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We numerically study the dynamic behavior under a symmetric shear flow of selected
examples of concentrated phase emulsions with multicore morphology confined within
a microfluidic channel. A variety of nonequilibrium steady states is reported. Under low
shear rates, the emulsion is found to exhibit a solidlike behavior, in which cores display a
periodic planetarylike motion with approximately equal angular velocity. At higher shear
rates, two steady states emerge, one in which all inner cores align along the flow and
become essentially motionless and a further one in which some cores accumulate near
the outer interface and produce a dynamical elliptical-shaped ring chain, reminiscent of a
treadmillinglike structure, while others occupy the center of the emulsion. A quantitative
description in terms of the (i) motion of the cores, (ii) rate of deformation of the emulsion,
and (iii) structure of the fluid flow within the channel is also provided.
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I. INTRODUCTION

A multiple emulsion is an example of a hierarchical soft fluid, consisting of smaller drops (often
named cores) dispersed within a larger one and stabilized by means of surfactants adsorbed onto the
interfaces [1-4]. A typical example is a collection of distinct water drops (either monodisperse or
polidisperse) encapsulated within an oil one.

Recent microfluidic experiments have been capable of designing highly regular and well-defined
multicore emulsions with an extremely controlled procedure [1,3-8]. The process essentially
consists of two emulsification steps, one in which water droplets are dispersed in an oil phase
and a second one in which they are embedded in the same oil phase [1,3,9]. These results have
paved the way to the use of multiple emulsions in a wide range of applications, ranging from
pharmaceutics and food science, for delivery and controlled release of compounds [10-12] and
for the encapsulation of flavors [13—15], to tissue engineering and cosmetics, for the realization of
soft materials with a high degree of porosity [16,17] and for the production of personal care items
[2,18].

Understanding the response of these systems to the effect of external fields, even under controlled
experimental conditions, remains a crucial requirement for a purposeful design of such emulsion-
based devices and for their correct functioning. This is particularly important in concentrated phase
emulsions (CPEs) with multicore morphology, in which, unlike the diluted regime, large portions of
the material are occupied by fluid interfaces and the volume fraction of the cores is generally higher
than 0.3; thus, long-range hydrodynamic interactions as well as droplet collisions cannot be easily
neglected [17,19,20]. Indeed an external field, such as a shear flow, can produce relevant interface
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deformations that propagate to the scale of the droplet and ultimately compromise the structural
integrity and mechanical stability of the whole emulsion.

From a theoretical standpoint, such physics can be almost exclusively investigated by means of
numerical simulations built on specific computational models, due to the complicated structure of
the equations governing the multiscale dynamics, typically ranging from the size of the interface
to that of the microfluidic device [21]. In contrast with the enormous progress achieved in the
manufacturing of multiple emulsion [1,3,5,22-25], theoretical studies about their dynamic response
under shear have been carried out only more recently (especially for double emulsions [26—29]) and
have only partially covered the physics of concentrated phase emulsions [30-32].

It is well known, for example, that when a single-core emulsion is subject to a low or moderate
shear flow, the external drop stretches and attains an elliptical shape at the steady state, while the
internal core preserves its spherical shape reasonably well [26,28]. Higher shear rates can lead to
the breakup of the enveloping shell and the release of the internal drop [33]. When two distinct
inner cores are included, an external shear flow can cause the formation of a fluid recirculation,
which triggers a periodic planetarylike motion of the cores, lasting over long periods of time within
the external droplet [34]. Such features have been captured, with a good level of accuracy, by
means of a careful combination of continuum models and numerical simulations, such as boundary
integral methods [27] and lattice Boltzmann approaches [29,34]. Yet, much less is known about the
dynamics of a multiple emulsion under shear when the number of inner cores augments and their
concentration is far from the diluted regime.

In this paper, we go one step further and numerically investigate, by using lattice Boltzmann
simulations, the dynamic response of two-dimensional CPEs with multicore morphology in which
the area fraction occupied by the cores is higher than 30%. As in previous works [34,35], the physics
is described by using a multiphase field model for an immiscible fluid mixture, in which a Landau
free energy is employed to calculate the thermodynamic forces (chemical potential and pressure
tensor) governing the relaxation dynamics of the system.

By varying the shear rate and number of cores, we provide evidence of nonequilibrium steady
states that were previously undetected. At low shear rates, internal cores exhibit a periodic motion,
persistent over extended periods of time and triggered by the fluid vorticity. When the number of
cores increases, a solidlike dynamic behavior can be envisaged since all cores moves coherently
with approximately equal angular speed. At intermediate shear rates, two different steady states are
found: one in which cores form a motionless open chain aligned along the flow, and a further one,
observed when their number is sufficiently high, in which some aggregate near the external interface
and arrange as an elliptical-shaped ring, moving as a treadmill, while others take place in the center
of the emulsion and dynamically interact with the former ones. Further increasing the shear rate
heavily squeezes the emulsion and forces the cores to arrange in a two-row structure, displaying,
once again, a periodic motion along a highly stretched elliptical path. This behavior also leads to
significant modifications of the external interface, which, at the steady state, exhibits regular bulges
due to the concurrent effect of hydrodynamic interactions and collisions with cores. Such physics
is characterized in terms of the (i) motion of the cores (time evolution of center of mass and its
velocity), (ii) rate of deformation of the cores, and (iii) structure of the fluid velocity.

The paper is structured as follows. In Sec. II, we describe the computational model and the
numerical setup used in the simulations, and in Sec. III, we discuss the results. We start by
investigating the response under shear flow of a four-core emulsion, and present some selected
nonequilibrium steady states observed at different values of shear rate. Then we report the results
about nonequilibrium steady states observed in a higher complex emulsion, in which the number of
cores is much increased. Some final remarks conclude the manuscript.

II. THE MODEL

Here we outline the hydrodynamic model of a multicore emulsion, a system made of a collection
of immiscible fluid droplets embedded in a larger one. Its physics is captured by the following
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coarse-grained fields. A set of scalar phase fields ¢;(r,7), i =1,..., N (where N + 1 is the total
number of drops and N is the number of cores), represents the droplet density, positive within each
drop and zero outside, while the average fluid velocity of both the drops and solvent is described by
a vector field v(r, t) [34-37].

A. Equations of motion
The dynamics of the fields ¢;(r, ¢) is governed by a set of convection-diffusion equations,

SF

3¢ +v -V =MV —,

i bi + ¢ 50,

where M is the mobility and F = fv fdV is the total free energy describing the equilibrium

properties of the fluid suspension. A typical expression of the free-energy density f is given by
[38,39]
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where the first term guarantees the existence of two coexisting minima, ¢; = ¢ inside the ith droplet
and ¢; = 0 outside, and the second term stabilizes the droplet interface. The parameters a and k are
two positive constants controlling the surface tension and width of the interface, which are given by
o = +/8ak/9 and & = 2./2k/a, respectively [40,41]. Finally, the last term in Eq. (2) is a soft-core
repulsion contribution, which penalizes the overlap of droplets and whose strength is gauged by the
positive constant €.
The fluid velocity v(r, t) obeys the continuity equation (in the incompressible limit)

V.v=0, 3)
and the Navier-Stokes equation
d 2
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where p is the fluid density, p is its pressure, n is the viscosity of the fluid, and pu; = % is the
chemical potential.

B. Numerical details

Equations (1), (3), and (4) are solved by using a hybrid lattice Boltzmann (LB) method, in which
the convection-diffusion equations are integrated by using a finite-difference approach, while the
continuity and the Navier-Stokes equations are integrated via a standard LB algorithm [42—47].

Multicore emulsions are sandwiched between two parallel flat walls placed at distance L, (see
Fig. 1), where we set neutral wetting for ¢; and no-slip conditions for v. The former one is achieved
by imposing that n - Vu;|,—0 .=, = 0 (no mass flux through the walls) and V(V2¢i)|z:0,z:Lz =0
(interface droplets perpendicular to the walls), where n is a unit vector normal to the boundaries
pointing inward. The latter one means that v.(z =0,z =L;) = 0.

In Fig. 1, we show two examples of CPEs, inspired by experiments realized in the laboratory
[3,4,23,48] and made of approximately monodisperse cores arranged in a highly symmetric fashion.
In Fig. 1(a), four cores (yellow), each of diameter D; = 30 lattice sites, are accommodated within a
larger circular region (the second fluid component in black), of diameter Dy = 100 lattice sites, in
turn surrounded by an external fluid (yellow). Each field ¢; is positive and equal to ~2 within each
core, and zero elsewhere, while the external fluid is positive out of the emulsion, and zero within.
In Fig. 1(b), a larger number of cores (N = 19), each of diameter D; = 20 lattice sites, is included
within a circular drop, of diameter Dy = 136 lattice sites, immersed in a further fluid. In both cases,
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FIG. 1. Equilibrium configurations of (a) a four-core emulsion, N = 4, and (b) a 19-core one, N = 19.
Only a section of the channel is shown. The colors correspond to the values of ¢, ranging from 0 (black,
middle phase) to ~2 (yellow, inner and outer phases), while red lines indicate the droplet interface.

the area fraction Ay = N 7rR,-2 / 7rR20 occupied by the cores is approximately 0.4, considerably below
the close-packing limit (~0.74), but sufficiently high to be far from the diluted regime and well
within the concentrated one [49].

Such emulsions are initially relaxed towards a near-equilibrium state, and afterwards a symmetric
shear is applied by moving the top wall along the positive y axis with velocity v,, and the bottom
one along the opposite direction with velocity —v,,. The resulting shear rate is y = 2v,,/L,. In
our simulations, v,, ranges between 1072 (low shear) and 4 x 1072 ( moderate and high shear),
which means that in a channel of transversal size L. = 170, y varies from ~107* to ~ 3.5 x 107,
The dynamic evolution of the emulsion is computed with respect to a dimensionless time ¢t* =
v (t — teq), Where fq is the relaxation time after which the shear is imposed, approximately equal to
feq 10° time steps [26,28,34]. If not elsewhere stated, the thermodynamic parameters used in our
simulations are the following: a = 0.07, M = 0.1, n =1.67, k =0.1,¢ =0.05, Ax =1, At =1,
where Ax and At are the lattice spacing and the integration time step. Dimensions of the lattice are
set as follows: L, = 400 and L, = 170 for the four-core emulsion, while L, = 800 and L, = 250 for
the 19-core emulsion.

Our system can be approximately mapped onto a multicore emulsion in which internal drops,
of diameter ~10-50 pum and surface tension ranging between 1 and 10 mN/m, are immersed in a
fluid of viscosity ~ 10! Pa s, assumed equal for both continuous (background fluid) and dispersed
(cores) phases [1,35,50]. Typical speeds vary between 0.1 and 0.5 mm/s under a shear rate of
0.1-1/s. Finally, both capillary and Reynolds numbers vary between 0.1 and 5. If, for instance,
v = 0.01 (in simulation units), one gets Ca = 1;—” ~ (0.2 and Re = % ~ (0.6 — 1.2, assuming the
diameter of the emulsion Dy is a characteristic length, typically ranging from 50 to 100 lattice units.

III. RESULTS

We start by investigating the dynamic response under a symmetric shear flow of the concentrated
phase emulsion shown in Fig. 1(a) and afterwards we discuss the case shown in Fig. 1(b).

A. Four-core emulsion

In a previous work [34], we have studied the dynamic behavior of a two-dimensional (2D)
multicore emulsion in which two or three cores are dispersed within a larger drop at a relatively low
area fraction A s, ranging from 0.1 to 0.2. We have shown that if the shear rate is kept sufficiently low
to avoid the emulsion breakup, at the steady state the cores exhibit a periodic planetarylike motion,
caused by a fluid vortex formed within the emulsion and triggered by the sheared structure of the
flow. Here we show that such description holds only partially when the area fraction of the cores
increases up to 0.4 (like in a concentrated phase emulsion) since significant modifications of both
emulsion shape and dynamics occur.
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FIG. 2. (a) Typical nonequilibrium steady state of a four-core emulsion under a symmetric shear flow with
y ~ 107* (v,, = 0.01). A clockwise rotation of the internal cores is triggered by a fluid recirculation produced
by the shear within the emulsion. Red arrows indicate the direction of rotation. (b) Steady-state velocity field
under shear. The snapshots are taken at #* = 72. Here, Ca ~ 0.2 and Re >~ 1.2.

In Fig. 2 (and in the Supplemental Material [51], movie M1, where the full dynamics is reported),
we show a typical steady-state configuration of a four-core emulsion for y ~ 10~*. The motion
proceeds essentially as discussed for emulsions with a lower number of cores. Once the shear is
imposed, they acquire motion and periodically rotate clockwise in a self-repeating manner around
a common center of mass, following approximately circular orbits within the surrounding fluid
capsule, which acts as an effective confining bag. The time evolution of their center of mass (Fig. 3)
shows that such dynamics is persistent, and no appreciable deviations from it are observed at late
time.

As long as the droplet shape remains sufficiently well defined (such as a circle or an ellipse),
shape deformations can be reasonably captured by the Taylor parameter D = %, where a and b
are the length of the major and the minor axis, respectively. In Fig. 4, we show the steady-state time
evolution of D of the external droplet and of one of the cores. The former is approximately four times
larger than the latter (whose deformation remains negligible), and both exhibit time oscillations due
to the reciprocal and recurring interactions among cores and with the external interface. This result
proves, once again, that the outer droplet acts as an effective shield, preventing relevant deformations
of the inner cores [34].

However, how “long lived” are such steady states? In other words, can the periodic dynamics of
the cores turn into an alternative steady configuration before the inevitable rupture?

0 20 40 60 80 100 120 140
t*

FIG. 3. Time evolution of the y (left axis, top plots) and z (right axis, bottom plots) components of the center
Xy y0diyz) Y. 2)¢i(yz.t)
of mass of the cores at the steady state. They are computed as yem ;(t) = X 00 S

taken where ¢; > 0.01.

and Zcm,i([) =
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FIG. 4. Time evolution of the Taylor parameter of the outer droplet Dy and of one of the cores, D;. Time
oscillations are due to reciprocal interactions among internal droplets and with the external interface [34].

In Fig. 5 (and the Supplemental Material [51], movie M2), we show, for example, the dynamic
evolution of a four-core emulsion for y ~ 2.4 x 10~*. Here, the diffusion constant is ' = Ma =
3.5 x 107, with M =5 x 1073, and it is lower than the value of the previous case. Note that
diminishing I', at fixed shear rate y, increases the Peclet number Pe = Dpvn« /I, a dimensionless
number essentially controlling the mass advection rate with respect to the rate of diffusion. Here, for
example, Pe ~ 2850, while it is ~140 in Fig. 2. At higher Pe, emulsion deformations are expected
to be larger since the mass diffusion rate is considerably lower than the advection rate, despite the
system being at moderate values of . As long as numerical stability is guaranteed, this ensures that
the Reynolds and capillary numbers remain well within the laminar regime, without the need to use
very high values of y.

Like the previous case, once the shear is switched on, the outer droplet tilts along the flow
direction and internal cores acquire motion triggered by the fluid vorticity. However, since the flow
dramatically increases the eccentricity of the external droplet, such dynamics does not survive at
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FIG. 5. Top row: Time evolution of a four-core emulsion under a symmetric shear with y ~ 2.4 x 107*
(vy = 0.02). Cores (a) initially rotate clockwise and, afterwards, (b)—(d) gradually align along the shear flow,
due to the large stretching of the external interface which prevents further rotation. Bottom row: Velocity field
profile under shear. The internal vortex progressively flattens and the resulting steady-state pattern resembles
that of a single fluid under shear. Snapshots are taken at time (a) t* = 2, (b)t* = 7, (c)t* = 19, and (d) t* = 31.
Here, Ca >~ 0.4 and Re >~ 2.4.
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FIG. 6. Time evolution of the Taylor parameter of the outer droplet Dy and of the cores Dy, D,, D3, and
D,. The former value is approximately six times higher than the latter ones. Time oscillations at early times
progressively weaken and D stabilizes to a roughly constant value.

late times. A large deformation of the outer interface (almost six times higher than that of the cores;
see Fig. 6) squeezes the middle fluid and drastically diminishes the mobility of the cores. This
effect favors the formation of a quasistationary chainlike aggregate of drops aligned along the shear
direction and essentially motionless [see Figs. 5(a)-5(d) and Fig. 7]. The fluid recirculation within

ycm,l
ycm,2

< < <<
<
I
=]
W

ycm,4
Zcm,l

cm,2

< < < <
N N

N
d
2
=

cm,3

10 20 30 40 50

t*

FIG. 7. Top: Time evolution of the y (left axis) and z (right axis) components of the center of mass of the
cores. Oscillations progressively flatten at late times since cores stabilize and align along the shear direction.
Bottom: Time evolution of the y (left axis) and z (right axis) components of the velocity of the center of mass
of the cores. A quick increase of the speed, at early times, is followed by its rapid decay to zero at the steady
state.
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FIG. 8. (a) Typical nonequilibrium steady state of a CPE with 19 cores under a symmetric shear flow
with y >~ 8 x 1073 (v, = 0.01). Once again, a clockwise rotation of the internal cores is triggered by a
fluid recirculation produced by the shear within the emulsion. Red arrows indicate the direction of rotation.
(b) Steady-state velocity field under shear. Snapshots are taken at t* = 11. Here, Ca >~ 0.2 and Re =~ 1.6.

the emulsion is gradually replaced by an approximately bidirectional flow, reminiscent of the one of
a single fluid under shear [see Figs. 5(e)-5(h)], and the speed of each core rapidly decays to zero,
after an initial quick increase caused by the sheared structure of the flow in the channel (Fig. 7,
bottom). Note, finally, that oscillations of D progressively flatten since collisions among internal
cores progressively vanish.

The existence of this further steady state suggests that the dynamic response of a multiple
emulsion displays a nontrivial dynamics which, even at low or moderate shear, decisively depends
on the number of internal drops as well as on long-range hydrodynamic interactions. In the next
section, we investigate the dynamic behavior of a more complex example of a CPE, in which a
significantly higher number of cores is included.

B. Higher complex concentrated phase emulsion

Here we discuss the dynamics under a symmetric shear of the concentrated phase emulsion
shown in Fig. 1(b), in which 19 cores, each of diameter D; = 20 lattice sites, are included in a
larger drop of diameter Do = 136 lattice sites. The area fractionis Ay >~ 0.4. Now, y is varied from
8 x 1073 to 2 x 107* (L, = 250), and thus Re ranges from ~1.6 to ~5, and Ca ranges from ~0.2
to ~0.62.

In Fig. 8 (and the Supplemental Material [51], movie M3, for the complete dynamics), we show
a typical nonequilibrium steady-state configuration achieved by the 19-core emulsion under shear
with y ~ 8 x 107>, Once again, the cores rotate periodically clockwise due to the internal fluid
recirculation, but at a speed depending on the position occupied within the emulsion (see Fig. 9).
Indeed, peripheral cores [those near to the external interface, such as 4 and 5 in Fig. 8(a)] follow a
quasicircular trajectory larger than the one covered by those [such as cores 1, 2, and 3 in Fig. 8(a)]
located close to the center of the emulsion. However, the latter travel at a lower speed and cover a
shorter path, employing roughly the same time as the outer cores (Fig. 9). In other words, the whole
emulsion behaves as a rigidlike body, in which the angular velocity of the inner and peripheral cores
is approximately equal. This is shown in Fig. 10, where the time evolution of the angular speed,
computed as w;(t) = vem,i(t)/[7em.i(t) — rem,0(¢)], is calculated for two inner and two peripheral
cores.

Such periodic dynamics holds as long as the shear rate is kept sufficiently low. Increasing y
is expected to produce larger shape deformations, potentially yielding to the breakup of the outer
droplet and the release of the cores. However, like the lower-core counterparts [34], before such
dramatic event, further intermediate nonequilibrium steady states, at low values of Re, can be
observed.
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FIG. 9. Top: Time evolution of the y (left axis) and z (right axis) components of the center of mass of five
cores (those reported in Fig. 8). All cores follow a periodic dynamics, but the peripheral ones travel along
trajectories larger than the ones covered by inner cores. Bottom: Time evolution of the y (left axis) and z (right
axis) components of the velocity of the center of mass. Inner cores move at a speed lower than the one of the
peripheral cores. The central core is essentially motionless.

In Fig. 11 (and the Supplemental Material [51], movie M4), we show, for example, the dynamic
evolution of the emulsion with y ~ 2.4 x 107*. Clearly, here the shear rate is high enough to
produce considerable deformations of the outer droplet, which progressively attains an elliptical-like
geometry with a value of D approximately six times higher than that of the cores at the steady
state (Fig. 12). The solidlike behavior holds for a short period of time, as long as the emulsion
remains approximately circular shaped [Fig. 11(a)]. Afterwards, the external interface stretches

5 10 15 20
FIG. 10. Typical time evolution of the angular velocity w of four cores of the emulsion in Fig. 8, calculated
with respect to |wmax| = 0.006. The peripheral and internal cores travel along different paths with approxi-

mately equal values of w.
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(a) (b) (c) (d)

FIG. 11. Top row: Time evolution of a 19-core emulsion under a symmetric shear with y ~ 2.4 x 107*
(vy, = 0.03). The outer droplet preserves its circular shape (a) only for a short period of time since, due to the
shear flow, it gradually stretches and attains, at the steady state, (b)—(d) an elliptical-like geometry. (a) While,
initially, all internal cores rotate clockwise, (b)—(d) later, some remain in the center of the emulsion and others
accumulate close to the outer interface and rotate clockwise. Bottom row: Velocity field profile under shear.
Like in Fig. 5, the internal vortex progressively flattens, although, at the steady state, its structure exhibits
weak deviations from a plain elliptical pattern due to the motion of the internal cores which perturb the field.
Snapshots are taken at time (a) t* = 1, (b) t* = 8, (¢) t* = 13, and (d) r* = 34. Here, Ca ~ 0.6 and Re ~ 5.

along the shear flow and the cores, dragged by the fluid current, gradually rearrange. In particular,
the peripheral ones accumulate close to the interface and form a dynamic ring chain rotating
periodically along elliptical trajectories. On the other hand, the ones located in the middle of the
emulsion only temporarily align along the shear direction [Figs. 11(b) and 13]. Later on, some fill
the “voids” occasionally left within the chain and get in line, and others remain in the middle of the
emulsion due to the lack of space and are recursively hit by the surrounding drops. At the steady
state, the peripheral drops exhibit a periodic dynamics reminiscent of a treadmillinglike motion,
while the central ones display weak but regular perturbations caused by the interactions with the

0.6 —
05 Dy ——
S —
04 -
D¢
N 03 Ds
| S —
02 | ’
o
0.1 f il SRRy s, Y L R
o PRV A TR
0 10 20 30 40 50 60 70
t*

FIG. 12. Left: Typical steady-state configuration of the multicore emulsion taken at r* = 34. Right: Time
evolution of the deformation parameter D of the outer droplet (Dy) and of the cores (from D; to D;). At the
steady state, the former is roughly six times higher than the latter.
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FIG. 13. Top: Time evolution of the (a) y and (b) z components of the center of mass of the cores numbered
in Fig. 12. Bottom: Time evolution of the (c) y and (d) z components of their center-of-mass velocity. At the
steady state, three cores very weakly fluctuate in the middle of the emulsion, while the others rotate periodically
clockwise, with vy, twice as large as v

Zem

remaining cores. Finally, unlike the low shear rate case, here the speed of the cores shows irregular
and short peaks, a further signature of the recurring interactions among drops and with the external
interface.

C. Shapes and dynamic regimes

The nonequilibrium states described so far have provided two typical examples of configurations
attained by the emulsion under low and moderate values of y. A more detailed overview of the
shapes and dynamic regimes observed by varying y is reported in Fig. 14.

As mentioned above, the solidlike behavior described in Fig. 8 holds as long as y is approx-
imately equal to 1.2 x 107 [Fig. 14(a)]. For 1.3 x 107* < y < 1.5 x 107*, the central drop,

(a) (b) (e) (d) (e) ® @
. e e e -
~8 x10 ~1.3 x10 ~1.9 x10 ~2 x10 ~2.3 x10 ~2.7 x10 ~3.2 x10 Y

FIG. 14. Approximate nonequilibrium steady states of a 19-core emulsion attained for different values of
y. Green arrows indicate the direction of the moving walls. This applies to all snapshots. For increasing values
of the shear rate, the shape of the emulsion varies from (a) a weakly eccentric ellipse towards (b)—(d) a mild
and (e),(f) a highly stretched one, up to (g) a state characterized by two bulges connected by a thinner layer
of fluid. The cores generally move along elliptical trajectories, but, at (c)—(e) high values of shear rates, some
accumulate in the middle of the emulsion where they are repeatedly hit by those in the surroundings. At very
high y, the regular circular motion is replaced by (g) a more chaotic one, in which some cores aggregate and
rotate within the bulges of the stretched droplet, while others fluctuate in the connecting layer of fluid.
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FIG. 15. Velocity profiles observed within and in the surrounding of the emulsions shown in Figs. 14(f) and
14(g). The highly stretched recirculation structure shown in (a) is replaced, in (b), by two separate clockwise
vortices located at the extremities of the emulsion and connected by a thin layer of fluid where a weaker and
irregular fluid pattern is found.

previously at rest, is set in motion due to the many-body collisions with the surrounding cores, and
the emulsion finally attains a nonequilibrium state in which all drops periodically travel clockwise
along two different elliptical trajectories [Fig. 14(b)]. For intermediate values of y [ranging from
~2 x 107* to ~2.5 x 107*; see Figs. 14(c)-14(e)], the shear flow further stretches the emulsion
which, at late times, exhibits a dynamic behavior similar to the one described in Fig. 11. Basically,
some cores periodically rotate and remain in the vicinity of the external interface, while others
align in a row in the middle of the emulsion and, as y increases, join the former. This occurs since
higher values of the shear rate favor the elongation of the emulsion, thus augmenting the distance
among peripheral cores as well as collisions against middle-line drops, which are pushed towards
the external interface and orbit accordingly.

At high values of y (larger than ~2.5 x 107#, with Re ~ 5.5 and Ca ~ 0.7), the emulsion attains
a tank-treading-like configuration [Fig. 14(f)], triggered by a highly stretched fluid recirculation
pattern as a consequence of the sheared structure of the fluid [see Fig. 15(a) and the Supplemental
Material [51], movie M5, showing the full dynamic behavior]. Here, the heavy elongation of the
emulsion forces a two-row arrangement of the cores which move, once again, clockwise but along
a highly eccentric elliptical trajectory.

The regular dynamics described so far is finally lost by further increasing y, a regime where
inertial effects become relevant. A possible nonequilibrium state attained at late times is that
reported in Fig. 14(g), where the emulsion has undergone a dramatic extension due to the heavy
flow (here, Re ~ 6.5 and Ca ~ 0.85; see the Supplemental Material [51], movie M6). A thin layer
of fluid links two separate round-shaped bulges located at the extremities [Fig. 15(b)], in which cores
are found to rotate due to the fluid vortices in a periodic manner, despite the numerous collisions.
Occasionally, they are pushed towards the connecting layer where they either weakly fluctuate due
to the irregular structure of the velocity field or are sporadically recaptured within the bulges.

These results suggest that the dynamic response of a multicore emulsion under shear may range
among four scenarios. At low shear rate, the emulsion approximately behaves in a solidlike manner
since cores move by periodic circular motion at equal angular speed. For intermediate values of y,
some cores form a dynamic ring chain rotating close to the external interface and others, essentially
motionless, align, side by side, along the shear flow. At higher values of shear rate, all cores are
found to exhibit a treadmillinglike motion occurring along a heavily stretched elliptical trajectory,
while, for further increasing values of y, the regular dynamics generally sustained by fluid vortices
is replaced by a combination of circular motion and weak fluctuations, observed within far apart
rounded bulges connected by a layer of fluid.
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IV. CONCLUSIONS

In conclusion, we have numerically studied the dynamics of a 2D concentrated emulsion with
multicore morphology under a symmetric shear flow in the low or mild Reynolds-number regime.
Although the shear rate is kept at low or moderate values to avoid the breakup of the emulsion,
significant shape deformations occur and different nonequilibrium steady states, previously unde-
tected, are observed. Their formation depends on the number of cores and long-range hydrodynamic
interactions, controlled by shear rate and mass diffusivity.

We have considered two examples of concentrated phase emulsions whose design is inspired by
compound droplets experimentally realized in microfluidic channels. We observe that under low
values of shear rates, the external droplet weakly stretches and attains an elliptical shape aligned
along the flow, while the internal ones acquire motion and rotate periodically and in a coordinated
manner around a common center of mass. In higher complex multicore emulsions, this effect
highlights a solidlike behavior of the system since all cores travel with equal angular speed. At
higher shear rates, the external droplet generally undergoes larger deformations, which squeeze
the middle fluid and significantly affect the motion of the internal drops. In a low-core emulsion,
the latter have been observed to align along the flow and become essentially motionless, while in
high-core systems, a more complex dynamics occurs. Some cores form a dynamic ring chain and
accumulate near the outer interface where local bulges are produced, while others occupy the center
of the emulsion and are recursively hit by the former ones.

Our analysis shows that the dynamics of concentrated phase emulsions with multicore morphol-
ogy is significantly more complex than the one observed in more diluted systems, due to nontrivial
coupling between the fluid velocity and deformations of the fluid interfaces. We hope that our results
prove useful to acquire a deeper understanding of the mechanisms governing the dynamic response
of confined droplets within capsules flowing within microchannels, which is of potential interest in
the design of soft composite materials built from compound emulsions as well as in drug delivery,
where the release of a drug stored within the cores can be significantly affected by viscoelastic
properties and the shape of the middle fluid [1,52].
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