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We consider a drop of constant density and uniform interfacial tension rising in a
linearly density stratified fluid. In the limits of weak inertia and stratification effects, we
calculate the drag acting on the drop, the flow fields inside and outside the drop, the
drop deformation, and the drift volume induced by the drop using the method of matched
asymptotic expansions. Stratification or inertia increase the drag, and this enhanced drag
acting on a drop is equal to (\3&1%))2 times the enhanced drag acting on a rigid sphere,
where X is the viscosity ratio. This relation between the enhanced drags of a drop and a
rigid sphere holds even in the presence of both of these effects (stratification and inertia).
On the other hand, stratification does not result in any deformation of the drop up to the
first order of approximation. At zero inertia and small advective transport rate of density,
the drift volume induced by the drop rising in a stratified fluid is finite (but large compared
to the drop’s volume), unlike the drift volume in a homogeneous fluid, which is infinite.
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I. INTRODUCTION

In lakes, ponds, or oceans, the variation of temperature or salt concentration with height causes
density stratification. Drops in stratified fluids are encountered when one uses bubble plumes for
destratification to get rid of the harmful effects associated with the stratification [1] or during an oil
spill as oil drops rise through stratified water in the ocean [2]. It is then necessary to find the forces
acting on a drop rising in a stratified fluid to estimate the efficiency of the destratification process or
to understand the consequences of an oil spill [3].

There was a tremendous effort to understand the settling motion of spheres in a stratified fluid
for different values of Re, Fr, and Pr, which denote the Reynolds, Froude, and Prandtl numbers,
respectively [3—13]. These works used two types of stratification—linearly stratified fluid or two
homogeneous miscible fluids of different densities separated by a density stratified interface of finite
or zero thickness (call this step stratification). All these works reported a drag enhancement due to
stratification, the physics behind this drag enhancement being dependent on the type of stratification,
Re, and Fr.

For a sphere settling through a step stratification at 1.5 < Re < 15, it was found that its velocity
changes nonmonotonically from its terminal velocity in the upper fluid to its terminal velocity in the
lower fluid displaying a minimum somewhere in the interface due to the stratification enhanced drag
[5]. A similar nonmonotonic variation of the settling velocity with time was also found for a sphere
crossing an interface separating two homogeneous fluids (with zero interface thickness) even at zero
Re [7,8]. Again considering the settling through step stratification at 20 < Re < 450, it was found
that the sphere decelerates so much due to enhanced drag that it levitates (comes to rest in a fluid
that is lighter than it) and reverses its direction of motion for some time before continuing to fall
down [6]. In these works, the sphere leaving the upper homogeneous fluid (by entering the stratified
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interface or lower homogeneous fluid) drags this low-density fluid with it, and the buoyancy of this
low-density fluid manifests as an enhanced drag on the sphere. As long as the low-density fluid
is attached to the sphere, it decelerates achieving a minimum velocity, at which point the entire
low-density fluid is detached from the sphere due to which it begins to accelerate. This leads to the
nonmonotonic variation of velocity with time.

When a sphere is settling through a linearly stratified fluid at moderate Re (10 < Re < 1000), it
was observed that a standing vortex, which typically occurs in homogeneous fluids, is suppressed
by stratification, in turn giving rise to a strong vertical jet behind the sphere [9—11]. A mechanism
for the appearance of this jet is given as follows. As the sphere settles, it drags a low-density fluid,
which initially is located near the front of the sphere in the density boundary layer. Due to the
buoyancy, this low-density fluid rises to the back of the sphere in an attempt to return to its original
position, in turn generating a vertical jet. This jet is similar to the caudal fluid dragged from the
upper homogeneous layer when a sphere is settling in a step stratification. The buoyancy of the
low-density fluid in the jet and the generated internal waves as low-density fluid returns to its initial
density level are responsible for the increased drag due to stratification [12].

The physics associated with a particle settling in a linearly stratified fluid at moderate Re is
interesting yet quite complex to understand, as in this case after the particle reaches its peak velocity,
other than monotonic deceleration, the particle can levitate momentarily, reverse its direction of
motion, and even oscillate with a frequency proportional to the Brunt-Viisild frequency [12]. The
wake structure behind such a settling particle is also complicated and can be one of the seven types
depending on Re and Fr [14]. On the other hand, settling at low Re is well understood. In this case,
the buoyancy of a light fluid immediately adjacent to the sphere manifests as the enhanced drag,
which was shown to be proportional to Ri%3!, where Ri is the viscous Richardson number [15].

Most of the previous works attributed the stratification enhanced drag to the buoyancy of the
dragged lighter fluid. In an attempt to identify the origin of this stratification enhanced drag, a
recent work [16] divided the contributions of the stratification to the drag into two parts—the first
one coming from the buoyancy of the lighter fluid and the second one arising from the baroclinic
torque induced modifications in the vorticity field around the settling particle. For most values of
Re, Fr, and Pr, the force due to the change in vorticity dominates and is responsible for the observed
stratification enhanced drag.

A few theoretical works were also carried out to derive the stratification enhanced drag acting
on a particle settling in a linearly stratified fluid [17-19]. Due to the coupling between the
equations governing the fluid flow and density transport, such a calculation was only done for weak
stratifications, in turn enabling one to take perturbations in terms of a small stratification parameter.
It was shown that such perturbation is singular, similar to the perturbation in Re [20], as the matching
zone where the viscous forces balance the buoyancy forces occurs far away from the particle. The
exact location of the matching zone depends on whether advection of density transport dominates
the diffusion or vice versa. Neglecting inertia, Zvirin and Chadwick [17] calculated this stratification
enhanced drag assuming the advection is more important, while work of [18] is valid if diffusion
is more important. It was recently shown in Ref. [19] that Zvirin and Chadwick’s calculation holds
not only in the limits of dominant advection or dominant diffusion, but also uniformly between
these two limits. The main focus of Ref. [19] was to estimate the inertial effects on the stratification
enhanced drag for a settling rigid particle. We use a similar perturbation scheme to find the influence
of inertia on the stratification enhanced drag acting on a rising drop. We extend the scope of the work
by evaluating the drop deformation, flow field and the drift volume induced by the drop as well.

There are few numerical works that analyzed the settling or rising dynamics of a drop in a
stratified fluid. In this case, either the stratification or the presence of surfactants can cause the spatial
inhomogeneities in the interfacial tension that complicate the rising dynamics [21,22]. Analyzing the
settling motion of a drop in a step stratification, it was found that the slip boundary condition on the
drop causes it to entrain less amount of low-density fluid than that of a rigid sphere, which manifests
as a smaller stratification enhanced drag [21]. Similar to a settling particle, a drop rising in a linearly
stratified fluid at moderate Re can levitate, reverse its direction of motion, and even oscillate about
a certain fluid density level [23]. In a linearly stratified fluid, two drops rising in tandem or in
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X3

Po = Po — VX3

FIG. 1. A schematic showing a drop of constant density and uniform interfacial tension rising through a
stratified fluid whose ambient density py = po, — X3 decreases with the height. Also shown is a unit vector e;
pointing vertically upward and a gravity vector g = —ges.

a side-by-side configuration were found to retain their configuration during interaction [24]. This
observation for drops in tandem motion in a stratified fluid holds for stronger stratifications and is
in contrast to their motion in a homogeneous fluid. After the drops approach their neutrally buoyant
density level, they oscillate, and eventually the trailing drop rotates around the leading one, forming
a side-by-side configuration. For a swarm of drops rising in a linearly stratified fluid, it was reported
that the stratification hinders the vertical rise velocity of the swarm but increases the probability of
cluster formation [25].

A drop rising in a homogeneous or stratified fluid drags a certain volume of fluid with it, the so
called drift volume. An estimate of drift volume induced by a rising drop would answer if the drop
mixes its surrounding environment. It was Darwin [26] who introduced the drift volume, and he
found that the drift volume induced by a translating sphere in an inviscid fluid is equal to the added
mass divided by the fluid density. In a viscous fluid, at Re = 0, Eames et al. calculated the drift
volume induced by a rising drop and found that a slow 1/r velocity decay causes the drift volume to
become infinite [27]. They also evaluated the drift volume induced by a drop translating normal to
a wall, and they found that a faster 1/ velocity decay makes the drift volume finite but much large
compared to the drop’s volume. Here r is the distance measured from the center of the drop. At finite
Re, the ever increasing extent of wake behind a towed particle and a slow 1/r decay of velocity
in the wake produces an infinite drift volume [28]. Such infinite drift volume induced by towing
particles at zero or finite Re prompted the drift based explanations in support of biogenic mixing
contributions to oceanic circulation [29,30]. But effects such as density stratification [12,31,32],
background turbulence [33], and the force-free nature of swimming organisms [34] reduce the drift
volume and make it finite.

Despite several studies on the subject, a theoretical investigation of drop transport in a stratified
fluid and the induced drift volume is missing, which is the focus of the present work. This paper is
organized as follows. We present the dimensionless governing equations and boundary conditions
in Sec. II. We then derive the drag, first-order flow fields, drop deformation, and the induced drift
volume in Secs. III, IV, V, and VI, respectively. We provide some concluding remarks in Sec. VII.

II. PROBLEM FORMULATION

In this section, we present the dimensionless governing equations and boundary conditions for
the fluid flow and density disturbance when a drop is rising in a stratified fluid (see Fig. 1 for a
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schematic). We work in a frame moving with the drop. In this frame, the drop is stationary and the
fluid velocity w far away from the drop approaches the negative of the drop velocity u, i.e., w ~ —u
as r = |r| — oo. In this far-field region, the fluid density p is equal to the ambient density p, that
varies linearly with the vertical position x3, i.e., p ~ pg = pso — ¥Xx3 as r — 00. Here, r and x are
the position vectors with respect to the drop center and a fixed point in the laboratory frame, so
X =T + X4, where x; gives the drop’s position in the laboratory frame. Also p, is the reference
density while y > 0 is the density gradient. The pressure p in the far field is equal to pg, which is
governed by —V py + pog = 0, where g = —ge; is a gravity vector whose magnitude is equal to
the acceleration due to gravity g, and e; is a unit vector pointing vertically upward.

We define the disturbance velocity, pressure, and density fields outside the drop as w = w + u,
P =p—po, 0 = p — po. Here we use the Boussinesq approximation. The disturbance pressure,
velocity, and density outside the drop are governed by the continuity, Navier-Stokes, and the
advection-diffusion equations,

V-w=0, (1)
BW/ / / / / 2/ /
poo?Jr(w'V)w—(u'V)w =—=Vp' + pov VW + 0'g, )
810/ / / / / YN
E—l—w-V,o —u-Vp —y(w-e3) =V 3)

Here v is the kinematic viscosity of the fluid outside the drop and « is the diffusivity. In general,
the variations in density are caused by the variations in temperature or salt concentration. For small
changes in temperature or salt concentrations, these changes are linearly proportional to the changes
in density, and in this case we can directly write an advection-diffusion equation for density, with «
being the diffusion coefficient of the associated transport phenomenon (thermal or salt transport).

We assume the density of the fluid inside the drop p, to be constant. Writing the pressure inside
the drop pg as ps = p); — pagrs, we find that the fluid flow w, and the pressure field inside the drop
are governed by

V-Wd=0, (4)

Pd|:aa¥ + (wg - V)Wd:| = —Vp, + pavaViwg — Pdfl—l;, ®)
where vy, is the kinematic viscosity of the fluid inside the drop.

We use the undeformed drop radius a, timescale 7., and the drop speed in a homogeneous fluid of
reference density u, to nondimensionalize the length, time, and velocity. We nondimensionalize the
density by ya while the pressure or stress field outside (resp. inside) the drop is nondimensionalized
by poovite/a (resp. pgvau./a). We find that the dimensionless governing equations and the boundary
conditions are characterised by six dimensionless parameters: the Reynolds number Re, which is the
ratio of inertia forces to the viscous forces, the Péclet number Pe, which is the ratio of the advective
transport rate of density to its diffusive transport rate, the viscous Richardson number Ri, which
is the ratio of buoyancy forces to the viscous forces, the Strouhal number St, which is the ratio
of advective timescale to the characteristic time scale 7., the dynamic viscosity ratio A, and the
kinematic viscosity ratio x . Their expressions are given as

au, au, ya'g a Pava va

Re = , Pe= , Ri= , St= , A , X=—. (6)
v K Poo Ve uct,. PoocV v

We carry out a quasisteady analysis in which we neglect the unsteady terms proportional to ReSt
or PeSt or ReSt/y. This analysis is valid for Re < 1, Ri < 1, and x > 1 as in this case we
can estimate the timescale of velocity variations 7, and show that St ~ Ri [19], which makes the
unsteady terms smaller than the rest of the terms in any governing equation. We rewrite Re, Pe, and

Riinterms of € = a/l;, l;/1,, and Pr [18]. Here [, = (wc/N2)l/4 is the stratification length scale [35],
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the distance from the drop at which the buoyancy forces become as important as the viscous forces
when Pe <« 1, where N = /gy /p 1s the Brunt-Viisild frequency, the typical frequency at which
a displaced fluid parcel in a stratified fluid oscillates. Also /, = a/Re is the Oseen length scale,
the distance from the drop at which the inertia forces balance the viscous forces, and Pr = v/« is
the Prandtl number. Hence, the dimensionless governing equations for the disturbance flow and the

disturbance density outside the drop after rescaling the density as p = l’j—; = - £ ’P are
o °f
V.-w =0, 7
A
el—[(w/-V)w/—(u-V)w/]=—Vp/+V2w/—e4[Je3, (8)
o
I ,
—w'-e3+el—'Pr[w Vp—u-Vp]=V3p. )
Similarly, the flow field inside the drop is governed by
V.w; =0, (10)
€l , )

Far away from the drop, the disturbance velocity and the disturbance density decay to zero,
w =0 and p=0asr— oo (12)
At the drop surface, the flow field normal to the drop must be zero,
n-w; =n-(w —u)=0 onthedrop. (13)
The flow field tangential to the drop must be continuous across the drop surface,
(I—mnn)-w; = (I —nn) - (W — u) onthe drop. (14)
The shear stress must be continuous across the drop surface,
n- (T —ATy) - I —nn) = 0 on the drop. (15)

Here n is the vector normal to the drop pointing into the suspending fluid, I is the identity tensor,
T’ (resp. Ty) is the stress tensor associated with the disturbance flow outside the drop w’ (resp.
the flow inside the drop w,), which using the Newtonian constitutive relation can be written as
T = —p'I+ [VW + (VW)'], T represents the transpose. We impose the no flux condition on the
drop surface for the density field, which is equivalent to ensuring that the drop surface is adiabatic
(resp. impermeable) for the stratification caused by thermal transport (resp. salt transport),

ap _ cos 6 _ cosf
ar  Pe _ef—‘Pr

0

on the drop, (16)

where cos ) = &% = 2,
We solve Egs. (7)—(16) to find the drag and deformation of a drop along with the flow field in the
limit

I .
ek, Twel x =1, Pr, A arbitrary but fixed. (17)

Lo

III. DRAG

We expand the field variables inside the drop and in the inner zone close to the drop as follows:

{W/, p/’ Z)v st p/d} = {W/Oa P,o, '50» wO,d? p/O,d} + G{w/l, p,la ,51, wl,dv p/],d} + 0(6)' (18)
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We find that the leading-order flow variables (Wq, p/o, Wo.4, p/(,, 4 satisfy the Stokes equations for
a homogeneous fluid whose solution is well known [36]. The leading-order drag experienced by the
drop is Fp = —27'Ru, where R = (2 4 31)/(1 4+ 1) and it varies from 2 (for a bubble) to 3 (for a
rigid sphere). It was already reported that the drop does not deform due to this leading-order flow
(see Sec. V for more details) [37,38]. So we can consider a spherical drop to solve the first-order
problem.

We now use the leading-order inner flow W'y to estimate the order of magnitude of various terms
in the Navier-Stokes and density transport equations in the matching zone that occurs at » > 1.
As Wy ~ 1/r for r > 1, we see that w' - VW' ~ 1/r> while u- Vw' ~ 1/r2 for r > 1. Hence we
neglect w - Vw’ as compared to u - VW’ for > 1. Similarly, we notice that w' - Vp ~ p/r? and
u-Vp~ p/rforr > 1 due to which we neglect w' - V5 in comparison to u - Vp in the matching
zone. So the equations governing the leading-order flow disturbance and density disturbance in the
matching or outer zone at r > 1 are

V.w =0, (19)
I
—el;(u VW) = —Vp + V2w — e*pes + 2nRud(r), (20)
I
—W’-eg—el—Pr(u~V),b:V2,Z). 21)

o

In the far field, we represent the drop by a point force equal to the negative of drag acting on
the drop [39,40], which justifies the source term —F,d(r) = 2n’Rué(r) appearing in Eq. (20).
The no-flux boundary condition for density on the drop surface precludes such source terms in the
density transport equation.

As Eqgs. (19)—(21) are linear, we solve them by taking the Fourier transform where the Fourier
and inverse Fourier transforms are defined as

. 1 .
w(k) = /dr w(r)e ™ and w(r)= F/dk W (K)e'®T, (22)
T
where i = +/—1. In the Fourier space, the disturbance flow in the outer zone is given by
W =2nR[A — * B+ * D] '&u, where (23)
L k
o = [kz—ie—(u-k)}l, B = 2 ke,
lo k2[k? — ie Pr (u - k)]
kk
9 = ?3e3 , and & = (I — —2)
[k —ie* Pr(u-k)] k

We represented the second-order tensors as matrices while the vectors are represented as column
vectors in Eq. (23). We interpret W’ as a generalized function, and for € <« 1 we perform a Taylor
series expansion about € = 0 to obtain

N N A N 1 d"w'
W=9%+e4 + - +€"7/, where 7 =lim— . (24)
e>0n! de"
We find that 9}{ is the Fourier transform of the Stokeslet flow field wg that is governed by
V.ws=0, —Vps+ V>ws+27rRud(r)=0. (25)

It can be shown that in the matching zone, the inverse Fourier transform of 90/ matches with the
Stokeslet part of the leading-order inner flow w'y.
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We write .7, as

A 1 A 1
] = lir% —[W' (k) — %’(k)] = ling) —[W' (k) — Ws(k)]
e—0 € e—>0 €

=i o (5) - os(2)] =00 f ] (5) (%)
5—>0 € € € € c .
= 8(k) / dK'[W|._;(K') — Ws(K)], 26)

where W; is the Fourier transform of wg, §(k) is the delta function, and we used the properties of
generalized functions to evaluate the limit [41,42]. We find that the inverse Fourier transform of .7/
is given by

I = dK'[W|—; (K') — Ws(KD)]. 27

81 Q-3

This is a uniform flow, and it should match with the uniform flow part of w’; in the matching zone.
We only need the knowledge of the flow field in the outer zone to determine the first-order force
acting on the drop. This force is given by [43]

F, =27RY. 28)
Using u = u3e3 we find that .7 = —M33 aroptt3e3 and the drag acting on the drop is F = Fze3, where
R
B = _27772”3(1 + EA433,drop)a M33,dr0p = ?M33,rgspa and (29)
sm38 — [Pr (/—f)zugk2 + 1]cos?0 — icos 0L uzk>}
M33 ,rgsp — 2 / / L ! = . (30)
s 2k2 1|cos?26 + izuzk3(Pr+1)cosf — k* — 1
I

The expression for M33,rgsp|m:1 is the same as that reported by Mehaddi et al. (see Eq. 5.3b in
Ref. [19]) for a falling rigid sphere in a stratified fluid except that there is a missing negative sign
in their expression. From Eq. (29), we see that the stratification enhanced drag acting on a drop
is equal to (R/3)* times the enhanced drag on a rigid sphere. As the governing equations and the
boundary conditions associated with the leading-order and the first-order flows in the inner zone
and inside the drop derived in our work are the same as those reported for a drop moving in a shear
flow of a homogeneous fluid (in the limit of zero shear rate), we can use the physical arguments
reported in the latter case [37] to find the scaling of stratification enhanced drag with R. This way,
we can deduce the form of drag force, Eq. (29), without finding any of the flow fields. According
to these arguments, one relates the drag force with the strength of vorticity on the drop surface. It
is evident from Eq. (20) that the disturbance flow in the outer zone is proportional to R and hence
the uniform flow .7; & R. To satisfy this uniform flow boundary condition at infinity, a vorticity of
strength proportional to R.7;’ is induced on the drop surface, which justifies why F; R?. We plot
the stratification enhanced drag acting on a bubble for various /;//, and Pr in Fig. 2.

We can simplify the expression for drag in some limiting cases. For /I, << Pr™", the buoyancy
forces balance the viscous forces in the matching zone, and the density transport is governed by
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FIG. 2. The variation of the stratification enhanced drag acting on a bubble, 877 M33 45, /3, with [; /I, and Pr.
The blue solid, red dashed, and black dash-dotted lines denote the data for Pr = 0.7, 7 (temperature stratified
water), and 700 (salt stratified water), respectively. This variation of drag acting on a bubble with /;//, and Pr
is similar to that reported for a rigid sphere [19].

diffusion. When Pr—! « /I, < Pr~'/4, again the buoyancy forces balance the viscous forces in
the matching zone but the density transport is governed by advection. And for I;/l, > Pr~'/4, the
inertia forces balance the viscous forces in the matching zone. In these three regimes, for uz = 1,
the drag simplifies to

1 4+0.2207R ¢ for I,/l, < Pr7!,
F=—-27R{1+03533RRi'? for Pr !« /l, < Pr /4 (31)
1+ (R/8)Re for 1,/1, > Pr=!/4,

This relationship recovers the result reported for a rigid sphere when A — oo (equivalently
R = 3) [19]. We can rewrite the correction to drag in terms of Re, Fr, and Pr using Ri = %.
We multiply the resulting expression with Re™! to find the drag correction nondimensionalized
by peot’a®. We find that drag correction scales as (ReFr)™'/*Pr!/# in the diffusive regime and as
(ReFr)~%/3 in the advective regime. Numerical results of Ref. [16] have also captured these force
scales. For Fr > Re™!, it was noted in Ref. [16] the existence of another scaling regime in which
the drag correction scales as (ReFr)~!. For these Fr and for any Pr of interest (i.e., Pr < 700), our
calculation holds but we do not see such a scaling regime. Our results also provide the flow field
around a settling rigid sphere in a stratified fluid when A — oo. This solution was not provided in
Refs. [18,19].

IV. FLOW FIELD

In this section, we derive the first-order flow fields inside the drop and in the inner zone outside
the drop, which will be used in the next section to determine the drop deformation. These flows can
be combined with the leading-order flows in both zones to determine a uniform approximation to
the flow field. Generally, we need the entire leading-order flow in the outer zone to determine the
required first-order flows. But in this problem, we see that only the uniform part of the leading-order
flow in the outer zone 7] is sufficient to determine the required flows.

After substituting the expansion (18) in Eqgs. (7), (8), (10), and (11), collecting the terms of order
€, and expressing the velocity fields in terms of stream functions [Eq. (32)], we find that at first
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order, the stream function inside the drop v 4 and that in the inner zone outside the drop | are
governed by Egs. (33) and (34),

1 oy] 10y
w, = 3 8771 w1 —n? = _;8_r1’ where 7 = cosf, (32)
E*Y14=0, (33)
gyl —amel |l L (B2 L 0. G
= u;— = — —| ———
! A PR Tl 2ﬁx+1 a

Here E2 = aﬂ + 4 = ) 3‘)”22, 0,(n) = [, P.(§)d&, and P, is the Legendre polynomial of degree n.
The conditions of zero normal velocity on the drop surface, the continuity of tangential velocity, and
the shear stress across the drop surface and the axisymmetricity of velocity fields can be expressed

in terms of stream functions as follows:

Vil _, = Y1a|_, =0, (35)
RV 9
Wl el (36)
ar r=I1 ar r=1
a (1 3y 190
N ’ah — - Wl d (37)
ar\r? ar J|,._, 8r r2
Y =0along n ==+1and r > 1,
(38)

Y14 =0along n==1and r < 1.

The general solution of Eq. (34) that satisfies the zero stream function on the drop surface and
along the axis of symmetry is

S IS £ /5 A WP S W GRT S Y P
1= 2\ oa+1 ) a1 T o\ )Y

+ ) A =)+ BT =Y+ G = Q). (39)

n=1

Using a relation similar to Eq. (32) between the leading-order stream function in the inner zone ¥
and the flow field w'y, we find that 7 is given by

A
wéz—ﬂ?%r <x+1) }Qm (40)

In the matching zone r > 1, we have

e 2Q2(n)+eZ{A " 4+ By 0u(n) + OCer).  (41)

n=1

, , R I
Yo+ €vy = —Zusrdi(n) + Gl

Again using a relation similar to Eq. (32), we connect the flow fields in the outer zone .7, 9} to
the stream functions W}, W{, in turn deriving the following expressions for the stream functions:

., R ,_R
Vo = _fuerl(n), = ?M33,rgsp"3r2Ql('7)’ “42)
, ’ :
= Yy+eW) = <—3M3V +e€ 3 M33,rg5p“3r2)Q1(”)' “3)
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We now match Eq. (41) with Eq. (43) in the matching zone r > 1. For this purpose, we require
that v does not grow faster than r2 and that the coefficient of 7>Q;(#) is the same in these two
equations. These conditions are satisfied provided

R
A,=0forn>1, B,=0forn>2, and B = ?M33,rgspu3. 44)
We cannot match the term ek

A u3 Rr20,(n) in ¥, + €y] with any of the terms in W;, + ¢ W]. This is

expected as the term & u% Rr20,(n)in Y| represents a nonuniform flow that cannot be matched with
the (only found) umform ﬂow part of the leading-order flow (minus the Stokeslet) in the outer zone.

The solution of Eq. (33), which ensures that the stream function will be zero on the drop surface
and along the axis of symmetry and which gives finite velocities at the drop center, is

0=y Ana(" =0, (p). (45)

We now enforce the conditions (36) and (37) on /| and ¥ 4 to determine the remaining unknown
constants C, and A,, ;, whose expressions are given as

R2us I 12 RA(5) + 6)

Cl= My, C=—
1 6 33,rgsp 2 lo 30 (}L T 1)2

Ruz M33 rgsp A — Iy u3 R(4x +5)
6 G+l TR0 Ll
C.=4,,=0 for n>3.

Ay = (46)

As the first-order drag acting on the drop is given by [38] 47C e3 = —ZT”RZM3M33,rgSp e3, this
validates the drag determined in the previous section without calculating the flow field. Using
Egs. (44) and (46), the expressions for the first-order stream functions inside the drop and in the
inner zone outside the drop are given as

R {M33,rgspu3 (rg _ 74)Q1(77) Iy, (4A+5)

‘/’"dz_z(,wl) 3 1,400 + 1) w3 (r°

- rS)Qz(n)}, (47)

R R 1( &
w1:?M33,rgspu3{r2_5 +2 <)L+1)}Q1(77)

R 2{2 R, LM5)\+4)_L( A ) 1 A(5x+6) 1

+813 210 o+1? 27\a+1) 10 u+ 1) r

}Qz( ). (48)

From these calculations, we notice that the stratification modifies the flow field close to the drop
at O(e), so the flow field close to the drop in a stratified fluid should be approximately the same as
that in a homogeneous fluid. We also infer that the stratification should alter the flow field far away
from the drop in a significant manner because unlike the inner zone, the influence of stratification
is felt at the leading order in the outer zone. By looking at the equations governing flow field in
the outer zone, Egs. (19)-(21), we see that this flow is essentially the flow due to a point force
singularity placed in a stratified fluid, which was already analyzed by Ardekani and Stocker [35]
in the limit Pe < € or [;/l, < Pr—!'. Hence, the flow field far away from the drop in a stratified
fluid should be a Stratlet flow field. Most of these deductions are consistent with Fig. 3, where we
plotted the streamlines associated with the composite expansion of flow field accurate to O(e) for
Pe <€, A =1, and € = 0.1. From Fig. 3(b), we see that the flow field far away from the drop in
a stratified fluid is not a Stratlet flow field. This is because, at these distances from the drop, the
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FIG. 3. In the laboratory frame of reference, we compare the streamlines in a homogeneous fluid (red lines)
with those in a stratified fluid (blue lines) both near the drop (a) and far away from it (b). The streamlines in a
stratified fluid are determined from the composite expansion of flow field accurate to O(¢) at Pe < €, A =1,
and € = 0.1. To find this composite expansion, we combined the flow fields in the inner zone and the outer
zone in the usual manner [44], where the flow in the outer zone is determined by doing an inverse Fourier
transform of Eq. (23) using the FFT package of MATLAB [45].

Stokeslet contribution of the first-order inner flow field is significant enough to alter the expected
Stratlet flow field. We expect to recover the Stratlet flow at even farther distances from the drop.

V. DROP DEFORMATION

In this section, we determine the leading-order deformation of a drop rising in a stratified fluid.
For this purpose, we consider the normal stress balance condition on the drop surface, and we
solve for the deformation knowing the flow field inside and outside but close to the drop. The
dimensionless normal stress boundary condition is given by

- .
[Py — P+ 25 - 225]

LV = {2 2w 2 [(1 2)’”“ (49)
+%(1 — /J:—ixd,3 — Ol) - zlisp 7]2 Ca Ca dn d’?
LPr

As the term f3 n? is much smaller than the remaining terms on the left-hand side of Eq. (49),
27 Pr

lo

and also since we are only interested in finding the leading-order drop deformation, we neglect this
term. Here x; 3 = X, - e3, Ca = pooviu. /o is the Capillary number, which is the ratio of bulk viscous
forces to the capillary forces, @ = p—;’c = 2 is the density ratio, and we assumed the drop’s shape to
be r =1+ ¢(n), max |¢| < 1 in evaluating the curvature term.

We first evaluate the normal stress boundary condition accurate to O(1) to find the drop
deformation accurate to O(Ca). For this purpose, we simply substitute the leading-order pressure
fields inside the drop and in the inner zone outside the drop [see Eq. (50)], the corresponding radial
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derivative of flow fields [see Eq. (51)] into Eq. (49), and we simplify it to obtain Eq. (52),

0.4 + ol o + (50)
=1 = — u Co.d>» r=1 = = u Co,
Po.alr=1 O+ 1) 3n 0,d> Polr=1 AGEN] 3N 0
d , ow'o.,
wo,d, _ wo, — _ usn ’ (51)
ar r=1 ar r=1 ()‘+ 1)

2
ga _va B B 3Rus _ L o i ) d_{
n[wc (1 poox(j’:; a) 5 j| + Iy = Ca {2 2¢ dn [(1 n )dn“. (52)

Here ¢y, co 4, and [Ty = Acp 4 — co are constants.

As the drop is undergoing quasisteady motion, the net force acting on it should be zero.
The drop experiences three kinds of forces—buoyancy, drag, and its own weight. The buoyancy
can be found by integrating the hydrostatic pressure acting on the drop i.e., — fr:l pondS =

oo

2 3 2
_ va 84~ [ 2 —4m1 _va 8- i i -
(1 xd,3)vur fr:] r3ndS 2% o fr:1 rsndS = (1 pmxdﬁ)wc e3, where the last simplifica

tion is done using fr:l rndS = 47”e3 and fr:l rindS = 0. Using this expression for buoyancy,

Eq. (29) for drag, and the usual expression for the drop’s weight, the force balance condition
simplifies to

2 2
ga ya 3Ru; €R
i, (1 — :xdﬁ — C() - ) = T 33,rgspU3- (53)
This condition is accurate to O(e) and we can simply set the right-hand side to zero to find the force
balance condition at O(1).

We now simplify the leading-order normal stress boundary condition, Eq. (52), using the force
balance condition at O(1) to obtain

1 d ,.d¢
noza{z—zg—%[a—n)%“. (54)

Enforcing the constraints that the drop’s volume does not change, fj] ¢(n)dn = 0, and its center

of mass remains fixed, f_ll n¢(n)dn = 0, during the process of deformation, we find that the
deformation is zero, i.e., { = 0, while Il = 2/Ca. This is not surprising because at O(1), the
stratification and inertia do not affect the flow, and we have a drop rising in a homogeneous fluid at
zero Re, which was shown not to deform [37,38].

To determine the effect of inertia and stratification on drop deformation, we evaluate the normal
stress boundary condition accurate to O(¢). To do so, we substitute Egs. (50), (51), and (55)—(57) in
Eq. (49) and simplify it to obtain Eq. (58),

/ | _ l_Y 0“432 +c _ 5(3)\4 + 2)M33,rgsp us
Pialr=1 = l0—24(k+1)2A 1.d 3(A—|—1)2
Iy u3?(—25223 + 200 — 483A1% 4+ 20 — 2101)
+5= 3 Py(n), (55)
Lo 2400 (A + 1)

Iy (A2 420+ $)us? 3 4 2)>M33 ros
p’llr:1=——( 32) U DAY Mt
I, 16(A+1) 6(L+ 1)

Iy u32 (13543 4 33312 + 2721 + 80)
+ = P(n), 56
I 240(A + 1) 2(n) (56)
A+ 2DIMy g us Iy BA 4+ 2)(4x + 5)u3?

= Pi(n)— =
— O I A AT PR

Pi(n)

awl,d,r
ar

_ aw/l,r
ar

Py(n), (57)

r=1
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2 3R R?

n[ﬁim(l — ka3 o) — FFE — =My espit3]
2

I, 43 (33 +2a+61+4)

+ o + €[ + TR e ]

1 d d
= —{2 —2¢ — —[(1 — nz)—{}}. (58)
5 5 Ca dn dn
(—243,\ + 20ah — 6841 )
I w3

4200 — 6384 — 200
T €7, 30 FEupE Py(n)

Here ¢y, c1,4, and Il = Ac1 4 — c; are constants. We note that only the first term on the left-hand
side of Eq. (58) that is proportional to 1 contains the information of stratification through this term’s
dependence on M33 ;g But this term is identically zero due to the force balance condition accurate
to O(e), Eq. (53), making the drop deformation independent of stratification. Using I1y = 2/Ca and
the force balance condition accurate to O(e), Eq. (58) simplifies to

I 43 (3A2+2a-+61+4)
e[l'h TL® T oy ]

1 d L d¢
(-243)\3 +20ah — 684,\2) = —a{Z'Z + %[(1 - )%} } (59)
L \4+200 — 6382 — 200
+6Zm ()L+|)3 P2(77)

We solve this equation for the drop deformation by making sure the drop’s volume and its center of
mass remain fixed during the process of deformation to obtain

We 1} (—2433° + 20an — 68422 + 200 — 6382 — 200)
960 A+ 1)

where the Weber number We = Re Ca. We note that this is exactly the deformation of a drop rising
in a homogeneous fluid at small Re [37,38], in which case the drop deforms into an oblate spheroid.
Hence, the stratification does not affect the drop’s deformation to this order of approximation. To
understand this observation, let us see how inertia or stratification modifies the flow field in the inner
zone. Let us first consider the case of zero inertia. The effect of stratification is to induce a uniform
flow far away from drop, due to which at O(¢) we have a stationary drop placed in a homogeneous
fluid that is undergoing uniform streaming flow far away from the drop. As this problem is the same
as the drop moving in a homogeneous quiescent fluid at zero Re, with a change of reference frames,
we expect the drop not to deform. Now, if we include inertia, it has two effects. It modifies the
strength of uniform flow far away from the drop, which again does not cause any drop deformation.
It also induces a nonuniform flow everywhere in the domain due to the particular integral of Eq. (34),
and this is the sole cause of drop deformation.

The leading-order effect of deformation on the drag can be found by simply considering the
deformed drop in a creeping flow of a homogeneous fluid [37]. As the stratification does not
cause any deformation of the drop, this deformation induced change in the drag is the same as
that found for a drop motion in a homogeneous fluid at small Re [37]. Briefly, this modification in
the drag is O(We), and since We = (pj—;’z)Re2 ~ O(€?), we conclude that the deformation affects
the drag at O(e?). But we do not include this deformation induced drag in Eq. (29) because for
consistent asymptotic expansion of drag accurate to O(€?), we also need to find O(e?In¢€) drag,
whose calculation is beyond the scope of this work. We expect a nonzero drag at O(e” In €) based
on the calculations for the motion of a drop in a homogeneous fluid at small Re [37,46].

¢(n) = Py(n), (60)

VI. DRIFT VOLUME

In this section, we calculate the partial drift volume induced by a drop rising in a stratified fluid.
Drift volume is the volume enclosed between an initially marked plane of fluid of infinite extent
and the deformed plane as the drop travels normal to the initial plane of fluid starting far ahead to
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FIG. 4. Schematic showing the definition of the partial drift volume D, and the coordinate systems
involved. In the drop frame, at time ¢t = 0, the marked fluid disk (shown by the blue straight line) is located at
a distance —x, 3 from the drop. At time ¢, the marked fluid plane deforms (shown by the blue curved line) as
it crosses the drop. The area enclosed between the deformed and undeformed marked fluid planes (multiplied
by ) gives the partial drift volume D), at time ¢ (shown by the light blue region).

far beyond the plane of fluid. When both the extent of the marked plane of fluid and the distance
traveled by the drop relative to the plane of fluid are finite, the volume encapsulated between the
initial and the deformed planes of fluid is referred to as the partial drift volume D), [28] (see Fig. 4
for a schematic).

To make our notation consistent with earlier works on drift volume, we nondimensionalize
velocity using |uz|, time using a/|u3|, and we assume u3 > 0. All the variables that appear in
this section are nondimensionalized in this manner. In the present notation, any field variable can
be found by simply setting u3 = 1 in the expression of that field variable derived in the previous
sections. The marked plane of fluid is a disk of finite radius and zero thickness. In the laboratory
frame, we choose the center of disk as the origin, and we denote the cylindrical coordinate
variables about this origin by X, x3. In the frame moving with the drop, we choose the center
of the drop as the origin, and we denote the cylindrical coordinate variables about this origin by
R, r3. At time ¢t = 0, the marked disk of fluid is located at a distance —x; 3 upstream of the drop.
Hence, 3 = x3 — (x43 + ) and R = X. As far as the flow field outside the drop is concerned, the
disturbance flow in the drop frame and the flow field in the laboratory frame are the same. We used
¥’ to denote the stream function associated with this flow. We denote the stream function associated
with the flow field in the drop frame by /. Note that v/ approaches —R?/2 far from the drop and
v =Y+ XTZ The intersection of the streamline ¥ = —h?/2 with the plane x3 = 0 gives the extent
of marked fluid disk. We denote the point of intersection by (x3, X) = (0, X, (¢)) and the stream
function at this point by ¥, (¢).

In the laboratory frame, we apply the conservation of mass to the control volume (CV) OABCD,

0
2 pdV+/ oW -ndS =0, 61)
ot Jev cs
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where CS denotes the control surface bounding the CV. We choose the surfaces AB, BC, and CD as
the material surfaces, and since OA is a streamsurface, W’ - n is nonzero only along the surface OD.
Hence, the conservation of mass simplifies to

a

— ,odV+/ pw -ndS =0. (62)
9t Jev oD

In the context of the Boussinesq approximation, p can be treated as constant in the conservation of

mass. So, after integration with respect to time and expressing velocity in terms of stream function,

we have

Dy =2n / Y @) dt’ = [Vi(t) — V,p(0)]. (63)
0

This expression for D, is the same as that found in a homogeneous fluid [28] and it says that the
partial drift volume at time ¢ is equal to the volume of fluid that has passed through the plane
x3 = 0 bounded by the streamline ¥ = —h?/2 by time . Here V,(t) denotes the volume of the
drop that has crossed the plane x3 = 0 by time ¢. Assuming the extent of the marked fluid disk is
large compared to the drop, we neglect the deflection of streamlines and set X, = &, hence ¥ (¢) =
V(s =0,X=ht)=v¢'(r3s =—(43+1),R=h,t).Defining t = (x5 +t)/hand 1o = x43/h,
we obtain

D, = 2ﬂh/ Y (Tdt — [Vi(T) — Vi(t0)]. (64)

As D, is at least O(h), we neglect the O(1) terms in the brackets. Also, as the partial drift volume
depends on the stream function far from the drop v, (r), we simply use the stream function in the
outer zone to evaluate D,. We can show that D), is O(h?) and the error in using the flow field in the
outer zone to evaluate D), is O(h) and hence is negligible compared to D,,.

Other than t and 79, D,/ (Rh?) depends only on &, = &h for the values of [;//, given below,

€ for I;/1, < Pr7!,
£ =1Ri'? for Pr ! « /1, <« ProV/4, (65)
Re for [/, > Pr=1/4,

Re;, = Reh is the ratio of marked disk radius (4) to the distance from the sphere at which inertia
forces balance viscous forces. On the other hand, €, = eh (resp. Ri,!/? = Ri'/3h) is the ratio of
marked disk radius to the distance from the sphere at which buoyancy forces balance the viscous
forces for low values of Pe (resp. for high values of Pe).

To simplify Eq. (64) for the partial drift volume, we restrict our attention to one of the regimes
mentioned in Eq. (65). In this case, we can rescale the variables in the outer zone as 7 = &r, W' =
EW, p/ = E2p, ¥’ = £y’ and solve Egs. (19)—(21) in Fourier space. Unlike the Fourier and inverse
Fourier transforms mentioned in Sec. III, in this section the Fourier transforms involve rescaled
coordinate variables, i.e.,

a _ o _ 1 2 o -
¥'(K) = /a’f' V' (E®) e ™ and ¥'(F) = P dk ' (k) e™*T. (66)
big
After finding the Fourier transform of W', namely W', we can calculate 1;’ using
2 L (o) dw;
‘&K =—— =L+ 2 ) 67
v'(k) k3<8k1+8k2 (67)
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FIG. 5. (a) The variation of D,,/('ha) with t for tp = —10 and 2¢, = 0, 0.1, 1, and 8. (b) In the limit
1y — —oo and T — 00, the variation of Dp/(ha) with €. Also shown is a fit to the data for ¢, < 1.

Rewriting the inverse Fourier transform in cylindrical coordinates and integrating along the
azimuthal direction, we obtain

Y () = V' (rs = —(xg3+1).R=h.1)
1
3

o0 o0 N i
/ dks / dk, ¥’ (kv ks ) e85 Gast) kg0 ce nk Ydk,dks. (68)
—00 0

Here, k, = vki> + k2, Jy is the Bess_el function of the first kind and zeroth order, and a factor of
1/& appears due to the relation ' = /'/&. Rewriting Eq. (68) in terms of t, substituting for ¥/ (t")
in Eq. (64), changing the order of integration, and integrating first with respect to 7/, we obtain the
expression for D), as

ih?

p, =" / dks / dk, ' (ky. k) Jo(Enk,)
—00 0

(e*iéhk.zfo _ e*ifhsz)
2R '

k3

(69)

We can compute this double integral using the integral2 command in MATLAB.

The partial drift volume formula [Eq. (69)] is valid in any of the three regimes mentioned in
Eq. (65). The drift volume for the inertia dominant regime (I,/l, > Pr~"/%) was calculated in
Ref. [28]. As the flow field characteristics in the diffusion dominant regime (I,/l, < Pr=') were
already reported byAArdekani and Stocker [35], we restrict the drift volume calculation to this regime

only. In this case, ¥/’ (k,, k3) is given by

e 4 R(KS + 2k$Kk? — 2k3kS — kS + k) o)
(S + 3kK2 4 3K2k4 + k6 + k2)°
We plot the variation of D, with 7 and ¢, at 7p = —10 in Fig. 5(a). For a fixed value of &, an

increase in €, is equivalent to an increase in € or the stratification. This increases the tendency of
the perturbed isopycnals (due to the passage of drop) to return to their unperturbed level, which
reduces the drift volume. As 1/7(k,, k3) is even in ks, the flow field is fore-aft symmetric. As a
result, the upstream drift volume is equal to the downstream drift volume, i.e., D,(7, 790 =0, h) =
—D,(t = —1, 79 =0, h). The fore-aft symmetry of the flow can also be seen from the flow-field
plots [see Fig. 3 here and Fig. 1(b) in Ref. [35]]. Also, as D,, is O(h?) or at least O(h) > 1, the drop
drags a huge volume of fluid in comparison to its own volume as it rises in a stratified fluid.
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We note that the flow field due to a point force (far-field representation of a drop) in a stratified
fluid is qualitatively similar to the flow due to a point force in a homogeneous fluid but bounded by
walls [35]. As the drift volume induced by a sphere moving in a homogeneous fluid near the wall
is reported to achieve a constant value [27], we expect the drift volume induced by a drop rising in
a stratified fluid to also achieve a constant value that is a function of €,. We plot the drift volume
or the asymptotic value of D, in the limit 790 — —oo and T — oo in Fig. 5(b) as a function of ¢;.
Here, we see that for €, < 1, the drift volume is proportional to In (€p,).

The time that the partial drift volume takes to attain the constant asymptotic value is inversely
proportional to €. In the limit €, — 0, the partial drift volume takes infinite time to achieve this
asymptotic value or such a constant drift volume is never achieved. This makes sense, as in this
limit the inner region approaches infinity, so the entire fluid is homogeneous, in which case the
partial drift volume diverges with time. We note that in the limit €, — 0, we can treat the fluid in
the inner zone as homogeneous as far as the partial drift volume calculation is concerned because
the first-order flow in the inner zone does not contribute to the leading-order partial drift volume.

VII. CONCLUSIONS

For a drop rising in a linearly density stratified fluid, we calculated the drag, deformation, and
drift volume induced by the drop, and the flow field surrounding the drop. We assumed the drop has
a constant density and uniform interfacial tension. Our calculations of drag, deformation, and flow
field are valid when the inertia and stratification effects are small (but not negligible), the kinematic
viscosity ratio x > 1, and for arbitrary values of the Prandtl number Pr and the dynamic viscosity
ratio A. For the Reynolds number Re & 0.1, this corresponds to the Froude number Fr > 0.08 for
the temperature stratified air, Fr > 0.26 for the temperature stratified water, and Fr >> 2.64 for the
salt stratified water. The drift volume calculation, on the other hand, is valid for small stratification
and advective transport rate of density, and negligible inertia.

The combined influence of stratification and inertia is to increase the drag, and this drag

. 2 . .
enhancement on the drop is equal to (%) times the drag enhancement on a rigid sphere. The

leading-order effect of stratification is to induce a uniform flow far away from the drop, which
does not cause any drop deformation. This leading-order effect of stratification holds even for
a sedimenting particle of arbitrary shape due to which the stratification does not generate any
hydrodynamic torque on a nonskew particle [47]. In a stratified fluid, the return of perturbed
isopycnals to their unperturbed level causes a reflux of fluid, which reduces the partial drift volume
induced by the drop. This in turn causes the drop to induce a finite drift volume (yet large compared
to the drop’s volume) in a stratified fluid unlike an infinite drift volume induced in a homogeneous
fluid. Our study is a theoretical calculation of drift volume induced by objects (drop or rigid sphere)
in a density stratified fluid, and this calculation is valuable in the context of the ongoing debate in
the literature on biogenic mixing in the oceans.

Prior to our calculation, it was known that a rising drop in a homogeneous fluid at zero
inertia is the only situation in which the drop does not exhibit any deformation [38]. In all other
problems concerned with drop motion, the drop deforms. Through our calculation, we discovered
an additional scenario in which the drop does not deform—a rising drop in a density stratified fluid
at zero inertia. It is then interesting to find out if a drop of arbitrary shape would evolve to a spherical
shape after a long time. This problem is essentially identifying the stability of a spherical shape for
a drop rising in a density stratified fluid at zero inertia, for both infinitesimal [48] and finite [49]
perturbations from the sphere.

In the event of an oil spill, surfactants are usually added to break down the heavier oil components
into small drops. These drops are always surrounded by marine microbes as they serve as nutrient
sources for the microbes. To understand the bioremediation of an oil spill by marine microbes, in
an earlier work we solved this problem without considering the effects of density stratification by
modeling the microbe as a force-dipole and using the method of images to study the hydrodynamic
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interaction between drops and nearby microbes [50-53]. We can now borrow the ideas from the
present work to understand how density stratification modifies the interaction of microbes with
drops rising in density stratified oceans.
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