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This experimental study investigates the effects of Reynolds number (5000 � Re �
20000, where Re = UH/ν) and initial release diameter (2.2 mm � D � 9.4 mm) on the
scalar power spectra, fractal geometry, and turbulent length scales of high-Schmidt-number
passive scalar fields resulting from an isokinetic release in a turbulent boundary layer. The
turbulence analysis is based on 12 000 scalar fields collected using the planar laser-induced
fluorescence technique for each case at six locations downstream. The scalar integral
length scale and scalar Taylor microscale are calculated directly from the fields using the
autocorrelation function and variance/gradient of the concentration fluctuation fields. With
increasing downstream distance, the Taylor microscale decreases and the integral length
scale increases, each to an asymptotic value. This indicates a larger range of scales exists
as the scalar becomes more mixed, as one would expect. For locations beyond x/H � 10
(where H is the flow depth), the self-similarity condition is observed by considering the
ratio between the scalar integral length scale and scalar Taylor microscale. Local isotropy
is approached as measured by computing the ratio of longitudinal to transverse scalar
Taylor microscales, and a change in the growth rate is observed for the fractal dimension
computed from a planar section of the interfaces in the concentration fluctuation fields.
The spectral slope magnitude in the inertial-convective regime decreases near the source
(x/H < 10) due to the large-scale anisotropy. In the self-similar regime (x/H � 10), the
scaling-exponent is found to be dependent on the initial release diameter. The lower
wave-number portion of the inertial-convective regime, where the scales are larger than or
closer to the scale of the nozzle diameter, scales close to k−1 scaling in agreement with
the cascade-bypass situation, and the spectral slope in the upper wave-number portion
of the inertial-convective regime is found to be closer to −5/3. The viscous-convective
scaling behavior deviated significantly from Batchelor’s k−1 scaling law, clearly disputing
the generality of Batchelor’s arguments. Intermittency analysis, using computation of
the intermittency factor as well as probability density functions of the fluctuating scalar
gradient, suggests that the discrepancy between theory and observations for the scaling
of the viscous-convective regime can be explained by the high intermittency in the small
scales of the scalar fluctuations.

DOI: 10.1103/PhysRevFluids.5.084606

I. INTRODUCTION

When addressing turbulent scalar mixing applications, the scalar power spectra provides impor-
tant information regarding the range of scales in the flow. The main theory for prediction of scaling
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FIG. 1. Conceptual schematic of the spectrum for a locally isotropic fluctuating passive scalar field for
Sc � 1, shown on log axes.

in the inertial-convective regime (i.e., 1/L � k � 1/η, where k is the wave number, L is the integral
length scale, and η is the Kolmogorov length scale) of scalar power spectra was originally introduced
by Oboukhov [1] and Corrsin [2]. The passive scalar structure in the inertial-convective regime is
hypothesized to be a function of dissipation rate of the scalar fluctuations, χ , and energy dissipation
rate, ε, only, and the scalar power spectrum takes the form E (k) = Csχε−1/3k−5/3, where Cs is the
Obukhov-Corrsin universal constant [3,4]. This prediction is analogous to the 1941 Kolmogorov
theory, where the energy spectrum is predicted to be proportional to k−5/3 in the inertial regime, and
the Obukhov-Corrsin length scale, ηoc = (κ3/ε)1/4, is analogous to the Kolmogorov length scale,
where κ is the scalar diffusivity [5].

Batchelor [6] and Batchelor et al. [7] recognized that the cutoff length scale, ηoc, is appropriate
only for low Schmidt number passive scalars (Sc � 1) and that the strain rate of the fluctuating
velocity field determines the cutoff length scale for scalars with high Schmidt numbers (Sc � 1).
Using dimensional reasoning, a new length scale for the cut-off point was put forward as ηB =
(νκ2/ε)1/4, which is now called the Batchelor length scale, and can be expressed in terms of the
Kolmogorov length scale as ηB = ηSc−1/2. Batchelor [6] derived the behavior of the passive scalar
spectrum for k � 1/η as E (k) = q〈χ〉(ν/〈ε〉)1/2k−1exp[−q(kηB)2], where q is a dimensionless
constant. Thus, the spectrum scales as k−1 in the viscous-convective regime (1/η � k � 1/ηB).
Kraichnan [8] modified this formula to take into account the stochastic nature of the fluctuating
strain rate. The modified formula by Kraichnan [8] also predicts k−1 scaling in the viscous-
convective regime, but it changes the constant in the exponential function. A schematic of the
passive scalar spectrum with the scaling at different regions for Sc � 1 is shown in Fig. 1.

Although several experimental and computational studies have investigated the validity of the
theories for the scaling of the inertial-convective and viscous-convective regimes in the scalar
power spectrum, there are still debates and discussions about refinements of these theories. Several
studies reported that the spectral slope in the inertial-convective regime of scalar spectra is close
to −5/3 (closer in the case of shearless flows) and appears to approach −5/3 with increasing
Reynolds number [9–14]. However, less agreement has been achieved regarding Batchelor’s k−1

scaling prediction for the viscous-convective regime for the case of high Schmidt number passive
scalars. Following Batchelor’s prediction [6], laboratory measurements by Gibson and Schwarz
[15], measurements in the ocean by Grant et al. [16], and direct numerical simulation by Yeung
et al. [13] reported agreement with the k−1 scaling law. In contrast to these observations, Gargett
[17] found no evidence of the −1 slope in her measurements in the ocean. Similarly, scalar
mixing measurements reported in shear layers [18], turbulent jets [19], and magnetically forced
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FIG. 2. Dye visualization of the plume at Re = 10 000 with a nozzle diameter of 4.7 mm.

two-dimensional turbulence [20] lacked the k−1 scaling regime. Nevertheless, in a review article,
Warhaft [10] argued that there is persuasive evidence for the existence of the k−1 scaling based
on the theory of Kraichnan [8] and Holzer and Siggia [21]. Clearly, careful experiments must be
conducted to address this issue.

Further, turbulent length scales in the passive scalar fields provide insight about the range of
scales, self-similarity, and local isotropy in the flow. The scalar Taylor microscale is the important
characteristic length scale [22–24]. Analysis of turbulent length scales near the edge of a shear layer
at low Schmidt number revealed that the scalar Taylor microscale is close to the scale of the jumps in
the scalar gradient profiles [25]. Additionally, it was found that the relationship between the scalar
integral length scale and scalar Taylor microscale (constant ratio) is an indication of self-similarity
in the flow [26]. The scalar integral length scale, and its relation to the scalar Taylor microscale,
are important to understand the process of scalar fluctuation production and dissipation rate by
measuring the correlation of scalar fluctuations between two points in the flow [27–35].

The present work studies the effects of Reynolds number (5 000 � Re � 20 000) and initial
scalar release diameter (2.2 mm � D � 9.4 mm) on the scaling of power spectra using high
resolution planar laser-induced fluorescence (PLIF) measurements of high Schmidt number passive
scalar fields in turbulent boundary layers. Scalar plumes are of interest for applications, such as point
source release of pollutants and other chemicals [36], and further provide an opportunity to examine
universal turbulent characteristics. Local isotropy, self-similarity, range of scales, and the flow status
are analyzed by measuring the scalar length scales and fractal dimension. The following sections
describe the experimental procedures employed in our work and discuss and interpret the data via
the scalar length scales, the fractal dimension analysis of the scalar variance, the intermittency, and
the scalar power spectra.

II. EXPERIMENTAL PROCEDURE

The important experimental details are described briefly here since more details of the methods
are provided in previous studies [37,38]. Experimental measurements of the scalar field in a
high Schmidt number passive scalar plume (Sc ≈ 1000) released at mid-depth within a turbulent
boundary layer in an open channel flow are collected at 6 downstream distances from the source:
H, 2.5H, 5H, 10H, 20H , and 40H , where H = 100 mm is the flow depth. The turbulent boundary
layer develops over a smooth surface in a wide rectangular channel, and it was fully developed at
the measurement location and hence not evolving in the streamwise direction (Fig. 2). To minimize
the wake perturbation, each nozzle was custom-built with a streamlined fairing. The local mean
velocity in the boundary layer and the source velocity is matched, which leads to isokinetic nozzle
release of the Rhodamine 6G solution. To investigate effects of both Reynolds number and initial
release diameter (length scale), experiments were performed for three Reynolds numbers of 5 000,
10 000, and 20 000, and three inner orifice diameters of 2.2, 4.7, and 9.4 mm.

Figure 3 shows the schematic of the experimental setup for the high-resolution PLIF technique
used to measure 12 000 passive scalar fields at each location for each Reynolds number and
nozzle diameter. The beam waist for PLIF measurement is created in a way to be smaller than
the Kolmogorov length scale and on the order of the Batchelor length scale (waist diameter is 80
μm at an elevation of the mid-depth of the flow). The midrange of the viscous-convective regime
is resolved based on the beam waist diameter. Thus, the size of beam waist diameter has a minimal
effect on the power spectra [37,38].
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FIG. 3. Schematic of the experiment setup for concentration measurements via PLIF.

Estimations of the velocity length scales, Reynolds numbers based on the outer-scale (largest
scale), and Taylor-scale eddies are reported in Table I. The details of the velocity measurements,
which were obtained using particle tracking velocimetry (PTV) technique, are reported in Dasi [38].
The characteristic velocity scale for turbulence is the root mean square of the velocity fluctuations,

u′ =
√

u′
iu

′
i/2. The estimation of the Taylor microscale in the flow under the assumption of isotropic

turbulence can be found using λ ≈ (15νu′2/ε)1/2, where ν is kinematic viscosity. The Reynolds
numbers based on the largest scales, Taylor microscale, and friction velocity (u∗) are defined as Re =
UH/ν, Reλ = u′λ/ν, and Reτ = u∗H/ν, respectively. Using equilibrium turbulence arguments, the
energy dissipation rate can be re-expressed as ε ≈ u′3

H/2 , where H/2 is the approximate length-scale
of the largest eddies [39–41]. The Kolmogorov length scale and the Batchelor length scale are
estimated as η ≈ (ν3/ε)1/4 and ηB ≈ ηSc−1/2, respectively [39]. The 12-bit CCD camera with
1392×1024 pixels and a 200-mm macrolens were used for image capturing. The PLIF image
resolution is approximately 13 μm/pixel, which roughly matches the Batchelor length scale.

III. RESULTS AND DISCUSSION

The scalar turbulent length scales, fractal dimension, intermittency, and scaling of the scalar
spectra are analyzed based on the concentration variance (fluctuation). The concentration fluctuation
is computed using the decomposition of scalar fields into mean and fluctuating components, C′ =
C − 〈C〉, where 〈C〉 is the ensemble average of concentration fields. Thus, it is important to first
analyze the variation of the concentration average along the downstream distance. The concentration
fields are extracted from corrected PLIF images and the details of image correction based on the
source concentration were previously discussed by Dasi et al. [37], Dasi [38], Webster et al. [42],
Rahman and Webster [43].

Figures 4(a) and 4(b) show the variation of the ensemble averaged concentration normalized
by the source concentration along the plume centerline for three different Reynolds numbers and
three different nozzle diameters, respectively. It was shown by Webster et al. [42] that for x/H > 2,

TABLE I. Experimental parameters and typical length scales.

Re u′(mms−1) u∗(mms−1) Reλ Reτ ε(m2s−3) λ(mm) η(mm) ηB(mm) D(mm) D/η

5 000 5.3 3.25 60 325 3×10−6 11 0.76 0.024 4.7 6.2

2.2 5.2
10 000 11.8 6.4 90 640 3.3×10−5 8 0.42 0.013 4.7 11.2

9.4 22.4

20 000 19.1 10.6 120 1060 1.4×10−4 6 0.29 0.009 4.7 16.2
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FIG. 4. Evolution of the average scalar concentration as a function of (a) Reynolds number and (b) source
nozzle diameter.

where the eddy diffusivity is constant, the average concentration varies inversely with the distance
from the source, which is in agreement with the theoretical model [44]. However, the decrease is
faster for all experimental cases near the source x/H < 2 where the eddy diffusion coefficient is
not constant [38,42]. In addition, although the normalized ensemble-averaged concentration shows
minimal variation among different Reynolds numbers for the same release diameter [Fig. 4(a)], the
ratio increases by increasing initial release diameter and maintaining the same Reynolds number
[Fig. 4(b)].

A. Turbulent scalar length scales

Direct information on the turbulent scalar length scales provides insight to the turbulent flow
dynamics and morphology. Two main methods of computing the scalar length scales directly from
the fluctuating scalar fields are discussed in this study to investigate the temporal evolution of
the length scales, self-similarity, and local isotropy in the flow. The first method is to use the
spatial autocorrelation function, which measures the influence of the turbulent scalar fluctuations at
neighboring points, to calculate both the scalar integral and scalar Taylor length scales. Defining the
scalar integral scale in turbulent flow is important to understand the process of variance production
and dissipation rate, and the integral length scale can be defined as the distance of the correlation
between two points in the flow [45]. The integral length scale of the scalar fluctuation field is defined
as

L =
∫

f (r)dr, (1)

where r is the distance between two points in the flow, and f (r) is the scalar fluctuation
autocorrelation function, which is computed using

f (r) = 〈C′(x)C′(x + r)〉
〈(C′)2〉 . (2)

The first terms in the Taylor series of the autocorrelation function can be derived as

f (r) = 1 + 1

2

d2 f (0)

dr2
r2 = 1 − r2

λ2
T

, (3)

where λT is the scalar Taylor microscale [39]. This scale is the intermediate length scale in which
turbulent filaments are affected by molecular diffusion, and it can be calculated from a parabola
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FIG. 5. (a) The ensemble average of the longitudinal autocorrelation function of concentration fluctuations
for Re = 20 000 and D = 4.7 mm. (b) The ensemble average of the longitudinal autocorrelation function of the
concentration fluctuations at x/H = 2.5 and Re = 20 000, and zoomed region of the fitted line to the first three
points for clarity. Evolution of the scalar integral length scale calculated from the longitudinal autocorrelation
functions as a function of (c) Reynolds number and (d) source nozzle diameter.

fitted to the curve of the autocorrelation function [34,35,46] using

λT =
[
−1

2

d2 f (0)

dr2

]−1/2

. (4)

Figure 5(a) shows the evolution of the ensemble average of the longitudinal autocorrelation
function for Re = 20 000. It indicates that the area under the autocorrelation function increases
at x/H < 10, and hence the integral length scale increases with increasing x/H . In addition, it
clarifies that the field of view is large enough for the autocorrelation function to decay to zero,
and the integral length scale calculation to converge. The ensemble average of the longitudinal
autocorrelation function of concentration fluctuations at x/H = 2.5 and Re = 20 000, and a zoomed
region close to f (r) = 1, is shown in Fig. 5(b). The zoomed region shows the parabola fit to the first
three data points of the autocorrelation function, and the scalar Taylor microscale is defined where
the parabola fit crosses f (r) = 0. Figures 5(c) and 5(d) show the evolution of the scalar integral
length scale as a function of distance from the source. The scalar integral length scale grows in all
cases for x/H < 10, and then it reaches an asymptotic value of roughly 2.2 mm. The growth trend
of the scalar integral length scale is similar for all Reynolds numbers and nozzle diameters, although
the Re = 20 000 case starts at a smaller integral length scale compared to the other cases.
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FIG. 6. Evolution of the scalar Taylor microscale calculated from the longitudinal autocorrelation function
as a function of (a) Reynolds number and (b) source nozzle diameter.

Figures 6(a) and 6(b) show the effects of Reynolds number and initial nozzle diameter on the
longitudinal scalar Taylor microscale. Unlike the growth trend in the scalar integral length scale, the
scalar Taylor microscale decreases between 1 < x/H < 10. However, similar to the integral length
scale, this scale approaches an asymptotic value after x/H = 10. The scalar Taylor microscale,
similar to the scalar integral length scale, starts with a smaller value at the highest Reynolds number
(Re = 20 000), although the asymptotic value is almost the same as the other Reynolds number
cases. Also, the scalar Taylor microscale for x/H < 10 is directly influenced by the initial nozzle
diameter as seen in Fig. 6(b). In addition, the increasing ratio of L/λT farther downstream in
the flow between 1 < x/H < 10 verifies the increasing separation of scales. Another important
finding is that the approximate constant ratio between the scalar integral length scale and the scalar
Taylor microscale for x/H � 10 supports the existence of self-similarity in the scalar field in this
region.

An alternative method of calculating the scalar Taylor microscale is used to investigate local
isotropy in the scalar field. The scalar Taylor microscale calculated via the variance and gradient of
the concentration fluctuations is defined by [22,47,48]

λTlon =
√

2〈(C′)2〉〈(
∂C′
∂x

)2〉 , (5)

λTtran =
√√√√2〈(C′)2〉〈(

∂C′
∂y

)2〉 . (6)

The longitudinal and transverse scalar Taylor microscales are shown in Figs. 7(a)–7(d). The
magnitude, trend, and the asymptotic values of the Taylor microscales in the longitudinal direction
at x/H � 10 based on this method are similar to the autocorrelation function method (discussed
above). Prior to reaching to an asymptotic value (x/H < 10), the longitudinal and transverse scalar
Taylor microscales decrease with increasing Reynolds number and with decreasing initial release
diameter. This indicates that faster separation of scales and a wider range of scales occur in the
scalar field at higher Reynolds number.

The analysis of local isotropy in the scalar field is shown in Fig. 8. The requirement for
local isotropy is that the components of the dissipation rate of the scalar fluctuations should be
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FIG. 7. Evolution of (a), (c) longitudinal and (b), (d) transverse scalar Taylor microscales calculated from
the spatial gradient of the concentration fluctuations as a function of (a), (b) Reynolds number and (c), (d)
source nozzle diameter.

FIG. 8. Evolution of the ratio of longitudinal to transverse scalar Taylor microscales calculated from the
spatial gradient of the concentration fluctuations as a function of (a) Reynolds number and (b) source nozzle
diameter.
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equal [49]. The ratio between longitudinal and transverse scalar Taylor microscales equals

λTlon

λTtran

=
√√√√〈(

∂C′
∂y

)2〉
〈(

∂C′
∂x

)2〉 , (7)

which is also the ratio between the transverse and longitudinal components of the dissipation rate of
the scalar fluctuations. This ratio decreases with downstream distance and is found to be between 1.1
and 1.2 in the self-similar regime (x/H � 10), which is similar to the reported typical values of 1.2
in the measurements of dissipation rate of the temperature fluctuations in a turbulent boundary layer
by Sreenivasan et al. [50]. Also, Fig. 8 illustrates that the smallest ratio at each location occurs for
the highest Reynolds number (Re = 20 000) and the smallest initial nozzle diameter (D = 2.2 mm),
indicating these conditions achieve the greatest isotropy.

B. Fractal dimension of the scalar fluctuations

The other important question in the analysis of power spectra scaling is whether the scalar field
has transitioned to the fully developed turbulent regime or not. The measure of fractality helps to
answer this question and specifically is important for turbulent mixing, since the entrainment occurs
through the interface of a turbulent region. Several studies show that it is possible to quantify the
geometry of isosurfaces of the scalar field in terms of fractal dimension to investigate the range of
scales in the scalar field, intermittency, and the critical fractal dimension for turbulence transition
[51–57].

Dasi et al. [37] provided a thorough analysis of the fractal geometry for passive scalar fields.
A similar box-counting algorithm is used in this study to analyze the fractal dimension of the
concentration fluctuation fields. Figures 9(a)–9(c) and 9(g)–9(i) show the sample normalized
concentration fluctuation fields for Re = 5000 at each location downstream, The corresponding
level-set interfaces of the scalar fluctuation fields based on detection threshold of C′

d/C0 = 0.1 are
shown in Figs. 9(d)–9(f) and 9(j)–9(l). The results for fractal dimension do not vary significantly
over a range of 0.1 < C′

d/C0 < 0.4.
The fractal dimension of the interface isocontour is evaluated using the box counting method

[37,55]. In this method, the number of boxes required to cover a field (interface isocontour) is
counted by applying several grids of decreasing size, and the details of the isocontour features can
be investigated by the number of boxes containing a section of the isosurface for each grid size.

Figure 10(a) shows a sample coverage count plot, where the coverage count (N) decreases
with normalized scale δ/δB, with a characteristic side scale of δB as the largest scale. The box
sizes are successively subdivided into an increasing number of boxes of smaller size. Therefore,
the consecutive box sizes are δ = 1024, 512, 256, 128, 64, 32, 16, 8, 4, 2, and 1 pixels. Then, the
box-counting dimension, FD, of the fractal level set can be computed using

FD = −dlog Nδ

dlog δ
, (8)

where Nδ is the number of boxes of the scale δ that is needed to cover the whole interface
isocontour field. Figures 10(b) and 10(c) present the fractal dimension for the isocontours of the
scalar fluctuation fields, examples of which are shown in Fig. 9. The results for the fractal dimension
are in good agreement with the turbulent scalar length scales such that there is a change in the growth
rate behavior of FD around x/H = 10—the same distance where, according to the turbulent length
scales, there is self-similar behavior in the flow. The fractal dimension increases from a low value
near the source, in agreement with the findings of Mistry et al. [58] for axisymmetric jets. There is
a sharp slow-down in the growth rate beyond x/H = 10, which is a sign of mixing transition in the
flow. The change in the behavior of the fractal dimension in this study agrees well with the threshold
value of FD = 1.36 ± 0.05 that was found for transitioning to a fully developed turbulent jet by
Prasad and Sreenivasan [54]. This range of fractal dimension is highlighted with the green band
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FIG. 9. Evolution of the sample normalized concentration fluctuation fields [(a), (b), (c), (g), (h), (i)] at
different distances downstream, and their extracted isoconcentration contours [(d), (e), (f), (j), (k), (l)] for the
detection threshold C′

d/C0 = 0.1 for the case of Re = 5 000 and D = 4.7 mm.

in Fig. 10. It is important to note that the fractal dimension of the isosurface of the concentration
fluctuation increases at each location with increasing Reynolds number and initial release diameter.
Overall, the results suggest that the fractal dimension of the scalar fluctuation fields, FD, develops
toward values between 1.3 and 1.5, and flow is transitioning to the fully developed regime at
x/H � 10. The reported fractal dimension of the turbulent/nonturbulent interface in a boundary
layer by de Silva et al. [59] and in an axisymmetric jet by Mistry et al. [60] (FD = 1.3 − 1.4) is in
good agreement with the current results.

C. Intermittency

The scalar intermittency factor is defined as the probability that the scalar value is above a
threshold value [61], and it is computed as

γ = prob[C � CT ], (9)
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FIG. 10. (a) A sample log-log plot of the number N of square area elements (“boxes”) of size δ versus
normalized scale of δ/δB at x/H = 40 for D = 4.7 mm and Re = 10 000. (b), (c) Evolution of the fractal
dimension estimate for the isoconcentration contours extracted for the detection threshold of C′

d = 0.1 as a
function of (b) Reynolds number and (c) source nozzle diameter. The green shaded region corresponds to
the fractal dimension threshold that was found for transition to a fully developed turbulent jet by Prasad and
Sreenivasan [54].

where CT = 0.0002C0 is the scalar threshold value that is chosen to be well above the experimental
noise level. It should be noted that based on this definition, a steady scalar time record has a high
intermittency factor close to 1, and a sporadic time record has a low-intermediate intermittency
factor.

Figures 11(a) and 11(b) show the average value of the intermittency factor for the three Reynolds
numbers and three injection length scales, respectively. The intermittency factor initially decreases,
reaching a minimum value, followed by a gradual increase toward the value of 0.5–0.75. The
intermittency factor increases with Reynolds number and injection length scale. Therefore, the
scalar filaments are encountered more frequently at a point with increasing Reynolds number or
injection length scale.

Figures 12 and 13 show the probability density functions (PDFs) of the fluctuations of the
transverse concentration gradient, normalized by its standard deviation, at different Reynolds
numbers and initial release diameters [10,49]. The non-Gaussian PDFs are consistent with the
results of intermittency factor and reflect strong fluctuations. The length of the tails is remarkable,
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FIG. 11. Evolution of the average intermittency factor as a function of (a) Reynolds number and (b) nozzle
diameter.

Re=10,000
D=4.7 mm

(b)(a)

Re=5,000
D=4.7 mm

(c)

Re=20,000
D=4.7 mm

FIG. 12. PDF of the fluctuations of the transverse concentration gradient normalized by its standard
deviation for (a) Re = 5 000, (b) Re = 10 000, and (c) Re = 20 000 while the source nozzle diameter is
maintained at D = 4.7 mm. The legend reports the x/H location for each curve and the skewness of the PDF.
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(a)

Re=10,000
D=2.2 mm

(c)

Re=10,000
D=9.4 mm

Re=10,000
D=4.7 mm

(b)

FIG. 13. PDF of the fluctuations of the transverse concentration gradient normalized by its standard
deviation (a) D = 2.2 mm, (b) D = 4.7 mm, and (c) D = 9.4 mm while the Reynolds number is maintained at
Re = 10 000. The legend reports the x/H location for each curve and the skewness of the PDF.

showing scalar gradients at the smallest scale with amplitudes up to ±40 times the standard
deviation, which is consistent with the small-scale intermittency of the concentration fluctuations.
Increasing Reynolds number appears to spread the PDFs of the near source cases due to the
presence of finer scales and steeper instantaneous scalar gradients. The PDFs farther downstream
are relatively unaffected by an increase in Reynolds number. The PDFs for the near source cases
suggest a significant effect of initial release diameter (Fig. 13). The range of fluctuations clearly
decreases with increasing injection length scale depicted by the narrowing of the PDFs. In addition,
the skewness of the PDFs is included for each case in Figs. 12 and 13. The slight asymmetry of the
distributions is a well known property of small-scale persistence of anisotropy [10]. The skewness
values are of O(1) and appear fairly constant with downstream distance. Therefore, an increase in
Reynolds number does not appear to reduce the anisotropy of the scalar structure. The skewness
values reported herein are greater than the values reported by Yeung et al. [13] for the case of high
Schmidt number passive scalar mixing driven by a mean gradient in DNS simulations of a locally
isotropic velocity field. This may indicate that the mean velocity gradient and other anisotropic
characteristics of the velocity field also contribute to the small-scale anisotropy of the passive scalar
structure.

084606-13



MOHAGHAR, DASI, AND WEBSTER

Re=10,000
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Re=5,000
D=4.7 mm

Re=20,000
D=4.7 mm
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(c)

FIG. 14. Evolution of the transverse spectra of the fluctuating scalar field for (a) Re = 5 000, (b) Re =
10 000, and (c) Re = 20 000 while the source nozzle diameter is maintained at D = 4.7 mm.

D. Scalar power spectra

One of the most important results for the turbulent mixing of high Schmidt number passive
scalars include the power spectrum characterization via scaling laws. With the assumption of local
isotropy of the velocity field and the passive scalar field, the scaling laws were predicted to be
proportional to k−5/3 [1–3] and k−1 [6,7] in the inertial-convective and viscous-convective regimes,
respectively. Here, the one-dimensional transverse spectrum, which characterizes the local structure
of the passive scalar field, is examined for the different Reynolds numbers and injection length
scales for all distances from the source. The transverse spectrum is examined because that direction
is consistent with the strongest gradients in the mean velocity and scalar fields. The one-dimensional
power spectrum is calculated by averaging the power spectra estimated for parallel one-dimensional
spatial transects of the scalar fluctuation field, and then ensemble averaged for the entire dataset at
each location. The power spectrum of each transect is estimated via standard algorithms following
Mohaghar et al. [34,35]. A noise floor is identified in the averaged one-dimensional power spectrum
and subtracted to generate the optimal (Weiner) filtered power spectrum estimate. The averaged
power spectrum of the scalar field is calculated using

E (ky) = FFT (C′)conj[FFT (C′)], (10)
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Re=10,000
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Re=10,000
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)b()a(
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Re=10,000
D=9.4 mm

FIG. 15. Evolution of the transverse spectra of the fluctuating scalar field for (a) D = 2.2 mm, (b) D =
4.7 mm, and (c) D = 9.4 mm while the Reynolds number is maintained at Re = 10 000.

where FFT (C′) is the Fourier transform of the 2π periodic function in the transverse direction and
conj[FFT (C′)] is its complex conjugate.

Figures 14 and 15 show the one-dimensional transverse power spectra of the passive scalar field
at six distances for the three Reynolds numbers and the three injection length scales, respectively.
The horizontal axes are normalized by the Batchelor length scale (Table I). The normalized wave
number corresponding to the Kolmogorov length scale, ηB/η, is of the order of Sc−1/2 ≈ 3 × 10−2

and is indicated in each figure. The wave number corresponding to the source injection size, D, is
also shown on each of the plots. Each power spectrum shows evidence of scaling behavior in the
inertial-convective regime. There is a slight transition around the wave number corresponding to the
Kolmogorov length scale with the magnitude of the spectral slope increasing into and within the
viscous-convective regime. The spectra have been cut off before the highest resolved wave number
as the variance from random noise dominates the signal. The transition near the wave number
corresponding to the Kolmogorov length scale is observed for all spectra calculated in the present
study. The power spectra decreases with downstream distance for all three Reynolds numbers, and
the magnitude at large scales decreases with increasing Reynolds number at each location (Fig. 14).
The primary noticeable change in the spectra with respect to injection length scale is the increase in
the overall power with increasing injection length scale. This is due to the increase in the magnitude
of the concentration fluctuations with increasing injection length scale (Fig. 15).
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FIG. 16. Evolution of the logarithmic derivative of the transverse spectra of the fluctuating scalar field
for (a) Re = 5 000, (b) Re = 10 000, and (c) Re = 20 000 while the source nozzle diameter is maintained at
D = 4.7 mm. The horizontal dash-dotted lines correspond to k−1 and k−5/3 scaling.

The quantitative comparison of the slope of the spectra is established by computing the
logarithmic derivative (i.e., the slope on a log-log plot) of each spectra [19,62], which is defined
by d{log[E (ky)]}/d[log(kyηB)]. Figures 16 and 17 show the logarithmic derivative of the one-
dimensional transverse spectra plotted in Figs. 14 and 15, respectively. The dash-dotted lines in
the plots represent the −1 and −5/3 slope corresponding to the slope of the inertial-convective
regime predicted by Villermaux et al. [63] for the cascade-bypass situation and by the Kolmogorov-
Obukhov-Corrsin scaling, respectively. Villermaux et al. [63] introduced the “cascade-bypass”
situation that arises when the scalar is released at a length scale within the inertial-convective
regime. It was shown that the scalar spectrum bypasses the k−5/3 scaling for wave numbers smaller
than or close to the injection wave number in the inertial-convective regime and assumed a k−1

scaling due to the presence of a dominant stretching rate associated with the initial size of the scalar
filament. In the current results, the magnitude of the spectral slope decreases with downstream
distance for all cases until x/H = 10. The trend and magnitude is quite similar for x/H � 10, where
turbulent scalar length scales suggest that self-similarity occurs in the scalar field. In this self-similar
regime (x/H � 10), the scaling exponent of the smallest and the middle nozzle diameters (D = 2.2
and 4.7 mm) in the lower wave-number portion of the inertial-convective regime (i.e., lower wave
numbers and larger scales), where the injection length scale is smaller than or close to the length
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Re=10,000
D=2.2 mm 

Re=10,000
D=9.4 mm

(a)

(c)

Re=10,000
D=4.7 mm

(b)

FIG. 17. Evolution of the logarithmic derivative of the transverse spectra of the fluctuating scalar field
for (a) D = 2.2 mm, (b) D = 4.7 mm, and (c) D = 9.4 mm while the Reynolds number is maintained at
Re = 10 000. The horizontal dash-dotted lines correspond to k−1 and k−5/3 scaling.

scale of the fluctuating scalar field, is closer to k−1 scaling in agreement with the cascade-bypass
situation. The ratio of D/η for each case is provided in Table I. For the largest nozzle diameter
[D = 9.4 mm, Fig. 17(c)], where the wave number related to the nozzle diameter is outside of
the inertial-convective regime, the magnitude of the spectral slope is slightly greater than other
cases (between −1 and −5/3). The scaling exponent in the upper wave-number portion of the
inertial-convective regime for all cases is closer to k−5/3 scaling. The increase in the magnitude of
the spectral slope for the near source cases is related to the mean scalar gradient [64]. The scalar
variance is dissipated at lower wave numbers, i.e., larger scales, compared to farther downstream.
This is consistent with the smaller fractal dimension near the source and a larger scalar Taylor
microscale near the source.

Furthermore, the magnitude of the logarithmic derivatives shows no indication of a k−1 scaling
behavior in the viscous-convective regime. It must be noted that although the spectral data are
dominated by noise for about half of the viscous-convective regime, the data for the lower
wave-number portion of the viscous-convective regime is sufficient to speculate on the existence of
Batchelor’s scaling. Also, the amount of time the scalar filaments are exposed to turbulence is greater
than the Batchelor diffusion time, tB = tηln(Sc) (i.e., the time required for scalar filaments to evolve
from a thickness of η to ηB). For the three Reynolds numbers, the Batchelor diffusion time is 2.0,
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0.6, and 0.3 s, whereas the travel times for the scalar to reach the first measurement location are 1.7,
0.8, and 0.4 s, respectively. Therefore, there has been sufficient time for filaments to be broken down
to form an equilibrium in the viscous-convective regime, and if that equilibrium has been reached,
theory would predict a k−1 scaling. However, the observations in Figs. 16 and 17 are in conflict with
Batchelor’s k−1 prediction. Further, the logarithmic derivatives in the viscous-convective regime
(Figs. 16 and 17) decrease with respect to kyηB, in agreement with Miller and Dimotakis [19].
Although an increase in Reynolds number appears to increase the spectral slope, there is still a
continuous decrease in the spectral slope in the viscous-convective regime at highest Reynolds
number. This conflict between theory and observation for the scaling of the viscous-convective
regime can be explained by the high intermittency in the small scales of the scalar fluctuations in
the experimental results, which develops significant non-Gaussian tails in the PDF of the small-scale
quantities (Figs. 12 and 13). This high intermittency in the small scales effectively produces large
scalar dissipation rate, which affects the scaling of the viscous-convective regime.

IV. CONCLUSIONS

The present study addresses the characteristics of the high-Schmidt-number passive scalar fields
resulting from an isokinetic release in a turbulent boundary layer by investigating the effects of
Reynolds number and initial release diameter on turbulent scalar length scales, fractal geometry,
intermittency, and power spectrum in the inertial-convective and viscous-convective regimes. The
constant ratio between the scalar integral length scale and scalar Taylor microscale suggests that the
flow reaches a self-similar regime for locations exceeding x/H � 10. Another indication of self-
similarity is that all turbulence quantities approach a constant asymptotic value for those locations.
In addition, the ratio between the longitudinal and transverse scalar Taylor microscales indicates that
the flow is approaching local isotropy in the self-similar regime and the value is close to 1.1–1.2,
which is in agreement with the findings of Sreenivasan et al. [50] for measurements of temperature
fluctuations in a turbulent boundary layer.

A transition in the growth rate of the fractal dimension of the level sets of the concentration
fluctuation fields is observed at the same locations that the scalar length scales showed self-similarity
in the flow (x/H � 10). The fractal dimension value between 1.3 and 1.5 in this region is close to
the ones reported for fractal dimension of interfaces in fully-developed turbulent flows [54].

The scaling-exponent in the inertial-convective regime of the power spectra is found to be
dependent on initial release diameter in agreement with Villermaux et al. [63]. The effect of initial
conditions was evident when the size of the nozzle diameter was in the range of inertial-convective
regime. The exponent for the scales larger than or close to the initial release diameter (i.e., the lower
wave-number portion of the inertial-convective regime), deviated from −5/3 and showed smaller
values that were closer to k−1 scaling far downstream where the effects of large-scale anisotropy
were minimal (x/H � 10). The spectral slope was closer to −5/3 for the upper wave-number
portion of the inertial-convective regime. This observation is consistent with the cascade-bypass
scenario suggested by Villermaux et al. [63]. In addition, the magnitude of scaling exponent near
the source (x/H < 10) is larger due to the large-scale anisotropy.

The viscous-convective scaling behavior deviated significantly from Batchelor’s k−1 scaling
law for all Reynolds numbers and initial nozzle diameters, clearly disputing the generality of
Batchelor’s arguments. The observations agreed with the scaling behavior in Miller and Dimotakis
[19] where a log-normal spectral decrease was observed. The analysis of intermittency factor and
PDFs of the fluctuating scalar gradient suggest strong intermittency at the small scales of the
scalar fluctuations. This significant intermittency, which generates non-Gaussian tails in the PDFs
of the scalar fluctuations and produces large dissipation rate, explains the steep spectral slope in the
viscous-convective regime.
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