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Analysis of mixing in a helical microchannel
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Experiments on the mixing of two different fluids at low Reynolds number inside
helical channels have shown that their curvature and torsion induce secondary flow at
the channel cross section, which enhances mixing between liquids. While these channels
are mostly of symmetric cross section, e.g., circular and rectangular, recent experiments
suggest that helical channels with asymmetric cross sections can enhance mixing even
further. There have, however, been few systematic studies on the coupled effect of the
asymmetry of a channel cross section and its three-dimensional orientation on the mixing
of fluid streams. In this regard, we have examined mixing between three differently dyed
streams of cross-linkable silicone material inside triple-helical microchannels; we have
also simulated the flow of liquids through such channels using FLUENT software. Our
results show that the length of the interface that separates different liquids at any cross
section varies linearly with a nondimensional parameter involving curvature, torsion, axial
length, and helix radius of the channel. Moreover, mixing efficiency increases with Péclet
number, the exponent of variation being dependent on the Reynolds number of flow.

DOI: 10.1103/PhysRevFluids.5.064502

I. INTRODUCTION

Mixing between fluid streams at microscale is important in the context of many microfluidic
applications, e.g., microfluidic total analytical systems [1,2], biochemical analysis [3] such as DNA
sequencing [4] and cell lyses [5], transient analysis of intracellular signal transduction processes
[6,7], and several targeted applications [8–10]. Rapid mixing is desired also for many microfluidic
devices, e.g., homogenization of solutions of reagents used in chemical reactions [11]; dispersion
of materials [12]; generation of water droplets in a continuous flow of oil [13]; and in biology for
ultrafast mixing of reactants and enzymes inside glands, e.g., for rapid release of chemicals by
certain insects for their defense [14]. The micromixers are of two types: active and passive [8,15].
Active micromixers involve an externally driven agitation device, whereas passive ones make use
of specific features of their geometry for the agitation to occur. Examples of passive microfluidic
mixers are T-shaped [16,17], Y-shaped [18], and L-shaped [19] channels; a staggered herringbone
mixer [8,20]; splitting flow [21]; and a split and recombine mixer [22,23]: in all these mixers
mixing essentially occurs by chaotic advection induced by time dependent yet two-dimensional
flow. Chaotic advection results in an increase in the interface between two different liquids, which
enhances the extent of molecular diffusion and consequent mixing. Chaotic advection occurs also
in time invariant yet three-dimensional flow. For example, flow through a planar curved channel
results in a secondary circumferential flow in addition to the primary axial flow [24–26]. For a
spiral channel, for which helix angle θ = 90◦, this secondary flow results in two oppositely rotating
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vortices at the channel cross section, known as the Dean vortices. The flow through such channel is
characterized by a dimensionless number, the Dean number, defined as Dn = (aκ )0.5 Re in which
Re = vdhρ/μ, where v is the average velocity of flow, dh is the hydraulic diameter of the channel,
μ is the viscosity of the liquid, κ defines the curvature of the channel axis, and a defines the helix
radius. At small Dn number, the centrifugal force is not sufficient to split the axial flow in the
channel, but when the Dn number gets large enough, the axial flow inside the tube is perturbed
by a secondary flow in the transverse plane, which can induce chaotic advection in the laminar
regime [27–29]. Apart from the spiral channel, fluid flow has been examined also for a helical
channel [28,29], the geometry of which is defined also by the torsion of the channel axis in addition
to its curvature, defined as τ = sin θ cos θ/a and κ = sin2θ/a, respectively [30,31]. Both these
geometric parameters have been shown to affect the strength of this secondary flow and the number
of vortices [28–30]. It has been shown also [26,32] that such secondary flow enhances mixing
between liquids over that which occurs in straight channels. While the cross sections of all these
channels remain circular, asymmetry in a channel cross section is expected to bring in additional
complexity, which has not been examined in sufficient detail [33–38]. For example, flow through
helical channels with square, triangle, and elliptic cross sections has been examined in the context
of enhancement of heat transfer area [33], and air-water two-phase flow [34–36]. However, not
much work has been done to characterize mixing and particularly evolution of the mixing interface
between fluid streams [37,38]. However, the combined effect of an asymmetric cross section and
the three-dimensional orientation of the channels has not been examined to any detail in the
literature.

In order to understand the coupled effect of channel geometry and Reynolds number of flow
on the extent of mixing between different liquids, and on the evolution of the interface between
them, we performed both experiments and flow simulations. We used triple-helical microchannels
embedded monolithically inside a poly(dimethylsiloxane) (PDMS) block, inside which we pumped
three streams of differently dyed cross-linkable silicone [room temperature vulcanizing (RTV)]
material. The RTV was cross-linked and the cross-linked mold was subsequently recovered.
Analysis of images of the cross section of the mold at different axial lengths showed the extent
of mixing between different streams. In order to obtain more detailed qualitative information about
evolution of the interface between different liquid streams, three-dimensional (3D) simulations of
species transport were performed using commercially available FLUENT software. These analyses
show that contour length of the interface between different streams varies linearly with the axial
length of the channel but exhibits nonlinear dependence on the helix angle. At low Reynolds number,
a strong secondary flow field can occur in these channels because of the occurrence of multiple
vortices in the constituent lobe, thereby enhancing the extent of mixing.

II. MATERIALS AND METHOD

A. Materials

Poly(dimethylsiloxane) (PDMS) (Sylgard 184, Dow Corning product) oligomer was used for
making cross-linked blocks, within which microchannels were monolithically embedded. Flexible
nylon monofilament (diameter: 530 µm - 2 mm) procured from the local market was used for
making templates for channel fabrication, and chloroform, purchased from Sigma-Aldrich, was
used as a solvent for swelling the PDMS blocks. Room temperature vulcanizing silicone rubber
(RTV1060A and its cross-linker) was purchased from Mingcheng Group Limited. A silicone tube
(Sigma-Aldrich) of 2.0 mm ID was used for carrying the liquids. Silicone oil of viscosity 100
centistokes (cS) was purchased from M. R. Silicone Industries and was mixed with RTV at different
weight ratios to reduce its viscosity. Oil-soluble dyes like Sudan Blue II and Oil Red O MS were
procured from Sigma-Aldrich, and S. D. Fine Chem Limited and were used for making the dyed
liquids.
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FIG. 1. (a), (b) Side view of three inlets and triple-helical microchannel, with helix angle θ , helix radius
a, and λ, defines the pitch or the wavelength of the channel. (c) The front view of the inlet of triple-helical
channel. (d) A 3D view of the triple-helical channel.

B. Method of preparation of microchannel embedded in PDMS blocks

Figure 1 shows the schematic of a triple-helical channel, which is characterized by three
geometric features: helix radius a, helix angle θ , and wavelength or helix pitch λ. These channels,
embedded inside PDMS, were prepared by the method presented in Ref. [39]. In brief, a hand-
operated mechanical device was designed for twisting three or more nylon strands to a desired
helix angle. In order to make the twisted form permanent, it was first heated to ∼100 °C and then
cooled to room temperature. The hot set intertwined structure of three monofilaments as presented in
Ref. [39] was used as the template. The template was placed inside a pool of PDMS (Sylgard 184,
mixed with the cross-linker at 10:1 weight ratio) and was cross-linked to form a cuboid with the
template embedded inside. The template was gently removed by pulling out the individual strands
from the block preswelled with chloroform. The swollen block was then deswelled back by slowly
drying off the solvent at a controlled condition. The channel thus formed consisted of three helical
flow paths merged together forming a single channel, as shown in Fig. 2(a). The diameter of each
helical flow path was varied from 530 ± 5 μm to 1.8 ± 0.1 mm and the helix angle was varied from
11° ± 0.5° to 36° ± 0.5°. Since this channel was monolithically embedded inside the PDMS block,
it was not possible to recover the solid mold generated inside [Fig. 2(a)]. Therefore, to facilitate
access of the mold inside the channel, a sharp surgical blade was used to cut the PDMS block into
two halves by driving it along the axis of the channel from the outlet to the inlet point where the
three flow paths initially meet as shown in Figs. 2(b) and 2(c). For carrying out flow experiments,
however, the channel needed to be closed, which was done by placing the two halves together with
their matching surfaces pressed against each other by use of a binder clip as shown in Fig. 2(d). In
this way, leakage of liquid from inside the channel was completely prevented.

C. Method of preparation of dyed RTV liquids of different viscosity

The RTV liquid was white in color; therefore it was mixed with oil-soluble red and blue dyes
to prepare mixing liquids of three different colors. In addition, the viscosity of the respective RTV
liquids was to be reduced in order to increase the Reynolds number of flow. The dual objectives
of coloring the RTV samples and reducing their viscosity were met in a two-step process. In the
first step, the dye compounds, which were in the form of solid lumps, were first pulverized with
a mortar and pestle and were then thoroughly mixed with the silicone oil of viscosity 100 cS. At
the same time, the respective RTV liquids were mixed with the cross-linking agent (10:1, w/w). In
the second step, the colored silicone oil was added to the RTV samples prepared earlier while also
vigorously stirring the liquid mix. For the white RTV, the colorless silicone oil (without any dye)
was mixed with the RTV sample. In order to attain different viscosities of RTV samples, silicone
oil was added in a different weight ratio to it. For example, the viscosity of one such RTV sample
(mixed with silicone oil) was found to be 4.12 kg/m s at shear rate = 1.25 s−1, while its density was
ρ = 1250 kg/m3 [40,41]. Considering the hydraulic diameter of the channels, dh = 2.2 mm, and
flow rate of each liquid stream, Q = 4 ml/min, the Reynolds Re = vdhρ/μ number was calculated
as Re = 0.017. Thus, using RTV liquids of other different viscosity, the Reynolds number could
be varied between Re = 4.23 × 10−3 and 0.07. The minimum viscosity of RTV samples used in
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FIG. 2. (a) Optical micrograph shows a typical channel, embedded inside a PDMS block. (b)–(d) This
block was incised along the channel axis to form two identical halves, which were placed with their matching
surfaces pressed together with a binder clip. (e) Respective RTV streams mixed with the cross-linking agent
(10:1, w/w); the dyes were pumped through three inlets of the channel for ∼5 min. (f), (g) Pumping of RTV
was stopped and the PDMS block with RTV-filled channel was heated at 60 °C inside a hot air oven for 10 min.
Then the RTV was cross-linked inside the channel and the solid RTV mold was withdrawn by gently separating
the two halves of the PDMS block.

the experiments was 2.02 kg/m s. Attempt to reduce viscosity further by the addition of silicone
oil resulted in poor cross-linking of the RTV samples, which rendered them difficult to handle. The
Reynolds number could not be increased further by increasing the flow rate because of leakage of
liquid at a large pressure drop. The mixed liquids were kept inside a vacuum chamber to extract all
the air from inside it. Following the removal of air bubbles, the RTV samples were poured into the
syringes in such a way that no air could get trapped inside them.

D. Method of carrying out the experiment

All three syringes were then fitted in a syringe pump (Harvard apparatus, model PHD 2000
Infuse/withdraw); an outlet from each syringe was connected to three different inlets of the
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FIG. 3. (a), (b) Optical micrographs represent the side view of a typical RTV mold at the vicinity of the
inlet of the channel and at an axial length of 32 mm from it. (c), (d) represent the cross sections of the RTV
mold at 4 and 32 mm of axial length. A channel of helix angle θ = 21◦ and hydraulic diameter of ∼2.2 mm
was used in the experiment. Reynolds number of flow was maintained at Re = 0.017.

microchannel by using a micropipet tip and silicone tube. The RTV streams from the three syringes
were then pumped into three different lobes of the triple-helical channel through the three inlet
tubes as shown in Fig. 2(e). The RTV was allowed to flow through the channel for about 10 min,
following which the pumping of the liquid was stopped. The PDMS block was then placed inside
a hot air oven at 60 °C for ∼10 min, during which the RTV got cross-linked [Fig. 2(f)]. The binder
clip, holding the two portions of the PDMS block, was then removed, and the RTV mold inside the
channel was gently removed. It was taken for further analysis, as shown in Fig. 2(g). The RTV mold
was cut into small parts of 2–4 mm length with their plane perpendicular to the axis of the channel.
The image of the cross section of these RTV samples was captured using a charge-coupled device
(CCD) camera to understand the extent of mixing of the three RTV streams at any given axial length
of the channel.

E. Calculation of mixing efficiency

Mixing efficiency was estimated by calculating the standard deviation in the intensity of color
at any cross section of the channel. In particular, the intensity of the color for all pixels within a

cross section was obtained. The standard deviation was then estimated as σ =
√

1
N

∑N
i=0 (ci − cm)

2
,

where N is the number of pixels and ci represents the intensity of color at the ith pixel. The mean
intensity, denoted by cm, is calculated by finding the average intensity over all the pixels of the cross
section. Mixing efficiency at a cross section is then written as η = (1 − σ

σmax
) × 100%, where σ and

σmax represent the standard deviation of concentration in a cross section at a given location and
maximum standard deviation at the inlet, where the two liquids begin to mix.

III. OBSERVATIONS

The optical images in Figs. 3(a)–3(d), show typical side and cross-sectional views of RTV
samples collected from the inlet and the outlet of the channel, respectively. Here the flow rate of each
liquid stream was maintained at Q = 4 ml/min. The images show the presence of a sharp interface
between the differently colored materials, suggesting that the dye molecules did not diffuse between
different liquid streams.
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FIG. 4. (a), (b) Optical micrographs represent the cross section of the RTV mold for helix angle θ = 21◦ −
36◦ at different axial lengths of 4–32 mm of the channel. The Reynolds number of flow is Re = 4.23 × 10−3.

Contours of mixing profile of three RTV streams for θ = 21◦−36◦ and Re = 4.23 × 10−3 are
shown in Fig. 4; contours of mixing profile of three RTV streams for θ = 21◦−36◦ and Re = 0.017
are shown in Fig. 5.

In Figs. 4(a), 4(b), 5(a), and 5(b), we show optical images of cross sections of RTV mold at
different axial lengths: 4–32 mm, for two different helix angles θ = 21◦−36◦ and at a range of
Re = 4.23 × 10−3−0.017. Analysis of the images suggests that different kind of mixing interface
patterns can be generated by varying the flow rates and helix angles. At constant Reynolds number, it
is shown that the interface length of any stream of RTV gradually increases with an increase in helix
angle from θ = 21◦ to 36◦ as shown in Figs. 4(a) and 4(b). On the other hand, at constant θ = 21◦,
for increase in Reynolds number: 4.23 × 10−3 to 0.017, at any cross section the length of the
interface between different liquids increases with increase in penetration of one liquid into the other
as shown in Figs. 4(a) (5–8) and 5(a) (4–8). At helix angle θ = 36◦, and Re = 4.23 × 10−3−0.017,

064502-6



ANALYSIS OF MIXING IN A HELICAL MICROCHANNEL

FIG. 5. (a), (b) Optical micrographs represent the cross section of the RTV mold for helix angle θ = 21◦ −
36◦ at different axial lengths of 4–32 mm of the channel. The Reynolds number of flow is Re = 0.017.

the thickness of an individual RTV stream gradually decreases, and the length of the interface
increases. These effects become more pronounced at even higher Reynolds number (Figs. S1(a)
and S1(b) of the Supplemental Material [42]). In order to confirm that the observations made
earlier occur irrespective of the liquid type, these experiments were repeated also with molten wax
samples [43,44], which too showed similar behavior (Supplemental Material, Figs. S2(a)–S2(g),
S3(a)–S3(e), and S4(a)–S4(c) [42]) although, because of experimental difficulties, a sharp image
of the interface between three differently colored liquids could not be extracted. Thus, while the
experiments yielded an excellent qualitative picture of the extent of mixing between different
streams within a limited range of Reynolds number of flow, a more elaborate study was required to
have a quantitative effect of different parameters on mixing within the microchannel. It is for this
purpose that 3D simulation of this phenomenon was carried out using FLUENT software.
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A. Channel dimension considered for carrying out flow simulation

The helix angle of triple-helical channels, as shown in Fig. 1, was considered to vary from θ =
6◦ to 34◦. The flow area of the channel is As = 2.4d2, and the wetted perimeter is WL = 7.85d .
Therefore, the hydraulic radius can thus be represented as dh = 4AS/WL ∼ 1.22d . For the purpose
of flow simulation, the diameter of individual helical flow paths was considered to be 50 μm, so
that the helix radius a for all our channels was ∼29 µm and the hydraulic diameter was estimated to
be ∼61 µm. The axial length of the channel was maintained at 2 mm for all simulations.

B. Numerical simulation

The method of generation of computational grids has been described in detail in Rajbanshi and
Ghatak [45] and is briefly presented in the Supplemental Material, T1 [42]. Governing equations
and solver settings for 3D simulation of flow and species transport have also been illustrated in T2
in the Supplemental Material [42].

IV. RESULTS AND DISCUSSION

In simulation, two different model liquids, water (density, ρ: 998.2 kg/m3; viscosity, µ:
0.001 kg/m s; and molecular weight, Mw: 18.01 kg/kmol) and acetone (density, ρ: 791 kg/m3;
viscosity, µ: 0.000 331 kg/m s; and molecular weight, Mw: 58.01 kg/kmol), were used for studying
mixing at different Reynolds numbers of flow and the helix angle. These two liquids are completely
miscible, and therefore the mass diffusivity between these two liquids is known to be 4.65 × 10−9

[46]. However, to unravel the role of secondary circumferential flow in generating the chaotic
advection (Jones et al. [47]; Aref [48]) and the resultant folded structure (Jones et al. [47]) of the two
liquids, it was assumed that the diffusivity between these two liquids is very small. In particular, the
calculations were done at two different diffusion coefficients, D = 10−10 m2/s and D = 10−20 m2/s.
At such small values of D, the interface between the two liquids is expected to be sharp, and the
mixing is primarily expected to occur via an increase in the interfacial area between the two liquid
streams.

A. Contours of mixing profile of acetone and water for different θ and Re

In Fig. 6, we present the simulated contour profiles of these two liquids at different cross sections
along the length of the channel. The results represent channels with two different helix angles, θ =
16◦ and 34◦, with Reynolds number of flow maintained at Re = 24.6; the diffusivity between the two
liquids was considered to be D = 10−10 m2/s. For each sequence, the images represent the extent of
mixing at different axial lengths of the channel. Results for other helix angles and Reynolds number
of flow are presented in Figs. S5(a)–S5(f) of the Supplemental Material [42]. These images are
analyzed to obtain the mixing efficiency between the two liquids. In Figs. S6(a)–S6(d) we present
the variation of mixing efficiency, %η at different axial lengths La of the channel at a range of
Re = 0.025−246 and helix angle θ = 6◦−34◦.

In Fig. 7(a) we present the mixing efficiency %η against the Reynolds number Re for different
helix angles, θ = 6◦−34◦. In each case, %η was calculated for an axial length of La = 2 mm follow-
ing the procedure described earlier. For each helix angle, %η was found to vary nonmonotonically
with Re, suggesting the occurrence of two different phenomena. This results corroborates with
similar observations in the context of mixing in Verma et al. [49], Jiang et al. [38], Liu et al. [32],
and Jani et al. [50]. It is concluded that at smaller values of Re, diffusion of liquids across the
interface between them can occur over long residence time; as a result mixing efficiency remains
large [51,52]. However, with increase in Re, the time available for such transport of mass over
a given length L of the channel diminishes; with it, the mixing efficiency %η also decreases.
The relative effect of diffusion time and that for convection or the residence time on mixing
efficiency is expressed by the dimensionless Péclet number, Pe = vL/D where L is the given axial
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FIG. 6. Contour profiles of mixing of acetone and water flowing at different Reynolds numbers in triple-
helical channels of different helix angles. (a), (b) Contour profiles are captured at varying axial length in
channels with helix angle θ = 16◦ and 34◦, respectively, at Reynolds number Re = 24.6. These calculations
were carried out by considering the diffusivity between two liquids as D = 10−10 m2/s.

length of the channel. Mixing efficiency %η decreases with increase in the Péclet number of flow
through a channel. The Péclet number can be further written as a product of the Reynolds number
(ReL) calculated with axial length L of the channel as the characteristic length and the Schmidt

FIG. 7. Mixing efficiency of contour plots obtained from simulation. (a) The mixing efficiency %η is
calculated from contour plots, like the ones presented in Figs. 6 and S5 and several others simulated for
different values of Re and θ , and is plotted against Reynolds number of flow. The symbols •, ♦, 	, �, and
© represent data for helix angles θ = 6◦, 16◦, 22◦, 30◦, and 34◦, respectively. (b), (c) The plots show that %η

scales differently for different ranges of Re: Re < 50 and Re > 50. Here the symbols •, �, and � represent
Re = 0.123, 1.23, 24.6 and ©, �, and ♦ represent Re = 246, 123, and 61.5, respectively.
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FIG. 8. (a), (b) Image of a typical cross section of the microchannel in which two different liquids are
pumped. The line representing the interface between the two liquids is extracted using image processing
software. The contour length Lc of the interface was then calculated.

number: Pe = (Lvρ/μ)(μ/ρD) = ReLSc. Noting that ReL ∼ (L/d )Re, the Péclet number can be
expressed as Pe = (L/d )ReSc. In our experiments both the L/d ratio and the Schmidt number
Sc remain unaltered, so at smaller values of Re, %η decreases with increase in Pe. A different
phenomenon sets in at larger Re. With increase in Re, the secondary flow at the cross section
of the channel becomes strong with the result that the interfacial area between the two liquids
increases, concomitant to %η also increasing. Quantitative analysis of dependence of %η on Re
and θ captures these results as presented in Figs. 7(b) and 7(c). Here, mixing efficiency %η varies
differently at two different ranges of Re: at Re < 50, η% ∼ Re−1/10(sin2θ cos θ )1/4 and at Re > 50,
η% ∼ Re1/4(sin2θ cos θ )1/2. Flow in helical channels has earlier been shown to be mediated by
two different dimensionless numbers: the Dean number Dn = Re(aκ )0.5 and the Germano number,
Gn = Re(aτ ); one accounts for the curvature, aκ = sin2θ , of the helix and the other takes into
account the effect of its torsion, aτ = sin θ cos θ . For a planar spiral tube with negligible torsion,
the flow is essentially determined by the Dean number, Dn. However, with increase in torsion,
as with a single helical coil, the effect of torsion increases, so that the flow within such channel
begins to be determined by both these parameters. As a first approximation, for larger Re, Re > 50,
the flow can be thought to be determined by the geometric mean of the above two numbers:
(GnDn)1/2 ∼ Re(sin2θ cos θ )1/2. In the context of mixing between fluids, the mixing efficiency %η

depends also on the Péclet number Pe, such that with increase in Pe, %η decreases. It has been shown
in different contexts that %η does not vary exactly linearly with Pe−1, but sublinearly [53,54], e.g.,
η% ∼ Pe−m, where the exponent m has been shown to vary from 0.6 to 0.8. Hence, combining
these effects and considering that m ∼ 0.75, the mixing efficiency %η is indeed found to scale as
η% ∼ (GnDn)1/2/Pe0.75 ∼ Re0.25(sin2θ cos θ )1/2, which corroborates with that estimated from the
simulation results. At smaller value of Re, e.g., Re < 50, the dependence of flow on the helix angle
is expected to be less pronounced, such that the dependence of %η on Gn and Dn can be written
as (GnDn)1/4, leading to a relation for %η as η% ∼ (GnDn)1/4/Pe0.75 ∼ Re−0.25(sin2θ cos θ )1/4;
in analysis from simulation, η% ∼ Re−0.1, possibly because of a slightly different value of
exponent m.

B. Length of interface between two liquids

Since the extent of mixing depends on the area of the interface between the two liquids, it is worth
quantifying the stretching and thickening of the interface as a function of geometric parameters and
the Reynolds number of flow. The image in Figs. 8(a) and 8(b) shows the state of mixing between
the two liquids at a typical cross section, the interface between which was extracted out using image
processing software IMAGEJ. In order to detect the interface, RGB color intensities (25, 182, 253)
to (165, 254, 26) were considered to form the interface region. These data, presented in Figs. 9–12,
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FIG. 9. The sequence of images represents calculations carried out for diffusivity D = 10−10 m2/s between
the liquids which were pumped into channels of helix angle θ = 6◦ − 34◦ at Reynolds number Re = 1.23.

show that at the inlet of the channel the length of the interface is minimum, but with an increase in its
axial length the contour length of the interface increases. In fact, the interface undergoes stretching,
folding, and also thickening. The effect of thickening of the interface gets more pronounced at a
larger helix angle as shown in Fig. 9(c) for θ = 34◦. For such interfaces, calculation of the length of
the interface tends to get less accurate. Hypothesizing that such thickening of the interface happens
because of diffusion between the two liquids, the effect of diffusion was required to be minimized.
Thus, to capture the sole effect of hydrodynamics on the deformation of the interface, calculations
were carried out at a reduced diffusivity of D = 10−20 m2/s [55,56]. These results are presented in
Fig. 10 in which the evolution of the interface in channels with three different helix angles, θ = 6◦,
16◦, and 34◦ and Reynolds number Re = 1.23 is presented. Examination of the images in Figs. 10,
11(a) and 11(b) shows that at large Reynolds number, e.g., Re = 123, and high helix angle, e.g., θ =
22◦ and 34◦, the interface undergoes not only stretching and folding but also apparent coalescence
with an existing portion of the interface and even branching. Notably, coalescence and branching
are not observed for smaller θ even at large Reynolds number. Comparison of calculations with
D = 10−10 m2/s and D = 10−20 m2/s at Re = 123 (Fig. 12) show that thickening of the interface
occurs not because of diffusion of mass but because of these additional effects not observed for
other similar microchannels reported in the literature, e.g., the spiral channel and the ones decorated
with the herringbone pattern at the wall [8,57].

Both the contour length of the interface and its area were obtained by image processing. In
Fig. 13(a) we plot the contour Lc against the axial length La of the channel for different θ and
Re. The data show that at a smaller helix angle, θ = 6◦, Lc varies almost similarly with La for
different Re; however, for higher helix angle, θ = 34◦, Lc remains larger for higher values of Re.
The stretching of the interface can be examined in the light of nonlinear stability analysis in which
an error parameter increases exponentially with time (Villermaux et al. [58]). In the laminar regime
considered here, the flow field and the resultant extent of mixing between fluids remain constant
with respect to time. Nevertheless, the length of the interface increases with the axial length of the
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FIG. 10. (a)–(c) The sequence of images represents calculations carried out for diffusivity D = 10−20 m2/s
between two liquids which were pumped into channels of helix angle θ = 6◦ − 34◦ at Reynolds number Re =
1.23.

channel, which can be quantified by the Lyapunov exponent defined as [23,32]

p = lim
La→∞

1

La
ln

(
Lc| f

Lc|0

)
,

where Lc|0 and Lc| f represent, respectively, the contour length of the interface at the beginning and
end of the channel. Notice that in the definition of p, we have replaced time by the axial length La.
It is worth noting also that La does not exactly increase to ∞ but to 2 mm � dh = 61 μm; beyond
La = 2 mm, instead of stretching, coalescence of interface occurs. Analysis of Lyapunov exponent
p for different data sets shows that p varies only weakly with Re in the range considered but varies
significantly with helix angle θ . The inset of Fig. 13(a) shows that p obtained from different sets
of parameters all fall on a master line when plotted against the quantity (sin2θ cos θ ). The error
bars in the data represent the standard deviation for Reynolds number varying over two orders of
magnitude. This result corroborates with that of others in the literature (Sawyers et al. [59], Niu
and Lee [60], Xia et al. [23], and Liu et al. [32]) where too, the Lyapunov exponent was found
to be weakly dependent on Re within some range. However, for the triple-helical channel, p was
significantly larger than obtained by others within a large range of Reynolds numbers.

Similar to the contour length of the interface, its area Ac was also obtained for a range of helix
angle of channel and Reynolds number of flow. The data presented in Fig. 13(b) show that Ac

increases linearly with the axial length of the channel, but with respect to the helix angle, it varies
as Ac ∼ (sin2θ cos θ )1/2.

V. SUMMARY

We have presented a systematic experimental and theoretical study of mixing of two different
liquids within triple-helical microchannels. Our calculations have shown that at large helix angle,
the effect of the secondary circumferential flow becomes strong enough that the interface, through
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FIG. 11. (a), (b) The sequence of images depicts coalescence and branching of the interface for two
different sets of parameters.

FIG. 12. (a), (b) The sequence of images represents calculations carried out for diffusivity D = 10−10 m2/s
between the liquids which were pumped into a channel of helix angle θ = 34◦ at Reynolds numbers Re = 1.23
and 123, respectively. (c) The calculations as in (b) were repeated for diffusivity D = 10−20 m2/s.
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FIG. 13. (a) Lc data from different set of parameters were plotted against axial length La. The symbols
©, and � represent flow through channels of helix angle θ = 6◦ at Reynolds numbers 1.23, 24.6, and 123,
respectively; the symbols •, �, and � represent θ = 34◦ and Re = 1.23, 24.6, and 123, respectively. The
inset shows the Lyapunov exponent as calculated for different θ and Re, and plotted against the quantity
sin2θ cos θ . (b) The estimated area of the interface is plotted against La(sin2θ cos θ )1/2. The symbols ©, ♦,
�, and � represent θ = 6◦, 16◦, 22◦, and 34◦, respectively. Open and filled symbols represent Re = 123 and
1.23, respectively.

which the mass transfer can occur, increases significantly. The mixing efficiency between two
different streams is shown to scale linearly with the geometric mean of the Dean number and the
Germano number %η ∼ (DnGn)1/2 ∼ (sin2θ cos θ )1/2. From the contour length of the interface of
the two liquids, we have obtained also the Lyapunov exponent p, which defines the rate at which
an initial contact between the two streams gets stretched over the axial length of the channel. Our
calculations show that this rate depends strongly on the geometry of the triple helix, p ∼ sin2θ cos θ ,
remaining independent over a large range of Reynolds number of the flow. The Lyapunov exponent
was also significantly larger than that reported by others in the literature suggesting strong chaotic
advection. Thus combing the scaling relations for %η and p, respectively, the mixing efficiency %η

is found to scale with the Lyapunov exponent as %η ∼ p1/2. Geometry mediated occurrence of a
very large value of Lyapunov exponent suggests rapid mixing between liquids. It is worth pointing
out that the Lyapunov exponent could be estimated over a length scale of a conventional helical
mixer, which was smaller than that in the experiment.
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