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Natural convection over a roof-shaped triangular surface is investigated using direct
numerical simulations. The Rayleigh number (Ra) was varied from 1 to 5 × 106 with
air as working fluid (Prandtl number of 0.71) at a fixed geometrical aspect ratio of 0.1,
defined as the ratio of roof height to half-width. The transition route from a steady flow to
a chaotic flow on the surface is characterized by the topological method with the increase
of Ra. A weak flow, dominated by conduction, occurs when Ra was relatively small.
As Ra increases, the convective flow becomes stronger and a sequence of bifurcations is
found. Between Ra = 102 and 103, a primary pitchfork bifurcation occurs. Secondary and
tertiary pitchfork bifurcations are observed in the range Ra = [103, 104] and [104, 105],
respectively. After another pitchfork bifurcation at Ra = [1.4, 1.5] × 106, which makes
the plume tilt to either side of the roof top edge, a Hopf bifurcation is observed in
Ra = [1.9, 2] × 106, after which both the slope flow and plume become periodic. This is
followed by further bifurcations including a period doubling bifurcation at Ra ≈ 3 × 106

and a quasiperiodic bifurcation firstly arising at Ra ≈ 3.4 × 106. Finally, the flow becomes
chaotic for Ra > 3.7 × 106. The state space, the maximum Lyapunov exponent, the fractal
dimension, and the power spectral density are presented to analyze the flows in the
transition to chaos. This work is a comprehensive description of the flow transition from
steady state to chaos on surface of a section-triangular roof that is pertinent to various
settings where fluid flow develops.

DOI: 10.1103/PhysRevFluids.6.013502

I. INTRODUCTION

Buoyancy driven flows over a flat surface have been a long lasting classic research topic of the
fluid mechanics community [1–3]. One particular type of these flows is the one over an inclined
plate, which has attracted much attention owing to its fundamental significance in both nature
(mountain ridge and atmosphere pollution [4,5]) and industrial applications (building ventilation
and solar energy [6–9]). The dynamics and heat transfer of this type of flows in various regimes,
spanning from laminar to transitional and chaotic states, are of great scientific and engineering
interest [10–12].
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When a fluid is heated by an inclined plate at a constant temperature, a thermal boundary layer
forms and a subsequent slope flow driven by buoyancy rises along the plate. The flow on the
surface of a section-triangular roof can be similarly divided into a buoyancy driven slope flow
and a plume rising above the tip of the roof [13,14]. In early studies, Prandtl [15] first presented
a theoretical solution under the Boussinesq approximation to investigate laminar natural convection
on an inclined wall. Further research [16] used two-dimensional (2D) analysis to reveal heat transfer
characteristics in laminar regime with varying angles of the heated plate, which is consistent with
experiment results [17]. Based on those analysis, Fujii and Imura [18] investigated the heat transfer
influenced by the Rayleigh number (Ra) and inclination angles in laminar, transitional, and turbulent
regimes. The solution of Nusselt number scaled by Ra1/5 or Ra1/4 under different laminar regimes
was established. However, although some of the flow structures were visualized, Fujii and Imura did
not reveal a span-wise flow structure in detail. Vogt et al. [19] presented an interesting results about
the transition from quasi2D flow to 3D flows and the occurrence of oscillations were observed.
Dong et al. [20] proved that the flow fluctuation is influenced by the flow rotation. It reveals that
complex dynamics exists inside the transition process.

It is well known that there are different flow regimes characterized by various structures, such as
wavelike structures, which are influenced by the Rayleigh number (Ra) and the inclination angle
[21], while the Nusselt number is proportional to Ra1/5 in transitional and turbulence regimes.
Scaling analysis have been widely used to investigate the dynamics and heat transfer of the
flow on the inclined wall subject to different heating conditions [13,14,22–25]. It is concluded
that the flow dynamics is mainly under four regimes: conduction-dominant, conduction-inertial,
convection-inertial, and convection-viscous, which is determined by Ra, Prandtl number (Pr), and
aspect ratio (A). Apart from the investigation in laminar regimes, many researchers paid attention
to transition and turbulence regimes. An experiment in air was set up by Tritton [26] to study
the development from transition to fully turbulent regimes with varying inclinations. However, the
accuracy of results were largely influenced by the disturbance and method used in the experiment
[27]. A further experiment was optimized by Al-Arabi and Sakr to examine the side effect on the
flow over the inclined plate [28]. The following research by Sparrow and Husar [29] and Lloyd
and Sparrow [30] visualized the instability in the span-wise direction and linked the beginning of
transition to the first appearance of the longitudinal vortices. Detailed research by Black and Norries
[31] focused the development of thermal waves inside the thermal boundary layer with the increase
of local Ra number (Ra1/3) and inclination angles (cos θ ). Specific surface on the transition process
was also concluded to have a crucial effect on transition [32]. Further, research [33–35] showed that
the separation point and stability of the slope flow are also influenced by the inclination angle and
Pr. Puigjaner et al. [36] used the Galerkin spectral method to simulate the bifurcation in a cubical
enclosure heated from below. The critical Ra was found to be based on different flow patterns and
dynamics. Torres et al. [37–39] then used a continuation method developed from a 3D spectral
finite element code to produce comprehensive bifurcation diagrams of enclosed Rayleigh-Bénard
(RB) convection in a tilted cavity under different Pr. They showed how multiple stable solution
branches were influenced by the inclination angle.

After the separation of the slope flow above the top of the roof top edge, the plume rises [40].
Komori et al. [21] and Kimura et al. [41] visualized the plume that forms after the separation
of the slope flow in transitional and turbulent regimes. Results showed that the formation of the
plume enhances the heat transfer coefficient. The classic theory of the plume has been presented
using ordinary differential equations to quantify entrainment [42]. Scaling analysis was used to
investigate the relationship between dynamics or heat transfer and controlling parameters [13,14].
Much research has focused on the development of the plume in a closed volume [43,44] or
under different heating sources or conditions [45–48]. Recently, the bifurcation of a plume was
observed [49], demonstrating that the dynamics is different in two different scenarios (convection
and conduction dominated) [50] and the different flow patterns that emerged are dependent on
boundary conditions [51]. Furthermore, the transition in the plume from the laminar to the turbulent
flow was found to associate with external disturbances [52–54], such as the periodic vortex-puffing
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induced by intensive heating [55]. Qiao et al. [56,57] further investigated the plume rising from a
vertical top-open cylinder heated from the cavity bottom. They reported a succession of bifurcations
as Ra increases, giving a clear evolution of the route from laminar to chaos.

The literature review shows that little attention has been paid to the structure of the flow on a
heated section-triangular surface that has a geometrical similarity with typical building roofs. Das
and Basak [58] established numerical models having different symmetric structures with symmetric
and asymmetric heating sources. However, they only focused on the flow structures with different
heating sources and did not analyze the structure with increasing Ra under symmetric structure and
heating sources. Kenjereš [59] investigated the heat transfer and flow structure in a symmetrically
closed triangle cavity, concluding that the heat transfer coefficient for an inclined bottom becomes
greater than that in a normal RB convection. Nonetheless, they did not investigate small inclination
angles where interesting bifurcations and flow transitions are expected to occur. The range of Ra
was also not very accurate and lacked detailed insight into the transitional regimes. Bhowmick
et al. [60] first mapped a clear route from laminar to chaos in a 2D V-shaped cavity, but the
development of flow structures in the span-wise direction could not be further investigated in 3D
cavity. Gaby et al. [61] investigated the regime from transition to chaos of acoustically driven flow
in a cavity and determined chaotic stages by Lyapunov exponent and phase space. Torres et al.
[37] showed that the flow structure after the primary bifurcation in an RB cell differs between 2D
and 3D cavities, the former yields a longitudinal roll [62] whereas the latter yields transverse rolls.
Phase-shifting interferometer (PSI) and particle image velocimetry (PIV) techniques were used in
further experiment investigation to visualize the flow structure [63].

As suggested by the above literature review, the bifurcation route for the near field flow on
a slightly inclined roof has not been well understood. Only some preliminary 2D numerical
investigations were sought by Zhai et al. [13,14] to validate the scaling analysis under conditions
with a constant heating or a periodic heat flux. This motivates our further investigation using 3D
models for flows on the surface of a section-triangular roof which is a common structure used in civil
engineering for better water drainage and also energy savings in some cases. Based on Ref. [41],
the flow structure could have both ascending and descending flow when the range of aspect ratio
is between 0.1 and 0.26, enhancing the dynamics and heat transfer on the inclined plate. Similar
results were also observed in Refs. [13,14]. The aspect ratio under the consideration of this work is
therefore chosen to be at 0.1 to deepen understanding of this type of flow.

The main objective of this study is to investigate the transition from laminar flow to chaos of
natural convection developed on the surface of a section-triangular roof. For the numerical method,
direct numerical simulation (DNS) was proven as a proper method to investigate the transition inside
thermal boundary layer [64,65]. Therefore, DNS are used in conjunction with a topological analysis.
Different types of flow bifurcations are determined with the increment of Ra, and corresponding
flow structures are characterized. Finally, the dynamics and heat transfer within different regimes
during the course of transition are quantified.

II. MATHEMATICAL FORMULATION

A. Governing equations and controlling parameters

Natural convection from the surface of a section-triangular roof is governed by the normalized
Navier-Stokes equations, i.e., the incompressible continuity equation, momentum equation with the
Boussinesq approximation and energy equation:
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It has been known that the normalization equations are determined by the nondimensional
parameters: Pr number and Ra number [24,66], which are defined as follows:

Ra = gβ�T l3

νκ
, (4)

Pr = ν

κ
, (5)

where g is the acceleration of gravity, β is the thermal expansion coefficient, �T is the temperature
difference between heat plate Twall and ambient fluid T0, ν is the kinematic viscosity, κ is the thermal
diffusivity, and l is the characteristic length, which is regarded as the half width of the triangular
surface. The working fluid is air (Pr = 0.71) while the buoyant conditions are set by varying Ra.

Additionally, previous studies [13,14] showed that natural convection on the inclined wall is also
governed by the aspect ratio of the surface of a section-triangular roof, which is defined as

A = h

l
, (6)

where h is the height of the roof, i.e., the vertical component of the geometry.
The independent (space and time) and dependent (velocity, pressure, temperature) variables in

Eqs. (1)–(3) were normalized as follows:

X = x

l
, Y = y

l
, Z = z

l
, (7.1)

U = u

κRa1/2/l
, V = v

κRa1/2/l
, W = w

κRa1/2/l
, (7.2)

θ = T − T0

Twall − T0
, (7.3)

P = p

ρu2
, (7.4)

τ = t

l2/κRa1/2
. (7.5)

B. Direct numerical simulation

The potentially transient flow along the slope and in the rising plume from the surface of a
section-triangular roof is investigated by DNS in static wind conditions using ANSYS Fluent 18.0.
The governing equations are solved using the finite volume method with the SIMPLE algorithm
[67]. The advection term is discretized by the QUICK scheme [68], and the transient term by
the second-order difference (details could be seen in ANSYS Fluent 12.0 theory guide [69]).
This numerical procedure has been successfully applied in much research using nondimensional
governing equations [13,60,70]. The time step is determined by setting the Courant number in the
range between 0.25 and 0.3 to guarantee the stability of the solution.
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FIG. 1. Schematic of the computational domain and boundary conditions of natural convection around a
section-triangular roof model. The surface on the bottom in red is isothermal, whereas the shadow surface is
adiabatic.

A nonuniform grid is established using ANSYS/ICEM. Finer grids are applied at the proximity
of the open boundaries and zones near the heated surface to guarantee that enough grid points are
contained within the boundary near the rigid walls, as well as to not exceed the maximum Courant
number in the vicinity of the open boundaries.

C. Geometry and boundary conditions

The transitional flow above the surface of section-triangular roof is taken into consideration. The
schematic of the model is shown in Fig. 1. The spatial Cartesian coordinates X, Y, and Z represent
the transverse, streamwise, and spanwise direction, and the origin is at the middle of the junction
of the back and bottom planes. The nondimensional length, width, and height of the domain are
4 × 4 × 2. The surface of section-triangular roof is extruded from a square base of each side 2,
so that the aspect ratio of the surface becomes 0.1, i.e., forming an angle of ∼5.7◦ between the
horizontal plane and a side of the surface, as shown in Fig. 1. The characteristic length is set to
l = 1, while the aspect ratio is fixed to 0.1 to form a slight inclination that allows the creation of
various flow bifurcations. To reduce the influence of the reverse flow through the boundary layer
above the surface of section-triangular roof, the length and width of the domain are set to have a
sufficiently large size by adding l in each direction. To investigate the plume after separation from
the slope flow and prevent numerical deviation from the turbulent flow in the far field, the length in
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TABLE I. Average temperature θave on a line starting at point (0.5, 0.07, 1) and ending at point (0.5, 0.07,
3) for Ra = 5 × 106 calculated using different domain size, approximately keeping the same mesh density.

No. Domain size (numbers) Time step θave Variation (%)

1 4 × 4 × 2 (1M) 0.03 0.65178 –
2 6 × 6 × 3 (3.375M) 0.03 0.64841 −0.5

the y direction of the computing domain is set up to a value of 2 l . The surface of section-triangular
roof is located at the center of the bottom of the computational domain.

The initial and boundary conditions of the governing equations Eqs. (1)–(3) are as follows:
(a) The dimensionless velocity and temperature in the entire domain, as well as in the initial

boundary conditions, are set to zero.
(b) The bottom boundary is a rigid and no-slip wall where all velocity components are set to

zero. The temperature of the surface of section-triangular roof is set to θwall = 1 (Dirichlet boundary
condition) throughout the simulation, so Ra was changed by modifying g in Eq. (4). The rest of the
bottom boundary is adiabatic. It is worth noting that, in the numerical simulation, buoyancy in the
fluid is produced by the isothermally heated inclined roof. That is, the temperature of θwall = 1 is
imposed on the inclined plate when τ > 0, and thus an initially isothermal fluid is heated over time
by the inclined plate, similar with the experiment (see Wang [71]) in which the time required for
the plate to reach a specified temperature is much shorter than the time taken by the flow to fully
develop.

(c) The open boundaries are set as a pressure-outlet boundary condition with zero velocity
gradient (Neumann boundary condition) to minimize the influence of the boundary on the flow,
i.e., ∂U/∂n = ∂V/∂n = ∂W/∂n = 0, where n is the Cartesian coordinate normal to the boundary.
The inflow temperature is set to the ambient temperature θfluid = 0, whereas the outflow temperature
at a boundary grid is set to that of the adjacent internal grid, i.e., Neumann boundary condition.

D. Verification and Validation

The domain size of 6 × 6 × 3 was used to test the influence of the length scale in each direction.
As listed in Table I, the average temperatures for Ra = 5 × 106 (the largest value investigated in this
study) along a line starting at point (0.5, 0.07, 1) and ending at point (0.5, 0.07, 3) were compared
as a basis for the domain-independence study.

Time step and mesh independence tests were conducted with hexahedral (structured) meshes,
the number of which are approximately 0.5 M, 1 M, 1.5 M, and 2 M, and the six nondimensional
time steps from 0.015 to 0.12 were tested. The mesh was constructed with �X = 0.007 adjacent
to the center of the heated wall with an expansion a factor of 1.08 in the transverse direction (X),
with �Y = 0.0032 adjacent to the heated wall with an expansion factor of 1.03 in the streamwise
direction (Y) and with a uniform grid distribution in the spanwise direction (Z). To test the mesh
independence for different mesh grids and time steps, average temperatures along a line (same as
Table I) are given in Table II for Ra = 5 × 106. Based on the results in Table II, the mesh grid
of 120 × 72 × 120 was adopted because its deviation from the finest mesh is less than 3%, and
the time step of 0.03 was selected for the same reason. Additionally, the typical nondimensional
Kolmogorov length scale was also calculated to confirm that it satisfies the numerical requirements
for DNS of chaotic flows in the investigated range of Ra. Detailed definition about Kolmogorov
length scale may be found in Ref. [72]. In this study, the nondimensional Kolmogorov length scale
in the thermal boundary layer is scaled as

λK = (2π )1/4

Ra3/8Pr3/8
. (8)
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TABLE II. Average temperature θave on a line (same as Table I) for Ra = 5 × 106 calculated using different
grid point numbers and time steps.

No. Mesh grid (numbers) Time step θave Variation (%)

1 96 × 57 × 96 (0.5M) 0.03 0.64394 −1.2
2 120 × 72 × 120 (1M) 0.015 0.65267 0.13
3 120 × 72 × 120 (1M) 0.03 0.65178 –
4 120 × 72 × 120 (1M) 0.06 0.64465 −1.1
5 120 × 72 × 120 (1M) 0.12 0.6462 −0.9
6 136 × 82 × 136 (1.5M) 0.03 0.66554 2.1
7 150 × 90 × 150 (2M) 0.03 0.66422 1.9

That is, the nondimensional mesh size near the heating boundary should be smaller than λK =
0.0055. Considering �Y = 0.0032 which expanded by a factor of 1.03 in the streamwise direction
(Y), it is clear that the first 20 mesh grids near the heating boundary are smaller than λK . This ensures
the solution accuracy for the thermal boundary layer.

The experiment [41] performed for an inclined wall in an open water tank was used to validate the
present numerical model, in which the inclined wall was heated with q = 5000 W m–2 at Ra = 107

to 1011. The good agreement of the local heat transfer coefficient between the experimental [41]
and our numerical simulation results, as shown in Fig. 2, serves as the validation of our numerical
model.

III. RESULTS AND DISCUSSION

To investigate the flow structures and dynamics in the transition from steady-state flow to chaos,
numerical simulations were conducted in the range of Ra from 1 to 5 × 106, whose typical cases
are also listed in Table III, together with representative simulation results discussed below. For the
nondimensional governing equations, we could directly increase Ra. For ANSYS Fluent, the soft-
ware used in this study, we increase Ra by changing g. The analysis is conducted while increasing
Ra, starting with the conduction-dominant weak flow (Sec. III A), followed by the steady laminar
flow after primary, secondary and tertiary pitchfork bifurcations (Sec. III B), further pitchfork
bifurcations within the steady state regime (Sec. III C), transition to periodic (Sec. III D–Sec. III E)
and quasiperiodic flows (Sec. III F), and finalizing in the route to chaos (Sec. III G).

FIG. 2. Validation of the present numerical model based on the local heat transfer coefficient of a plate.
The experimental result was from Kimura et al.. [41] for a slightly inclined, heated plate.
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TABLE III. Rayleigh numbers and representative simulation results UPlume for a working fluid of air
(Pr = 0.71).

No. Ra UPlume

1 100 5 × 10−8

2 101 3.78 × 10−8

3 102 2 × 10−9

4 103 7 × 10−10

5 104 4 × 10−8

6 105 2.35 × 10−8

7 106 − 5 × 106 3 × 10−7 (Ra = 106), 2.79 × 10−6 (Ra = 1.5 × 106)

A. Conduction-dominant weak flow for Ra < 103

In the range of relatively small Ra, from Ra = 1 to 10, when the surface of the section-triangular
roof is heated by imposing a constant wall temperature, the heat transfer is dominated by conduction
with a weak steady and 3D flow structure as shown in Fig. 3. As depicted in Figs. 3(a.1–3) and
3(b.1–3), there is no distinct thermal boundary layer or plume. A weak flow rises along the inclined
wall with a stronger flow along the central axis, with symmetry planes on both X = 0 and Z = 2.
With increase of Ra to 102, buoyancy becomes stronger and a slightly more distinctive plume starts
to emerge downstream, as shown in Figs. 3(c. 1–3). Figures 3(a–c. 4) plot the temperature contours
on the horizontal plane Y = 1 for three different Ra, which means that the near-field flow on the top
of the surface is also symmetric with respect to the planes X = 0 and Z = 2 The high-temperature
region is gradually becoming smaller with the increase of Ra from 10 to 102 based on Figs. 3(a–b.
4), and thus the plume is becoming thinner because of the stronger flow. It is worth noting that the
flow still remains steady and symmetric with respect to both X = 0 and Z = 2 planes and only one
pair of velocity roll exists in each direction.

B. Primary, secondary and tertiary pitchfork bifurcations and symmetry properties

As depicted in Figs. 4(a.1–3) and 4(b.1–3), with the increase of Ra from 103 to 104, a distinct
thermal boundary layer occurs on the inclined wall and a single plume emerges from the top of the
roof. Ridges (type of Ridge I) rising from four corners of the roof occur and become more distinct
with the increase of Ra, as shown in Figs. 4(a–b. 1). The separation point between the slope flow
and the plume moves towards the central vertical axis, as shown in Figs. 4(a–b. 2) and at the position
of the red solid circle in Figs. 4(a–b. 3). Additionally, the plume stem attenuates and the velocity
increases with the increase of Ra. The flow structure still remains symmetric with respect to the
planes X = 0 and Z = 2. However, as illustrated by two brown solid circles in Figs. 4(c–d. 3), the
plume stem is initially divided into two parts resulting from the leading-edge effect. Corresponding
to the separation of the plume, the convective rolls also divide into two pairs which means that a
transition of the flow pattern may occur in this range.

When further increasing Ra to 105, the stem of the plume appears to have an even more distinctive
structure. The separation between the slope flow and plume occurs near the roof top edge. The flow
structure still appears to be 2D symmetric with respect to both X = 0 and Z = 2 planes as shown in
Fig. 4(c). However, as shown in Figs. 4(c–d. 1) and 4(c–d. 3), the combined plume stem separates
into two individual parts in Z direction with respect to Z = 2 plane together with the development
of four ridges (type of Ridge II) rising from the four corners when Ra reaches 106. Furthermore,
convection dominates the flow as evidenced by the appearance of a plume cap in Fig. 4(d. 2).

To understand further bifurcation in the transition, the topological method [73] is used. The
application of the topological result to the fluid flow is to convert the flow domain into an n-
fold torus (Metcalfe and Ottino [74]). Here, some part of streamlines in the X direction can be
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FIG. 3. Conduction-dominant weak flow and temperature for (a) Ra = 1, (b) Ra = 10, and (c) Ra = 102,
plotted for (1) X-velocity contour on θ = 0.2 isothermal surface, and temperature contours on the planes (2)
Z = 2, (3) X = 0, and (4) Y = 1.

regarded as the fourfold torus in the Y-Z plane. In this topological method, three values E, H
and P are considered, which represent the number of elliptic, hyperbolic, and parabolic points,
respectively [73]. For the open boundary condition in this study, no elliptic point can be observed in
the computing domain. In fact, the streamlines are parallel to each other in the X = 0 plane in
Fig. 3(c. 3), and H = 1 (the brown solid circle) occurs in Fig. 4(a. 3), which represents two
different flow scenarios. Therefore, the results prove the existence of a primary bifurcation between
Ra = 102 and Ra = 103. The transition from the conduction-dominant to the convection-dominant
flow triggers the primary bifurcation for different types of flow structures. Secondary bifurcation
takes place between Ra = 103 and 104, P = 2 in Fig. 4(c. 3), which leads to the separation of the
plume. Further investigation shows that the development of the primary bifurcation does not affect
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FIG. 4. Flow and temperature after the transition to a convection-dominant regime. Contours for(a) Ra =
103, (b) 104, (c) 105, and (d) 106 are plotted for (1) X velocity on θ = 0.2 isothermal surface, (2) temperature
on Z = 2 plane, (3) temperature on X = 0 plane with streamlines.

the flow regime. For Ra = 105, H = 2, P = 1 is clearly present in the X = 0 plane, which indicates
that the tertiary bifurcation occurs between Ra = 104 and 105.

The flow structures influenced by leading edge effect is also shown in Fig. 5, where the stream-
lines on the plane situated h = 0.01 from the heated surface are plotted. For Ra = 103 [Fig. 5(a)], all
streamlines converge near the center of the inclined heated plate, forming a plume downstream. For
Ra = 104 [Fig. 5(b)], most streamlines tend to merge on a principal diagonal streamline, causing
the occurrence of ridges (type of Ridge I in Fig. 4) near the edge of the inclined plate, while more
streamlines are parallel in the center zone. As Ra is increased further, the ridges (type of Ridge II)
act like an inclined plume stem, all streamlines near ridges gradually merge into the center stem and
it results in the formation of one pair of plumes for Ra = 105 and 106 in Figs. 5(c) and 5(d) (also
see Fig. 4). Based on the results in Ref. [50], different heating shapes may have different number of
ridgelike structures rising from heated bottom area. However, in this study, the number of ridges is
four since we are investigating a rectangular shape with the results in Ref. [50]. Furthermore, based
on the literature [59], it is known that for a heated plate the ridges do not exist when the aspect ratio
is large than 0.5.

C. Further pitchfork bifurcation: Transition within steady-state flows

Figure 6 shows the X velocity UPlume at sampling point (0, 0.2, 1.5) in quasisteady state with in-
creasing Ra. Here, the sampling point (0, 0.2, 1.5) was selected because different results at different
points have the same bifurcation route as that at point (0, 0.2, 1.5) after a great number of numerical
result examinations. Further, the quantity at the point (0, 0.2, 1.5), which is in the plume stem on the
roof, may be used to characterize typical flows on the roof in the transition from steady to chaotic
state. That is, UPlume is the absolute X component of the velocity at the point inside the plume. When
the flow is transitioning from conduction dominance to convection dominance, UPlume could have a
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(a)  (b)  

(c)  (d)  
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FIG. 5. Streamlines on quarter surface plane (X ′ − Z ′) situated 0.01 from the heated plate for (a) Ra = 103,
(b) Ra = Ra = 104, (c) Ra = 105, and (d) Ra = 106.

FIG. 6. Velocity in the X direction at point (0, 0.2, 1.5) on plane X = 0. The shaded regions indicate the
Ra ranges where pitchfork bifurcations occurred, based on the topological method.
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(a)                             (b)                             

(c)   (d)   

FIG. 7. Temperature history at point (0, 0.2, 1.5) for (a) Ra = 1.9 × 106 and (b) 2 × 106. Z velocity at
point (0, 0.2, 1.5) for (c) Ra = 2 × 106. The corresponding power spectral density for (b) is plotted in (d),
where f f = 0.209.

significant increase. For Ra < 105, UPlume is very close to zero, which means that the convective flow
is very weak in the X direction. In the range of 105 < Ra < 1.4 × 106, a slight increment of UPlume is
observed. Then, UPlume drastically increases in the range 1.4 × 106 < Ra < 1.5 × 106, after which
the flow loses the increase trend, so that another pitchfork bifurcation is expected between the
computed flows. Except for the further pitchfork bifurcation, the other bifurcations described in
Sec. III B based on the topology method are also plotted in Fig. 6. The ranges expected to occur are
indicated by the shaded regions in Fig. 6.

D. Hopf bifurcation: Transition to periodic flows

Figure 7 plots the time series and its power spectral of the temperature and velocity probed at
point (0, 0.2, 1.5). The time series used in Secs. III D–III G start from the time after the flow
reaches the attractors (details about attractors at each Ra number can be seen in Fig. 15). Clearly,
the temperature is constant for Ra = 1.9 × 106 after it enters to a fully developed stage with the
increase of time in Fig. 7(a) but becomes periodic for Ra = 2 × 106 in Fig. 7(b). Since there is a flow
transition from a steady state to a periodic state, a Hopf bifurcation exists between Ra = 1.9 × 106

and 2 × 106. It is worth noting that when the flow slightly fluctuates with time, as shown in Fig. 7(c),
the fundamental frequency of the flow is f f = 0.209 with harmonic modes, as shown in Fig. 7(d).
That is, the flow is periodic.

Flow structures and temperature profiles at three consecutive time intervals are plotted in Fig. 8.
With the increase of Ra, the thermal boundary layer thickness decreases and the bulge is clearly
observed in Figs. 8(a–c. 2). These bulges are produced by the stronger buoyant flows rising from
edges of the surface and finally merging at the central stem of the plume. After the Hopf bifurcation,
the plume stem fluctuates periodically with time, as shown by the contours in Fig. 8. In Figs. 8(a–c.
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FIG. 8. Flow and temperature contours at Ra = 2 × 106 after the onset of a Hopf bifurcation. Contours
at (a) τ ′, (b) τ ′ + 3, (c) τ ′ + 6 are plotted for (1) X velocity on θ = 0.2 isothermal surface, and temperature
contours on the planes (2) Z = 2, (3) X = 0, and (4) Y = 1.

2), temperature contours at Z = 2 clearly show how the bulges occur near the top edge of the
heated surface and merge to influence the plume. Temperature profiles on the plane Y = 1 shown
in Figs. 8(a–c. 4) indicate a periodic flow fluctuation where the distance between convection rolls
oscillates. In fact, although unsteady velocities in X or Z direction shown in Fig. 7(c) indicate that
the flow is oscillatory, the oscillations are too small to identify only based on flow and temperature
structures shown in Fig. 8. However, the further examination of numerical results shows that these
small oscillations become larger with the increase of Ra.
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 (a)                              (b)                             

   (c)   (d)  

FIG. 9. Z velocity at point (0, 0.2, 1.5) for (a) Ra = 2.9 × 106, and (b) Ra = 3 × 106, with corresponding
power spectral densities in (c) and (d).

E. Period-doubling bifurcation

Figure 9 shows the velocity at point (0, 0.2, 1.5) in the plume and corresponding power spectral
density for Ra = 2.9 × 106 and 3 × 106. Clearly, with the increase of Ra, the amplitude of Z
velocity slightly increases. Additionally, there is a characteristic frequency of f f /2 = 0.105 in the
power spectral density for Ra = 3 × 106 in Fig. 9(d), in comparison with that for Ra = 2.9 × 106

in Fig. 9(c). This implies that a period doubling bifurcation occurs between Ra = 2.9 × 106 and
3 × 106.

Figure 10 plots the flow structure after the onset of period-doubling bifurcation. The flow
structure after the period-doubling bifurcation still remains approximately symmetric with respect
to the plane X = 0, but with a stronger convective flow, as depicted in Figs. 10(a–c. 1). As shown in
Figs. 10(a–c. 2), it is hard to observe the asymmetric structure with respect to X = 0 owing to the
weak convection in the X direction. Additionally, a couple of bulges merge gradually with the stem
in Fig. 10(a–c. 1), and then form a mushroom-shaped flow structure in Figs. 10(a–c. 2). Further,
the separation of the stem in the YZ plane can also be seen in Figs. 10(a–c. 3). Figures 10(a–c. 4)
show that strong convection occurs within a cycle with flow patterns still symmetric with respect to
X = 0. However, in contrast to Figs. 8(a–c. 4), the plume becomes narrower and finally separates
into two single plumes. This means that convection influences the stem of the plume, which could
potentially lead to a break of symmetry.

F. Quasiperiodic bifurcation

Figure 11 plots the Z velocity and power spectral density of the near-field plume for Ra =
3.4 × 106 and 3.5 × 106. Periodic motion is shown in Figs. 11(a) and 11(b). Further, an additional
frequency f f 2 is found and marked in Fig. 11(d) compared with Fig. 11(c). It is clear that f f and f f 2

have no multiple relationship, fq = f f − f f 2. This means that a quasiperiodic bifurcation occurs
at 3.5 × 106 (see Zhao et al. [75] for details of quasiperiodic bifurcation). To further investigate
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FIG. 10. Flow and temperature for Ra = 3 × 106 after onset of period-doubling bifurcation. Contours at
(a) τ ′, (b) τ ′ + 6, (c) τ ′ + 12 are plotted for (1) X velocity on θ = 0.2 isothermal surface, and temperature on
the orthogonal planes of (2) Z = 2, (3) X = 0, and (4) Y = 1.

the quasiperiodic bifurcation, some harmonic frequencies are found, as depicted in Fig. 11(d),
which have a linear relationship with f f and f f 2 where f2 = f f + f f 2, together with subharmonic
frequency f f 2/2.

G. Chaotic flow

The examination of numerical results shows that the flow may be chaotic for sufficiently large
values of Ra. Figure 12 plots the temperature in the plume for Ra = 3.7 × 106 and 5 × 106. Clearly,
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FIG. 11. Z velocity at point (0, 0.2, 1.5) for (a) Ra = 3.4 × 106 and (b) Ra = 3.5 × 106 with respective
power spectral densities in (c) and (d).

(a)                                                                  (b)                                                              

(c)  (d) 

FIG. 12. Temperature evolution at point (0, 0.2, 1.5) for (a) Ra = 3.7 × 106 and (b) Ra = 5 × 106 with
corresponding power spectral densities in (c) and (d).
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FIG. 13. The maximum Lyapunov exponent λL for different Rayleigh numbers.

the perfectly periodic flow is not present for Ra = 3.7 × 106, as shown in Fig. 12(a). Additionally,
the peak frequency of power spectral density becomes also bumpy, as shown in Fig. 12(c) for which
there are still characteristic frequencies f f , f f 2 and fq, corresponding to those in Figs. 12(c) and
12(d). This is because when the value of Ra is near the point of entering chaos, the flow still has
dual properties of both periodic and chaotic flows (also see Li et al. [76]). Further increasing Ra
to 5 × 106, the temperature becomes completely chaotic and power spectral density becomes flat
without distinct peak frequency. That is, the periodic flow has ceased to exist.

To identify chaos, the maximum Lyapunov exponent (λL) is calculated. The definition of λL is
referred by Odavic et al. [77] as

λL = 1

τn − τ0

n∑
i=1

ln
d1(τi )

d0(τi )
. (9)

In this equation, the two points P1 and P2 were selected in the orbit with an initial distance d0.
When the time of �t has elapsed (e.g., 100 time steps), P1 and P2 arrived at new positions P1(τ1)
and P2(τ1), and thus the distance between P1(τ1) and P2(τ1) becomes d1(τ1). Then we should find a
new P′2(τ1) to make the distance between P1(τ1) and P′2(τ1) (d0(τ1)) approximately (limitation of
time step and mesh grid) equal to d0, then we start the next calculation. Elapsing another time of �t ,
P1(τ1) and P’2(τ1) will arrive at new positions P1(τ2) and P2(τ2). Repeating this process for several
times (n > 50), we obtained d0(τ1), d1(τ1), …, d0(τn), d0(τn). Details can be found in Ref. [77].
The orbit starts on the attractor (shown in Fig. 15) and Fig. 13 shows λL as a function of Ra. It is
found that λL is positive if Ra is equal to or larger than 3.7 × 106, suggesting that the flow becomes
chaotic in the range between 3.6 × 106 and 3.7 × 106.

Fractal dimension was also calculated to identify the bifurcations and chaos. The fractal dimen-
sion dc can be given by

dc = lim
s→0

log(Cp(s))

log(s)
, (10)

Cp(s) = lim
N→0

1

N2

N∑
i, j=1
i �= j

h(s − |−→Xi − −→
Xj |), (11)

where h is the Heaviside function, Xi and Xj are the values of data points (we selected the points in
Fig. 15 as data points), N is the total number of data points, and s is the maximum distance between
Xi and Xj . A detailed description can be found in Ref. [76]. It is known that a Hopf bifurcation
can occur when dc is close to 1, a quasiperiodic flow can appear when dc is between 1 and 2, and
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TABLE IV. Fractal dimension values for different Rayleigh numbers.

No. Ra Flow behavior dc

1 2 × 106 Periodic 0.9076
2 3.4 × 106 Quasiperiodic 1.591
3 3.7 × 106 Enter chaos 2.142
4 5 × 106 Chaos 2.116

the flow can enter into chaos when dc is larger than 2. Table IV shows the calculation results for
near-critical Ra, indicating that the flow behavior after each bifurcation.

To have a better understanding of the chaotic behavior, flow patterns are plotted with time for
Ra = 4 × 106. Figures 14(a–d. 1) confirm that the previously encountered symmetric structures
with respect to the X = 0 and Z = 2 plane have broken. The temperature contours in the Z = 2
plane in Figs. 14(a–d. 2) reveal that the plume stem is fluctuating about X = 0 and the sym-
metric mushroom-shape flow structure has disappeared. Additionally, a couple of plume stems
are still distinct with additional plumes rising from the top of the heated surface, as shown in
Figs. 14(a–d. 3) in which additional plumes first merge with the main stem and then break the
symmetric structure.

FIG. 14. Flow and temperature profiles for Ra = 4 × 106. Contours at (a) τ ′, (b) τ ′ + 75, (c) τ ′ + 150, (d)
τ ′ + 225 are plotted for (1) X velocity on θ = 0.2 isothermal surface, temperatures on the planes (2) Z = 2, (3)
X = 0.
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FIG. 15. Portrait of the X and Z velocities and temperature at point (0, 0.2, 1.5) as Ra is increased, showing
the transitions of flow regime from laminar to chaos.

To better understand the route from laminar to chaos, trajectories of flows in their state space are
plotted in Fig. 15 for different flow regimes. All results are in the fully developed stage in order
to consider the dynamic in the plume. First, after the primary bifurcation, the flow in the fully
developed stage is steady and the trajectory of velocity in different directions eventually approaches
the fixed points indicated in Fig. 15(a) for Ra = 1.9 × 106, but it changes to a limit cycle after
the Hopf bifurcation when Ra increases to 2 × 106 in Fig. 15(b), corresponding to a periodic flow.
Further increasing Ra results in an increase of convection in the Z direction and a period-doubling
bifurcation occurs with the appearance of the half fundamental frequency. Therefore, a double
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FIG. 16. Nusselt number of the flow over the inclined plate as a function of Ra.

toruslike curve forms in the state space for Ra = 3 × 106, as shown in Fig. 15(c) and zoom. The
convective flow in the Z direction becomes much stronger by increasing Ra. In the meantime, the
flow structure is fluctuating to each side. As shown in Fig. 15(d), multiple circling tori swirl around a
fixed axis for Ra = 3.4 × 106. With the increase of Ra, the further quasiperiodic bifurcation occurs,
and the flow finally reaches a chaotic state for Ra = 3.7 × 106 in Fig. 15(e), which is consistent
with the results shown in Fig. 13 and Table IV.

To investigate the influence of bifurcations on heat transfer, the Nusselt number, Nu, on the
surface of the roof is calculated. The relationship of Nu as a function of Ra is plotted in Fig. 16,
demonstrating that Nu is scaled by Ra1/5 before the flow transition to chaos, which means that
the bifurcation stage will not significantly influence the heat transfer. The result reveals that the
relationship between Nu and Ra in a triangular isothermal structure is similar with the results in the
horizontal or slightly inclined plate [21].

IV. CONCLUSIONS

An investigation on a buoyant plume emerging from an isothermal 3D surface on a section-
triangular roof was presented using DNS. A large range of Ra from 1 to 5 × 106 is considered for
the flow at a fixed Pr of 0.71, covering the flow from steady-state laminar to chaos, focusing on its
transition. Flow structures and dynamics in different scenarios are provided and heat transfer was
analyzed. Topological analysis was also used to better understand the symmetry breaking after a set
of bifurcations.

In the route from the laminar to the chaos of the flow, when the Ra is relatively low (Ra < 103),
the flow is under a conduction-dominant regime with symmetric flow structure in the steady state.
With the increase of Ra, a first primary bifurcation occurs around Ra = 102 to 103 based on the
topological analysis, resulting in a distinct plume stem. A secondary bifurcation then occurs around
Ra = 103 to 104, which is characterized by four rising bulges. While the stem of the plume is divided
into two parts with the flow gradually dominated by convection, a tertiary bifurcation takes place
around Ra = 104 to 105. When Ra increases to 1.5 × 106, a further pitchfork bifurcation is seen
and the stem separates. Further increasing Ra, a Hopf bifurcation occurs in the slope flow around
Ra = 2 × 106, in which the flow becomes periodic and a limit circle is observed in the state space,
with a fundamental frequency f f . Following that, the period-doubling bifurcation occurs when Ra
increases from 2.9 × 106 to 3 × 106, forming a double toruslike curve in the limit cycle space. After
Ra reaches 3.4 × 106, quasiperiod bifurcation appears in the slope flow, resulting in an additional
frequency component. Finally, a chaotic state of the flow was confirmed at Ra = 3.7 × 106, in which
the bulge motion breaks the structure of the plume.
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This study characterizes the route from laminar to chaos of the buoyant plume on the surface of a
section-triangular roof with a fixed aspect ratio and Prandtl number. It is worth noting that the route
from laminar to chaos might vary based on different geometry and Prandtl number, e.g., Li et al.
[76]. The dynamics of the plume on the roof-shaped surface changes with increasing Ra. The effect
of the aspect ratio on the critical Ra for primary, secondary, and tertiary pitchfork bifurcations is
yet to be clarified, together with the dynamics and heat transfer characteristics for different Prandtl
numbers, both of which motivate future work.
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