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Existing studies of bubble-structure interaction mainly focus on the interaction between
a bubble and a movable rigid body or deformable linear elastic structure. The strong
nonlinear interaction of a bubble with an elastic-plastic plate has rarely been studied while
the inherent dynamic behavior is not clear. In this paper, we develop a three-dimensional
fully coupled model to investigate the interaction between a bubble and an elastic-plastic
thin-walled plate, which can consider the fluid disturbance on both sides of the thin-walled
plate. In this developed model, the dynamic behaviors of the bubble are obtained by the
boundary integral method based on the potential flow theory, and the nonlinear elastic-
plastic responses of the structure are resolved by the explicit finite element method on the
basis of the Mindlin-Reissner plate theory. The structural nonlinear responses are incorpo-
rated into the fluid boundary integral equation (BIE), and the extra relation between the φt

(time derivative of velocity potential) jump across the two sides of the thin-walled plate and
its normal derivative φtn is derived, which can describe the hydrodynamic balance on both
sides of the submerged plate. The derived relation is added to the BIE about φt , so that the
bubble loading acting on the plate can be accurately calculated. The established coupled
model is validated by comparing with experimental results. Using this numerical model,
the influence of the standoff distance and plate thickness on the bubble-plate interaction is
discussed. Subjected to the violent loading from the bubble, the oscillation characteristics
and elastic-plastic deformation of the plate are analyzed. Due to the elastic-plastic effects of
the plate, the bubble can display different interesting featured patterns, including attractive
motion, repulsive motion, or splitting.

DOI: 10.1103/PhysRevFluids.6.013605

I. INTRODUCTION

The bubble-structure interaction is a classical problem in fluid mechanics. It is associated with
many engineering areas. In ocean engineering, the underwater explosion bubble can cause serious
damage to the naval ships and submarines. In some industrial applications, cavitation bubbles lead
to the surface erosion of nearby machinery, such as ship propeller blades, turbines, and hydraulic
equipment [1,2]. In the medical ultrasound field, the dynamics of the microbubbles coated with a
stabilizer shell in an ultrasound field play an important role in the applications of the ultrasound con-
trast agents and drug-carrier capsules [3–5]. In ultrasound cleaning, the cavitation bubbles around
the ultrasound scaler can be effectively used to remove biofilm [6]. Although the bubble-structure
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interaction is utilized in so many engineering applications, the fully nonlinear coupled mechanisms
behind the bubble-structure interaction have not been clarified well.

During recent decades, the boundary element method (BEM) has been widely used in the bubble
dynamics field, due to its powerful advantage in computational efficiency [7–10]. The dynamics of
bubbles near simple boundaries (free surface or rigid fixed wall) have been extensively investigated
in axisymmetric and three-dimensional (3D) cases [11–14]. By combining the BEM bubble solver
with the structural solver in commercial finite element software, several researchers have simulated
the dynamic interaction between the bubble and deformable structures [15–18]. They treated the
variable transfer between two separate solvers, which easily results in a time difference between
the physical variables in the bubble solver and structure solver [15]. In general, the loosely coupled
algorithm cannot ensure the accuracy and stability of the whole fluid-structure interaction (FSI)
model [19]. Accordingly, it is essential that we develop the fully coupled model to accurately
investigate the nonlinear coupled interaction between bubble and structure.

For the fully coupled investigation on the bubble-structure interaction, it is required to solve all
the unknowns simultaneously. The determination of the hydrodynamic load p along the structure
boundary becomes the key difficulty in fully coupled schemes, while p is solved by the nonlinear
Bernoulli equation,

p = −ρl
(
φt + 1

2∇φ · ∇φ + gz
)
, (1)

where ρl is the fluid density, φ is the velocity potential, φt is the Eulerian time derivative of
the potential, g is the gravity acceleration, and z is the spatial position in the gravity direction.
According to the acceleration potential theory [20], both φt and its normal derivative φtn are
unknowns along the structure boundary, since these depend on structural motion. The fully nonlinear
coupled model has to overcome the inherent challenging numerical problem to compute the bubble
loading. Consequently, the investigations on the fully nonlinear interaction between the bubble and
structure are relatively rare. Inspired by the wave-body interaction problems, several strategies have
until recently been proposed to treat the complicated structure boundary condition and establish
the fully coupled bubble-structure model. (1) Mode superposition method: Liu et al. [21] adopted
the mode superposition method to study the interaction between the bubble and a deformable
floating body, where φt is computed by the linear decomposition. Each mode component of φt

can be obtained by solving the correponding boundary integral equation (BIE). A number of BIEs
must be solved at each time step, which inevitably leads to a time consuming algorithm [22],
and this method cannot consider the material and geometric nonlinearity. (2) Auxiliary function
method: Li et al. [19] employed the auxiliary function method to investigate the nonlinear interaction
between the bubble and a movable rigid sphere. By introducing the artificial potential, the structural
accelerations are solved directly. It is an indirect method, where φt and hydrodynamic load cannot
be explicitly calculated [23]. (3) Implicit boundary method: Zhang et al. [24] applied the implicit
boundary method to the bubble dynamics field and simulated the interaction between the bubble
and elastic-plastic structure. Compared with the mode superposition and auxiliary function method,
the implicit boundary method is obviously less time consuming, since only two BIEs are solved
at each time step, and the hydrodynamic load is explicitly obtained [23]. It should be noted that
the extension of the interaction between a bubble and a rigid body (and linear elastic structure)
to that with an elastic-plastic structure is not trivial. In order to describe the nonlinear structural
dynamic response, the rigid body (and linear elastic structure) kinematic model is insufficient and
a self-programmed comprehensive structural nonlinear dynamic model is needed. The nonlinear
geometry effects caused by the large deformation and the material model of plasticity should be
considered in the FSI model.

In this study, we focus on the dynamic interaction between a bubble and a thin-walled elastic-
plastic plate. The sketch of the coupled interaction is shown in Fig. 1. The Cartesian coordinate
system O-xyz is established at the initial bubble center, where the z axis points to the opposite
direction of the gravity. The initial distance between the bubble center and the structure is d . The
entire fluid field boundary S consists of the bubble surface Sb, and two sides of the thin-walled
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FIG. 1. Sketch of interaction between a bubble and a plate.

plate Ss1 and Ss2. During the dynamic interaction process, the structural deformation is a result
of the hydrodynamic loading on both sides of the structure wet surface. Therefore, the fluid load
information on both sides of the thin-walled structure needs to be obtained simultaneously. However,
most of the published works related to bubble-structure interaction consider the hydrodynamic
load only on one side of the structure surface. It is inadequate for accurately describing the FSI
phenomenon. In order to investigate the physical mechanism behind the bubble-thin-walled plate
interaction, we further develop the fully coupled model which can simultaneously account for
the fluid disturbance on both sides of the thin-walled plate. The interaction between a bubble
and submerged thin-walled structures can be observed in numerous engineering applications. For
example, in ocean engineering, the thin-walled plate is common in the body structures of ships.
The interaction mechanism between the explosion bubble and the thin plate plays a key role in
evaluating the survivability of naval ship structures [25]. In biomedical and clinical therapies, the
work on the bubble dynamics near thin-walled tissues has motivated interesting applications such as
drug delivery [5] and shock lithotripsy [26]. Therefore, it is necessary to investigate and understand
the bubble dynamic behaviors near the submerged thin-walled structure.

The objective of the present work is to develop a 3D fully coupled model, where the structural
motion couples with the flow field on two sides of the thin-walled plate. Then we use the model to
study highly nonlinear coupled effects between a bubble and an elastic-plastic thin-walled plate. The
present FSI model includes three parts, the fluid module, structure module, and coupling module.
In the fluid module, the bubble violent dynamic behaviors are solved by the BEM. The mixed
Eulerian-Lagrangian scheme is adopted, where the Laplace equation is resolved in the Eulerian
framework while boundary values are updated in the Lagrangian manner. To eliminate the singular
integral caused by the dipole on the two sides of the thin-walled plate, both sides of the plate are
discretized into the same spatial mesh. In the structure module, the explicit finite element method
(EFEM) is employed to describe the structural nonlinear dynamic behaviors. Based on the Mindlin-
Reissner plate theory, the stress components, including the in-plane stress, bending moment, and
transverse shear stress inside the elastic-plastic plate, are calculated. The center difference scheme is
ulitized to update the structural dynamic responses. In the coupling module, the nonlinear structural
dynamic model is incorporated into the original BIEs. According to the displacement compatibility
and hydrodynamic balance condition along the plate, we derive the extra link between the difference
between φt on both sides of the plate and φtn on the plate surface. The derived implicit relation is
used to determine the bubble loading acting on the plate midsurface. Using this fully nonlinear
coupled model, the strong nonlinear coupled effects between the bubble and submerged plate are
studied. The influence of the standoff distance and plate thickness on the bubble-structure interaction
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(including the nonlinear bubble dynamic behaviors and elastic-plastic deformation mode of the
plate) are discussed.

II. THREE-DIMENSIONAL FULLY COUPLED MODEL

A. Dynamics model of the bubble

On the basis of the potential flow assumption, the velocity potential φ and its derivative on the
normal direction φn satisfy the BIE [27,28],

α(r)φ(r) =
∫

S

[
φn(q)G(r, q) − φ(q)

∂G(r, q)

∂n

]
dS, (2)

where r denotes the position vector of the controlling point on the fluid field boundary, q is the
position vector of the integral point, a(r) is the solid angle at the point r, and n is the unit normal
vector pointing to the fluid domain. The Green’s function is G(r, q) = 1/|r − q|.

On the bubble surface Sb, the fully nonlinear kinematic condition and dynamic condition are as
follows,

dr
dt

= ∇φ on Sb, (3)

dφ

dt
= P∞ − Pv − Pb

ρl
− gz + |∇φ|2

2
on Sb, (4)

where Pb is the bubble inner pressure, and P∞ denotes the hydrostatic pressure at the plane z = 0.
P∞ = Patm + ρl gh, where Patm denotes the atmosphere pressure. Pv is the vapor pressure. Equations
(3) and (4) are integrated in the time domain to update the position and potential φb of the nodes on
the bubble surface. The Dirichlet boundary condition for the BIE can be specified,

φ = φb. (5)

On the structure wet surface Ss, the boundary condition can be expressed as the Neumann
condition for φ,

φn = v · n on Ss, (6)

where v denotes the velocity vector of the material point on the wet surface.
The system of BIEs is closed by the equation of state. The gas flow inside the bubble satisfies the

adiabatic law [29],

Pb = P0

(
V0

Vb

)λ

, (7)

where V0 and P0 are the initial volume and inner pressure of the bubble, respectively. Vb is the
transient bubble volume. λ is the specific heat ratio.

The BIE (2) can be written in the following matrix form [13],[
Gbb −Hbs

Gsb −Hss

][
�n,b

�s

]
=

[
Hbb −Gbs

Hsb −Gss

][
�b

�n,s

]
, (8)

where G and H are the coefficient matrices. G involves the influence of the first term in the right-
hand side (RHS) of the BIE (2), and H involves the influence of the solid angle and second term in
the RHS of the BIE (2). The subscripts b and s represent the physical variable on the bubble and
structure surface, respectively. The RHSs of Eq. (8) are knowns, including the velocity potential on
Sb (�b) and the normal velocity on Ss (�n,s). For the boundary value problem Eq. (2), �n,b and �s

can be solved directly.
In the present study, the fluid boundaries are discretized into the linear triangular elements. For

the fully submerged thin-walled plate, the plate surface on two sides, Ss1 and Ss2, should both
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be considered in the BIE (8). The thin plate’s thickness is much smaller than the lateral spans.
Therefore, the discretized dipole easily causes high order singular integrals at the source point when
we deal with the BIE (8). In order to eliminate the above singular integrals, the plate surface Ss1 and
Ss2 are discretized into the same triangular mesh. The point at the same location on two sides of the
plate satisfies

φn|Ss2
= −φn|Ss1

. (9)

After the BIE (2) is solved at any given time t , the geometric shape and velocity potential on Sb

must be updated to the next time step. The Euler forward method and the mixed Eulerian-Lagrangian
scheme [30] are adopted,

r(t + �tb) = r(t ) + �tb
dr
dt

(t ), (10)

φ(t + �tb) = φ(t ) + �tb
dφ

dt
(t ), (11)

where �tb is the time step in the fluid module. To guarantee the stability of the bubble dynamics
model, the determination of �tb is chosen as [31]

�tb = Rm

√
P∞
ρl

δφ

max
(∣∣P∞−Pb

ρl
− 1

2 |∇φ|2 − gz
∣∣) , (12)

where the maximum in the denominator of (12) is taken over all the nodes on the bubble and plate
surface. This condition can ensure that the velocity potential on the bubble surface changes within
δφRm

√
P∞/ρl during each time step. The parameter δφ = 0.008 in this paper. Rm is the maximum

bubble radius.

B. Dynamics model of the structure

The oscillation period of a bubble with high pressure is usually very short [15,24]. Therefore, in
the present study, the structural responses are solved by the explicit finite element method (EFEM),
which is an efficient tool to deal with the nonlinear transient structural responses. The structural
code is developed in house, which can output the structural variables and easily fulfill the fully
coupled interaction between bubble and structure. The governing equation of structural dynamics in
the EFEM can be written in the nodal discretized form [32],

ma = Fext − Fint, (13)

where m is the nodal lumped mass, a is the nodal acceleration vector, the external force Fext is the
bubble loading acting on the plate, and Fint is the nodal internal force vector due to the elastic-plastic
stress of the plate. The computation of Fext is discussed in detail in Sec. II C. The solution of Fint is
described in the following part of this section.

The central difference scheme is employed to explicitly update the velocity v and displacement
u from the nth moment to the (n + 1)th moment [33,34],

vn+1/2 = vn−1/2 + an�ts
n+1/2, (14)

un+1 = un + vn+1/2�ts
n+1, (15)

where �tsn+1/2 = 1
2 (�tsn + �tsn+1). The time step in the structure module �ts is defined as [35,36]

�ts = le
c

, (16)
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where le = 2A/L. A is the element area and L is the longest edge length of the element. The wave
speed c =

√
E/ρS (1 − υ2), where E is the elastic modulus, ρS is the material density, and υ is the

Poisson ratio of the structure [32].
In the structure module, the midsurface of the thin-walled plate is discretized into the three-node

triangular element. In order to conveniently transfer the variables between the fluid and structure
solver, the midsurface is discretized with the same spatial mesh in the fluid module. The Reissner-
Mindlin plate theory is adopted to model the structural dynamics in this paper. The local corotational
coordinate system x̂ŷẑ is established, whose unit vectors are ê1, ê2, and ê3. ê1 and ê2 remain tangent
to the shell midsurface, and ê3 = ê1 × ê2 is normal to the midsurface [37]. The transform matrix T
between the global and local corotational coordinate system is

[T] = [ê1 ê2 ê3]T . (17)

Hereafter, the variables in the local system will be denoted by a hat ∧. According to the Reissner-
Mindlin kinematic hypothesis, the velocity in the plate v̂ has the following form [32],

v̂ = v̂m − ẑê3 × ω̂ =
⎡
⎣v̂m

x + ẑω̂y

v̂m
y − ẑω̂x

v̂m
z

⎤
⎦, (18)

where v̂m represents the translation velocity at midsurface and ω̂ represents the rotation angular
velocity. ẑ is the distance from the midsurface in the thickness direction ê3.

The velocity-strain rate relationship is [37]

d̂ = 1

2
(L̂+L̂T ), d̂i j = 1

2
(L̂i j+L̂ ji ) = 1

2

(
∂ v̂i

∂ x̂ j
+∂ v̂ j

∂ x̂i

)
, (19)

where d̂ denotes the strain rate tensor. L̂ is the velocity gradient in the local coordinate system. The
subscripts i, j represent the local axis, and i, j = x̂, ŷ, ẑ.

With the nodal velocity values and shape functions, the velocity vector can be expressed as [32]

v̂m =
3∑

k=1

v̂m
k ϕk, ω̂ =

3∑
k=1

ω̂kϕk, (20)

where the subscript k denotes the nodal index in triangular shell element k = 1, 2, 3. ϕk is the shape
function at the kth node.

Substituting the interpolated velocity field Eq. (20) into the velocity–strain rate relationship
Eq. (19), we can obtain the strain rate components [38],⎧⎨

⎩
d̂x

d̂y

2d̂xy

⎫⎬
⎭ = BM v̂m − ẑBM ω̂def ,

{
2d̂xz

2d̂yz

}
= Bsω̂

def , (21)

where the matrices BM and BS denote the derivatives of the nodal interpolation functions, and the
detailed expressions of BM and BS can be seen from [38]. ω̂def denotes the deformation rotation
angular velocity, excluding effects of the rigid body rotation. The strain rate d̂ is affected by
two parts, i.e., membrane stretching effects caused by the midsurface velocity v̂m and bending
contributions caused by the angular velocity ω̂ [38].

The element strain ε̂ can be obtained by updating the strain rate d̂i j in the time domain, and
then the corresponding element stress components ŝ can be determined by means of the constitutive
model. The elastic-plastic stress tensor on the shell surface ŝ can be expressed as

ŝ = σ̂+τ̂. (22)

The stress tensor includes two parts of the effects, the membrane stretching due to the in-plane
elastic stress σ̂ = [σ̂xσ̂y]T and bending moments and shear resultant caused by the shear stress

013605-6



FULLY COUPLED MODEL FOR SIMULATING HIGHLY …

τ̂ = [τ̂xyτ̂xzτ̂yz]T [37]. The in-plane tension σ̂ is caused by the membrane stretching. According
to Hooke’s law, the in-plane elastic stress σ̂ linearly depends on the strain,

σ̂x = E

(1 − υ2)
(ε̂x + υε̂y), σ̂y = E

(1 − υ2)
(ε̂y + υε̂x ). (23)

The shear stress can be determined by⎡
⎣τ̂xy

τ̂xz

τ̂yz

⎤
⎦ =

⎡
⎣E/2(1 + υ ) 0 0

0 5E/12(1 + υ ) 0
0 0 5E/12(1 + υ )

⎤
⎦

⎡
⎣ε̂xy

ε̂xz

ε̂yz

⎤
⎦. (24)

When ŝ reaches the yield stress, the von Mises rule is adopted to deal with the yield and plastic
behaviors of the material. For the material model of plasticity, readers can refer to [37] for details.
In this study, the bilinear constitutive model is employed to simulate the structural elastic-plastic
responses.

By integrating the in-plane tension and shear stress through the shell thickness, the local resultant
forces and moments can be determined,

f̂ R
xx =

∫
σ̂xdẑ, f̂ R

yy =
∫

σ̂ydẑ,

f̂ R
xy =

∫
τ̂xydẑ, f̂ R

xz =
∫

τ̂xzdẑ, f̂ R
yz =

∫
τ̂yzdẑ,

m̂R
xx = −

∫
ẑσ̂xdẑ, m̂R

yy = −
∫

ẑσ̂ydẑ, m̂R
xy = −

∫
ẑτ̂xydẑ, (25)

where the superscript R denotes the resultant force or moment. Using the principle of virtual power
and the one-point quadrature rule, the expressions of the nodal internal forces and moments in the
local coordinates are obtained [38],⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

f̂ e
x1

f̂ e
y1

f̂ e
x2

f̂ e
y2

f̂ e
x3

f̂ e
y3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

= ABT
M

⎧⎪⎨
⎪⎩

f̂ R
xx

f̂ R
yy

f̂ R
xy

⎫⎪⎬
⎪⎭,

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

m̂e
x1

m̂e
y1

m̂e
x2

m̂e
y2

m̂e
x3

m̂e
y3

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

= ABT
M

⎧⎨
⎩

m̂R
xx

m̂R
yy

m̂R
xy

⎫⎬
⎭ + ABT

S

{
f̂ R
xz

f̂ R
yz

}
. (26)

With the transform matrix T, the internal force and moment in the global system O-xyz can be
calculated, ⎡

⎣F int
xk

F int
yk

F int
zk

⎤
⎦ = [T]

⎡
⎢⎣

f̂ e
xk

f̂ e
yk

f̂ e
zk

⎤
⎥⎦,

⎡
⎣mint

xk

mint
yk

mint
zk

⎤
⎦ = [T]

⎡
⎣m̂e

xk

m̂e
yk

0

⎤
⎦. (27)

C. Fully coupled model between the bubble and structure solvers

The resultant external force acting on the thin-walled plate depends on the difference between
the hydrodynamic pressure on two sides of the plate. By integrating unsteady Bernoulli pressure
along the wet surface, the resultant external force can be expressed as [24]

F ext
i = F ext

i |SS1
− F ext

i |SS2
=

∫
SS1

−ρl

(
φt+1

2
|∇φ|2

)
· nidS +

∫
SS2

ρl

(
φt+1

2
|∇φ|2

)
· nidS, (28)

where the subscript i represents the component of the variable in the ith direction (i = x, y, z).
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On the entire fluid field boundary, φt satisfies the BIE,

α(r)φt (r) =
∫

S

[
∂φt

∂n
(q)G(r, q) − φt (q)

∂G(r, q)

∂n

]
dS. (29)

The boundary conditions on Sb and Ss are as follows [24],

φt = P∞ − Pv − Pb

ρ
− gz − |∇φ|2

2
on Sb, φtn = a · n + v(r) on Ss, (30)

where v(r) denotes the function of the local velocity on Ss. Since the motions of the fluid nodes on
two sides of the thin-walled plate are opposite and equal, the relation about φtn between the wet
surface Ss1 and Ss2 is

φtn|Ss2
= −φtn|Ss1

. (31)

From Eq. (30), it can be seen that the calculation of φt depends on the structural dynamic
response. However, meanwhile, φt has a direct influence on the structural deformation according
to Eqs. (13) and (28). The precise computation of φt becomes a key factor for calculating the
hydrodynamic force. In order to simulate the fully nonlinear interaction accurately, the governing
equations of bubble and structural dynamics should be solved simultaneously. In other words, for the
whole bubble-structure interaction model, the physical variables in the fluid module and structure
module must be at the same time. The main challenge for the computation of φt is that both φt and
φtn are unknowns on the structure surface. In the present study, we derive the implicit boundary
condition and develop a fully coupled model to simulate the nonlinear interaction between the
violent bubble and elastic-plastic thin-walled plate.

The main idea of the present method is to establish an additional relationship between φt and
φtn on two sides of a thin-walled plate Ss. Substituting the expression of the structural acceleration
given by Eq. (13) into Eq. (30) yields

φtn(r) = 1

m

(∫
SS1

pξ nξ dSξ −
∫

SS2

pξ nξ dSξ − Fint

)
· n + v(r) on Ss, (32)

where pξ and nξ represent the pressure and normal vector at the Gaussian integration point ξ on Ss.
Replacing the hydrodynamic pressure with the nonlinear Bernoulli equation, the implicit bound-

ary condition which links φt and φtn on Ss can be obtained,

φtn(r) +
∫

SS1

K (r, ξ)φt (ξ)dSξ −
∫

SS2

K (r, ξ)φt (ξ)dSξ = χ (r) on Ss, (33)

where the kernel function K (r, ξ) depends on the geometry shape and structural lumped mass,

K (r, ξ) = ρl

m
n(r) · n(ξ),

and

χ (r) = −
∫

SS1

1

2
∇φξ · ∇φξ K (r, ξ)dS +

∫
SS2

1

2
∇φξ · ∇φξ K (r, ξ)dS − Fint · n

m
+ v(r).

The structural elastic-plastic effects are considered in the term χ (r). On the basis of the structural
transient dynamic theory and acceleration potential method [20], we obtain the additional boundary
integral equation (33) called the implicit boundary condition. The derived implicit condition, which
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FIG. 2. Comparison of the bubble–thin membrane interaction between the experimental images [40] and
numerical results at typical dimensionless moments. The parameters in the simulation are Rm = 4.1 mm,
R0 = 0.419 mm, P∞= 7.844 × 104 Pa, Pv = 0.23 × 105 Pa, ρs = 1250 kg/m3, E = 3.16 MPa, υ = 0.5, h =
0.299 mm, γw = 0.55, ε = 400, and λ = 1.4.

establishes an extra relationship between φt jump across the two sides of the thin-walled plate and
φtn, and then it is added to the original system of the BIE (29), which can be written in the matrix
form, ⎡

⎢⎢⎢⎢⎢⎣

Gbb −Hbs1 −Hbs2 Gbs1 Gbs2

Gs1b −Hs1s1 −Hs1s2 Gs1s1 Gs1s2

Gs2b −Hs2s1 −Hs2s2 Gs2s1 Gs2s2

0 Ks1 −Ks2 I 0

0 0 0 −I I

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

�tn,b

�t,s1

�t,s2

�tn,s1

�tn,s2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣

Hbb�t,b

Hs1b�t,b

Hs2b�t,b

χ

0

⎤
⎥⎥⎥⎥⎥⎦, (34)

where I is a unit matrix of size Ns1 × Ns1. Ns1 is the number of nodes on the single side of the thin-
walled plate. The subscripts s1 and s2 denote the nodes on the wet surface Ss1 and Ss2, respectively.
The RHS of Eq. (34) contains known variables. The column vectors in the left-hand side of Eq. (34)
are unknown variables, which must be solved. The new system of BIE (34) includes (N + 2Ns1)
linear discretized algebraic equations with (N + 2Ns1) unknowns, where N is the total number of
nodes on the fluid boundary S. This means the existence and uniqueness of a solution. Therefore, φt

on Ss can be calculated directly and accurately. With the known φt , the external resultant force can
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FIG. 3. Dimensionless velocity potential contour of bubble–thin membrane interaction results using
Eq. (36) at the nondimensional times t = 0, 0.384, 0.837, 1.144, and 1.262. All the parameters are the same as
in Fig. 2.

be calculated using Eq. (28), and then it is transferred to the structure module. Through Eq. (13), the
structural nodal acceleration can be obtained. Then the structural nodal displacement and velocity
are explicitly integrated to the next time step. It should be noted that the structure undergoes dynamic
responses under the combined action of the bubble hydrodynamic loading and additional mass force.
Consequently, in the present fully coupled model, the effects of the additional mass force have been
considered in the term �t,s.

In the present study, thanks to the derived implicit boundary method, the whole fully coupled
bubble-structure interaction model can be successfully decoupled into fluid module and structure
module. The fluid module and structure module adopt their respective time steps �tb and �ts
to update their own information. The choice of the time step �t for the whole bubble-structure
interaction model follows the criterion in [24], �t = min(500�ts,�tb). Within each time step �t ,
the fluid solver is excuted at first, where nonlinear bubble dynamic behaviors are simulated. By
solving Eqs. (34) and (28), the external force can be computed, and then it is tansferred to the
structure module. In the structure solver, with the input external force, the transient nonlinear
dynamic responses of the plate can be solved. The external force is assumed to be a constant
during �t . When ts + �ts > t + �tb, we modify �ts as �tsmodified = t + �tb − ts, so that the
time discrepancy between the fluid and structure module can be eliminated. Then we output
the structural information (including the nodal displacement, velocity, mass, and internal force) to
the fluid module. The present bubble-structure interaction model can guarantee that all the physical
information in Eq. (34) is at the same time.

III. NUMERICAL RESULTS AND DISCUSSIONS

In this study, we describe the bubble dynamic behaviors in the nondimensionalization form. The
maximal bubble radius Rm, fluid density ρl , and (P∞ − Pv ) are chosen as the reference length Lref ,
reference density ρref , and reference pressure Pref respectively. Therefore, the reference velocity
Vref = √

Pref/ρref , the reference time Tref = Lref
√

ρref/Pref , and the reference velocity potential
φref = Lref

√
Pref/ρref , and the nondimensionnal parameters are introduced. The distance parameter

γw = d/Rm, which denotes the dimensionless distance of the bubble from the plate [2]. The strength
parameter ε = P0/Pref , which is the ratio of the initial bubble pressure and ambient pressure [15].
The initial dimensionless bubble radius can be directly determined by the strength parameter
[15,39]. In this paper, the fluid density ρl = 1000 kg/m3, atmosphere pressure Patm = 1.0 × 105 Pa,
and gravity acceleration g = 9.8 m/s2. Hereafter, use of the variables without indicating their units
indicates the nondimensional variables.
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FIG. 4. Dimensionless velocity potential contour of bubble dynamics near a thin-walled plate with
γw= 1.75 at typical nondimensional times. The other parameters are Rm= 0.112 m, R0= 8.904 mm,
P∞= 1.098 × 105 Pa, Pv = 0, ρs = 7850 kg/m3, E = 203 GPa, υ = 0.3, σ0 = 235 MPa, ET = 400 MPa, h =
20 mm, ε = 588.76, and λ = 1.25. Top: The interaction between the bubble and a thin-walled plate. Below:
An enlarged view of the evolution of the bubble.

A. Validation of the numerical model

To validate the accuracy of the present fully coupled model, we compare the numerical results
with the experimental results in [40]. The bubble experiment is conducted in a 10 × 15 × 15 cm3

water tank. The bubble is generated by the discharge of the electrical spark. The membrane is
located at the center of the water tank, and the spark-generated bubble is located above it. A silicon
rubber sheet is used as an elastic thin membrane. The initial length Lx, width Ly, and thickness
of the unstretched membrane are 47, 30, and 0.35 mm, respectively. The membrane is stretched
in the x direction under the action of the force F = 5.65 N so that the membrane length Lx is up
to 55 mm. The material properties of the stretched membrane are as follows: Young’s modulus
E = 3.16 MPa, density ρs = 1250 kg m−3, and Possion’s ratio is 0.5. The maximum bubble radius
is 4.1 mm. The dimensionless distance parameter γw = 0.55. In the numerical simulation, we set
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FIG. 5. Dimensionless displacement contour of plate in the y direction at γw= 1.75. All the parameters are
the same as in Fig. 4.

the strength parameter ε = 400, and its corresponding initial bubble radius R0/Rm = 0.102 [15].
The ratio of the specific heat λ = 1.4. The membrane boundary is rigidly fixed. Buogo and Cannelli
[41] found that the vapor pressure was extremely high (Pv = 0.3 × 105 Pa) in the spark-generated
bubble experiment. The phenomenon might be attributed to the heating of the bubble surface when
the bubble is generated by the electric discharge [42]. To accommodate this phenomenon, the vapor
pressure is taken to be Pv = 0.23 × 105 Pa in this section.

For the thin membrane element, the rotational degrees of freedom at the nodes are constrained,
and the translational degrees of freedom cause the membrane strain [38]. Therefore, to simulate the
stretched membrane deformation in this section, we set ω̂def

xk = ω̂def
yk = v̂zk = 0 in Eq. (21), and the

stretched effects of the membrane can be considered by enforcing a surface tension χ = F/Ly =
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FIG. 6. Time history of the dimensionless bubble volume and plate center displacement for the case shown
in Fig. 4.
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FIG. 7. Dimensionless velocity potential contour of bubble dynamics near a submerged plate for various
distance parameters γw = 0.80, 1.00, 1.25, and 1.50 with the remaining parameters being the same as in Fig. 4.
Top: The interaction between the bubble and a thin-walled plate. Below: An enlarged view of the evolution of
the bubble.

188.3 N/m [42,43]. The resultant force including the stretched effects can be expressed as

F ext
i =

∫
SS1

−ρl

(
φt+1

2
|∇φ|2 − χκ

)
· nidS +

∫
SS2

ρl

(
φt+1

2
|∇φ|2

)
· nidS, (35)

where κ denotes the curvature in the stretched direction (x direction).
The comparison between the experimental images and numerical results is displayed in Fig. 2.

The bubble is generated at t = 0. During the expansion phase, the bubble remains nearly spherical,
and the thin membrane moves downward to form a dip [panel (b)]. The bubble expands to reach its
maximum radius in panel (c). Then the bubble begins to collapse. The upper surface of the bubble
undergoes nearly spherical collapse, and the lower surface is flattened by the nearby boundary.
During the collapse phase, a mushroom shaped bubble forms and the thin membrane is attracted
upward in frames (d), (e). Eventually, the bubble splits in frame (f). Both the structure deformation
and bubble shapes correspond well with the experimental results, which indicates the effectiveness
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FIG. 7. (Continued.).

of the present model in simulating the interaction between the bubble and the thin-walled structure.
Because it is hard to match exactly the initiation of the electric spark-generated bubble in the
numerical simulation, there is a certain difference in timing between the experimental results and
numerical results [42,43].

Most of the previous coupled models [10,18,19] consider the hydrodynamic loading only on the
single side of the plate SS1. It assumes that the hydrodynamic loading on the other side of the plate
SS2 is the hydrostatic pressure all the time. Therefore, in the previous coupled models, the resultant
force acting on the structure surface is

F ext
i =

∫
SS1

−ρl

(
φt+1

2
|∇φ|2 − χκ

)
· nidS, (36)

By substituting Eq. (36) for Eq. (35), the coupled model is adopted to simulate the above electric
spark-generated bubble experiment with the same parameters. The numerical results obtained by
using Eq. (36) are shown in Fig. 3. At the end of the collapse phase, the bubble forms an upward
jet. For this case, the bubble shapes and structural deformation in Fig. 3 are totally different
from the experimental results [40] in Fig. 2. Compared with the results in Fig. 3, the numerical
results obtained by the present model show better agreement with the experimental images. This
demonstrates the advantages of the present model in handling the bubble–thin plate interaction
problems.
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FIG. 7. (Continued.).

B. Fully nonlinear interaction between the bubble and the thin-walled plate

1. Basic phenomenon

In this section, we investigate the basic phenomenon of the dynamic interaction between the
bubble and elastic-plastic thin-walled plate whose boundaries are rigidly fixed. The initial bubble
radius R0= 8.904 mm, the maximum bubble radius Rm= 0.112 m, the initial distance from the
bubble center to the plate center is 0.196 m, and the initial water depths of the bubble center and plate
center are both 1 m. The thin-walled plate, whose side length is 1.2 m and thickness h is 20 mm,
is positioned at the plane y = 0.196 m at the initial moment. The material parameters of the square
plate are density ρs = 7850 kg/m3, elastic modulus E = 203 GPa, Possion’s ratio υ = 0.3, yield
stress σ0 = 235 MPa, and tangent modulus ET = 400 MPa. The ratio of the specific heat λ = 1.25.
The vapor pressure Pv = 0. According to the above parameters, the reference values can be
determined: Pref= 1.098 × 105 Pa, Vref = 10.48 m/s, Tref = 1.07 × 10−2 s, and φref = 1.17 m2/s.
The dimensionless parameters are ε = 588.76 and γw = 1.75.

Figure 4 displays the nondimensional velocity potential contour with γw = 1.75 at typical times.
Initially, the bubble expands spherically due to the inner high pressure. At t = 0.96, the bubble
reaches the maximum volume. During the bubble collapse phase, the plate blocks the fluid motion
directed toward the bubble, and the low pressure region appears near the right side of the bubble,
which leads to the jet formation. Under the combined action of Bjerknes effects and the buoyancy,
the high speed liquid jet moves to the top right. The bubble has dynamic behaviors similar to the
results in [13]. The plate thickness is 20 mm in this case. Because of the high structural stiffness, it
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FIG. 7. (Continued.).

is hard to observe the plate deformation in the Fig. 4. The dimensionless plate displacement in the y
direction is given in Fig. 5.

Figure 6 gives the time history of the bubble volume and plate center displacement. At the
beginning of the bubble expansion phase, the fluid surrounding the bubble pushes the plate center
to move away from the bubble. Afterward, the bubble kinetic energy begins to decrease and the
velocity of the fluid between the bubble and plate slows down gradually due to the plate blocking.
However, for the other side of the plate, the fluid disturbance caused by the bubble is relatively small,
and the hydrodynamic pressure is nearly the ambient pressure. Therefore, the resultant force caused
by the hydrodynamic pressure acting on the plate moves toward the bubble. The motion of the plate
center is attracted by the bubble until the end of the expansion phase. When the bubble begins
to collapse, the fluid disturbance caused by the bubble becomes strong gradually, with the bubble
kinetic energy increasing. The resultant force acting on the plate directs away from the bubble. The
plate center begins to move away from the bubble again. At the end of the bubble collapse phase, the
high pressure region appears near the left side of the bubble, and the jet develops toward the plate;
the plate center changes its motion direction again. It should be noted that we only focus on the
bubble-structure interaction before the liquid jet penetrates the bubble surface in the present study.
The highest deformations would appear after the jet hits the structure or after the toroidal bubble
ring collapses.
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FIG. 8. Time evolution of bubble dynamics near a 20-mm-thick plate with different distance parameters
for the case shown in Fig. 7. (a) Dimensionless bubble volume, (b) dimensionless bubble center, and (c)
dimensionless Kelvin’s impulse.

2. Effects of distance parameter

The distance parameter plays a significant role during the dynamic interaction between the bubble
and rigid body [19]. In this section, the effects of the distance parameter on the bubble–deformable
structure interaction are investigated. Five cases are simulated with γw = 0.80, 1.00, 1.25, 1.50, and
1.75, respectively. All the other parameters are kept the same as in Sec. III B 1.

Figure 7 shows the bubble dynamics with different γw. For the case γw = 0.80, the right part of
the bubble becomes flattened by the plate at the end of the expansion phase. During the collapse
phase, the bubble attaches to the plate. The jet will impinge on the structure boundary, which causes
serious damage to the plate [2,24]. The bubble behaviors are similar in the other cases. The bubble
remains almost spherical during the expansion phase. The bubble becomes kidney shaped and a
liquid jet directs toward the plate at the end of the collapse phase. However, the distance parameter
γw has an influence on the jet patterns. With the increase of the distance parameter, a thicker liquid
jet develops earlier and points in the upper direction at the end of the collapse phase, as shown in
Fig. 7. In this section, the coupling effects between the bubble and structure are relatively weak due
to the structural stiffness. The overall bubble behaviors are similar to the bubble dynamics near a
rigid wall.
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FIG. 9. Time evolution of the structural dynamics at the center of 20-mm-thick plate with different
distance parameters for the case shown in Fig. 7. (a) Dimensionless hydrodynamic load, and (b) dimensionless
displacement.

Figure 8 shows the history of the nondimensional bubble volume, bubble centroid yc, and Kelvin
impulse Iy with various standoff distances, where the arrow points to the increase of γw. The y
component of the dimensionless Kelvin impulse Iy = ∫

Sb
φnydS/[φref (Lref )2] [11], where ny denotes

the y component of the unit normal vector n. In this section the coupling effects between the bubble
and plate are relatively weak. The properties of the plate tend to the rigid wall. With the distance
parameter increasing, the maximum volume increases and the oscillation period slightly decreases,
as depicted in Fig. 8(a). Figure 8(b) indicates that the bubble migrates away from the plate to a
small extent during the expansion phase and then it obviously migrates to the plate. When the
bubble volume is at its maximum, the migration velocity almost reaches the minimum and the
bubble changes its motion direction. When the bubble is farther from the plate, the Bjerknes effect
becomes weaker and the Kelvin impulse in the y direction gets smaller. Consequently, the bubble
migrates slower with a larger distance parameter.

Figure 9(a) gives the histories of the hydrodynamic load at the plate center with different standoff
distances, where the arrow points to the decrease of the distance parameter. The dimensionless
hydrodynamic load in Fig. 9(a) P = −ρl (φt + 1

2∇φ · ∇φ)|SS1 + ρl (φt + 1
2∇φ · ∇φ)|SS2 , which de-

notes the difference between the hydrodynamic pressure on two sides of the plate. At the beginning,
the hydrodynamic load at the plate center decreases rapidly, and decreases to a value of about 4
at the moment t = 0.05. Then it oscillates around the negative value during most of the pulsation
period. Finally, the hydrodynamic load increases to a positive value. The standoff distance has a
significant effect on the initial incident pressure peak. The initial pressure peak becomes larger at a
smaller standoff distance.

The corresponding time evolution of the dimensionless displacement at the plate center is shown
in Fig. 9(b). When the bubble is closer to the plate, the displacement amplitude becomes larger,
but the standoff distance has little effect on the structural deformation frequency. For the case with
γw = 1.75, the deformation of the plate center can reach the first amplitude. However, for the cases
with γw = 0.8 and 1.0, it can be found that the second displacement amplitude decreases obviously
compared with the first amplitude. To analyze the mechanical behaviors of the plate, the von Mises
stress (σMises =

√
σ̂ 2

x + σ̂ 2
y − σ̂xσ̂y + 3τ̂ 2

xy) distribution of the plate surface at γw = 0.8 is displayed
in Fig. 10. As shown in this figure, the von Mises stress is smaller than the yield stress of the material
during the whole simulation. According to the von Mises yield criterion, it can be seen that the plate
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FIG. 10. Evolution of von Mises stress distribution of the plate at the location ẑ = –9 mm in thickness
direction at γw= 0.80. All the parameters are the same as in Fig. 4.

does not undergo the plastic deformation in this case. Therefore, we infer that the attached bubble
leads to the decrease of the second displacement amplitude. For the cases with the γw = 0.8 and
1.0, the bubble is very close to the plate surface after the moment around t = 1, as shown in Fig. 7.
Due to the high pressure inside the bubble, the motion of the plate center is blocked and its second
displacement amplitude decreases obviously compared with the first amplitude.

3. Effects of plate thickness

To investigate the strong coupled effects between the bubble and plate, the plate thickness h is
set as 2 mm in this section. The distance parameter γw = 0.80, 1.00, 1.25, 1.50, and 1.75. Other
parameters are set the same as in Sec. III B 2. With the decrease of the plate thickness, the plate
stiffness also decreases. The structure will undergo more violent deformation under the action of
the same input bubble loading. The whole dynamic interaction process is accompanied by strong
nonlinear coupled effects.

Figure 11 shows the dynamic interaction between the bubble and submerged thin plate with γw =
0.8 and 1.75. For the case with γw = 0.8, the bubble reaches the maximum volume and becomes
an oblate spheroid at the moment t = 0.65. Afterward, under the influence of the boundary effects
caused by the deformable plate, the bubble elongates in the axial direction, while it shrinks in the
radial direction gradually. Finally, the radial width decreases to zero, and the whole bubble splits
into two small bubbles. For the case with γw = 1.75, the bubble becomes a spheroid at its maximum
volume. Durng the collapse phase, the high pressure region appears near the right side of the bubble.
The liquid jet away from the plate develops rapidly.

Figure 12(a) displays the comparison of the dimensionless hydrodynamic load at the plate center
with γw = 1.75 between different plate thicknesses, 2 and 20 mm. The initial hydrodynamic load is
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FIG. 11. Dimensionless normal velocity contour of the interaction between the bubble and the thin plate.
(a) γw = 0.80; (b) γw = 1.75. The other parameters are Rm= 0.112 m, R0= 8.904 mm, P∞= 1.098 × 105 Pa,
Pv = 0, ρs = 7850 kg/m3, E = 203 GPa, υ = 0.3, σ0 = 235 MPa, ET = 400 MPa, h = 2 mm, ε = 588.76,
and λ = 1.25.
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FIG. 12. Comparison of structural dynamics at the plate center between different plate thicknesses at γw =
1.75 for the case shown in Figs. 4 and 11(b). (a) Dimensionless hydrodynamic load, and (b) dimensionless
displacement.

larger with the plate thickness of 20 mm, which can be explained as follows. The hydrodynamic load
includes two parts, bubble pulsating pressure and added mass force due to the structural motion. Due
to the same initial parameters of the bubble, the initial bubble pulsation pressures are the same for
both cases. However, for the case with a thickness of 20 mm, the structural mass is larger than that of
the case with a thickness of 2 mm, and the added mass force associated with structural acceleration
becomes smaller. This leads to a larger hydrodynamic load at the initial moment. Figure 12(b) shows
the time histories of the dimensionless displacement at the plate center with γw = 1.75. For the case
with a thickness of 2 mm, the structural deformation is much larger due to the strong coupling
effects. As shown in Fig. 11(a), the plate becomes convex shaped around the boundary.

Figure 13 displays the bubble jet patterns near an elastic-plastic plate with a thickness of 2 mm at
various standoff distances. The results are obviously different from the bubble patterns near a plate
with thickness of 20 mm in Fig. 7. For the plate with a thickness of 2 mm, the dynamic interaction
between the bubble and plate becomes strongly nonlinear. Due to the influence of the elastic-plastic
boundary, the bubble shows complex dynamic behaviors. For the case with γw = 0.8, the whole
bubble will split into two small bubbles at the ending of the first pulsation period. For the other
cases, a liquid jet forms in a direction away from the plate. The direction of the jet is opposite to
the results with a plate thickness of 20 mm. With the standoff distance increasing, the jet width
becomes larger. To analyze the cause of the repulsive jet, we display the dimensionless pressure
contour of the fluid field around the bubble for the case with γw = 1.50 in Fig. 14. Compared with
the 20-mm-thick plate, the structure stiffness of the 2-mm-thick plate decreases, and the coupled
interaction between the bubble and plate becomes stronger. As shown in this figure, a high pressure
zone appears between the bubble and the plate at the end of the bubble collapse phase, which
makes the jet move away from the plate. An underwater explosion bubble near the aluminum plate
boundary at γw = 0.96 and 0.63 in Hung and Hwangfu’s experiment [44] has a similar behavior.

Figure 15 gives the time history of the dimensionless bubble center and bubble volume at
different standoff distances, where the arrow points to the increase of standoff distance. For the
case with γw = 0.80, the whole bubble eventually splits into two small bubbles. However, in other
cases, the bubble develops a liquid jet, and the bubble center migrates away from the elastic-plastic
plate. Therefore, the motion of the bubble center in the case with γw = 0.80 is different from that in
cases with other distance parameters. In this study, the 2-mm-thick plate has a repulsion effect on the
bubble, which is similar to the boundary properties of the free surface. With the standoff distance
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FIG. 13. Dimensionless normal velocity contour of bubble jet patterns near a 2-mm-thick plate for various
distance parameters γw = 0.80, 1.25, 1.50, and 1.75 with the remaining parameters being the same as in Fig. 11.

FIG. 14. Dimensionless pressure contour of the fluid field around the bubble for γw = 1.50 at typical
dimensionless times. The other parameters are the same as in Fig. 11. The plate surface is not shown in this
figure.
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FIG. 15. Time evolution of bubble dynamics near a 2-mm-thick plate for various distance parameters γw =
0.80, 1.0, 1.25, 1.50, and 1.75 with the remaining parameters being the same as in Fig. 11. (a) Dimensionless
bubble center, and (b) dimensionless bubble volume.

increasing, the maximum volume of the bubble becomes larger, and the first pulsation period is
lengthened, as shown in Fig. 15(b).

The time evolution of the dimensionless hydrodynamic pressure and displacement at the center
of a 2-mm-thick plate is shown in Fig. 16. When the bubble is closer to the plate, the initial pressure
amplitude and displacement amplitude become larger. Compared to the interaction phenomenon
with a plate thickness of 20 mm in Fig. 9, the hydrodynamic pressure varies more violently, and the
vibration period at the plate center becomes much longer when the plate thickness is 2 mm.

FIG. 16. Time evolution of the structural dynamics at the center of 2-mm-thick plate for various distance
parameters γw = 0.80, 1.0, 1.25, 1.50, and 1.75 with the remaining parameters being the same as in Fig. 11.
(a) Dimensionless hydrodynamic load, and (b) dimensionless displacement.
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IV. CONCLUSIONS

In this paper, we develop a fully coupled model to investigate the highly nonlinear dynamic
behaviors of a bubble near an elastic-plastic thin-walled plate. The bubble dynamic behaviors are
simulated by the BEM, and the transient dynamic responses of the elastic-plastic plate are resolved
by the EFEM. The structural elastic-plastic responses are incorporated into the fluid governing
equation, which can yield an extra BIE about φt jump across two sides of the thin-walled plate
and φtn. The derived relationship is added to the original BIE about φt , so that the bubble loading
acting on the plate surface can be directly calculated. The present model can accurately describe the
structural motion coupling with the flow field on two sides of the thin-walled plate.

In this study, an elastic-plastic plate with a thickness of 20 mm has an attractive effect on the
nearby bubble. At the end of the bubble collapse phase, the bubble forms a liquid jet moving
to the plate. With the standoff distance increasing, the maximal bubble volume increases and the
oscillation period slightly decreases. When the bubble is closer to the plate, the displacement
amplitude becomes larger. But the standoff distance has little effect on the structural vibration
frequency. For the cases with γw = 0.8 and γw = 1.0, the bubble is very close to the plate surface
after the moment around t = 1. Due to the high pressure inside the bubble, the motion of the plate
center is blocked and its second displacement amplitude decreases obviously compared with the
first amplitude.

When the bubble interacts with an elastic-plastic plate whose thickness is 2 mm, the bubble
appears in different jet patterns at various standoff distances. For the cases with γw = 0.8, the
whole bubble splits into small bubbles at the end of the contraction phase. In the other cases,
the plate has a repulsive effect on the bubble. The bubble develops a jet moving away from the
plate. With the standoff distance increasing, the jet width becomes larger, and the first pulsation
period is lengthened. Compared to the interaction phenomenon with a plate thickness of 20 mm, the
hydrodynamic pressure varies more violently, and the vibration period at the plate center becomes
much longer when the plate thickness is 2 mm.
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