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We use linear stability analysis to demonstrate how to stabilize multilayer radial Hele-
Shaw and porous media flows with a time-dependent injection rate. Sufficient conditions
for an injection rate that maintains a stable flow are analytically derived for flows with an
arbitrary number of fluid layers. We show numerically that the maximum injection rate
for a stable flow decreases proportional to t~'/3 for t > 1 regardless of the number of
fluid layers. However, the constant of proportionality depends on the number of layers and
increases at a rate that is proportional to the number of interfaces to the two-thirds power.
Therefore, flows with more fluid layers can be stable with faster time-dependent injection
rates than comparable flows with fewer fluid layers, even when the additional layers are
very thin. We also show that for unstable flows, which may be required to inject a given
amount of fluid in a fixed amount of time, an increasing injection rate is less unstable
than a constant or decreasing injection rate, and that the inclusion of more fluid layers can
overcome poor injection strategies.
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I. INTRODUCTION

There are many applications in which one fluid displaces another fluid in a porous medium,
including oil recovery, hydrology, filtration, and fixed bed regeneration in chemical processing.
In the case that the displacing fluid is less viscous than the displaced fluid, the interface between
the fluids is unstable and viscous fingering ensues. In some of the aforementioned applications,
several fluids with favorable properties are used in succession to displace the resident fluid in the
porous medium. An example of this is chemical enhanced oil recovery (EOR) in which various
tertiary displacement processes are employed to contain this instability to a meaningful level
before breakthrough (see Refs. [1-3]). Shah and Schechter [4] describe in detail many of the
processes involved in Alkali-Surfactant-Polymer (ASP) flooding, a type of chemical EOR, that lead
to improved oil recovery. Slobod and Lestz [5] experimentally studied the effect of two types of
flooding processes on stabilization in a Hele-Shaw cell. The first flooding process involved the use
of a sequence of polysolutions (polymer mixed with an aqueous phase) having different constant
viscosities with stepwise jumps in viscosity at each of the fronts that are positive in the direction of
displacement. The study resulted in significant stabilization of the fingering instability.

In what follows, we consider the case in which the injected fluids are all immiscible. In some
EOR flooding schemes, it is possible that an aqueous phase-based liquid is displacing a different
aqueous phase liquid. In such a case, a thin layer of spacer fluid of some nonaqueous phase liquid
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(NAPL) between such miscible phases can be used to ensure immiscibility [6]. Alternatively, the
injected fluid layers themselves can alternate between aqueous phases and NAPLs.

Viscous fingering in porous media flows [7] is often studied using the Hele-Shaw model in which
there is a sharp interface between immiscible fluids. The influence of heterogeneity in porous media
is nontrivial and is difficult to account for with the Hele-Shaw model. Therefore, the Hele-Shaw
model is more directly relevant to homogeneous porous media. A linear stability analysis of viscous
fingering within the Hele-Shaw model was performed by Saffman and Taylor [8]. They studied the
case in which the fluid moves linearly and orthogonal to a planar interface. We refer to this flow
configuration as rectilinear flow. An appropriate model for flow near an injection or production well
is radial flow. The stability of radial Hele-Shaw flows was studied by Bataille [9] and Wilson [10]
and was later developed further by Paterson [11].

There are several different strategies that have been used to control or minimize the viscous
fingering instability. One class of techniques involves adjusting the geometry of the classical Hele-
Shaw cell. An example is the tapered Hele-Shaw cell in which the plates are not parallel but instead
there is a gradient in the gap thickness. The effects of the tapered cell on the instability of the
interface has been studied analytically, numerically, and experimentally in the rectilinear [12-16]
and radial [15,17-20] geometries. Other modifications to the classical Hele-Shaw cell that impact
the stability include rotating the cell [21-24], using an elastic membrane in place of one of the rigid
plates [25-29], and changing the gap width over time [30-32]. Another class of techniques used
to control the interfacial instability is to alter the properties of the fluids. This includes the use of
variable viscosity fluids [33-35], chemically reactive fluids [36] and non-Newtonian fluids [37,38].

In controlling the instability of Hele-Shaw and porous media flows, one of the simplest param-
eters to control is the rate at which fluid is injected. Thomé et al. [39] studied Hele-Shaw flow
in a sector geometry to bridge the gap between rectilinear and radial flow. They showed that a
self-similar finger can grow in the sector geometry with an injection rate proportional to ¢ ~!/3. This
was further studied in the sector geometry by Brener et al. [40], Ben Amar et al. [41], and Combescot
and Ben Amar [42]. The t~!/3 injection rate was studied numerically in the radial geometry by Li
et al. [43]. They showed analytically that the wave number of the most unstable wave (and hence the
number of fingers) can be made constant in time by using the #~!/3 injection rate. Through numerical
experiments, they demonstrated that the limiting shape of the interface is found to be independent
of the initial conditions. Zheng et al. [31] studied a class of time-dependent control strategies of
which the ~!/3 injection rate is a special case. The validity of the ~!/? injection rate for producing
self-similar solutions has also been explored numerically in the context of miscible flows [44] and
a time-dependent gap width [20].

Another avenue of research involving time-dependent injection rates is attempting to minimize
or completely suppress the viscous fingering instability. In the case of miscible flow in the quarter
five-spot geometry, Chen and Meiburg [45] found that starting with a slow constant injection rate
and then smoothly increasing the injection rate resulted in greater recovery (in the context of
EOR) than a constant injection rate with the same average rate. Yuan and Azaiez [46] found that
a piecewise constant injection scheme could reduce the fingering instability in comparison to a
constant injection scheme for miscible flows in a rectilinear geometry. This came after Dias et al.
[47] had shown that a similar strategy could reduce the size of fingers in the case of immiscible
flow in a radial geometry. Also in the context of immiscible radial flow, Dias et al. [48] studied
the optimal injection policy for a given average injection rate and found that a linearly increasing
injection rate approximates the optimal injection rate. Huang and Chen [49] verified the success of
a linearly increasing injection rate for a broader range of parameters than Ref. [48] and showed that
these results do not hold for miscible flow. Going a step further than this is completely stabilizing
the flow using a time-dependent injection rate. Beeson-Jones and Woods [50] found the maximum
possible time-dependent injection rate for a stable radial Hele-Shaw flow.

Increasing the number of fluid layers can also be an effective means of controlling viscous
fingering. This strategy is motivated by the various flooding schemes used in chemical EOR.
However, there have been relatively few stability studies on flows with more than two fluid layers.
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Of the existing studies, the majority are in the rectilinear geometry. Daripa [51] studied three-layer
rectilinear Hele-Shaw flows and derive a formula for a critical value of the viscosity of the middle
layer fluid that minimizes the bandwidth of unstable waves. Daripa also formulated the stability
problem for rectilinear Hele-Shaw flows with an arbitrary number of fluid layers [52]. In that paper,
the Rayleigh quotient and some inequalities are used to derive upper bounds on the growth rate of
instabilities. Cardoso and Woods [53] studied three-layer flows in both the rectilinear and radial flow
geometries. For radial flows, they considered flows in which the inner interface is stable and used
the linear theory to predict the number of drops formed when the interfaces meet. Ward and White
[54] performed experiments for three-layer radial flows in which a liquid composes the intermediate
layer between two gases. Thus, in contrast to Ref. [53], the outer interface is stable. White and Ward
[55] followed up this work by considering the same problem with a non-Newtonian fluid in the
intermediate layer. Gin and Daripa [56] performed a linear stability analysis of multilayer (i.e.,
more than two-layer) radial flows in which all of the interfaces are unstable. They studied flows
with an arbitrary number of fluid layers. Beeson-Jones and Woods [50] studied three-layer radial
flow and used linear stability to find the optimal value of the viscosity of the intermediate fluid
to inject fluid at the fastest rate possible while maintaining a stable flow. Recently, Anjos and Li
[57] performed a weakly nonlinear analysis of three-layer radial flows. This was followed up by
nonlinear simulations of three-layer radial flow by Zhao et al. [58].

With all the different types of control strategies described above, it is important to study the
interplay between them. Some notable examples of studies that have looked at the interaction
between multiple control strategies include Dias and Miranda [59], who studied radial flows in a
tapered Hele-Shaw cell in which the gap width is time dependent, and Morrow et al. [20] who
studied a wide variety of control strategies, including time-dependent injection, time-dependent gap
width, and tapered and rotating Hele-Shaw cells. In the present paper, we consider the interplay
between time-dependent injection strategies and the use of more than two fluid layers. To date, this
has only been studied in a limited capacity. Time-dependent injection was considered for multilayer
flow by Ward and White [54] and White and Ward [55]. These works were experimental and, as
previously stated, involved three-layer flows in which only one interface was unstable. The only
known analytical study of time-dependent injection for multilayer flow is Beeson-Jones and Woods
[50]. Again, this work only considers three-layer flow and the only time-dependent control strategy
considered is completely stabilizing the flow. Therefore, there is a need to study how time-dependent
injection schemes impact flows with more than three layers and how these strategies change as
additional fluids are added. Examining time-dependent injection strategies for flows with more
than three layers is the main thrust of this paper. In what follows, we derive a dynamical system
governing the linearized motion of interfaces for an arbitrary number of fluid layers. In contrast
to the previous work that considers radial flows with an arbitrary number of fluid layers [56], the
formulation in the present paper can be used to solve for the motion of each individual interface. We
then study the maximum injection rate which results in a stable Hele-Shaw flow with an arbitrary
number of interfaces. We provide analytically derived bounds on this injection rate and numerically
investigate how it changes with the number of fluid layers. Additionally, we numerically investigate
two different time-dependent injection strategies and demonstrate that a monotonically increasing
injection rate is less unstable than a comparable constant or monotonically decreasing injection rate.

The paper is laid out as follows. In Sec. II, the stability problem is formulated for multilayer
Hele-Shaw flows with an arbitrary number of fluid layers. The maximum time-dependent injection
rate that stabilizes a multilayer flow is analyzed in Sec. III. We provide analytically derived bounds
on this injection rate and investigate limiting cases. In Sec. IV, we numerically investigate how
the maximum injection rate for a stable flow changes with the number of fluid layers. We also show
numerically that the results of Ref. [48] about optimal injection strategies extend to multilayer flows
and that multilayer flows can overcome even bad injection strategies. Concluding remarks are given
in Sec. V.
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FIG. 1. The basic solution for (N + 2)-layer flow. The radius of the outermost interface is Ry.

II. PRELIMINARIES

Consider a radial source flow consisting of (N + 2) regions of incompressible, immiscible fluid
in a Hele-Shaw cell. By averaging across the gap, we may consider two-dimensional flow in polar
coordinates, Q := (r, ) = R?. The least viscous fluid with viscosity u; is injected into the center of
the cell at injection rate Q. The most viscous fluid, with viscosity w,, is the outermost fluid. There
are N internal layers of fluid with viscosity u; for j =1, ..., N where u; < u; < u, for all j. The
fluid flow is governed by the following equations:

Ve, =0, Vpn=-""u, forr#0, )
K

where k = b?/12, and b is the width of the gap of the Hele-Shaw cell. The governing equations
hold within each fluid layer and the subscript m =i, 1, 2, ..., N, o denotes the fluid region (where
i denotes the innermost layer and o denotes the outermost layer). In what follows, we omit this
subscript for quantities or equations that apply to all fluid layers and when it will not cause
confusion to simplify the notation. The first equation, Eq. (1);, is the continuity equation for
incompressible flow, and the second equation, Eq. (1),, is Darcy’s law [60]. Initially, the fluids
are separated by circular interfaces with radii R = R;(0), j = 0, ..., N, where R;(¢) are the positions
of the interfaces at time ¢, and 7; are the corresponding interfacial tensions. This setup is shown in
Fig. 1.

The equations admit a simple basic solution in which all of the fluid moves outward radially
with velocity u := (u,, up) = (Q/(27r), 0). The interfaces remain circular and move outward with
velocity Q/(2mR;(t)). The pressure, p = p(r), may be obtained by integrating Eq. (1),.

We scale the variables using the characteristic length Ry (0), the characteristic interfacial tension
Ty, and the characteristic viscosity u,. The characteristic injection rate Q. is the injection rate at
which a single interface at Ry(0) with interfacial tension Ty and for which a fluid with viscosity
W, is displaced by an inviscid fluid becomes unstable to a disturbance with wave number 2 (see
Ref. [50]). Therefore,

R2rxTy

O RO’

€5

033901-4



TIME-DEPENDENT INJECTION STRATEGIES FOR ...
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=
In these dimensionless variables, Egs. (1) become
V*.u* =0, V*p"'=—u*u*, forr*#£0, (10)

and the velocity of the basic solution is u* = (Q*/(2r*), 0). With a slight abuse of notation, we
drop the stars below for convenience. We perturb the basic solution (u,, ug, p) by (@,, iy, p). Since
Egs. (10) are linear, the disturbances satisfy the same equations. Therefore,

o, @i, 1 i b 19p

or T T =0 g T M g = THe: (b
We use separation of variables and assume that the disturbances are of the form
(@, fig, ) = (f(r), T(r), Y(r))gt)e™. 12)
Using Eq. (12) in Egs. (11) yields the following ordinary differential equation for f(r):
£ () = (0 = Drf(r) =0. (13)

The above equation is exact since there has been no linearization in its derivation.
Next we derive the boundary conditions for this equation from linearization of the dynamic
interfacial boundary conditions. Let the disturbance of the interface located at R;(#) be given by

Al (1)e™ . The linearized kinematic interface conditions are given by
dAL (1)
dt

= f(R))g(t) —A’(t)ziz- (14)

The linearized dynamic interface condition (see Eq. (10) in Ref. [56]) at the innermost interface
located at R = Ry is

{f(Ro)(i — 1) + Rolwi(f ) (Ro) — i (f ) (Ro)1}g(2)

_ on® TO” n’ 0
_{Z_R(%(Ml i) — D R }An(f)- (15)

The linearized dynamic condition at the outermost interface located at R = Ry is

{fR)(y = D)+ Rylpn (fF 7Y Ry) = (fF 7Y (Rw)Ig@)

2 1 2
{QR2< Jv) — 12" 7 }ANm (16)
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For any intermediate interface at R = R;, the dynamic condition is

{(fR)(wj — pjs1) + Rilp;(f 7Y (R)) — i (F ) (R)HD(@)

{2 P Al Y (17)
B A T I e

Note that the dynamic interfacial condition on a three-dimensional interface involves two curvatures.

Here, this would mean including the curvature in the thin dimension in the dynamic interfacial

condition. This curvature arises due to contact line effects. In what follows, we have neglected this

curvature effect with the assumption that contact line effects on the stability results are insignificant.

This is done in most stability analyses of Hele-Shaw flows. However, Homsy [61] has addressed how

to modify the dynamic boundary condition for Hele-Shaw flows to account for contact line effects.
Using the fact that f(r) is a solution to the differential Eq. (13), the dynamic interface condition

Eq. (15) at the innermost interface becomes

Ty (RDEO) = Foly (1), (18)

()"

(R—°)2

(B) 41
Hi = e (f(Ro)g(t) + 24
(&) —1

where
P n( ) Tond—n (19)
0 — ZR% /'Ll /'LI 12 RS
Similarly, the dynamic interface condition Eq. (16) for the outermost interface reduces to
Ry_1)2" Ry_p\t1
( Ry +1 ( Ry ) N
L iy L RN)B() + 2ty — 5 f(Ry-1)8(0) = FyA) (1), (20)
o 7)1
where
On 1 nd—n
F — , 21
N — 2R2 ( /’LN) 12 R3 ( )
and the dynamic interface conditions at the intermediate interfaces are
R; R; \2n
(%)™ +1 (g5)" +1
M — W (R
(Rj) -1 (Rm) -1
Co R ) ;
+2u; % f(R/ D80 + 21 jp1 5 f(R]+1)g(t) = F;A; 1), (22)
(R—) - ( H,)
where
F= 20 ) Lron L N—1 (23)
’_2R§ Rt = 1y 12 Ri ST '

Equations (18), (20), and (22) can be written as a system of equations of the form

_ f(Ro)g(®) FoAN(1)
My (1) : = : ;
J(RN)g(t) FyAY (1)
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where I\N/IN(t) is the (N 4+ 1) x (N + 1) tridiagonal matrix with entries indexed by i, j =0, ...N
given by

My (1))oo = 14 — (2_?) . (My()or = 2 IgR_lz,,nl
(R—?) ()" —1
( )n-H _ (Rj,l)Zn + 1 ( R/»I )211 + 1
My ()1 = 2u Ty O = (,ff ey o "y
R; R; N R/
5 ( g )n 1 Ry_1 n+l1
My (1)) j+1 =20 jw1 R, \2n ) (MN(Z‘))NN 1= 2MN%,
( ,+.) -1 (B=)™ -1
- Be)™ 1
My @)y =1 - /,LN(RR”)—Z,,. (24)
()" -1

Combining this system of equations with the linearized kinematic interface conditions yields the
dynamical system governing the evolution of interfacial disturbances for multilayer flows,

g (4O A0
a7 : = My(t) : , (25)
AN (1) AN (1)
where
F ... 0 0 g - 0
My@®)=My'®)| + . ok EERREE (26)
0 ... Fy o ... L

Ry

For the particular case of N =1 (i.e., three-layer flow), the matrix 1\7[1 is a 2 x 2 matrix and can
be easily inverted and plugged into Eq. (26) to obtain the matrix M, (¢) with entries indexed by
i,j =0,1 given by

1 — (1 - u)(B)"F,
(M (1))oo = 4w R( 5 Ml)(Rl) o —%,
— )= u) ()™ + G+ A+ py) - 2R
Ro\1n—1
Ry p,
M ()1 = alt: ) ,
—u) — m)(R) + (1 + ) (L + 1)
Ro n+l1
F
(M, (1)1 = R(R L ,
— )1 — /u)(R—“) + (1 + ) (1 + 1)
Ro\2n
i —uilz) 1F
M) (o + ) + (= 1) ()7 1A o o

2 2
(w1 — )= ) (R)™ + (i + )+ ) 2R
Note that these entries are time dependent because the radii Ry and R; are time dependent as well as

possibly the injection rate Q. Hence the matrix M (¢) is time dependent. Accounting for differences
in notation and scaling, this matrix agrees with the one derived in Ref. [50].
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III. MAXIMUM INJECTION RATE FOR A STABLE FLOW

Traditionally, the injection rate Q for a radial Hele-Shaw flow is taken to be constant. However, in
the formulation above, the injection rate can be a function of time. There have been many studies that
have explored the implications of using a strategically chosen time-dependent injection rate (see, for
example, Refs. [31,43,48,50]). Almost all these studies are for two-layer flows with the exception
of Ref. [50], which considers three-layer flows. In this section, we extend some of these results to
flows with an arbitrary number of layers. In particular, we explore the time-dependent maximum
injection rate for which a particular flow is stable. This is important for many applications including
oil recovery, in which it is beneficial to stabilize the flow but it is also cost effective to inject as fast
as possible.

A. Two-layer flow

To set the stage for time-dependent injection rates for flows with many fluid layers, we very
briefly review a result that has already been established for two-layer flow in Ref. [50]. The
maximum dimensionless injection rate for which the disturbance with wave number n is stable,
which comes from setting the two-layer growth rate equal to zero and solving for the injection rate

0,1is
1 n(n*—1)

) = R =) = (4 )’

(28)

The maximum time-dependent injection rate for which the flow is stable, which we denote by Qy, is
found by taking the minimum of Eq. (28) over all values of n. It follows from inspecting Eq. (28) that
R - Q) will be constant over time. By conservation of mass, the injection rate Q(¢) is proportional to
dR?/dt. It then follows that R - dR?/dt is constant or dt is proportional to R”dR. Upon integration,
R(t) is proportional to ¢'/3. Hence, the injection rate Qy; is proportional to t~'/3 since R - Qy is
constant.

B. Three-layer flow

We now wish to obtain a result analogous to Eq. (28) but for multilayer flows. The strategy
described above for two-layer flow does not work in this case because Q cannot be isolated when
setting the equation for the maximum growth rate for three-layer flow equal to zero. Additionally,
the fact that Qy(n) is proportional to t~!/3 relies on the fact that R - Qy(n) is constant [i.e., all
time-dependent terms can be moved to one side of Eq. (28)]. This cannot work for three-layer flows
because the growth rates depend on the radii of both interfaces (Ry and R;). Therefore, instead of
seeking an exact expression for Oy, (n) we look for bounds that ensure stability of the flow.

We start by considering three-layer flow. By Gershgorin’s circle theorem, both of the eigenvalues
of M will have a negative real part if the terms on the diagonal are negative and greater in absolute
value than the off-diagonal terms in the same row. This condition is satisfied if the following two
inequalities hold:

n—1

0 [+ ) — 4 = w) ()"} Ry + 2 (B)' 'R

2RS ™ Gy — (1 — ) (B)™ 4 G+ (1 )

Ro\2n Ry \1+1
; — ) (B MVE + 20 (B)™R
o {0+ ) + (i = 1) ()7 1A + 20 () o 29)

2R (= (= )8 (- )1+ )

Recall from Egs. (19) and (21) that both Fy and F; depend on Q. By using Eqgs. (19) and (21)
in Egs. (29) and solving for Q, the following condition on the injection rate is obtained which is
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sufficient to ensure that the eigenvalues of M| have negative real parts:

0 < min{Gy(n), G1(n)}, (30)
where
3 _
Go = EM (31)
6R0 I’lD] —Dz
_ 1 (n® —n)Ds
=GR, Dy Dy 2
0 n+2 R() 2n
D0=(1+M1)+2M1T01<R—1) - —M1)<E> , (33)
R() n+1 R() 2n
Dy =1+ ) —Mi)+2M1(1—M1)(R—1> — (I =) —Mz‘)<R—1> , 34
R 2n
Dp=a+mxm+u»+a—unwrwm<§), (35)
RO n—2 RO 2n
Dy = (g + i) + 2M1TO<R—> + (u1 — Mi)(R—> , (36)
1 1
RO n—1 RO 2n
Dy = (1 — p)(ur + i) + 21 (g — m)(R—l) + (1 — )1 — m)(;) . 37

Therefore, the maximum injection rate for which a disturbance with wave number 7 is stable, Q) (n),
is bounded below by the right-hand side of Eq. (30):

Op(n) = min{Gy(n), G1(n)}. (38)
Considering all wave numbers, the maximum injection rate, Q,, for which the flow is stable satisfies
Ou = H;II{II {min{Go(n), G1(n)}}. (39

Note that the only terms in the expressions for Gy and G, that are time dependent are Ry and R;.
As time increases, the interfaces come closer to each other and Ry/R; — 1 as t — oo. Therefore,
from Eqgs. (31) and (32), Gy « 1/Ry and G| o 1/R; as t — oo. This is precisely the relationship
between Q and R in Eq. (28). Therefore, if the injection rate is chosen such that Q = Gy or Q = G
then Q oct~1/3 for ¢t > 1.

Limiting cases

We now investigate the condition Eq. (30) in the limit when the intermediate layer is very thin
(Ro/Ry — 1). Note that as fluid is injected for any three-layer Hele-Shaw flow, the average distance
between the interfaces, R} — Ry, decreases with time. Therefore, even if the interfaces are initially
far apart, the intermediate layer will eventually become thin. In the limit as Ry/R; — 1, Eq. (31)
becomes

L @ =n)T+1)

lim Go(n) = — : (40)
oy 6Ro n(1 — 117) — (1 + 147)

Likewise,
. 1 =T+
lim G{(n) = — . 41
W O = R =) — (% 10) “h)

Ry
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Since we are considering the limit as Ry/R; — 1, it is also true that Ry — R;. If we denote R := Ry,
then

3 _
lim Go(n) = lim Gy(n) = 1 @ =-nT+1D

By, Ro_,q 6R n(1 — ;) — (1 + ;)

R
and the condition Eq. (30) becomes

3 _
QSL (n”—n)(To+1) - 42)
O6R n(1 — w;) — (1 + p;)

After some algebraic manipulation, this condition becomes

1 — Ty + 1) (n® —
Onl-w © GHtDw—n 43)
2RZ1+u;  2R? 14w 12R3

The term on the left-hand side is precisely the two-layer growth rate for a single interface with
interfacial tension 7y + 1 (in dimensional variables this is 7y 4+ 77, the sum of the interfacial tensions
of the two interfaces). This is the same thin-layer limit that was found for the exact three-layer
growth rate in Ref. [56]. The thin-layer limit can also be inferred from physical considerations. The
jump in pressure across the two interfaces in the thin layer limit is the sum of the pressure jumps
across each of the interfaces since the intermediate layer fluid is nonexistent. This is also reflected
in Eq. (43) due to the absence of the viscosity p; of the intermediate layer fluid. This explains, in
combination with Laplace’s law of surface tension, that the effective interfacial tension must be the
sum of the interfacial tensions of two interfaces.

Using a similar analysis of the thick-layer limit (Ry < R;) for n > 2, a disturbance with wave
number 7 is stable if the injection rate Q is such that

@u_ﬁ_i(’f‘”&o (44)

and

— = ——————=<0. 45
2R3 14+ 2R3 1+ 12R} )

Equation (44) is the condition that the inner interface is stable according to its two-layer growth
rate, and Eq. (45) is the condition that the outer interface is stable according to its two-layer growth

rate. Therefore, as expected, in the limit of a thick intermediate layer the interfaces are decoupled
and the flow is stable if each interface is individually stable.

C. Multilayer flow

We now find sufficient conditions on the injection rate to stabilize a flow with an arbitrary number
of fluid layers. The approach used for three-layer flows in Sec. III B which uses Gershgorin’s circle
theorem can be adapted to flows with four or more layers by calculating the corresponding matrix
My. However, to avoid inverting an (N + 1) x (N + 1) matrix, we adopt a different approach. In
Ref. [56, p. 22], upper bounds are found on the real part of the growth rate for flows with N internal
layers. This upper bound is the maximum of N + 1 expressions, each of which has terms that pertain
to the parameter values at one of the interfaces. From examining the upper bound, it can be seen that
a disturbance with wave number n will be stable if £; < Ofor j =0, 1, ..., N. Using a dimensionless
version of the upper bounds in Ref. [56], the relationship between E; and F; [see Eqgs. (19), (21),
and (23)] is

On

Eo = nRyFy — %u E; =nR}F;, forj=1,..,N—1, Ey=nRyFy— 5 (o

033901-10



TIME-DEPENDENT INJECTION STRATEGIES FOR ...

E; < Oforall jif

1 Ton(n*—1) 1 Tin*=1) 1 nm*-1) } @)

0 < min {—— o min ——— —
ORo n(p1 — i) — pi j=1--N=16R; rj11 — pj ORy n(l — un) — 1
Therefore, a lower bound on the maximum stable injection rate Qy, is given by

1 Tt 21 1 T:(n*>—1 1 21
Oy = min {min{—w, min — i ), — n(n ) }} (48)
neN 6Ro n(uy — i) — i j=L.N=1 6R; pjr1 — pj 6Ry n(1 — py) — 1

Notice the similarity between the terms in Eq. (48) and the expression for two-layer flows given by
Eq. (28).

The above approach can be used to obtain a bound on a stable injection rate for three-layer flows.
However, the approach taken in Sec. III B using Gershgorin’s circle theorem generally produces
sharper bounds. This is because the effects of the interfaces have been decoupled in Eq. (48).
Because the motion of the interfaces is inherently coupled, any bound that decouples them will
not be a sharp bound.

IV. NUMERICAL RESULTS

In this section, we first numerically explore the maximum injection rate for a stable flow. Then we
consider injection strategies that reduce instabilities for a given average injection rate by numerically
integrating the dynamical system Eq. (25) to compute the motion of the interfaces within the linear
theory and calculating the growth rates of interfacial disturbances. This system has a large parameter
space. The parameters involved in the problem include the viscosities of each fluid, the interfacial
tension of each interface, the injection rate, the initial positions of the interfaces, and the amplitude
and wave numbers of the initial perturbations of the interfaces. In this paper, we focus on the
injection rate. We have tested many values for the other parameters and have chosen values that
exhibit behavior that is typical across parameter space. The values of the parameters are given in the
various figure captions below.

All time stepping is performed using the Dormand-Prince method via MATLAB’s ode45, and
the maximum injection rate for a stable flow is found by using MATLAB’s built-in fzero command
to solve for the value of Q for which the maximum growth rate is zero.

A. Maximum injection rate for a stable flow

In this section, we investigate the maximum value of the injection rate that results in a stable
flow, which is denoted Qy,. This was studied analytically in Sec. III. For two-layer radial flow, the
maximum stable injection rate for a given wave number n and radius R of the circular interface is
given exactly by the expression Eq. (28). Oy, is found by taking the minimum value over all integer
wave numbers.

For flows with three or more layers, a lower bound on Qy, is calculated by minimizing the
expression Eq. (39) or (48) over all integer values of n and with the initial positions of the interfaces
R;(0). Then the interfacial positions R;(At) at the next time step At are calculated using this
injection rate and the process is repeated. To find Qy, exactly for three-layer flow (see Fig. 2), an
additional calculation is needed. There is no analytical expression for the maximum stable injection
rate for given values of n, Ry, and R analogous to Eq. (28). Therefore, we use the expression for
ot (t) given in Ref. [56]. A root-finding method is used to find the value of Q such that o (¢) = 0.
A similar procedure is employed for flows with more than three layers, but the maximum growth
rate is calculated numerically from the matrix M,,(¢) in Eq. (26).

The maximum injection rate for which a certain two-layer flow is stable is given by the solid line
in Fig. 2. As a comparison, the maximum stable injection rate is calculated for a three-layer flow in
which the outer interface starts in the same position as the interface for two-layer flow, the viscosity
of the inner and outer layers are the same as the two-layer flow, and the intermediate layer has a
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FIG. 2. Plots of the maximum stable injection rate versus time for two-layer flow (solid line) and three-
layer flow (dashed line) as well as the lower bound for stabilization derived from Gershgorin’s circle theorem
and given by Eq. (39) (dotted line). The values of the parameters are u; = 0.2, u, =1, T =1, R(0) = 1 for
two-layer flow and p; = 0.2, u; = 0.6, u, = 1,75 = T; = 1, Ry(0) = 0.8, R, (0) = 1 for three-layer flow.

viscosity which is greater than the inner layer and smaller than the outer layer. This is the dashed
line in Fig. 2. Note that the three-layer flow is stable for a much larger injection rate due to the fact
that the viscosity jumps at the interfaces are smaller. Also included in Fig. 2 is the lower bound
on the maximum stable injection rate given in Eq. (39). This is the dotted line in Fig. 2. Note that
for these particular values of the parameters, this bound, while not strict, allows for a significant
increase in the injection rate over two-layer flow.

In oil recovery applications, it is often expensive to include a more viscous intermediate fluid
instead of just using water to displace oil. Therefore, it would be economically advantageous if a
minimal amount of fluid could be used in the intermediate layer of a three-layer flow if it still allows
the flow to be stabilized at a faster injection rate. This behavior is investigated in Fig. 3. The solid

8 ‘
——2-Layer

-=-Ry=0.7

Ry=09
thin-layer limit |

FIG. 3. Plots of the maximum stable injection rate versus time for two-layer flow (solid line) and three-layer
flow (dashed line) as well as the lower bound Eq. (39) for three values of Ry. The values of the parameters are
wi=02,u,=1,T =1,R(0) =1 for two-layer flow and u; = 0.2, u; = 0.6, u, =1, To =T = 1, Ry(0) =
0.7,0.8,0.9, R,(0) = 1 for three-layer flow.
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FIG. 4. Plots of the maximum stable injection rate versus time for flows with two through six fluid layers.
Plot (a) uses the lower bound given by Eq. (48) for flows with three or more layers while plot (b) shows the
actual maximum stable injection rate. The values of the parameters are u; = 0.2, u, =1, 7, = 1 for all j,
Ry(0) = 0.6, and Ry (0) = 1. The interfaces are equally spaced at time ¢ = 0 in all cases and the viscous jumps
are the same at all interfaces.

line is the maximum stable injection rate for two-layer flow using the same parameters as in Fig. 2.
This flow is compared with three-layer flows for which the inner interface is initially at Ry(0) =
0.7, 0.8, 0.9. Notice that as the middle layer becomes thinner, the maximum stable injection rate
decreases. Recall from Sec. III B 1 that in the limit of an infinitely thin middle layer, the flow will
be stable when Q satisfies Eq. (42). The injection rate obtained by taking the minimum value of Q
over all n from Eq. (42) is also plotted against time as the thin-layer limit in Fig. 3. Equation (42)
is the same condition as the stable injection rate for two-layer flow but with effective interfacial
tension Ty + 7. Therefore, a three-layer flow with a very thin intermediate layer will be stable for
faster injection rates than the corresponding two-layer flow as long as the sum of the interfacial
tensions in the three-layer flow is greater than the interfacial tension of the two-layer flow. Note that
this does not depend on the viscosity of the intermediate fluid. The fact that the middle layer can be
very thin leads to the conclusion that the use of a thin layer of spacer fluid with desirable properties
can be a viable injection strategy.

We next compare estimates of the maximum stable injection rates using the lower bound Eq. (48)
to explore how the bound changes as the number of layers increases. Recall that Eq. (48) gives a
lower bound on the maximum stable injection rate for a flow with (N + 2) layers (or N internal
layers). This bound was computed for flows with three, four, five, and six layers and plotted in
Fig. 4(a). For comparison, the maximum injection rate which results in a stable flow is plotted for
two-layer flow [see Eq. (28)]. For all flows with more than one interface, the innermost interface has
an initial position of Ry(0) = 0.6 and the other interfaces are evenly spaced at time ¢ = 0. For all
flows, the innermost fluid has a viscosity of u; = 0.2, the outermost fluid has a viscosity of u, = 1,
and the viscosities of all intermediate layers are chosen so that the viscous jump at each interface
is the same. All interfaces have the same interfacial tension. In general, the addition of more fluid
layers increases the lower bound on the maximum stable injection rate. Intuitively, this is because
the jumps at the interfaces are smaller when there are more layers of fluid. The one exception is
three-layer flow which has a larger lower bound than four-layer flow for short time. This is due to
the fact that for three-layer flow, the lower bound on the maximum stable injection rate only includes
the first and last terms of Eq. (48), which has a different structure than the intermediate terms. For
flows with four or more layers and these parameter values, the intermediate terms produce the
minima.

In addition to considering approximations to the maximum stable injection rate from lower
bounds as discussed above, we also numerically compute the exact maximum stable injection rate
for multilayer flows. For these computations, a root finding algorithm is used to find the value
of QO that results in the maximum eigenvalue of the matrix My [defined in Eq. (26)] being zero.
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FIG. 5. Plot of the maximum stable injection rate versus time for three-layer flow (solid line) as well as
the lower bound derived from Gershgorin’s circle theorem [see Eq. (39)] and the decoupled lower bound [see
Eq. (48)]. The values of the parameters are u; = 0.2, u; = 0.6, u, =1, To =Ty = 1, Ry(0) = 0.8, R, (0) = 1.

Figure 4(b) shows the maximum stable injection rates for flows with two, three, four, five, and six
layers. The parameters used are the same as in Fig. 4(a). A comparison of Figs. 4(a) and 4(b) shows
that the increase in the maximum stable injection rate from using additional layers of fluid is much
greater than what is suggested by the lower bounds. This is especially true for short times. For
example, for these values of the parameters the maximum stable injection rate at time = 0 is more
than 16 times greater for six-layer flow than it is for two-layer flow.

A comparison of Figs. 4(a) and 4(b) shows that the lower bounds given by Eq. (48) are crude.
There is the potential to find analytical bounds which are sharper. In particular, the three-layer lower
bound Eq. (39) found using Gershgorin’s circle theorem gives a sharper bound than Eq. (48). One
reason that the bound given by Eq. (39) is better is because the interfaces remain coupled whereas in
the bounds given by Eq. (48) the interfaces have been decoupled. A bound for which the interfaces
are coupled has the ability to account for interactions between the interfaces and therefore has the
potential to be a sharper bound. Fig. 5 shows a comparison of the two bounds. The solid curve
shows the exact value of the maximum stable injection rate for the same three-layer flow considered
in Fig. 2. The dashed line is the lower bound given by Eq. (39) and the dotted line is the lower bound
given by Eq. (48). The difference between the two bounds is stark.

Recall from Sec. Il A that Beeson-Jones and Woods [50] showed that for two-layer flow (i.e.,
single interface), the maximum stable injection rate scales like t~!/3 for ¢ > 1. This also holds
true for flows with multiple interfaces. For flows with 1 through 30 interfaces, we calculated the
maximum stable injection rate from ¢ = 0 to # = 100. For a subsample of these cases, the maximum
stable injection rates are shown on a log-log scale in Fig. 6(a). As in Fig. 4(b), the initial position
of the innermost interface is R = 0.6 and the initial position of the outermost interface is R = 1.
The interfaces are equally spaced and the viscous jumps at the interfaces are all the same with
w; = 0.2 and u, = 1. The interfacial tension is 1 for every interface. Note that after an initial period
of time, all curves are linear with the same slope. For each curve, we fit an exponential function
of the form Q(¢) = Ct® for t > 10. In all cases, the exponent of the best fit exponential function is
approximately &« = —1/3, which matches with the analytically obtained scaling law for the single
interface case. However, the constant C increases with the number of interfaces. The values of C are
plotted versus the number of interfaces on a log-log scale in Fig. 6(b). The line of best fit through
the points is shown in the figure and has slope 2/3. Therefore, if N; is the number of interfaces,
C o N°. Thus Q(t) o N}t~/ for 1 > 10.
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FIG. 6. Plot (a) is the maximum stable injection rate versus time for several different numbers of interfaces
on a log-log scale. Each curve is of the form Q(t) = Ct~'/3 for t > 1. Plot (b) shows C versus the number of
interfaces on a log-log scale. The values of the parameters are ; = 0.2, u, = 1, T; = 1 for all j, Ry(0) = 0.6,
and Ry (0) = 1. The interfaces are equally spaced at time ¢ = 0 in all cases and the viscous jumps are the same
at all interfaces.

This relationship between C and N; can be understood in the following way. First, notice that
the maximum stable injection rate for flow with a single interface is independent of the interfacial
tension T [see Eq. (28)]. However, the interfacial tension is part of both the characteristic injection
rate and the characteristic timescale. The dimensionless injection rate Q* is proportional to 1/7 and
the dimensionless time ¢* is proportional to 7. Therefore, since Q*(t*) oc (1*)~1/3,

% x (Tt)71/3 = Q(l) o T2/3t71/3.

Recall from Sec. III B 1 that when there are two interfaces, they will eventually be very close
together. In that limit, the maximum stable injection rate reduces to a term that is identical to a
single interface maximum stable injection rate but with interfacial tension equal to the sum of the
interfacial tensions of the two interfaces. Therefore, if both interfaces have the same interfacial
tension, the maximum stable injection rate with two interfaces will be greater than the comparable
single interface flow by a factor of 22/3_ For N; interfaces, the long-time behavior is the same as
the single interface case where the single interface has interfacial tension equal to the sum of the
N interfacial tensions. Therefore, if all of the interfaces have the same interfacial tension we would
expect that Q(t) NI2 /3 which agrees very well with the results of Fig. 6(a). We further verified
this by looking at the maximum stable injection rate for # >> 1 for flows with different numbers
of interfaces, but where the sum of the interfacial tensions remained constant. In that case, the
maximum stable injection rate converged to Ct~'/3 for the same constant C for any number of
interfaces because the thin-layer limits are all the same.

In summary, the injection rate for a stable flow increases at a rate proportional to the number
of interfaces to the two-thirds power at large time ¢ >> 1. However, at earlier times the number of
interfaces can increase the maximum stable injection rate by a much greater amount.

B. Optimizing stability for a fixed mean injection rate

In the previous section, we considered the maximum injection rate for a fully stable flow.
However, in practical situations there may be some time constraint that does not allow for a slow
enough injection rate to fully stabilize the flow. Another approach to the problem is to consider the
case in which a certain amount of fluid needs to be injected in a fixed amount of time. The question
is which time-dependent injection rate Q(t) will have the smallest growth rate of instabilities and
minimize the effects of viscous fingering. It may appear from the previous section that a decreasing
injection rate of the form Q(¢) o t~'/*> would be optimal. However, Dias et al. [48] showed that
for a single interface, the optimal injection rate is approximated by an injection profile which
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FIG. 7. The maximum growth rate o, versus time for two-interface flows with (a) a relatively low
constant injection rate Q = 15, and (b) a relatively high constant injection rate Q = 200. The values of the
other parameters are ; = 0.2, u; = 0.6, u, =1, To = T; = 1, Ry(0) = 0.5, and Ry (0) = 1.

increases linearly with . We propose that this strategy is also effective for multiinterface flows
for the following intuitive reasoning. Figure 7 shows the maximum growth rate oy, for two flows
that both have two interfaces and share the same parameters. The only difference is that the flow
represented by Fig. 7(a) has a low constant injection rate Q = 15 for which the flow is initially
stable and near the maximum stable injection rate during the duration of time that is plotted, and
the flow represented by Fig. 7(b) has a high constant injection rate Q = 200 which is unstable for
all time. Note that the slow flow in Fig. 7(a) has a maximum growth rate that increases with time
while the fast flow in Fig. 7(b) has a maximum growth rate that decreases with time. Therefore,
from Fig. 7(a) it makes sense that finding the maximum stable injection rate, which corresponds
to enforcing o, = 0, results in a decreasing injection rate. Namely, a slow flow with constant
injection rate would become unstable over time, as in Fig. 7(a), and therefore a decrease in injection
rate is required to maintain stability. However, Fig. 7(b) shows that for an unstable flow, injecting
more quickly at the beginning would lead to instabilities growing very quickly initially. Therefore,
it makes sense to inject more slowly at the beginning and gradually increase the injection rate in
order avoid the initial behavior of Fig. 7(b).

We now demonstrate the effect of a variable injection rate on the motion of the interfaces
according to the linear theory. In all of the results that follow, the parameters are chosen so that the
jump in viscosity is the same across each interface and the unperturbed interfaces are initially evenly
spaced. Figure 8(a) shows the results for a three-layer flow with a constant injection rate in which the
interfaces are initially disturbed with white noise. The top plot shows the maximum growth rate over
time (solid blue curve) and the injection rate (dashed red curve). The bottom plot shows the positions
of the interfaces according to the linear theory at the beginning time ¢ = 0 (solid blue curves), an
intermediate time t = 0.0125 (dashed red curves), and at the final time t = 0.025 (dotted magenta
curves). Figure 8(b) shows the results for a three-layer flow with the same parameters except that
the injection rate is linearly increasing, but with the same average injection rate as the constant
injection flow in Fig. 8(a). Notice that the maximum growth rate of disturbances for the linearly
increasing injection rate is less than that of the constant injection rate and therefore the interfaces
at the final time have a smaller disturbance. This effect is even stronger if more fluid layers are
added. A comparable four-layer flow is shown in Fig. 8(c). The injection rate for this four-layer
flow is linearly increasing and the flow is even less unstable than the three-layer flow with linearly
increasing injection rate. Although not shown, the maximum growth rate is even smaller if more
fluid layers are added.

An interesting feature of Fig. 8(b) is that the curve which represents the maximum growth rate
Omax Versus time is not a smooth curve. This is because o (f) is the maximum growth rate over
all integer values of the wave number #n at time 7. The curve has a discontinuous derivative with
respect to time when the wave number of the most unstable wave, which we denote ny,,x, changes.
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FIG. 8. The top row shows the maximum growth rate o,,,x versus time and the injection rate Q versus
time, and the bottom row shows the positions of the interfaces at the beginning, middle, and end times for
(a) a constant injection rate with two interfaces, (b) a linearly increasing injection rate with two interfaces, and
(c) alinearly increasing injection rate with three interfaces. The values of the parameters are y; = 0.2, u, = 1,
To=T =1,Ry(0)=0.5,and Ry(0) = 1.

Figure 9 shows np,x versus time. The times that ny,,, changes correspond to the places where oy,
has a jump in its derivative.

The effectiveness of controlling the viscous fingering instability by adding additional fluid layers
becomes evident when considering a suboptimal injection strategy. Figure 10 shows results that are
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FIG. 9. Plot of the wave number ny,,, of the most unstable wave versus time for three-layer flow with
a linearly increasing injection rate. The values of the parameters are the same as Fig. 8(b) [u; = 0.2, u; =
0.6, u,=1,To =T, = 1,Ry(0) = 0.5, R (0) = 1].
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FIG. 10. The top row shows the maximum growth rate oy, versus time and the injection rate Q versus
time, and the bottom row shows the positions of the interfaces at the beginning, middle, and end times for
(a) a constant injection rate with two interfaces, (b) a decreasing injection rate with two interfaces, and (c) a
decreasing injection rate with three interfaces. The values of the parametersare u; = 0.2, u, = 1, 7o =71 =1,
Ro(0) =0.5,and Ry(0) = 1.

the same as those in Fig. 8 except that the variable injection strategies use a decreasing injection
rate proportional to t~!/3. Figure 10(a) is the same constant injection flow that is shown in Fig. 8(a).
We repeat it for convenience. Figure 10(b) is a three-layer flow with a decreasing injection rate
chosen so that the average injection rate is the same as the constant injection flow. Notice that in this
case the variable injection rate causes the maximum growth rate to increase and the disturbances of
the interfaces at later times are larger than the comparable constant injection flow. The decreasing
injection rate is clearly a bad strategy. However, the addition of more fluid layers can help stabilize
the flow, even with this bad injection strategy. Figure 10(c) shows a four-layer flow with a decreasing
injection rate. With the addition of only one more fluid, the flow is less unstable than the three-layer
flow with a constant injection rate. This demonstrates the using additional fluid layers, even a modest
number, is a viable injection strategy even when the injection rate is chosen naively.

In this section, we numerically investigated two different time-dependent injection strategies.
First, we considered the maximum injection rate for which the flow is stable. We found that for any
number of fluid layers, the maximum stable injection rate is decreasing and proportional to ¢ ~!/3
for ¢ > 1. Additionally, the fluid can be injected faster while maintaining stability if the number of
layers increases due to the sum of the interfacial tensions increasing. However, when considering a
scenario in which the flow cannot be stabilized, for example when a certain amount of fluid must
be injected in a given short amount of time, an increasing injection rate leads to a less unstable flow
than a constant or decreasing injection rate. Regardless of the injection strategy, adding even one
extra layer of fluid can significantly affect the stability.

V. CONCLUSION

In this paper, linear stability analysis is used to explore several different time-dependent injection
strategies that can be used to control the instability of multilayer immiscible Hele-Shaw and porous

033901-18



TIME-DEPENDENT INJECTION STRATEGIES FOR ...

media flows. In applications like oil recovery, it can be advantageous to inject fluid as quickly as
possible while maintaining a stable flow. For two-layer flows, the maximum injection rate for which
a disturbance with a particular wave number is stable is given in Ref. [50]. A similar condition
is found in the present work for three-layer flows by using Gershgorin’s circle theorem. By using
upper bounds derived in Ref. [56], a sufficient condition on the injection rate to ensure stability is
found for a flow with an arbitrary number of fluid layers.

The maximum injection rate for a stable flow is then explored numerically. It is found that flows
with more fluid layers can be stable with faster injection rates than comparable flows with fewer
fluid layers, even when the intermediate fluid layers are very thin. It is shown that for flows with
an arbitrary number of fluid layers the maximum stable injection rate is proportional to t~!/* for
t > 1 with the constant of proportionality being proportional to the number of interfaces raised to
the two-thirds power. We also show that when a certain amount of fluid must be injected in a fixed
amount of time, an increasing injection rate can produce a less unstable flow than a comparable
constant or decreasing injection strategy. Finally, we demonstrate that the addition of even a modest
number of additional fluids can overcome even a poor injection strategy.

There are several important future directions of study. This paper contains theoretical results
based on linear theory. Since the linear theory may fail after some time or at some length scale, it
is necessary to perform physical experiments as well as full numerical simulations to explore the
nonlinear effects. As evidenced by Ref. [58], which is a numerical study of three-layer flow with
constant injection, these studies are likely to be very interesting, and may be even more so when the
injection rate is time-dependent or the number layers is increased. The findings can be nontrivial and
can provide insights into the physics of such multi-interfacial flows. There is also room within the
linear theory to further explore the interfacial morphology and interactions between the interfaces,
especially when the number of interfaces is large. Finally, it would be interesting to analyze the
stability of multilayer radial flows with time-dependent injection in nonstandard geometries, such
as in tapered Hele-Shaw cells or when the gap width is time dependent. The effects of different
geometries would significantly alter the spectral problem which governs the growth of disturbances.
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APPENDIX: DERIVATIONS

In this Appendix, we give full derivations of the equations in Sec. II. The equations of motion
are given by Eqgs. (1), which can be written as

u, , 10 0 10
Yt J8 P B, 0P B forr 0. (A1)
ar r r 06 ar K r 00 K
Recall the scaling given by Egs. (2)-(9):
12k Ty N 0 . r . M
ref = 5 A = ’ ro= I M =
RO Oret Ry(0) Mo
12«7 R3,.(0 Ry(0 T
ol kTy Cw= v ( )Mou’ o= N ( )p, oL
R, (O, 12Ty 12Ty Tn
From these scalings, the following substitutions can be derived:
12Ty Q*
0=0wQ" = ————, (A2)
| Ry (0)1t,
r = Ry(0)r*, (A3)
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a ]
= (Ad)
ar  Ry(0)or*
= o™, (AS)
d 12Ty 0
g _ #_, (A6)
ot R3(0)u, Ot*
12« T,
u= #u*, (A7)
RN(O):LL()
12Ty
= ; (A8)
"= R’
T; = TNTj*. (A9)
Using (A3), (A4), and (A7) in Eq. (A1),
12k Ty ou; 126 Ty ur 1 12¢Ty Ouy B
R%(0)pto Ry(0)3r*  R3(0)ao Ry(0)r* ~ Ry(0)r* R3(O)po 06
Dividing by the constant (12« 7y )/ (R?V(O)uo) yields
ou* ut 1 ou}
Vieuti=——L 4+ L4 ——C =0 Al0
" ar* + r*  r* 060 ( )
Plugging (A4), (AS5), (A7), and (A8) into Eq. (Al),,
127y op* mott™ 12Ty
=— ur.
Ry (0) Ry(0)ar* K Ry, "
Dividing by the constant 127y /R%(0) gives
8 >k
P . (A11)
ar*
Plugging (A3), (AS), (A7), and (AS8) into Eq. (Al)3,
1 12Ty op*  pop™ 12Ty
Ry Ry(0) 30« RaOp,
Dividing by the constant 127y /R%(0) yields
1 ap*
— = —utu. Al2
o (A12)
Equations (A10)—(A12) can be collectively written as
V¥ u* =0, V*p'=—p*u*, forr*#0, (A13)

The original equations admit a simple basic solution in which all of the fluid moves outward radi-
ally with velocity u := (u,, ug) = (Q/(2mr), 0). The interfaces remain circular and move outward
with velocity dR;/dt = Q/(2nR;(t)) for j =0, ..., N. Using Egs. (A2), (A3), and (A7), the basic

solution u* in the scaled variables satisfies
12Ty, 127

kTnQ*

u = .
R Op, 27K O)uor

Dividing by the constant 12« Ty / (R%, (0)w,) gives
L9

ut = .
2r*
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Equation (A3) implies that R;(t) = Ry (O)R’; (t*) for all j. Using this along with Egs. (A2) and (A6),
the circular interfaces of the basic solution move outward radially with velocity dR7/dt* which
satisfy
12Ty dR}  12mkTyQ*
RO, d* — 2nR(O)uoRY

Dividing by 12« Ty /(R%(0)u,) gives
dR; _ o*
dr= 2R

(A15)

For notational convenience, we drop the stars below.

We perturb the basic solution (u,, uy, p) by (@,, ilg, p) where the disturbances are assumed to be
small. We plug these into Eqs. (A13) and only keep terms that are linear with respect to disturbances.
Since Eqs. (A13) are, in fact, linear, the disturbances satisfy the same equations. Therefore,

190p
ar r roo ar - T rao
We use separation of variables and assume that the disturbances are of the form

@iy, itg, p) = (f(r), T(r), ¥ (r))gt)e™. (A17)
Using Eq. (A17) in Eq. (A16),,

on, @ 100 3
4ot Mo _o, P — (A16)

9

. 1 . j .
F )80 + ~ (g™ + Ze(rgn)e™ = 0.

Simplifying,

y 1 in

F+=f+Zer =0
r r

and therefore,

T(r) = S(F() +rf (). (AI8)

Next, we use Eq. (A17) in Eq. (A16)3; which yields,

in inf inf
71ﬂ(r)g(t)e = —ut(r)gt)e™.

Simplifying,
v = ”T“r(r). (A19)
Using Eq. (A18) in Eq. (A19),
Y(r) = =25 (f () +rf (). (A20)

We now cross-differentiate the pressure Eqs. (A16), and (A16)3. Taking % of Eq. (A16); and %
of Eq. (A16); yields

?p  om  0*p  13p ity
aroe M

) = rp—.
a0 a0dr  rdb ar
Setting these equal gives

R L A21
930 rao  Mor (AZ)

—u
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We use the ansatz Eq. (A17) in Eq. (A21) and get

—i pnf(r)gt)e™ = %vf(r)g(r)e""‘) — rut' (rg(t)e™.

Using Eqgs. (A18) and (A19),

* l ! l / /!
—ipnf(r)= —M;(f(") +rf(r)— ru;@f (r) +rfo(r).
With some algebraic manipulation, we get the following ordinary differential equation for f(r):

P f () = @ = Drf(r)=0. (A22)
The above equation is exact since there has been no linearization in its derivation.

Next we derive the boundary conditions for this equation from linearization of the kinematic and
dynamic interfacial boundary conditions. Let the disturbance of the interface located at R;(t) be
given by a; (¢, 8) = A} (t)e™ . The linearized kinematic interface conditions (see Appendix A 1) are
given by

daj e
—it,(R;) — a’ ’
o~ ®) “12R2

(A23)
where #i, is continuous at r = R;. Here, the interface condition has been taken at the linearized
position r = R;. Using a;, = A;(t)e™” and the ansatz Eq. (A17) in Eq. (A23),

dAN) _ 0
o —f(Rj)g(t)—Aﬁ(t)ﬁi- (A24)

The linearized dynamic interface condition (see Appendix A 1) at the innermost interface located
atR = R() is

9%a’
OQM}_ {ﬁ_(Ro)— OQui} _Td+ 5

R _
{ " (Ro) IRy “Ww I T 127 R

bl

where Tj is the interfacial tension of the inner interface and the superscripts + and — denote the
limits from above and below, respectively. Using a) = Ag(t)e”’@ and the ansatz Eq. (A17),

+ inf 0 inf Q“’] inf 0 inf Q,Uq _ E 1 — i’l2 0 inf
(v Gogre™ — A T = {w Rogne — aj0e Jn) = 1Al
Using Eq. (A20),
R
UL (Ro) + Ro(f ) (Ro))g(1) —A‘)(t)%
[ o _Ti1-ry
"5 =1 o A n(0).
After some algebraic manipulation,
{f (Ro)(1ti — 1) + Roli(f ™) (Ro) — i1 (f ) (Ro)1}g(¢)
n? T;
{QRZ (11 — 1) — 1—‘;” 7 }A%) (A25)

The linearized dynamic condition at the outermost interface located at R = Ry is

3

32N
NQMN} _ la+ 5

{~+(RN)_" g}_{’T(RN)_“" 2Ry ) 127 R,

" 2Ry
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where Ty is the interfacial tension of the outermost interface. Using @) = AN (¢)e™ and the ansatz
Eq. (A17),

{W(Rm(r)e""@ A (D" = } - {w‘(RN)g(t)ei”" A (e S }
Ry 2Ry
I n N it
Using Eq. (A20),
R
— —2(F(Ry) + Ry (f 1) (Ry))g(t) — AY -2
n 2Ry
R 11-n?
Y Ry + Ry Ry () + AL T = S L AN,
N
After some algebraic manipulation,
{F RV (i — 1) + Ry [in (fF ) Ry) — (f7) (R g(2)
Q 2 1 n4 _ nZ v
{ 2R2 (I —puy) — EW }An ®). (A26)

For any intermediate interface at R = R}, the dynamic interface condition is

j 3%a)
ﬁ+(R-)—an'uj+] 5 ® )_a]Qﬂj _ ﬁa{;-l-w
T 2R, " 2R; 12 R

where 7 is the interfacial tension of the interface at R = R;. Using al = A,’;(t)ei'lg and the ansatz
Eq. (A17),

in j ini QH“ — in j ini Q/'L I 1— in
{W(R,)g(r)e O Al(t)e "ﬁ}—{w (R)g1)e™ — Al(1)e™ ZR;} o 7 " A,
Using Eq. (A20),
R
BB R+ Ry Ry gt) — AL 2
R;
T, 1—
’“’(f(R )+ Ri(f) R ))g(r>+AJ(r>Q“’ = % " 40,
R
After some algebraic manipulation,
{fR)(wj — 1) + Rilwj(f 7Y R)) — i1 (f ) (R)Ng(@)
on? T; n* — nz} .
=\ 557 (Wjr1 — 1) — =5 A (D). (A27)
{2R§ RN PR S

Recall that f(r) satisfies Eq. (A22). Solutions of Eq. (A22) are of the form
Kiir" '+ Kipr= @D r < Ry

f(r)= ijlr”_l —i—Kj,gr_(”'*']), Ri_y<r<R;, j=1,...,.N
Ko 1" '+ Kpor= D r > Ry,
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To ensure that the disturbances go to zero as r — 0o and to avoid a singularity at r = 0, we require
that K; » = 0 and K, ; = 0. Therefore,
(n+ Df(Ry)

(n=DfR) o
o Uk = - (A28)

The solution to Eq. (A22) for R;_; < r < R; can also be written as

R h nfl_ R r R. n+1_ R. r n—1
oy — [F®RH(FH)" — R 1>](Rj1)R’ = [fl( 0" = FR)GE) )

(%;
for j =1, ..., N. Taking a derivative of this function and evaluating at R;_; and R},

n TR +1]=2r®) ()" pwy)

(f ) Ro) =

+ R _
Y RiZ1) = R (%)2"—1 R
(R)) 1] = 2F(R; (R y ! .
(fT) R, )——ﬂf G+ 7 ]2,1 f&00E) IR (A30)
R; (I’Q—’]') —1 R;

Using Eqs. (A28), and (A30); with j = 1 in the interface condition Eq. (A25),

FRO[(B)" +1] = 27 R (R)"

JRo)(pi — 1) + piln — Df (Ro) — pan + nif(Ro) ¢ 8(t)

()" -1
On 2 TO n* 0
{ 2 (/’Ll ) 12 R3 }A (t)
Simplifying,

FRO[(R)™ +1] - 27 R (%)
(_0)211 _1 g(t)
R,

on? Ty n* — n? 0
(M1 — i) — — A, (@).
{ 2R2 12 RS

After further algebraic manipulation,

{n,uif(Ro) - pn

(R)" + () 0
i — M1W FR)e@) + 214 (RO)IZn 1f(R1)g(t) = FA, (1), (A31)
R/ R/ T
where
_ On Ton®—n
k= 2—R(2)(Ml — i) — ER—S (A32)

Using Eqgs. (A28); and (A30), with j = N in the interface condition Eq. (A26),

L FE[C "] - 2f Ry D (B)"
PRy — 1 — i ELGE) : ]Zn )
()" -1
on? 1 n* N
—unf(Ry) + (0 + 1) f (Ry) g(r)={ﬁ<1 ) = 3 }A ®).
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Simplifying,
n+1
FRO[(5)" + 1] = 2f Ry-D (%)
{—mvn - S R ()
( Ry ) —1
Q 2 1 I’l4 _ n2 v
- — AL ().
{ (=)= g (A
After further algebraic manipulation,
Ry_1 2n 1 Ry—1 n+1
( + ( Ry ) N
1—- MNRNIT FRN)g() + 2pn — F(Ry-1)8(t) = FyA, (1), (A33)
Ry -1 RN
where
On 1 nd—n
F — A34
N = 2w (1 —pn) - 2R (A34)

For the intermediate interfaces, we use Eq. (A30) in the interface condition Eq. (A27),

PR +1] = 27 (R, (5)"™

SRy — jr1) —n; R — uif(R))
(%) —1
FRAIGES)" +1] = 2f Ry ) (o)
—npL o — din R.]zn N (L) 0
() —1
T 4 2 )
{fl’; (i1 = 1)) = 15— }Af,(t).
J

Simplifying,
SR + 1] =27 R0 (%)™

’ (%) -1
FR[(Z5)" +1] = 2f Ry (25)"
—njLji] PN g(l)
(R,-er]) —1
2 T;
{fl’; (i1 = 1)) = 12” 7 }Af(t)
After further algebraic manipulation,
(Rj,l 2n +1 ( 1‘9 )2n +1
—M(R’f’l)h ~ M (R,g‘)h_l F(R)g(®)
R; R
Rj_j\n+l1 R; \n—1
(%) () ,
+2u,; —f(RJ D8E) + 21— =5 f (Rj11)8(t) = FjA; (1), (A35)
R R
(%™ (75)" —1
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where

Tjn3—n
12 R; ’

On .
Fy= S (e = 1)) = j=1,...,N—1. (A36)
J

Linearized interface conditions
First, we derive the linearized interface conditions in the original dimensional variables. Then
we will apply the scaling given by Eqs. (2)—(9) to obtain them in dimensionless form.
Let the disturbance of the interface located at R;(t) be given by aj (¢, ). Therefore, the radial
position of the interface is n(¢, 0) = R;(¢) + aj(t, 9). The kinematic condition is given by

Dr i (t.0) (A37)
— =u-n, r=n0),

Dt 7
where D/Dt denotes the material derivative, w := (u,, uy) is the velocity in polar coordinates, and
i denotes the unit vector which is normal to the interface. Using that n(z, 0) = R;(¢) + al(t,0), the
left-hand side of this equation can be rewritten as

Dy dR;j(t) Daj 0 dai  uy dal
- _ = — . A38
Dt dt + Dt 2 R; + ot + r 00 ( )

The unit normal vector is given by

= rol (A39)

Using Eqgs. (A38) and (A39), the kinematic condition Eq. (A37) is

<
S
=

1= ]|l

(0] 8a{; u(;aa,{ u, — *“
R o T a0 T 2’
! V1+G5%)

We expand each term that depends on r in a Taylor series about r = R;. To do so, we first recall
that the velocity of the basic solution is (Q/(2rr), 0) and the disturbance of the velocity is (i, fg).
Therefore, the components of velocity are

r=rn(t,0), (A40)

S ]
5

U = — + U, Ug = Ug. (A41)

Using this expression for u, and that n(z, ) = R;(t) + a,’,' (t, 0), we get the following expression for
ur(n):
0 0

ou, 2 -0
, J1%y — = (R iZ (=
or (R)) + O(|a"| ) o 27R; +i R+ a; or (2nr>

ur(n) = uy(R;) + aj

r=R;

3, .
+a, ;r R+ O(|ai]).
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Keeping only terms that are linear with respect to disturbances,

0 0
. = (R A42
ur(n) = 2RJru() "2R2 (A42)
Likewise, the Taylor series expansion for uy (1) about r = R; is
.ou .
us(n) = ug(R;) + aga—r"(Rj) +0(lal’) = i (R)) + a{l (R )+ O(|al[*).
Keeping only linear terms,
up(n) = g (R;). (A43)
Plugging Egs. (A42) and (A43) into Eq. (A40),
. . 0 iy(R)) daj
Q0  da) dp(R;)da) g + 0 (R)) — “nanz -
2 n Odn _ . r=n,0),
27R; ot r 06 1 1 9a}\2
+ (r L )

where we used that dn/d00 = da /00. Linearizing with respect to the disturbances and canceling
like terms leads to the linearized kinematic interface condition:
day, 0

:rR
ot ®) = "2R2

(A44)

Next, we derive the linearized dynamic interface condition. The dynamic interface condition is
pl=-T;V -0, r=n(0), (A45)

where [p] denotes the jump in pressure across the interface and 7; denotes the interfacial tension.
Let p,, denote the pressure of the basic solution and p denote the dlsturbance of the pressure so that
p = pp + Pp. Using a Taylor series expansion about » = R;, the pressure is given by

p(n) = p(R; )+a’

15y &)+ 0(all”)

= PR+ PR+ a) LU R + a2
We wish to evaluate the term [p] := lim,_, ,+ p(r) — lim,_,,- p(r). We denote the pressure in the
fluid region immediately inside the interface as p~ and the pressure in the fluid region immediately
outside the interface as p*. Then, using the Taylor series expansion above,

(R, )+O(|af| ).

p; apt -
[p] = 111};+ {pb (r)+p () +a Py b (r )—i-a/—r(r)—i- 0(|a-,i|2)}

I‘La

— lim {pb_(r) + 5 (r) +a b (r) ~|—a{18L(r) + O(‘ai‘z)}.

We then linearize this equation and use from Eq. (A1), that dp,/dr = —(Qu)/(2wkr) to get

Q“(’)} — lim {pb(r)+ﬁ(r)—a,{—Q“(r)}.
2wk r—>R; 2mKr

(Pl = lirg {Pb (r+p(r)—a) (A46)
Note that for the basic solution, the interface is circular with radius r = R}, and therefore V - h =
1/R;. Plugging this into the dynamic interface condition Eq. (A45),

[py] = T;
Pv]l = Rj‘
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Using this in Eq. (A46),

[P]=rEr% {ﬁ+(r)—a{;§:;—l(:r)} —rl_i>r121; {ﬁ‘(r)—aﬁgg—l(:r)} —1% (A47)
Using Eq. (A39) for the unit normal vector, the curvature of the interface is
voa=1? r tof 3%
ey e |
A O (R L R MBS R (RN Pk

where we again used that d7/900 = dal /96. Linearizing with respect to the disturbances,

vl 1 9%
M= - — —
r o r? 962

r=R; +a{;

We can expand this into a Taylor series about the point r = R; to get

Again, we keep only terms which are linear with respect to the disturbances. Using this equation
and Eq. (A47) in the interface condition Eq. (A45), we get

. J 2,0
lim {[fr(r)_a{;w}_ lim {i,(r)_ajw}_ﬁ =_Tj<i_ﬂ_i3 an)’
2rkr R; ,

r—>R;r r—R; "2mwkr

which simplifies to

(A48)

L
0u(r) aj+ o
"2drkr 2 '

— lim {ﬁ_(r) —a) =T,

r—>R;

lim {13+(r) —a

r—>R;r

jQM(r)}

Equations (A44) and (A48) are the linearized kinematic and dynamic interface conditions.
We now apply the scaling Eqgs. (2)—(9) to obtain the linearized interface conditions in dimension-
less form. Note that since a;, is a radial disturbance to the interface, Eq. (A3) implies that

al = Ry(0)(al)", (A49)

where (a{;)* denotes the dimensionless disturbance. For the linearized kinematic condition, we use
Egs. (A2), (A3), (A6), (A7), and (A49) in Eq. (A44) to get

12Ry(O)cTy 3(an)” 12Ty _, . (127 Ty 0
ROn, o B, &)~ ROa) (RN(O)M(,)(anﬁ(oxR;)Z)‘

Dividing by the constant 12k Ty / (R,2V O)u,) gives

8(aj)>k
or*

Q*
2(RDE

=i} (R}) — (a])” (A50)
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For the linearized dynamic interface condition, using Eqs. (A2), (A3), (AS), (A8), (A9), and (A49)

in Eq. (A48) yields
. Tv oot nx (12T \ (O pop™ (r)
i Az 0= R0 (g ) ( )}

Ry (O, 2wk Ry (0)r*
. o o 12wk Ty O pop™(r)
- Jim {RN“D( )~ (r) — Ry (0)(a) (RN«DMU)(anRN«»r*)}

Ry (0)(al)” + Ry (0) 2
R (O)(R?)? '

—TNJ

After some algebraic manipulation,

, 12Ty ., 12Ty . . O (r)
rLEB%w{R 7 )_'RN«»(“i) 2 }

® JVE g 0% an*
— lim {1 5 (1) — o (af) L (r)}= Tv_polo) + 55
ro®)- | Ry(0) RN(O) 2 Ry©@ ' (®)

Dividing by 12Ty /Ry (0),
lim {()ﬂm (a yQﬂ%ﬂ}_ i {()(” (@ yQu<n}

re— (R 2r* r— (R 2r*

T* (o)) 4 Ll

_ T fw) + 5 : (A51)
12 (R} )2

We drop the stars in Eqs. (A50) and (A51) for convenience and arrive at the dimensionless linearized

kinematic and dynamic interface conditions:

da;

or (R = "2%’ (A52)
. WECIICO) N IR (0 T; ) + o4
1 + — 1 =L 007 A53
ir?{ (=@, } ir?{ (=@, } 2R (A453)
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