, Eq. (40).

V. STOKES FORCE

Let us now turn to the calculation of the force acting on the droplet from the flow around it.
This force is the key quantity needed for determination of levitation conditions as well as describing
motion of evaporating droplets near interfaces in other applications such as spray cooling. For the
Stokes stream function represented by Eq. (30), the general formula for the dimensional force has
been first derived by Stimson and Jeffery [18]. While their geometric configuration is different,
the result for the force was presented in terms of the coefficients of the general solution given by
Eqgs. (29) and (30) and is therefore applicable to our configuration as well. With the alternative form
of the solution given by (31)—(33), their formula can be expressed as

RV* > (B, +D,— (A, +C hn_ C, cosh -D
F =2yt |:4B_Z< w+ D, — (A, + C,) coshn oc+ ' coshn o n)] 42)

sinh o sinhn_o sinh n, o

n=1

where p is the moist air viscosity. For small droplets levitating far above the heater (large /), the
expression for the force is expected to be equivalent to the classical Stokes law,

Fy = 67 uRU, (43)

with U found from Eq. (41). In order to illustrate departures from this formula, it is convenient to
define the nondimensional force F' = F/Fy. This quantity is plotted in Fig. 9 as a function of the
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FIG. 9. Vertical force, scaled by F, from (43), acting on an isolated evaporating droplet near a solid surface,
as a function of the scaled distance between droplet’s center and the solid surface, for uniform evaporation
velocity at the interface, V* = 0.01 m/s.

scaled levitation height. As expected, £ approaches unity at large A, i.e., where the method of images
is valid. However, as h is decreased, due to either increase in the radius or decrease in distance to
the solid, the force becomes significantly larger than expected from (41) and (43). For example,
a droplet of radius 2 um at a distance of 10 um experiences repulsion force almost 30% greater
than predicted if the droplet is treated as a point source. The discrepancy between the predictions
of the two models increases dramatically as 7 — 1, i.e., when the gap between the droplet and the
solid becomes vanishingly small. This is not surprising since maintaining viscous flow in the narrow
gap requires substantial increase in the pressure under the droplet, leading to sharp increase in the
force acting on it, an effect qualitatively similar to strong repulsion of Leidenfrost droplets [8,34]
from hot surfaces. There are, however, important quantitative differences since our model focuses
on evaporation at much lower temperatures, motivated by experiments conducted for solid surface
temperatures in the range of 50-100 °C [13,35], and does not account for interface deformation at
the bottom of the droplet.

Let us now vary V) to investigate the effect of nonuniform evaporation (due to local temperature
gradient near the heater) on the force F'. Typical force vs distance curves for two realistic nonzero
values of V| together with the case of uniform evaporation (dashed line) are shown in Fig. 10 (top).
The predictions for all three cases are similar at 4 below ~2, but deviate strongly for large values
of h at which evaporation nonuniformity leads to higher values of the repulsion force. The fact that
the force does not decay to zero when the droplet is far away from the solid may appear puzzling,
but can be explained by observing that the net momentum lost by the droplet during evaporation
with nonzero V; is in fact not zero even when no solid is present. This net momentum can assist
in droplet levitation and contribute to the takeoff phenomenon seen in several experimental studies
of evaporating microscale droplets ([10,11]; see also Supplemental Material from [13]). We note
that Fig. 10 (top) shows relative value of the force (scaled by Fp), but the actual force magnitude
approaches constant at large 4*. To verify this, we plotted the dimensional force as a function of
dimensional height in Fig. 10 (bottom). The asymptotic behavior for the nonzero value of V| clearly
shows that far away from the solid the force does not decay to zero, in contrast to the case of V| = 0
when the force is solely due to droplet-solid interaction.

VI. THERMOCAPILLARY STRESSES

The temperature gradient in the gas phase near the heater implies that thermocapillary stresses
at the droplet surface may need to be accounted for. Accurate and complete description of the
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FIG. 10. (Top) Scaled force acting on the droplet (R = 2 um; V* = 0.01 m/s) as predicted by models with
different temperature gradients, characterized by different values of V;: V| = 0.01V; (blue line); V; = 0.05V,
(green line). The dashed line corresponds to V; = 0. (Bottom) For V; = 0.05V,, the same result is plotted in
dimensional variables, with dashed line showing dimensional force for V; = 0.

Marangoni effect would require solving coupled equations for viscous flow both inside and outside
of the droplet with the shear stress condition incorporating thermocapillary stresses. This type of
solution is beyond the scope of the present study. Instead, our objective here is to evaluate the
significance of the Marangoni effect using a simple modification of the flow model developed in
Sec. III. Specifically, instead of the no-slip condition at the droplet surface we impose the value of
the tangential velocity that matches the classical Hadamard-Rybczynski—type solution as applied to
a spherical droplet in uniform vertical temperature gradient [36]. In our formulation, this strategy
implies replacing the boundary condition (28) with

Y _vr sinh® & sin? ’ 44)
& |;—, (cosha —cosn)’

where vy is the scaled maximum value of the Marangoni-induced velocity at the droplet surface,
typically well below unity. Using the series expression from (29), the condition (44) can be
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FIG. 11. Comparison of predictions of models with and without thermocapillary effect, with solid line
corresponding to vy = 0.01 and dashed line to vy = 0. All results are obtained at R = 2 um, V; = 0; the plot
represents the radial velocity at z = 1/2 for h = 2.

reformulated in terms of expansion in Gegenbauer polynomials as follows:

2 > in 1%
_— W/ (a)C-*(cos n) = (cosha — cos n)'/2A’" +
3 sinh® « n:X_:I n(@) Gy (cosm) = ( ) (cosha — cos n)!/2

V; sinh? & 2ur sin? n

- + — . (45

2(cosh o — cos n)3/2 3 (coshoa — cosn)3/2 (45)
One could now proceed to formulating the condition for W, («) analogous to Eq. (37) and then
solving the problem for the stream function. However, there is a simple observation which allows
one to drastically simplify the calculation. The right-hand side of Eq. (45) can be made identical to
the previously discussed case of vy = 0 by the following transformation of the key parameters:

A — A —32vr, V—>V+ivrcosha, Vi—Vi+ 3oy (46)

Both flow patterns and force acting on the droplet can then be determined from the previously
derived results. Figure 11 shows typical radial velocity profiles halfway between the bottom of the
droplet and the solid with and without the thermocapillary effect taken into account. Slight increase
in the radial velocity is seen for nonzero vy (solid line), consistent with the linearity of Stokes
flow suggesting superposition of the additional thermocapillary contribution and the flow caused by
evaporation at the liquid surface.

The action of thermocapillary stresses pushing moist air away from the axis of symmetry, where
the drop surface temperature is the highest, suggests that the force acting on the droplet should be
reduced for nonzero vy due to reduction of pressure under the droplet. We checked that this is indeed
the case, but the effect is rather small under realistic conditions, mostly due to the fact that droplet
surface is close to isothermal even under the imposed temperature gradient, as was demonstrated in
our solution of the heat transfer problem above. We also note that in experiments water is typically
used and so potential surface contamination may affect the surface tension variation.

VII. COMPARISON WITH EXPERIMENTS

Experimental measurements of the droplet levitation height have been carried out for arrays of
evaporating droplets formed over a dry patch in a thin layer of water on a metal surface, as shown in

053602-17



AJAEV, ZAITSEV, AND KABOV

(a)

Conét 1ine

\

d h
\solid

N/

images

FIG. 12. (a) Photo of an array of droplets levitating over a dry patch at 85°C, from [13]. (b) Sketch
illustrating the calculation of correction factor due to interaction of droplet with images.

the top-view picture in Fig. 12(a). The droplets were formed by condensation of vapor over the liquid
layer and ended up levitating in the dry-patch region after flying over the contact line, as described
in detail in several recent studies [12,13,35,37]. Levitation height was recorded and compared to the
predictions of the model representing droplets as point sources by Zaitsev et al. [13]. They suggested
that a correction factor should be introduced in the expression for the upward force to account for
the effect of flow generated by neighboring droplets and their images. The sketch in Fig. 12(b)
illustrates the correction factor estimate using a two-dimensional version of the problem in which
all droplets are on a straight line, separated by the distance / from each other. The droplet in the
middle is at a distance d = +/I? + 4h*? from the image of its neighbor on the right, and the flow
generated by that image has a vertical component calculated from Eq. (40) to be 6Qh*/(nd”). A
similar argument can be made for the three-dimensional case except that the velocity correction has
to be multiplied by 6—the typical number of nearest neighbors in the two-dimensional array. Based
on images such as the one shown in Fig. 12(a), we find that [ ~ 2h* gives a reasonable estimate of
interdroplet distance, leading to the final result for the correction factor to the Stokes drag force:

3

Br=1+ Wik (47)
Zaitsev et al. [13] used similar arguments although they ended up with a larger value of Bp
(corresponding to B in their notation), as appropriate for larger levitation heights. Estimating the
upward force from (43) with that correction factor, they predicted levitation height as a function
of droplet radius and compared it with the experimental data. The agreement was good for large
levitation heights (h ~ 10), thus providing important early support for the hypothesis of the lev-
itation mechanism through the flow generated by the evaporation of the droplet itself rather than
other convective flows in the moist air. However, the model did not agree with the experimental data
when levitation height was comparable to the radius. The disagreement was not only quantitative
but qualitative, as theory predicted the dimensional levitation height to decrease with the radius,

while experimental data showed gradual increase in this quantity.
Let us now discuss how the model formulated in Sec. III compares with the experimental data.
We assume that the quasisteady approximation formulated there is acceptable for evaluating the
upward force acting on the droplet and use the balance between Stokes force and droplet weight
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written in the form
1R pig = BrF. (48)

Here p; is liquid density, g is acceleration of gravity, F' is determined from (42), the value of evapo-
ration velocity is found from the rate of change of the radius based on experimental measurements,
and the correction factor is given by Eq. (47). Strictly speaking, the argument used in deriving
Eq. (47) is valid only for point sources, but we use the same value of the correction factor for
finite-size droplets, assuming that inaccuracies in Sr introduce errors comparable to other effects we
are neglecting in this section by setting V; and vy to zero, e.g., neglecting spatial nonuniformity of
evaporative flux and thermocapillary stresses. Since local temperature gradients were not measured
in experiments, an attempt to include these effect would introduce additional fitting parameters
which would have to be adjusted during comparison between experiment and theory. Instead, we
focus on the main physical effect here, the repulsive interaction between droplets and the solid
surface, and neglect smaller secondary effects.

The right-hand side of Eq. (48) is a function of A, so it gives an implicit equation for levitation
height, solved using fzero subroutine in MATLAB. The comparison between the predictions of our
model and the experiments is illustrated in Fig. 13. Levitation height (scaled by R) is shown as a
function of the nondimensional droplet radius defined by

wN —1/2
R:R(“V > (49)
P18

for four different droplets, represented by different marker types, at the same experimental condi-
tions corresponding to the metal substrate temperature of 85°C, as measured by thermocouples.
First, we note that the vast majority of experimental data seen in Fig. 13 (top) lies either on or very
close to the theoretical curve (solid line). There is some disagreement at small R, which we believe
to be due to a combination of three factors. First, the estimate of the coefficient 8r from Eq. (47)
becomes increasingly inaccurate since the interdroplet distance is not changing significantly for
smaller droplets while levitation height increases (note that a larger value of Sr = 3.4 was used in
Zaitsev et al. [13] for small droplets, which, however, is no longer accurate for larger droplets of
interest here). Second, the accuracy of experimental measurement is reduced for droplets of small
size since the optical resolution is limited, which also explains the significant experimental scatter
seen in the plot. Third, as the droplet height increases, convective flow in the gas not related to
the presence of droplets is likely to contribute more to the balance of forces acting on the droplet.
Experiment and theory also diverge slightly at larger R. To better illustrate this region, we plot
the data and the solid line corresponding to the theory in log-log coordinates over a subset of
the values of R in Fig. 13 (bottom). The theory tends to slightly overpredict the levitation height
at larger R, although it is clearly much more accurate than the approximate model based on the
method of images, shown by the dashed line for comparison. It is also important to note that
neglecting the nonuniformity of evaporation rate and thermocapillary stresses can contribute to the
discrepancies at smaller levitation heights. In particular, thermocapillary stresses tend to reduce the
upward force acting on the droplet, and thus can lead to lower levitation height than predicted by
the models without thermocapillarity. However, without direct measurements of the temperature
gradient near the heater it remains unclear if the only reason for discrepancy is the flow induced by
thermocapillary stresses.

VIII. CONCLUSIONS

We developed an analytical model of flow around an evaporating spherical droplet near a heated
solid surface based on solving the equation for the Stokes stream function in bipolar coordinates.
The model allows us to calculate the force acting on the droplet and determine levitation height
as a function of evaporation conditions. Previous modeling efforts treated droplets as point sources
and did not match the experimental data except for very small values of the radius. We show that
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FIG. 13. (Top) Comparison between the experimental (markers, representing four different droplets under
the same experimental conditions) and theoretical results (solid line, V; = vy = 0) for scaled levitation height.
(Bottom) The subset of the same results (for R > 0.8) plotted in log-log coordinates, with the dashed line
corresponding to the model representing droplets as point sources.

our model provides a much better agreement with the experimental results from studies of arrays
of droplets levitating over heated dry solid surfaces at temperatures below 100 °C. Possible reasons
for remaining discrepancies between experiment and theory are identified, including convective air
flow not related to the presence of the droplet and thermocapillary stresses pushing the moist air out
of the gap between the droplet and the heater.

Our approach provides a natural framework for incorporating thermocapillary stresses into the
models of evaporating droplets. In the present study, we only took an initial step in that direction
by considering prescribed tangential velocity at the droplet surface based on classical solutions
for viscous flow inside and outside of a droplet placed in a temperature gradient, as derived by
Young et al. [36]. While generally not a very strong effect, it can still affect levitation conditions,
especially if the repulsive hydrodynamic interaction with the solid is weak. The Marangoni effect
is also competing with the force due to nonuniform evaporation, leading to net momentum loss
pushing the droplet in the upward vertical direction. To evaluate the relative importance of these
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effects, we developed an analytical model of heat transfer both inside and outside of the droplet
coupled with vapor diffusion through air. The model shows that the vertical temperature gradient
along the droplet surface is much smaller than the temperature gradient in air away from the droplet.
Evaporation is stronger at the bottom of the droplet than at the top but is found to unexpectedly
weaken as the droplet gets closer to the wall, an effect explained by the geometric confinement that
impedes vapor diffusion away from the free surface.

We used the measured values of the rate of decrease of the radius in our comparison between
theory and experiment. It is interesting to note that estimates based on the classical Maxwell-type
models of diffusive evaporation predict significantly faster evaporation rate if the humidity far
away from the droplet is assumed to be at the value corresponding to ambient air. Observed
evaporation rates suggest that air around the droplet has high vapor concentration, most likely due
to intensive evaporation from the liquid layer surrounding the dry patch [12]. Nonuniformity of
vapor concentration around the droplets can also explain the deviations from the classical D? law
predicted by Maxwell-type models of evaporating droplets in the experimental data [35].

It is seen in the experimental photos such as Fig. 12(a) that levitating droplets tend to form
ordered arrays. The quantitative description of this self-organization is beyond the scope of
the present paper, but we believe that the method based on bispherical coordinates discussed in
the present work will be applicable to studies of self-organization as well since it allows one to
determine forces of pairwise interaction between droplets.
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APPENDIX

For the heat transfer model of Sec. II, the coefficients A,, satisfy

—n(k coshn_a + sinhn_a + E’ly tanh n_o sinhn_a)A,_
+ [(k — 1) sinh « sinh i + 27 cosh a(k cosh ice + sinh 7ic)
+ E’ly(sinhoc + 27 cosh ¢ tanh 7ir) sinh fux]An
— (n+ 1)(k coshnyo + sinhnio + E~'y tanh nya sinhnya)A,
= ﬁe’“ﬁ[sinha — 27 cosha + G sinh a{2k cosha — 2a[(2k 4+ 1) sinh @ — 272 cosh ]}
— E~!(sinh @ + 27 cosh o tanh fior)(1 — cog — 2y G sinh )]
+/2n e[l —2n_G sinha + E~"tanhn_a(1 — coo — 2yn_G sinh )]
+2(n+ e ™91 — 2n,G sinha + E~" tanh nyo(1 — oo — 2yn4 G sinha)]. (A1)

Heren=n+1/2,ny, =n+3/2,andn_=n—1/2.
For the flow model of Sec. III, the conditions given by Eqgs. (24) and (28) lead to

(n4 cothnypo — n_ cothn_a)C, + (n_cschn_a — nycschnia)D, = —n_W,(a)cschn_a, (A2)

(nycschnya — n_cschn_a)C, — (ny. cothnia — n_ cothn_a)D,
= —n_W,(a)cothn_a + W, (a). (A3)
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The solution of this linear system is
C, = A;l [n_nyW,(a)(coshnia — coshn_a) + W) (a)(ny sinhn_a — n_ sinhnya)], (A4)

D, = A ' {n_W,(a)[n_sinhn_a sinhn o + n, (1 — coshnya coshn_a)]

+ W, (a)(ny coshnya sinhn_a — n_ coshn_a sinhn o)}, (A5)

A, =2n_n;(coshnya coshn_a — 1) — (n® + n?)sinhn,a sinhn_a. (A6)

Let us now discuss the procedure for finding the coefficients A and B appearing in Egs. (32) and
(33). Since the stream function is zero at £ = 0 and n = 7, the value of A is immediately found to
be zero. Application of the condition (26) at n = 0 leads to the determination of the value of B. To
summarize the results, we write

B 24/2 sinh®(a/2)(V — V; cosh )

A= O’ : 3a . o
sinh > = 3 sinh 5
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