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Numerical simulations are carried out to study the spectra and statistics in chemically
reacting compressible homogeneous isotropic turbulence at turbulent Mach number Mt

from 0.1 to 1.0 and at Taylor Reynolds number Reλ from 54 to 103 with solenoidal forcing.
A single-step irreversible Arrhenius-type chemical reaction is implemented to evaluate
the influence of chemical reaction on spectra and flow statistics. It is shown that in the
situation of isothermal reactions, both the ratio of compressible kinetic energy to solenoidal
kinetic energy Kc/Ks and the ratio of compressible dissipation to solenoidal dissipation
εc/εs exhibit a M4

t scaling at low turbulent Mach numbers Mt < 0.4. At Mt � 0.4, Kc/Ks

and εc/εs exhibit M2
t and M5

t scaling behaviors, respectively, and the flow is in strong
acoustic equilibrium. The spectra of velocity, pressure, density, and temperature are nearly
unaffected by the isothermal chemical reaction. In contrast, heat release in exothermal
reactions significantly enhances the spectra of velocity and thermodynamic variables in
a wide range of length scales. It is found that the spectra of pressure and compressible
velocity satisfy the strong acoustic equilibrium relation at Mt from 0.1 to 0.6, indicating
that the acoustic mode dominates over the dynamics of compressible velocity and pressure.
In the situation of exothermal reactions, Kc/Ks and εc/εs appear to be independent of
turbulent Mach number. The normalized root-mean-square values of pressure, density, and
temperature exhibit a M2

t scaling in the isothermal reactions and exhibit a Mt scaling in the
exothermal reactions.

DOI: 10.1103/PhysRevFluids.5.084601

I. INTRODUCTION

Turbulent reactive flows are commonly observed in chemical reactive devices, energy generation
plants, and combustion engines [1–3]. Interaction between turbulent flows and chemical reactions
over a wide range of time and length scales exerts a significant influence on dynamical evolution of
flow quantities and energy transfer [4–6]. The complex turbulence-chemistry interaction poses great
challenges in understanding the nonlinear nature of turbulence in coupling with chemical reaction
kinetics [7–9].

*Corresponding author: wangjc@sustech.edu.cn
†Corresponding author: chensy@sustech.edu.cn

2469-990X/2020/5(8)/084601(37) 084601-1 ©2020 American Physical Society

https://orcid.org/0000-0002-9088-3809
https://orcid.org/0000-0001-5101-7791
https://orcid.org/0000-0002-4404-8845
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevFluids.5.084601&domain=pdf&date_stamp=2020-08-04
https://doi.org/10.1103/PhysRevFluids.5.084601


TENG, WANG, LI, AND CHEN

Previous explorations of turbulence-chemistry interaction provided meaningful results to unveil
the complicated interaction mechanisms through extensive direct numerical simulation (DNS) of
forced, decay, and shear chemically reacting turbulence, and identified two types of interaction
mechanisms [10–15]. For the first type of interaction mechanism, heat release through exothermic
reactions primarily intensifies dilatational motion at all length scales [6,12,16]. The solenoidal
velocity field is mainly affected at small scales due to the change of molecular diffusivity and
temperature fluctuation [10,12]. The nonuniform heat release into the flow through reactions can
greatly intensify pressure, density, and temperature fluctuations [4,17]. Jaberi [4] analyzed weakly
compressible reacting isotropic turbulence through a DNS database and found that energy from
chemical reactions is basically transferred to the compressible component of kinetic energy through
pressure work and is further transferred from the compressible mode to the solenoidal mode through
advection. Paes [6] showed that in strong heat release reactions, pressure work dominates turbulent
kinetic energy transfer over a wide range of scales. Though the viscous dissipation can also be
intensified by heat release, the magnitude is relatively small compared with pressure dilatation [4].
For the second type of interaction mechanism, turbulent motion can affect chemical reactions. In
reacting systems, the scalar mixing can be significantly enhanced by turbulent fluctuations [8,18,19].
The location of the intense reaction rate is strongly related with the strength of reactant concentration
gradients, which is more likely to be aligned with the direction of the most compressive local strain
rate [8]. In addition, it was found that the location of the maximum strain rate determines the location
of the maximum reaction rate [8,20].

Early theoretical works by Eschenroeder [21] and Chakraborty [22] concluded that the spectral
distributions of turbulent kinetic energy can be affected by reaction heat at small wave numbers.
The energy spectra can be distorted due to the present of source terms and inertial transfer of
kinetic energy for the exothermal reactions. In recent years, the availability of extensive DNS
databases provided opportunities to further explore the nonlinear coupling between velocity and
thermodynamic variables in compressible isotropic turbulence and gave physical insight into
spectral distributions of velocity and thermodynamic variables. Various scaling behaviors of spectra
of compressible velocity component and thermodynamic variables have been identified at turbulent
Mach number up to 1.0 in nonreacting turbulence [23–28]. However, systematic investigations of
spectra in coupling with chemical reactions over a wide range of scales are insufficient, and thus
in-depth analysis is required.

Many previous works have been devoted to the statistics and structures of compressible
components of compressible turbulent flows. Ristorcelli [26] suggested a pseudosound theory
to characterize compressible turbulence at relatively small turbulent Mach number in which the
compressible component of the velocity field can be fully determined through the solenoidal
components of velocity and pressure. Sarkar [27] proposed an acoustic wave theory which indicates
an equipartition relation between the kinetic energy and the potential energy of the compressible
components of flow field. A recent work by Wang [28] further showed that the pseudosound mode
and acoustic mode can coexist in weakly compressible turbulence, and a critical wave number kc

can be identified for the transition between two modes. Nevertheless, the statistical properties of
compressible components of flow fields in chemically reacting compressible isotropic turbulence
are still unclear.

The current study aims to explore the statistical properties of chemically reacting compressible
isotropic turbulence and to address the effects of heat release and compressibility on reaction
characteristics, flow structures, and spectra of velocity as well as thermodynamic variables. The
rest of the paper is organized as follows. In Sec. II the governing equations are presented, and the
computational strategy is elaborated. The overall reaction characteristics and typical flow statistics
are presented in Sec. III. Spectra of velocity, pressure, temperature, and density are presented in
Sec. IV. In Sec. V one-point statistics and Mach number scaling of kinetic energy ratio, dissipation
ratio, and root-mean-squared (rms) values of thermodynamic variables are investigated. A summary
of major findings and conclusions are provided in Sec. VI.
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II. GOVERNING EQUATIONS AND NUMERICAL STRATEGY

The following chemically reacting dimensionless Navier-Stokes equations in conservative form
are solved numerically in this study:

∂ρ

∂t
+ ∂ (ρu j )

∂x j
= 0, (1)

∂ (ρui )

∂t
+ ∂ (ρuiu j + pδi j )

∂x j
= 1

Re

∂σi j

∂x j
+ Fi, (2)

∂E
∂t

+ ∂[(E + p)u j]

∂x j
= 1

α

∂

∂x j

(
κ

∂T

∂x j

)
+ 1

Re

∂ (σi jui )

∂x j
+ Q − 
 + F ju j, (3)

∂ (ρYs)

∂t
+ ∂ (ρYsu j )

∂x j
= 1

Re

1

Sc

∂

∂x j

(
μ

∂Ys

∂x j

)
+ ω̇s, s = 1, 2, . . . , ns − 1, (4)

p = ρT/(γ M2), (5)

where ρ is the mixture density, ui is the velocity component, p is the mixture pressure, and T is the
temperature. The viscous stress σi j is defined by

σi j = μ

(
∂ui

∂x j
+ ∂u j

∂xi

)
− 2

3
μθδi j . (6)

Here θ = ∂uk/∂xk is the velocity divergence, Q is heat of the reaction, Ys is the species mass fraction,
ω̇s is the species production rate, and ns is the total number of species in the mixture.

The total energy per unit volume E is defined by

E = p

γ − 1
+ 1

2
ρ(u ju j ). (7)

A set of reference scales have been used to normalize the hydrodynamic and thermodynamic
variables in chemically reacting compressible turbulence, including the reference length L f , velocity
Uf , time L f /Uf , density ρ f , pressure p f = ρ f U 2

f , temperature Tf , energy per unit volume ρ f U 2
f ,

viscosity μ f , thermal conductivity κ f , and molecular weight Wf . After normalization, three
reference governing parameters are obtained: the reference Reynolds number Re = ρ f Uf L f /μ f ,
the reference Mach number M = Uf /c f , and the reference Prandtl number Pr = μ f Cp/κ f . Here
the speed of sound is defined by c f = √

γ RTf ; γ = Cp/Cv is the ratio of specific heat at constant
pressure Cp to that at constant volume Cv , which is assumed to be equal to 1.4, and R is the
specific gas constant. The parameter α is defined by α = PrRe(γ − 1)M2. The Schmidt number
Sc = μ f /ρ f D f , where D f is mass diffusivity proportional to T 3/2

f /p f for gas. It is assumed that the
parameters Pr = Sc = 0.7 and the gas is calorically perfect [10,12,29].

Sutherland’s law is adopted for calculation of the nondimensional temperature-dependent vis-
cosity coefficient and thermal conductivity coefficient [29]. Fi is a large-scale forcing and is added
to the fluid momentum, and 
 is a large-scale cooling function per unit volume. The large-scale
forcing is applied to the solenoidal velocity component by fixing the velocity spectrum within the
two lowest wave number shells [29–31]. The spatially uniform thermal cooling is utilized to sustain
the internal energy in a statistically steady state [29].

The Taylor microscale Reynolds number Reλ and the turbulent Mach number Mt are defined,
respectively, by [32]

Reλ = Re
〈ρ〉u′λ√

3〈μ〉 , Mt = M
u′

〈√T 〉 , (8)
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FIG. 1. Initial density field at the start of chemical reaction.

where 〈〉 stands for spatial average. The rms velocity magnitude is u′ =
√

〈u2
1 + u2

2 + u2
3〉, and the

Taylor microscale is

λ =
√ 〈

u2
1 + u2

2 + u2
3

〉
〈(∂u1/∂x1)2 + (∂u2/∂x2)2 + (∂u3/∂x3)2〉 . (9)

To evaluate the chemical reaction source, a Arrhenius-type single-step irreversible reaction
equation is adopted [10,12]:

A + rB → (1 + r)P, (10)

where A and B denote two reactants, and P is the product. r = 1 is considered in the current study.
The mass fractions and the reaction rates of species A, B, and P are represented by YA, YB, YP and ω̇A,
ω̇B, ω̇P, respectively. The thermodynamic properties of A, B, and P are assumed to be identical, and
consequently, γ , Cp, Cv and the total molecular weight of the mixture W remain unchanged during
the reaction process. The reaction rates of reactant and product are defined by [10,12]

ω̇A = ω̇B = − 1
2 ω̇P = − Da ρ2YAYB exp(−Ze/T ), (11)

where the Damköhler number Da = Kf ρ f L f /(Uf W 2
f ) and the Zeldovich number Ze = Ea/RTf . Kf

is the reaction rate parameter, which is assumed constant, and Ea is the activation energy [10,12].
The heat source term Q is defined by [10,12]

Q = Ce

(γ − 1)M2
ω̇P, (12)

where the heat release parameter Ce = −H0/CpTf and −H0 is the heat of reaction [10,12]. The
detailed derivation of dimensionless Navier-Stokes equations and the chemical reaction terms are
referred to Appendix A.

It can be noted that the species production rate is determined by Da and Ze. The above
two parameters in combination with Ce determine the heat generation rate. A statistically steady
nonreacting compressible turbulence is used as initial conditions for velocity and temperature. The
initial density field has a unity mean value and no turbulent fluctuations as shown in Fig. 1. In
the x1–x3 planes, the initial mass fraction values of YA and YB are constant. The domain in the x2
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direction is uniformly divided into eight segments: YA = 0.99, YB = 0.01 in the first, third, fifth, and
seventh segments, and YA = 0.01, YB = 0.99 in the second, fourth, sixth, and eighth segments. The
spatial average of both YA and YB is equal to 0.5 and YP is zero over the entire domain. Details of
the scalar initialization are given in Ref. [9]. It should be noted that Jaberi and Livescu et al. used
random scalar initialization with a double-delta PDF distribution [5,10] and scalar slab initialization
[12] in simulating a nonpremixed compressible isotropic, decaying, and shear reacting turbulence
and found that when the simulation time is long enough, the conserved scalar variance is small. The
influence of initial density fields on flow statistics is analyzed in Appendix B.

The governing equations of chemically reacting compressible turbulence are solved in conser-
vative form in a cubic domain of (2π )3 by using periodic boundary conditions in all three spatial
directions. The time marching is performed by an explicit low storage second-order Runge-Kutta
technique [33,34]. A hybrid scheme combining an eighth-order compact finite difference scheme
[35] for smooth regions and a seventh-order weighted essentially nonoscillatory scheme [36] for
shock regions [23,29,37] is adapted for moderately and highly compressible turbulence cases
where Mt � 0.4. An eighth-order central compact finite difference scheme is applied for weakly
compressible turbulence [35]. Successful applications of this numerical scheme are given in Wang
et al. [32,38–42].

III. FLOW STATISTICS AND REACTION CHARACTERISTICS

Three sets of reaction parameters are employed to represent different reaction rates and heat
release rates. The set (Da = 2, Ze = 0, Ce = 0) defines an isothermal reaction with only species
production. The other two sets (Da = 200, Ze = 8, Ce = 3.168) and (Da = 3000, Ze = 8, Ce =
1.584) represent the exothermal reaction with different mass production rates and heat release rates.
The zero-dimensional reaction is modeled according to Eqs. (13)–(15) for pure chemical reaction
process analysis [4,10,12]. For the zero-dimensional model, the initial values of ρ, T , YA, and YB are
1.0, 1.0, 0.5, and 0.5, respectively. ω̇s and Q are calculated with Eq. (11) and Eq. (12), respectively:

dρ

dt
= 0, (13)

dT

dt
= γ Ce

ρ
ω̇P, (14)

dYs

dt
= ω̇s

ρ
, s = A, B. (15)

In DNSs, the specification of simulated parameters and resulting flow statistics are listed in
Table I. Two sets of grid resolutions (1283, 2563) are employed for numerical simulations at initial
Taylor Reynolds numbers 64 and 128, respectively. The turbulent Mach numbers are from 0.1 to
1.0. The Kolmogorov length scale is defined by η = [〈μ/(Re ρ)〉3/ε]1/4, where the dissipation rate
per unit mass is given by ε = 〈σi jSi j/(Re ρ)〉 and the strain rate tensor Si j is defined by Si j =
1
2 ( ∂ui

∂x j
+ ∂u j

∂xi
). The magnitude of the Kolmogorov length scale η represents the dissipation-range

resolution, which plays a significant role in the grid convergence of velocity statistics in DNS
[43]. As shown in the table, the resolution parameter η/�x lies within the range between 0.97
and 1.06, where �x denotes the grid length in each direction. It is straightforward to derive that
3.05 < kmaxη < 3.33 where the largest wave number kmax is half of the number of grids N in each
direction: kmax = N/2 = π/�x. Previous DNS results [28] showed that the resolution parameter
η/�x � 0.5 is enough for convergence of high-order moments of velocity gradients. For a high
turbulent Mach number Mt � 0.5, the resolution parameter η/�x > 0.98. Therefore, the overall
statistics should be well converged in current numerical simulations.
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TABLE I. Specification of DNS parameters and resulting flow statistics.

Resolution Reλ Mt Da Ze Ce η/�x LI/η λ/η S3

1283 62.15 0.09 2 0 0 1.01 34.02 15.80 −0.44
1283 63.61 0.19 2 0 0 0.99 34.54 16.10 −0.41
1283 63.58 0.37 2 0 0 1.01 34.07 16.03 −0.42
1283 63.65 0.55 2 0 0 1.03 33.63 15.89 −0.47
1283 62.04 0.73 2 0 0 1.05 33.33 15.24 −0.66
1283 61.46 0.92 2 0 0 1.06 33.22 14.99 −1.14
1283 62.52 0.09 200 8 3.168 1.00 34.11 15.92 −0.40
1283 62.50 0.19 200 8 3.168 0.99 34.60 15.86 −0.40
1283 61.50 0.37 200 8 3.168 1.01 34.12 15.54 −0.43
1283 56.13 0.55 200 8 3.168 1.03 34.02 14.06 −1.65
1283 54.38 0.74 200 8 3.168 1.04 33.73 13.25 −1.98
1283 62.48 0.09 3000 8 1.584 1.02 34.14 15.83 −0.40
1283 62.58 0.19 3000 8 1.584 1.00 34.29 15.72 −0.39
1283 61.50 0.37 3000 8 1.584 1.01 34.12 15.54 −0.43
1283 54.69 0.55 3000 8 1.584 1.02 34.29 13.62 −1.67
2563 99.35 0.10 2 0 0 0.98 62.54 19.79 −0.46
2563 98.99 0.20 2 0 0 0.97 62.76 19.70 −0.47
2563 102.74 0.40 2 0 0 0.98 63.03 20.12 −0.46
2563 102.57 0.60 2 0 0 0.98 62.83 19.88 −0.46
2563 100.30 0.80 2 0 0 0.99 62.53 19.09 −0.80
2563 99.33 0.99 2 0 0 1.03 61.85 18.39 −1.50
2563 100.01 0.10 200 8 3.168 0.98 62.51 19.85 −0.46
2563 99.82 0.20 200 8 3.168 0.98 62.68 19.74 −0.46
2563 97.63 0.40 200 8 3.168 0.98 63.13 19.12 −0.70
2563 93.67 0.60 200 8 3.168 0.99 62.97 18.04 −1.47
2563 91.78 0.80 200 8 3.168 1.01 62.06 17.23 −1.98
2563 99.95 0.10 3000 8 1.584 0.98 62.61 19.83 −0.45
2563 99.18 0.20 3000 8 1.584 1.01 61.93 19.26 −0.59
2563 93.59 0.39 3000 8 1.584 1.00 62.85 18.14 −1.54
2563 92.50 0.59 3000 8 1.584 1.00 62.95 17.73 −2.06

The integral length scale LI is defined by [29]

LI = 3π

2(u′)2

∫ ∞

0

Eu(k)

k
dk, (16)

where Eu(k) is the spectrum of kinetic energy per unit mass, namely,
∫ ∞

0 Eu(k) dk = (u′)2
/2. The

ratio of LI/η lies within the range 33 � LI/η � 63 in current simulation cases.
The velocity derivative skewness S3 is defined by

S3 = [〈(∂u1/∂x1)3 + (∂u2/∂x2)3 + (∂u3/∂x3)3〉]/3

{〈(∂u1/∂x1)2 + (∂u2/∂x2)2 + (∂u3/∂x3)2〉/3}3/2
. (17)

In isothermal reaction cases (Da = 2) at small turbulent Mach numbers Mt � 0.6, values of S3 are
similar to typical values of −0.6 to −0.4 in nonreacting weakly compressible turbulence [28]. As
turbulent Mach number increases, the formation of shocklets in compressible turbulence results in a
larger magnitude of S3. The magnitude of S3 is significantly enhanced in the situations of exothermal
reactions (Da = 200, 3000) at Mt � 0.55, due to the increase of compressibility induced by reaction
heat release.
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FIG. 2. Temporal variation of turbulent timescale TT and reaction timescale TR (a) at Mt = 0.1 in isothermal
reactions (Da = 2) for Reλ ≈ 60, (b) at Mt = 0.8 in exothermal reactions (Da = 200) for Reλ ≈ 60, (c) at
Mt = 0.1 and 1.0 in isothermal reactions (Da = 2) for Reλ ≈ 100, and (d) at Mt = 0.6 in exothermal reactions
(Da = 200, 3000) for Reλ ≈ 100.

The characteristic reaction time TR = ρYP/ω̇P and turbulent time TT = 2K/ε are used to evaluate
the timescales during the reaction process where K = 〈[(u1)2 + (u2)2 + (u3)2]/2〉 is the kinetic
energy per unit mass. The simulation time t is nondimensionalized by the large-eddy turnover time
τ = LI/u′. Three time steps of numerical integration (�t = 1 × 10−4, 2 × 10−4, and 4 × 10−4)
are used to validate the temporal resolution of the current adopted time step (�t = 2 × 10−4) for
turbulent motion and the chemical reaction. Figure 2(a) shows TR and TT at Mt = 0.1 under the
isothermal reaction (Da = 2) at Taylor Reynolds number Reλ ≈ 60 (�t = 2 × 10−4 data are not
plotted in the figure). It is shown that during the reaction process, turbulent time TT maintains a
quasiconstant value while the reaction time increases with the increase of t/τ . The two timescales
coincide with each other approximately at t/τ = 1.7. For both the reaction time and turbulent
time, the data collapse with each other for the different time steps. For exothermal reaction cases
(Da = 200) at Mt = 0.8 shown in Fig. 2(b) (�t = 2 × 10−4 data are not plotted in the figure), the
characteristic time variation behavior is similar to that in the case Da = 2. The two characteristic
times coincide with each other approximately at t/τ = 3.3. The results shown in Figs. 2(a) and 2(b)
suggest that the current adopted time step (�t = 2 × 10−4) can well resolve both turbulent motion
and the chemical reaction. Figure 2(c) compares TR and TT at Mt = 0.1 and 1.0 under the isothermal
reaction (Da = 2) at Taylor Reynolds number Reλ ≈ 100. The match of characteristic time at
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Mt = 0.1 and 1.0 suggests that the turbulent Mach number has little influence on both turbulent
and reaction timescales. The reaction time can be well predicted by the zero-dimensional model
in isothermal reaction cases. Figure 2(d) plots the reaction time at Mt = 0.6 for two exothermal
reactions (Da = 200, 3000) at Taylor Reynolds number Reλ ≈ 100. It is shown that TR collapse
with each other for the two exothermal reactions at t/τ < 0.3. The reaction time can be well
predicted by the zero-dimensional model at t/τ < 0.08. When t/τ > 0.08, the zero-dimensional
model overpredicts the reaction time. It suggests that in exothermal reactions, the reaction time is
dependent of the inherent reaction features as well as turbulent motion.

Figure 3 plots temporal variation of the mass fraction of different species at different turbulent
Mach numbers, Taylor Reynolds numbers, and reaction parameters. The nondimensional time
t/τ = 0 denotes the start of species mixing and the chemical reaction while simulations end at
t/τ = 34 corresponding to approximately 95% reactant consumption. Figures 3(a)–3(d) show the
influence of the turbulent Mach number on product generation rates in both isothermal (Da = 2)
and exothermal reactions (Da = 200). Data used in Figs. 3(a), 3(c), and 3(e) are identical with data
in Figs. 3(b), 3(d), and 3(f) respectively. As shown in Fig. 3(a), the mass fraction of product P
increases rapidly at t/τ = 0–0.8. Figure 3(b) shows that the overall product mass fractions grow
rapidly from t/τ = 0 to 4. The overlap of curves at turbulent Mach number Mt = 0.1–1.0 suggests
that the temporal variation of species mass fraction in isothermal reactions is not affected by Mt .
In exothermal reactions shown in Fig. 3(c), the growth rate of the product mass fraction also
increases rapidly at t/τ = 0–0.8. An increase of the turbulent Mach number can accelerate product
generation for t/τ > 0.8 as shown in Fig. 3(d). For Mt = 0.1 and 0.4, the two curves are very close
to each other, indicating that for weakly compressible turbulence where Mt � 0.4, the turbulent
Mach number has a limited influence on the product generation rate. Figures 3(e) and 3(f) plot
the temporal variation of reactant and product mass fraction in exothermal reaction (Da = 3000)
at Mt = 0.6 and Reλ ≈ 60,100 respectively. Symbols represent zero-dimensional model solutions
under the same reaction parameters without turbulent motion. It is shown that the Reynolds number
basically has a minor influence on both reactant consumption and the product generation rate. At
t/τ � 0.1, the temporal variation of reactant A collapses with the zero-dimensional model solution,
indicating that turbulent motion has little influence on reactant consumption at the initial phrase
of the reaction in turbulence. However, the product generation rate from simulations deviates
from the zero-dimensional model growth rate for product mass fraction, suggesting that advection
and diffusion can effectively influence product generation rate during this period. At t/τ > 0.1,
the reactant consumes faster in the zero-dimensional model than the actual consumption rate
in simulations, indicating that turbulent motion has an effect to slow chemical reactions due to
advection and diffusion.

Temporal variation of reaction rate W for isothermal (Da = 2) and exothermal (Da = 200)
reactions at different turbulent Mach numbers are shown in Figs. 4(a)–4(d), where W = −ω̇A =
Da ρ2YAYB exp(−Ze/T ). In general, the reaction rate for both reaction parameters exhibits a rapid
increase and then a subsequent decrease. For isothermal reaction cases shown in Figs. 4(a) and
4(b), the turbulent Mach number has only limited influence on the reaction rate at the very initial
phrase from t/τ = 0–1.7 × 10−2 and after that different curves of the reaction rate overlap with
each other for Mt = 0.1–1.0. The zero-dimensional model results marked with “�” coincide with
numerical solutions only when t/τ > 8. The inconsistency of the zero-dimensional model data
for t/τ = 0–0.8 results from omitting reactant advection and diffusion in the zero-dimensional
model. The reaction rate W increases gradually for t/τ = 0–0.8 in simulations while W holds
nearly constant in the zero-dimensional model solution during this period. For exothermal reactions
(Da = 200) shown in Figs. 4(c) and 4(d), a high turbulent Mach number can effectively accelerate
the reaction speed for t/τ > 0.8. It can be noted that when t/τ > 15, a high turbulent Mach number
decreases the reaction rate due to the fast consumption of reactants during t/τ = 0.8–15. Heat
release enhances turbulent motion and induces the reaction rate fluctuation. Figures 4(e) and 4(f)
show temporal variation of the mixing rate, which is defined as G = ρ2YAYB for three reaction
parameters (Da = 2, 200, 3000) at Mt = 0.6. The mixing rate G increases gradually at t/τ = 0–0.8
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FIG. 3. Temporal variation of mass fraction of different species. (a, b) Product P at Mt = 0.1-1.0 in
isothermal reactions (Da = 2) at Reλ ≈ 100, (c, d) product P at Mt = 0.1–0.8 in exothermal reactions
(Da = 200) at Reλ ≈ 100, (e, f) reactant A and product P at Mt = 0.6 in exothermal reactions (Da = 3000) at
Reλ ≈ 60 and Reλ ≈ 100.
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FIG. 4. Temporal variation of (a, b) reaction rate W at Mt = 0.1–1.0 in isothermal reactions (Da = 2) at
Reλ ≈ 100, (c, d) reaction rate W at Mt = 0.1–0.8 in exothermal reactions (Da = 200) at Reλ ≈ 100, (e, f)
mixing rate G at Mt = 0.6 in three reactions (Da = 2, 200, 3000) at Reλ ≈ 100.
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FIG. 5. Temporal variation of compressible to solenoidal kinetic energy ratio (a) at Mt = 0.2 in three
reactions (Da = 2, 200, 3000) for Reλ ≈ 100 and (b) at Mt = 0.6 in two reactions (Da = 2, 3000) for Reλ ≈ 60
and Reλ ≈ 100.

and then decreases at t > 0.8 for three reaction parameters. The zero-dimensional model results
coincide with numerical solutions when t/τ > 6. During most of the reaction period, the mixing
rate in the case Da = 200 is apparently larger than the other two reaction groups (Da = 2, 3000).

The Helmholtz decomposition is applied to decompose the velocity field u into a solenoidal
component us and a compressible component uc [29]: u = us + uc, where ∇ · us = 0 and ∇ ×
uc = 0. The two components of kinetic energy per unit mass can therefore be defined as
Ks = 〈[(us

1)2 + (us
2)2 + (us

3)2]/2〉 and Kc = 〈[(uc
1)2 + (uc

2)2 + (uc
3)2]/2〉, respectively. Follow the

Helmholtz decomposition, the dissipation rate of kinetic energy per unit mass is given by ε =
εs + εc where the solenoidal component is εs = 〈μ/(Re ρ)〉〈ωiωi〉 and the compressible component
is εc = 〈4μ/(3 Re ρ)〉〈θ2〉 [23,44,45]. Figure 5 shows temporal variation of the ratio of compressible
to solenoidal kinetic energy Kc/Ks in three reaction cases (Da = 2, 200, 300) at turbulent Mach
numbers Mt = 0.2 and 0.6. Figure 5(a) shows that at Mt = 0.2 and Taylor Reynolds number
Reλ ≈ 100, the kinetic energy ratio in both exothermal reactions (Da = 200, 3000) dramatically
increases approximately from 10−3 to 10−1 at t/τ = 0–21. Paes [6] indicated that strong heat
release promotes pressure dilatation work, leading to an increase in turbulent kinetic energy. In
the isothermal reaction case Da = 2, the kinetic energy ratio retains almost constant with a slight
decrease during the entire reaction process. The kinetic energy ratio in all three reaction cases
reaches a nearly equilibrium state when t/τ > 21. Figure 5(b) shows the ratio of compressible
kinetic energy to solenoidal kinetic energy at different Taylor Reynolds number for Mt = 0.6.
It is shown that the kinetic energy ratio at both Reλ ≈ 60 and Reλ ≈ 100 in exothermal cases
(Da = 3000) experiences a sudden increase for 0 < t/τ < 4 and then decreases gradually. The
effect of the Taylor Reynolds number on the kinetic energy ratio is very small in both isothermal
and exothermal reactions.

Figure 6 shows temporal variation of the ratio of the compressible component to solenoidal
component of kinetic energy dissipation εc/εs in three reaction cases (Da = 2, 200, 300) at turbulent
Mach number Mt = 0.2 and 0.6. In exothermal reactions (Da = 200, 3000) as shown in Fig. 6(a),
the increase of the magnitude of velocity divergence by heat release leads to a corresponding
increase in kinetic energy dissipation rate [6]. The influence of the Taylor Reynolds number on
the dissipation ratio is small as shown in Fig. 6(b). Figures 5 and 6 demonstrate that when t/τ > 25
in both low and high turbulent Mach number cases, the flow is nearly statistically steady.

Figure 7 shows isosurfaces of the instantaneous reaction rate W and velocity divergence θ from
Mt = 0.2 to 0.8 under exothermal reactions (Da = 200). At Mt = 0.2, the isosurfaces of velocity
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FIG. 6. Temporal variation of compressible to solenoidal dissipation rate ratio (a) at Mt = 0.2 in three
reactions (Da = 2, 200, 3000) at Reλ ≈ 100 and (b) at Mt = 0.6 in two reactions (Da = 2, 3000) at Reλ ≈ 60
and Reλ ≈ 100.

divergence exhibit bloblike shapes. As Mt increases from Mt = 0.2, to Mt = 0.4 and 0.6, isosurfaces
of velocity divergence become sheetlike due to the generation of shocklets [29,46]. When Mt further
increases to 0.8, the length scales of sheetlike isosurfaces of velocity divergence become larger due
stronger shocklets being generated at a higher turbulent Mach number [23]. The isosurfaces of
the reaction rate retain sheetlike structures from low to high turbulent Mach number cases. As Mt

increases, the strong turbulent compression leads to an increase of the reaction rate surface area. It
is also observed that the sheetlike structures of reaction rate isosurfaces are not correlated with the
velocity divergence isosurface structures. This observation can be interpreted as follows. Internal
energy increased by the chemical heat release can be converted to compressible part of kinetic
energy through pressure work [4]. The increased compressible kinetic energy leads to an enhanced
compression motion [4]. The correlation between reaction rate and velocity divergence is weak
because the overall processes of energy transfer and the formation of strong compression structures
(negative velocity divergence isosurfaces) are quite slow compared to the timescale of reaction.

IV. SPECTRA OF VELOCITY AND THERMODYNAMIC VARIABLES

A. Spectra of velocity and its compressible component

Before the discussion of the spectra of velocity and its compressible component, the statistics of
the local reaction rate W are presented. Figure 8 shows the temporal evolution of the probability
density function (PDF) of reaction rate W for isothermal (Da = 2) and exothermal (Da = 200)
reactions at turbulent Mach numbers Mt = 0.2 and 0.8 and at Reλ ≈ 100. It can be found that for
isothermal (Da = 2) and exothermal (Da = 200) reactions at Mt = 0.1 as shown in Figs. 8(a) and
8(b), the left tails of PDFs are longer than their right tails at t/τ = 0.9. With the increase of time, the
peaks of PDFs decrease for both isothermal and exothermal reactions, and the PDFs become nearly
symmetric when t/τ > 0.9. It can be observed that the two tails of PDFs become shorter as reaction
proceeds, which indicate that the spatial fluctuations of local reaction rate W become smaller. At
Mt = 0.8 as shown in Figs. 8(c) and 8(d), the right tails of PDFs are longer than their left tails, and
the right tails of the PDFs become shorter as the reaction proceeds. It is found that the reaction rate
W becomes smaller with the increase of time for isothermal (Da = 2) and exothermal (Da = 200)
reactions at Mt = 0.8 during the reaction process.

Figure 9 shows temporal evolution of the compensated spectrum of velocity Eu(k)ε−2/3k5/3 for
isothermal reaction (Da = 2) and exothermal reaction (Da = 200) cases at turbulent Mach number
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FIG. 7. Isosurfaces of instantaneous reaction rate (red, W = 1
4 〈W 〉) and velocity divergence (blue, θ =

−2θ ′) isosurfaces with 2563 grid resolution in exothermal reactions (Da = 200) for t/τ = 0.8 at Reλ ≈ 100
and different turbulent Mach numbers: (a, e) Mt = 0.2; (b, f) Mt = 0.4; (c, g) Mt = 0.6; (d, h) Mt = 0.8.
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FIG. 8. PDF of reaction rate W at Taylor Reynolds number Reλ ≈ 100. (a) Mt = 0.1, Da = 2; (b) Mt = 0.1,
Da = 200; (c) Mt = 0.8, Da = 2; (d) Mt = 0.8, Da = 200.

Mt = 0.2, 0.8 and at Taylor Reynolds number Reλ ≈ 100. At Mt = 0.2 in the isothermal reaction
(Da = 2) shown in Fig. 9(a), the compensated velocity spectrum maintains a statistically steady state
where the spectral distribution spans approximately identically along with time. In the exothermal
reaction (Da = 200) shown in Fig. 9(b), due to the effect of heat release, the spectrum at kη � 1
is gradually elevated, while at a low kη value, the spectral distribution remains unchanged similar
to the initial value. At a high turbulent Mach number Mt = 0.8 in the isothermal reaction (Da = 2)
shown in Fig. 9(c), the spectrum remains unchanged during the reaction process similar to the low
turbulent Mach number case (Mt = 0.2). However, in the exothermal reaction (Da = 200) shown
in Fig. 9(d), the spectrum is elevated in the scale range kη � 0.01. At t/τ = 4 corresponding to the
time of the maximum reaction rate shown in Fig. 4(c), the compensated spectrum of velocity also
reaches a summit and then gradually decreases when t/τ > 17. In exothermal reactions at turbulent
Mach number Mt = 0.2 and 0.8, the chemical reaction heat release mainly affects the compensated
spectrum of velocity in the high kη range.

The instantaneous compensated spectrum of velocity Eu(k)ε−2/3k5/3 at the turbulent Mach
number Mt = 0.1–0.8 and at Taylor Reynolds number Reλ ≈ 100 for three reaction parameters
(Da = 2, 200, 3000) is plotted in Fig. 10. Figure 10(a) shows the effect of turbulent Mach number
on the compensated velocity spectrum in exothermal reactions (Da = 200). The inertial range of
velocity spectra can be identified through Eu(k)ε−2/3k5/3 ≈ CK , where the Kolmogorov constant
CK = 1.6, which is close to typical values of 1.5 to 2.0 observed in nonreacting homogeneous
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FIG. 9. Temporal variation of compensated spectrum of velocity Eu(k)ε−2/3k5/3 for isothermal and
exothermal reactions at Taylor Reynolds number Reλ ≈ 100. (a) Mt = 0.2, Da = 2; (b) Mt = 0.2, Da = 200;
(c) Mt = 0.8, Da = 2; (d) Mt = 0.8, Da = 200.

isotropic turbulence [28]. The compensated spectra of velocity Eu(k)ε−2/3k5/3 nearly overlap with
each other for kη < 1. However, for kη � 1, the heat release leads to the increase of the velocity
spectrum. The temporal evolution of the compensated spectrum of velocity in an exothermal
reaction (Da = 200) at Mt = 0.1 is plotted in Fig. 10(b). The spectrum remains unaffected at kη < 1
throughout the reaction process. At kη � 1, the spectrum gradually increases with the increase of
time. At t/τ = 34, the spectrum becomes larger than 10−2 for kη � 1. At turbulent Mach number
Mt = 0.6 in the exothermal reaction (Da = 3000) shown in Fig. 10(c), the impact of the reaction
heat release on compensated spectrum of velocity is significant at kη � 1 in the middle stage of
the reaction process (t/τ = 2.5–7). At the end of the simulation, the spectrum nearly overlaps with
the initial value, indicating that heat-release-induced velocity fluctuation can be quickly dissipated
when the heat release rate becomes weak. Figure 10(d) shows the effect of the heat release rate
on the compensated spectrum of velocity at Mt = 0.6. The compensated spectrum of velocity
Eu(k)ε−2/3k5/3 at three reaction parameters over the entire wave number range collapse with each
other at the end of simulations, which is very close to the initial value of the compensated velocity
spectrum.

Figure 11 shows the temporal evolution of the compensated spectrum of compressible velocity
component Eu,C (k)ε−2/3k5/3 for exothermal reactions (Da = 200) at Taylor Reynolds number
Reλ ≈ 100 and at turbulent Mach number Mt = 0.2–0.8. The spectrum of the compressible velocity
Eu,C (k) satisfies

∫ ∞
0 Eu,C (k) dk = 〈(uC )2

/2〉. As shown in Fig. 11(a), at turbulent Mach number
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FIG. 10. Instantaneous compensated spectrum of velocity Eu(k)ε−2/3k5/3 at Taylor Reynolds number
Reλ ≈ 100 for three reaction parameters. (a) Mt = 0.1–0.8, Da = 200, t/τ = 34; (b) Mt = 0.1, Da = 200,
t/τ = 0–34; (c) Mt = 0.6, Da = 3000, t/τ = 0–34; (d) Mt = 0.6, Da = 2, 200, 3000, t/τ = 34.

Mt = 0.2 during t/τ = 0–17, the spectrum gradually increases over the entire wave number range.
When t/τ > 20, the spectrum reaches a nearly steady state and is comparably larger than the initial
value over the entire wave number range. At Mt = 0.4 shown in Fig. 11(b), the temporal variation
of the compensated spectrum of the compressible velocity component is similar to the Mt = 0.2
case. At high turbulent Mach numbers Mt = 0.6 and Mt = 0.8 shown in Figs. 11(c) and 11(d),
respectively, the spectra are elevated over the entire wave number range at t/τ = 0–8. The increase
of the turbulent Mach number for exothermal reactions can suppress the spectrum increase at the
intermediate and high wave number range and also decrease the overall spectrum elevation extent.

The instantaneous compensated spectrum of the compressible velocity component
Eu,C (k)ε−2/3k5/3 at Mt = 0.1–0.8 and Reλ ≈ 100 for three reaction parameters (Da = 2, 200, 3000)
is shown in Fig. 12. Figure 12(a) shows the effect of the turbulent Mach number on the compensated
spectrum of the compressible velocity component for exothermal reactions (Da = 200) at turbulent
Mach number Mt = 0.1–0.8 and at t/τ = 34. It is shown that the compensated spectrum of the
compressible velocity component over the entire wave number range decreases slightly at kη < 0.1
with the increase of the turbulent Mach number. A narrow plateau is found at 0.02 � kη � 0.05 at
Mt = 0.1 and 0.2 where Eu,C (k)ε−2/3k5/3 ≈ 0.2. This value is consistent with the observation by
Wang et al. [47] in simulating a nonreacting compressible isotropic turbulence with a heat source
at Mt = 0.2. The compensated spectrum of the compressible velocity component at Mt = 0.8 is
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FIG. 11. Temporal variation of compensated spectrum of compressible velocity component
Eu,C (k)ε−2/3k5/3 for an exothermal reaction (Da = 200) at Taylor Reynolds number Reλ ≈ 100. (a) Mt = 0.2,
(b) Mt = 0.4, (c) Mt = 0.6, (d) Mt = 0.8.

larger than other cases at kη > 0.4. The effect of the turbulent Mach number on the compensated
spectrum of the compressible velocity component for exothermal reactions (Da = 3000) at turbulent
Mach number Mt = 0.1–0.6 and at t/τ = 34 is shown in Fig. 12(b). A small plateau is found at
0.02 � kη � 0.08 for Mt = 0.6 where Eu,C (k)ε−2/3k5/3 ≈ 0.05. The compensated spectrum of
the compressible velocity component increases with the increase of turbulent Mach number at
0.1 � kη � 0.4. Figure 12(c) shows the temporal evolution of the compensated spectrum of the
compressible velocity component at Mt = 0.2 for three reaction parameters (Da = 2, 200, 3000).
It is shown that the spectrum for exothermal reactions (Da = 200, 3000) is much larger than the
value for the isothermal reaction (Da = 2) over the entire wave number range. A plateau is found
at 0.02 � kη � 0.1 for the exothermal reaction case (Da = 3000) where Eu,C (k)ε−2/3k5/3 ≈ 0.2.
For the same reaction parameters (Da = 2, 200, 3000) at Mt = 0.6 as shown in Fig. 12(d), heat
release can increase the compensated spectrum of the compressible velocity component in a finite
extent. A plateau is found at 0.02 � kη � 0.1 for exothermal reaction cases (Da = 200, 3000)
where Eu,C (k)ε−2/3k5/3 ≈ 0.05. From Figs. 12(c) and 12(d), the k−5/3 scaling of the compressible
velocity spectrum Eu,C (k) can be found for the isothermal reaction (Da = 2) at Mt = 0.6. The
result is consistent with the observation by Wang et al. [28] in simulating nonreacting compressible
isotropic turbulence. For the exothermal reaction (Da = 200), the k−5/3 scaling is found at Mt = 0.2
and 0.6. The result is also obtained by Wang et al. in simulating nonreacting compressible isotropic
turbulence with heat source at Mt = 0.2 [47]. The scaling behavior of the compressible velocity
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FIG. 12. Instantaneous compensated spectrum of the compressible velocity component Eu,C (k)ε−2/3k5/3

at Taylor Reynolds number Reλ ≈ 100 for three reaction parameters. (a) Mt = 0.1–0.8, Da = 200, t/τ = 34;
(b) Mt = 0.1–0.6, Da = 3000, t/τ = 34; (c) Mt = 0.2, Da = 2, 200, 300, t/τ = 34; (d) Mt = 0.6, Da = 2,
200, 300, t/τ = 34.

spectrum for exothermal reactions can be attributed to the fact that the heat release can generate
acoustic waves, which dominate the dynamics of the compressible velocity component at low and
high turbulent Mach numbers [47].

B. Spectra of pressure, density, and temperature

In characterizing the Mach number scaling of the compressible component in turbulence,
Sarkar et al. [27] suggested an acoustic scenario and derived an equipartition relation between the
compressible velocity and compressible pressure. It is assumed that E p,C (k) ∼ 2ρ2

0 c2
0Eu,C (k), where

c0 is the average speed of sound, E p,C (k) is the spectrum of the compressible pressure component,
and Eu,C (k) is the spectrum of the compressible velocity component. The relation E p,C (k) ∼
2ρ2

0 c2
0Eu,C (k) was verified at the turbulent Mach numbers Mt = 0.3 and 0.6 by Jagannathan and

Donzis [45]. Wang et al. [28] further assumed that the pressure spectrum E p(k) has the same
scaling as the spectrum of the compressible pressure component E p,C (k) at high turbulent Mach
numbers and suggested the relation E p(k) ∼ 2ρ2

0 c2
0Eu,C (k) where

∫ ∞
0 E p(k) dk = 〈(p − p0)2〉.

Provided the scaling of Eu,C (k) ∼ ε2/3k−5/3, the scaling for the spectrum of pressure can be
expressed as E p(k) ∼ 2γ ρ0 p0ε

2/3k−5/3. The spectra of density and temperature Eρ (k) and ET (k)
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are also investigated, where
∫ ∞

0 Eρ (k) dk = 〈(ρ − ρ0)2〉 and
∫ ∞

0 ET (k) dk = 〈(T − T0)2〉. For
weakly compressible turbulence, Wang et al. [28] assumed that the fluid is nearly isentropic and the
density and pressure are related as γ ρ ′/ρ0 = p′/p0. Here ρ ′ = ρ − ρ0 and p′ = p − p0, where the
prime stands for the fluctuating value, and the subscript “0” stands for mean value. Similarly the fluc-
tuations of temperature and pressure can be expressed with isentropic relation [γ /(γ − 1)]T ′/T0 =
p′/p0 and T ′ = T − T0. Then the spectra of density and temperature based on the isentropic
relation can be expressed as Eρ (k) = E p(k)ρ2

0 p−2
0 γ −2 and ET (k) = E p(k)T 2

0 p−2
0 [γ /(γ − 1)]−2.

Consequently, the following scaling relations are suggested: Eρ (k) ∼ ε2/3k−5/3(γ p0)−1(2ρ3
0 ) and

ET (k) ∼ ε2/3k−5/3(γ p0)−1[2ρ0(γ − 1)2T 2
0 ].

Figure 13 shows temporal evolution of the compensated spectrum of pressure
E p(k)ε−2/3k5/3(2γ ρ0 p0)−1, density Eρ (k)ε−2/3k5/3γ p0(2ρ3

0 )−1, and temperature ET (k)

ε−2/3k5/3γ p0[2ρ0(γ − 1)2T 2
0 ]−1 for exothermal reactions (Da = 200, 3000) at Taylor Reynolds

number Reλ ≈ 100 and at turbulent Mach number Mt = 0.1 and 0.8. Figures 13(a), 13(c), and 13(e)
show the compensated spectra of three thermodynamic variables at Mt = 0.1 for the exothermal
reaction (Da = 3000). It is shown that the compensated spectrum of pressure increases gradually
from t/τ = 0–10. The compensated spectrum of pressure increases noticeably at kη < 0.1. In
contrast, the compensated spectra of density and temperature increase steeply from the start of
the reaction at t/τ = 0 and reach the maximum value at t/τ ≈ 3. For the exothermal reaction
(Da = 200) at Mt = 0.8 shown in Figs. 13(b), 13(d), and 13(f), the temporal evolution of the
compensated spectra of three thermodynamic variables are similar to that at low turbulent
Mach number cases. However, the compensated spectra elevation at the reaction initial phrase
(t/τ = 0–3) are not as evident as in low turbulent Mach number cases. The compensated spectra of
three thermodynamic variables for exothermal reactions at low and high turbulent Mach numbers
reach a nearly steady state at t/τ > 25.

Figure 14(a) shows the instantaneous compensated spectrum of pressure
E p(k)ε−2/3k5/3(2γ ρ0 p0)−1 at Reλ ≈ 100 and at turbulent Mach numbers Mt = 0.1–0.8 for
exothermal reactions (Da = 200) at t/τ = 34. The narrow plateau at Mt = 0.1 and 0.2 can be
found at 0.05 < kη < 0.08 where E p(k)ε−2/3k5/3(2γ ρ0 p0)−1 ≈ 0.3. The increase of the turbulent
Mach number can decrease the compensated spectrum of pressure at kη < 0.1 and increase the
spectrum at kη > 0.2. Figure 14(b) shows temporal variation of the compensated spectrum of
pressure at Mt = 0.6 for the exothermal reaction (Da = 3000). At the reaction initial phrase
(t/τ = 0–3), the compensated spectrum of pressure increases at the entire wave number range. At
t/τ = 34 approaching the end of the reaction, the compensated spectrum of the pressure collapses
with the initial value (t/τ = 0) at kη > 0.05. Figure 14(c) shows the instantaneous compensated
spectrum of pressure at Reλ ≈ 100 and at turbulent Mach numbers Mt = 0.1 for three reaction
parameters at t/τ = 34. It is shown that exothermal reactions (Da = 200, 3000) can increase the
compensated spectrum of pressure. For the exothermal reaction (Da = 200), the spectrum elevation
is primarily found at kη < 0.2, while for the exothermal reaction (Da = 3000), the spectrum is
overall elevated at the entire wave number range. For the same Taylor Reynolds number and
reaction time at Mt = 0.6 shown in Fig. 14(d), the compensated spectrum of pressure increases for
exothermal reactions (Da = 200, 3000) at kη > 0.3.

Figure 15 shows the instantaneous spectrum of pressure-dilatation E pθ (k) at Reλ ≈ 100 and
at turbulent Mach numbers Mt = 0.1 and 0.8 for isothermal (Da = 2) and exothermal (Da =
200) reactions, where

∫ ∞
0 E pθ (k) dk = 〈[(p − p0)∂ui/∂xi]2〉. For isothermal reactions (Da = 2)

at Mt=0.1 and 0.8 as shown in Figs. 15(a) and 15(c), respectively, the spectra nearly collapse
with each other during the entire reaction process. The observation suggests that the spectra
of pressure dilatation are nearly unaffected by isothermal reactions in a wide range of length
scales. For exothermal reactions (Da = 200) at Mt = 0.1 and 0.8 as shown in Figs. 15(b) and
15(d), respectively, the spectrum increases at the entire kη scales at t/τ > 0. For the exothermal
(Da = 200) reaction at Mt = 0.1 as shown in Fig. 15(b), the spectrum of the pressure dilatation at
t/τ = 34 is larger than the initial spectrum (t/τ = 0). For the exothermal reaction (Da = 200) at
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FIG. 13. Temporal variation of compensated spectra of pressure, density, and temperature for exothermal
reactions (Da = 200, 3000) at Taylor Reynolds number Reλ ≈ 100 at different turbulent Mach numbers: (a, b)
E p(k)ε−2/3k5/3(2γ ρ0 p0)−1, (c, d) Eρ (k)ε−2/3k5/3γ p0(2ρ3

0 )−1, (e, f) ET (k)ε−2/3k5/3γ p0[2ρ0(γ − 1)2T 2
0 ]−1.

Mt = 0.8 as shown in Fig. 15(d), the spectra at t/τ=0 and 34 nearly collapse with each other at
kη < 1.

To derive the Mach number scaling of thermodynamic variables, the acoustic sce-
nario [27] and isentropic relations [28] are used. To verify those assumptions in react-
ing compressible isentropic turbulence, Fig. 16 shows the comparison of the compensated
spectra of pressure E p(k)ε−2/3k5/3(2γ ρ0 p0)−1, density Eρ (k)ε−2/3k5/3γ p0(2ρ3

0 )−1, and temper-
ature ET (k)ε−2/3k5/3γ p0[2ρ0(γ − 1)2T 2

0 ]−1 at Mt = 0.1–0.8 for exothermal reactions (Da =
200, 3000). It can be found that at Mt = 0.1 for the exothermal reaction (Da = 200), the
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FIG. 14. Instantaneous compensated spectrum of pressure E p(k)ε−2/3k5/3(2γ ρ0 p0)−1 at Taylor Reynolds
number Reλ ≈ 100 for three reaction parameters: (a) Mt = 0.1–0.8, Da = 200, t/τ = 34; (b) Mt = 0.6, Da =
3000, t/τ = 0–34; (c) Mt = 0.1, Da = 2, 200, 3000, t/τ = 34; (d) Mt = 0.6, Da = 2, 200, 3000, t/τ = 34.

compensated spectra of three thermodynamic variables collapse with each other at kη < 1.5
as shown in Fig. 16(a). For the exothermal reaction (Da = 3000) at Mt = 0.2, collapse of the
three compensated spectra is observed at kη < 0.3 as shown in Fig. 16(c). At Mt = 0.8 for
the exothermal reaction (Da = 200) and at Mt = 0.6 for the exothermal reaction (Da = 3000)
shown in Figs. 16(b) and 16(d), respectively, the compensated spectra of the three thermodynamic
variables nearly collapse with each other at the entire wave number range. The compensated
spectra of three thermodynamic variables collapse with each other at low and high turbulent Mach
numbers for exothermal reactions, indicating that the isentropic assumption is valid in current
simulations.

To verify the isentropic relations among the fluctuations of pressure, density, and temperature,
Wang et al. [28] defined the residual density and residual temperature as ρR = ρ ′ − ρ0 p′/(γ p0)
and T R = T ′ − (γ − 1)T0 p′/(γ p0). Figure 17 shows the normalized spectra of the residual density
and residual temperature, Eρ

R (k)/Eρ (k) and ET
R (k)/ET (k) at turbulent Mach numbers Mt = 0.1–0.8

for exothermal reactions (Da = 200, 3000) and Taylor Reynolds number Reλ ≈ 100 at t/τ = 34.
Here

∫ ∞
0 Eρ

R (k) dk = 〈(ρR)2〉 and
∫ ∞

0 ET
R (k) dk = 〈(T R)2〉. It is shown that the normalized spectra

of the residual density and residual temperature are much smaller than 1.0 in the range of kη �
0.1, indicating that the spectra of density and temperature exhibit the same inertial scaling as the
spectrum of pressure in chemically reacting compressible turbulence. The normalized spectra of
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FIG. 15. Instantaneous spectrum of pressure dilatation E pθ (k) at Taylor Reynolds number Reλ ≈ 100.
(a) Mt = 0.1, Da = 2; (b) Mt = 0.1, Da = 200; (c) Mt = 0.8, Da = 2; (d) Mt = 0.8, Da = 200.

the residual density and residual temperature approach 1.0 at kη ≈ 1, indicating that the isentropic
relations are no longer valid at small scales kη ≈ 1.

The strong acoustic equilibrium indicates that the spectra of compressible velocity and pressure
can overlap each other by a proper normalization [27,41,45]. Figure 18 shows the normalized
pressure fluctuation spectrum E p(k)/(prms)2 and the normalized spectrum of the compressible
velocity component 2Eu,C (k)/(uC

rms)2 at Mt = 0.1–0.6 and at Taylor Reynolds number Reλ ≈ 100
approaching the end of reaction (t/τ = 34) for exothermal reactions (Da = 200, Da = 3000). It can
be found that the normalized spectra of pressure and compressible velocity component collapse with
each other for exothermal reactions at Mt = 0.1–0.6. At Mt = 0.2–0.6 for two exothermal reactions
(Da = 200, 3000) shown in Figs. 18(b)–18(d), the k−5/3 power-law scaling is found at kη < 0.1.
The spectra shown in Fig. 18 indicate that at both low and high turbulent Mach numbers, the
dynamics of the compressible velocity and the pressure is dominated by acoustic waves generated
by heat release for exothermal reactions in compressible turbulence.

V. ONE-POINT STATISTICS AND MACH NUMBER SCALING

Analysis of spectra in the previous section suggests that the variation of one-point statistics can be
related with turbulent Mach number and heat release through chemical reactions. Several one-point
statistics are analyzed in this section, including the ratio of compressible to solenoidal kinetic energy
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FIG. 16. Compensated spectra of pressure E p(k)ε−2/3k5/3(2γ ρ0 p0)−1, density Eρ (k)ε−2/3k5/3γ p0(2ρ3
0 )−1,

and temperature ET (k)ε−2/3k5/3γ p0[2ρ0(γ − 1)2T 2
0 ]−1 at Mt = 0.1–0.8 for exothermal reactions (Da =

200, 3000) at Taylor Reynolds number Reλ ≈ 100. (a) Mt = 0.1, Da = 200; (b) Mt = 0.8, Da = 200; (c) Mt =
0.2, Da = 3000; (d) Mt = 0.6, Da = 3000.

and ratio of the compressible component to solenoidal component of kinetic energy dissipation as
well as rms values of the velocity and thermodynamic variables based on statistical steady flow data
from t/τ = 25–34. Figure 19 shows the ratio of compressible to solenoidal kinetic energy Kc/Ks

and the ratio of the compressible component to solenoidal component of kinetic energy dissipation
εc/εs for three reaction parameters at turbulent Mach number Mt = 0.1–1.0 and at different Taylor
Reynolds numbers. Here Kc = 〈[(uc

1)2 + (uc
2)2 + (uc

3)2]/2〉 and Ks = 〈[(us
1)2 + (us

2)2 + (us
3)2]/2〉,

respectively. εc = 〈4μ/(3 Re ρ)〉〈θ2〉 and εs = 〈μ/(Re ρ)〉〈ωiωi〉, respectively [23,28,44,45]. At a
fixed turbulent Mach number, a larger Taylor Reynolds number results in a slightly higher normal-
ized compressible kinetic energy Kc/Ks for three reaction parameters as shown in Fig. 19(a). For
isothermal reaction cases (Da = 2), there is no single Mach scaling suitable to encompass variation
of the normalized compressible kinetic energy Kc/Ks from Mt = 0.1 to 1.0. For the Mt < 0.4 cases,
Kc/Ks ∼ M4

t . The result is consistent with the improved EDQNM model proposed by Fauchet
and Bertoglio [48] for small turbulent Mach number turbulence and the pseudosound relation
proposed by Ristorcelli [26]. For the Mt � 0.4 cases, Kc/Ks ∼ M2

t . Those findings are consistent
with the scaling laws found in nonreacting compressible homogeneous isotropic turbulence [40]. For
exothermal reaction cases (Da = 200, 3000), the normalized compressible kinetic energy Kc/Ks
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FIG. 17. Normalized spectra of the residual density (a, b) and residual temperature (c, d) at turbulent Mach
numbers Mt = 0.1–0.8 and at Taylor Reynolds number Reλ ≈ 100 for exothermal reactions (Da = 200, 3000)
at t/τ = 34.

is nearly independent of the turbulent Mach number. It is found that Kc/Ks ≈ 0.1 and 0.025 for
the reaction case Da = 200 and reaction case Da = 3000, respectively. A larger heat release rate
results in a higher Kc/Ks value in exothermal reactions. For the ratio of compressible component
to solenoidal component of kinetic energy dissipation εc/εs, a higher Taylor Reynolds number
results in larger εc/εs at a fixed turbulent Mach number as shown in Fig. 19(b). In isothermal
reaction cases at Mt < 0.4, εc/εs ∼ M4

t , and for Mt � 0.4, εc/εs ∼ M5
t . In low turbulent Mach

number nonreacting turbulence, the pseudosound constitutive analysis proposed by Ristorcelli
[26] and the improved EDQNM model proposed by Fauchet and Bertoglio [48] suggested the
M4

t scaling for εc/εs. For higher turbulent Mach number situations, a M5
t scaling for εc/εs is

predicted by the EDQNM model [26]. The above Mach number scalings are applicable in isothermal
reacting turbulence. For exothermal reaction cases, the ratio of the compressible component to
solenoidal component of kinetic energy dissipation is also nearly independent of turbulent Mach
number. εc/εs ≈ 0.1 and 0.01 for the reaction case Da = 200 and reaction case Da = 3000,
respectively.

The normalized rms values of pressure, density, and temperature are also investigated. Figure 20
shows the Mach scaling of normalized rms values of pressure prms/p0, density γ ρrms/ρ0, and
temperature γ Trms/[(γ − 1)T0] for three reaction parameters at turbulent Mach number Mt =
0.1–1.0 and at different Taylor Reynolds numbers. Here the rms values of pressure, density, and
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FIG. 18. Normalized spectra of pressure and compressible velocity component at Taylor Reynolds number
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FIG. 20. Normalized rms values of pressure, density, and temperature at different turbulent Mach numbers
and Taylor Reynolds numbers: (a) Da = 2; (b) Da = 200; (c) Da = 3000.

temperature are prms =
√

〈(p − p0)2〉, ρrms =
√

〈(ρ − ρ0)2〉 and Trms =
√

〈(T − T0)2〉, respectively
[28]. For incompressible nonreacting turbulence, the rms value of pressure has the following
relation: prms =

√
〈(p − p0)2〉 ≈ Aρ0u′2/3, where u′ =

√
〈u2

1 + u2
2 + u2

3〉 and A = 0.92 [28,49]. The
normalized rms value of pressure in compressible turbulence can be derived with the relation
u′2 ≈ M2

t γ p0/ρ0 [28],

prms/p0 ≈ Aγ

3
M2

t . (18)

In normalization, γ and γ (γ − 1) are determined based on isentropic relations: γ ρ ′/ρ0 = p′/p0

and [γ /(γ − 1)]T ′/T0 = p′/p0. Therefore, the following relations for normalized rms values of
density and temperature are defined [28]:

ρrms/ρ0 ≈ A

3
M2

t , (19)

Trms/T0 ≈ A(γ − 1)

3
M2

t . (20)
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init1                         init2                         init3                         init4
FIG. 21. Initial density field at the start of chemical reactions. init1: homogeneous distribution of YA and

YB, YA = 0.5, YB = 0.5; init2 ∼ init4: gray slab YA = 0.99, YB = 0.01, white slab YA = 0.01, YB = 0.99.

For isothermal reactions (Da = 2) shown in Fig. 20(a), the A[(γ Mt
2)/3] relation is found for

the normalized rms value of pressure where A = 0.96. The coefficient A slightly deviates from
the value (0.92) reported in the literature [28,49]. In contrast, for the exothermal reaction cases
(Da = 200, 3000) shown in Figs. 20(b) and 20(c), respectively, the relations for normalized rms
values of pressure, density, and temperature are no longer applicable. It is found that the normalized

FIG. 22. Temporal variation of mass fraction of product P at Mt = 0.1 and 0.8 at Reλ ≈ 60 for isothermal
(Da = 2) and exothermal (Da = 200) reactions. (a) Mt = 0.1, Da = 2; (b) Mt = 0.1, Da = 200; (c) Mt = 0.8,
Da = 2; (d) Mt = 0.8, Da = 200.
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FIG. 23. Temporal variation of mass fraction of product P at Mt = 0.1 and 0.8 at Reλ ≈ 60 for isothermal
(Da = 2) and exothermal (Da = 200) reactions, log-log scale. (a) Mt = 0.1, Da = 2; (b) Mt = 0.1, Da = 200;
(c) Mt = 0.8, Da = 2; (d) Mt = 0.8, Da = 200.

rms values exhibit a Mt scaling:

prms/p0 ≈ BMt , (21)

ρrms/ρ0 ≈ B

γ
Mt , (22)

Trms/T0 ≈ B(γ − 1)

γ
Mt , (23)

where B = 0.37 and 0.32 for case Da = 200 and Da = 3000, respectively.

VI. CONCLUDING REMARKS

In this paper, the spectra and statistics of velocity and thermodynamic variables in chemically
reacting compressible isotropic turbulence driven by a large-scale solenoidal force at turbulent Mach
number Mt = 0.1–1.0 and at the Taylor Reynolds number from 54 to 103 were numerically studied.
A single-step irreversible Arrhenius-type chemical reaction is implemented to evaluate the chemical
reaction influence on spectra and statistics. Three sets of reaction parameters are used to determine
the reaction rate and heat release rate.

In isothermal reactions, the spectra of velocity and thermodynamic variables as well as one-point
statistics are unaffected by chemical reactions. For weakly compressible turbulence at turbulent
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FIG. 24. Temporal variation of reaction rate W at Mt = 0.1 and 0.8 at Reλ ≈ 60 for isothermal (Da = 2)
and exothermal (Da = 200) reactions. (a) Mt = 0.1, Da = 2; (b) Mt = 0.1, Da = 200; (c) Mt = 0.8, Da = 2;
(d) Mt = 0.8, Da = 200.

Mach number Mt < 0.4, both the ratio of compressible kinetic energy to solenoidal kinetic energy
Kc/Ks and the ratio of compressible dissipation to solenoidal dissipation εc/εs exhibit a M4

t
scaling. For moderate and strong compressible turbulence at Mt � 0.4, M2

t and M5
t scalings

are found for Kc/Ks and εc/εs, respectively. The normalized rms values of pressure, density,
and temperature exhibit a M2

t scaling. The above observations are consistent with the results
previously obtained in nonreacting compressible turbulence. The isothermal reactions will not sig-
nificantly change the spectra and one-point statistics of the flow variables in compressible isotropic
turbulence.

Heat release through exothermal reactions can apparently promote species mixing and thus
results in a larger reaction rate beyond the initial reaction phrase. Heat release can enhance the
spectra of temperature, density, compressible velocity component, and pressure. For the same
reaction parameters, the increase of spectra due to heat release is more prominent at lower turbulent
Mach number cases, as compared to the cases of a higher turbulent Mach number. The ratio of
the compressible kinetic energy to solenoidal kinetic energy Kc/Ks and the ratio of compressible
dissipation to solenoidal dissipation εc/εs in exothermal reactions are nearly independent of
turbulent Mach number. The normalized rms values of pressure, density, and temperature exhibit
a Mt scaling. The spectra of the pressure and compressible velocity satisfy the strong acoustic
equilibrium relation at turbulent Mach number Mt = 0.1–0.6, indicating that the acoustic mode
dominates over the dynamics of compressible velocity and pressure.
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FIG. 25. Temporal variation of reaction rate W at Mt = 0.1 and 0.8 at Reλ ≈ 60 for isothermal (Da = 2)
and exothermal (Da = 200) reactions, log-log scale. (a) Mt = 0.1, Da = 2; (b) Mt = 0.1, Da = 200; (c) Mt =
0.8, Da = 2; (d) Mt = 0.8, Da = 200.
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APPENDIX A: DERIVATION OF DIMENSIONLESS N-S EQUATIONS

The dimensional N-S equations are given as follows [50,51] where the superscript “d” denotes
dimensional variables:

∂ρd

∂t d
+ ∂

(
ρd ud

j

)
∂xd

j

= 0, (A1)
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FIG. 26. Temporal variation of reaction timescale TR at Mt = 0.1 and 0.8 at Reλ ≈ 60 for isothermal
(Da = 2) and exothermal (Da = 200) reactions, log-log scale. (a) Mt = 0.1, Da = 2; (b) Mt = 0.1, Da = 200;
(c) Mt = 0.8, Da = 2; (d) Mt = 0.8, Da = 200.

∂
(
ρd ud

i

)
∂t d

+ ∂
[
ρd ud

i ud
j + pdδi j

]
∂xd

j

= ∂σ d
i j

∂xd
j

, (A2)

∂Ed

∂t d
+ ∂

[
(Ed + pd )ud

j

]
∂xd

j

= ∂

∂xd
j

(
κd ∂T d
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j

)
+ ∂σ d

i ju
d
i

∂xd
j

−
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H0,d
s ω̇d
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∂
(
ρdY d

s

)
∂t d

+ ∂
(
ρdY d

s ud
j

)
∂xd

j

= ∂

∂xd
j

(
ρd Dd

s

∂Y d
s

∂xd
j

)
+ ω̇d
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pd = ρd Rd T d = ρd R0

W d
T d , (A5)

Ed = ρdCd
v T d + ρd ud

j ud
j /2, (A6)

σ d
i j = μd

(
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i

∂xd
j

+ ∂ud
j
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i

)
− 2

3
μd ∂ud

k

∂xd
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1
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=

ns∑
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Ys
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. (A8)
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FIG. 27. Temporal variation of compressible to solenoidal kinetic energy ratio Kc/Ks at Mt = 0.1 and
0.8 at Reλ ≈ 60 for isothermal (Da = 2) and exothermal (Da = 200) reactions, log-log scale. (a) Mt = 0.1,
Da = 2; (b) Mt = 0.1, Da = 200; (c) Mt = 0.8, Da = 2; (d) Mt = 0.8, Da = 200.

In the equations, the variables include density ρ, velocity component uj , time t , direction
component x j , pressure p, total energy per unit volume E , temperature T , thermal conductivity
κ , total number of species ns, heat of reaction of sth species −H0

s , reaction rate of sth species ω̇s,
mass fraction of sth species Ys, mass diffusivity of sth species Ds, molecular weight of sth species
Ws, total molecular weight of the mixture W , specific heat at constant pressure of the mixture Cp,
specific heat at constant volume of the mixture Cv , and viscosity μ.

The dimensionless variables are introduced as follows, and the subscript “ f ” denotes reference
variables:

x j = xd
j

L f
, ρ = ρd

ρ f
, ui = ud

i

Uf
, T = T d

Tf
, p = pd

ρ f U 2
f

, t = t d

L f /Uf
, E = Ed

ρ f U 2
f

, (A9)

μ = μd

μ f
, κ = κd

κ f
, Ds = Dd

s
μ f

ρ f

, R f = R0

Wf
, Scs = μ

ρDs
, (A10)

M = Uf

c f
= Uf√

γ R f Tf
, Pr = μ f Cp, f /κ f , Re = ρ f Uf L f

μ f
, (A11)

ω̇s = L f ω̇
d
s

Uf ρ f
, H0

s = H0,d
s

Cp, f Tf
, W = W d

Wf
. (A12)
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FIG. 28. Temporal variation of compressible to solenoidal dissipation rate ratio εc/εs at Mt = 0.1 and 0.8 at
Reλ ≈ 60 for isothermal (Da = 2) and exothermal (Da = 200) reactions, log-log scale. (a) Mt = 0.1, Da = 2;
(b) Mt = 0.1, Da = 200; (c) Mt = 0.8, Da = 2; (d) Mt = 0.8, Da = 200.

Here R0 denotes the universal gas constant, and R is the gas constant of the mixture. The ratio
of specific heat at constant pressure to that at constant volume γ and the molecular weight of the
mixture W are assumed to be unchanged during the chemical reaction process:

γ = Cp, f

Cv, f
= Cd

p

Cd
v

, W d = Wf . (A13)

The Schmidt numbers for all species are assumed to be identical and can be calculated by

Scs = Sc = μ f

ρ f D f
, s = 1, 2, . . . , ns, (A14)

where D f is the reference mass diffusivity proportional to T 3/2
f /p f .

Applying the current single-step irreversible reaction equation, the large-scale forcing F , and the
cooling function 
 to the N-S equations, the final dimensionless N-S equations are as follows:

∂ρ

∂t
+ ∂ (ρu j )

∂x j
= 0, (A15)

∂ (ρui )

∂t
+ ∂[ρuiu j + pδi j]

∂x j
= 1

Re

∂σi j

∂x j
+ Fi, σi j = μ

(
∂ui

∂x j
+ ∂u j

∂xi

)
− 2

3
μθδi j, (A16)
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FIG. 29. Instantaneous compensated spectra of velocity Eu(k)ε−2/3k5/3 at Mt = 0.1 and 0.8 at Reλ ≈ 60 for
isothermal (Da = 2) and exothermal (Da = 200) reactions at t/τ = 0.7. (a) Mt = 0.1, Da = 2; (b) Mt = 0.1,
Da = 200; (c) Mt = 0.8, Da = 2; (d) Mt = 0.8, Da = 200.
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∂Ys
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p = ρT/(γ M2), E = p

γ − 1
+ 1

2
ρ(u ju j ). (A19)

Here the dimensionless reaction rates and heat release terms are as follows:

ω̇A = −Kf ρ f L f

Uf W 2
f

ρ2YAYB exp

( −Ea

RT Tf

)
, (A20)

ω̇A = ω̇B = −1

2
ω̇P, (A21)

Q = −H0/(Cp, f Tf )

(γ − 1)M2
ω̇P. (A22)
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The dimensionless reaction rates and heat release terms can be rewritten as

ω̇A = ω̇B = −1

2
ω̇P = − Da ρ2YAYB exp(−Ze/T ), (A23)

Q = Ce

(γ − 1)M2
ω̇P, (A24)

where the Damköhler number Da = Kf ρ f L f /(Uf W 2
f ), the Zeldovich number Ze = Ea/RTf , and

the heat release parameter Ce = −H0/CpTf . Kf is the reaction rate parameter, Ea is the activation
energy, and −H0 is the heat of reaction.

APPENDIX B: INFLUENCE OF INITIAL DENSITY FIELDS ON FLOW STATISTICS

The influence of initial density fields on flow statistics is analyzed based on simulation data
on 643 grid at Taylor Reynolds number Reλ ≈ 60 and at turbulent Mach number Mt = 0.1 and
0.8 for isothermal (Da = 2) and exothermal (Da = 200) reactions as shown in Figs. 21–29. Four
initial density fields are considered. init1 initializes YA and YB homogeneously where YA = YB = 0.5.
init2 ∼ init4 use slabs for initialization, and the gray slab stands for YA = 0.99, YB = 0.01, and the
white slab stands for YA = 0.01, YB = 0.99. The spatial average of YA and YB is identical, where
〈YA〉 = 〈YB〉 = 0.5 for the four initial density fields. init4 is the initial density field adopted in the
current paper.

The results show that the initial density field will affect the reaction rate and the product
generation rate due to the time required for species mixing at the initial reaction phrase. With the
increase of species slabs for initialization, the results will get close to those of idealized initialization
(init1). At t/τ > 25, the flow statistics are slightly influenced by a different initial density field, and
thus our analysis and conclusions based on flow statics at t/τ > 25 have general applicability.
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