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A time-evolution of a slightly rarefied gas from a uniform equilibrium state at rest
is investigated on the basis of the linearized Boltzmann equation under the acoustic
time scaling. By a systematic asymptotic analysis, linearized Euler sets of equations and
acoustic-boundary-layer equations are derived, together with their slip and jump boundary
conditions, as well as the correction formula in the Knudsen layer. Analysis is done up
to the first order of the Knudsen number (Kn), with Kn'/? being the small parameter.
Several rarefaction effects, which are known as the effects of the second order in Kn
in the diffusion scaling, are enhanced to be of the first order in Kn. This is because the
variation of the macroscopic quantities along the normal direction is steep in the boundary
layer and the compressibility of the gas is comparatively strong. The occurrence of secular
terms associated with the Hilbert expansion is pointed out and a remedy for it is also
given. Finally, as an application example, a sound propagation in a half space caused by a
sinusoidal oscillation of flat boundary is examined on the basis of the Bhatnagar—Gross—
Krook equation. The asymptotic solution agrees well with the direct numerical solution.

DOLI: 10.1103/PhysRevFluids.4.103401

I. INTRODUCTION

Propagation of sound waves in a gas is a classical problem in fluid dynamics. The application
of the conventional fluid dynamics implicitly requires that the wavelength (a characteristic length)
is long enough compared to the mean free path of gas molecules. This assumption breaks down
in low-pressure circumstances. It also breaks down when the oscillation frequency is extremely
high. Here, we generically call the gas in these situations a rarefied gas. To describe their behavior
correctly, the kinetic theory of gases is required. Sound propagation in a rarefied gas has been studied
extensively for more than half a century [1-14]. In the present paper, we shall focus on the acoustic
behavior of gases in the slip-flow regime.

When the Knudsen number (i.e., the ratio of the mean free path to the characteristic length)
is small, the overall behavior of the gas is well described by fluid-dynamic-type equations under
their appropriate slip and jump boundary conditions. The regime of small Knudsen numbers is
thus called the slip-flow regime. A correction due to the kinetic effect is required within a thin
layer (the Knudsen layer) with a few mean-free-path thickness adjacent to the body surface. A
systematic asymptotic theory has been established for steady boundary-value problems [15-18]. As
to the unsteady problems under the acoustic scaling, the behavior of the gas can be described by the
linearized Euler set of equations in the bulk region; see Ref. [17]. In Ref. [12], a sound propagation
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in a polyatomic rarefied gas in contact with its condensed phase is considered. For a vapor flow,
the kinetic effect appears from the leading order near the vapor-liquid interfaces. Accordingly,
the primary interest in this reference is to derive the appropriate fluid-dynamic-type system and
Knudsen-layer corrections near the interface at the level of the leading order. The linearized Euler
set of equations and acoustic-boundary-layer equations have been obtained, together with the
appropriate boundary conditions at the interface and the associated corrections in the Knudsen layer,
at the level of the leading order [12].

In the present work, we consider a monatomic rarefied gas over a solid boundary whose position
and temperature change in time under the acoustic scaling. Under this scaling, steep variation of
fluid-dynamic quantities is expected to enhance the non-Navier—Stokes effect, compared with the
situation under the diffusion scaling. We try to clarify what kind of rarefaction effects appear in the
slip-flow regime under the acoustic scaling.

The paper is organized as follows. The problem is stated in Sec. II and formulated in Sec. III.
A preliminary analysis is given in Sec. IV for the clarity of motivation to the main analyses to
be developed in Sec. V. In Sec. V, by a systematic asymptotic analysis, linearized Euler sets of
equations and boundary-layer equations are derived, together with their slip and jump boundary
conditions. The correction formulas in the Knudsen layer are also presented. They are obtained
up to the order of the Knudsen number. Section VI discusses the features of the system, where
the occurrence of secular terms in the Hilbert solution is pointed out and a remedy to it is
given. In Sec. VII, as an illustrative example, a sound propagation in a half space caused by a
sinusoidal oscillation of flat boundary is investigated on the basis of the Bhatnagar—Gross—Krook
(BGK) equation. The asymptotic solution agrees well with the numerical solution. In particular, the
proposed remedy for the secular terms is confirmed to be effective. Concluding remarks are given
in Sec. VIIIL

II. PROBLEM AND ASSUMPTION

Let us consider a monatomic rarefied gas around smooth rigid bodies of arbitrary shapes, which
is initially at a uniform equilibrium state at rest with density py and temperature 7. The initial state
will be taken as the reference equilibrium state. There is no external force. We will investigate the
time-dependent behavior of the gas under the following assumptions: (i) the behavior of the gas is
described by the Boltzmann equation for monatomic molecules; (ii) the gas molecules are reflected
locally isotropically on the surface of the solid bodies by a rule of gas-surface interaction prescribed
later in details; (iii) the deviation from the reference equilibrium state is so small that the equation
and the initial and boundary conditions can be linearized around that equilibrium state; (iv) the mean
free path £, (or time) of the gas molecules at the reference equilibrium state is much smaller than
the characteristic length (or time) of the problem; (v) the time evolution is initiated by a change of
the surroundings from the reference equilibrium state with the characteristic time scale.

With a reference timescale 7y and length scale L, we denote by 7y the time, by Lx the position, by
(2RT,)'/?¢ the molecular velocity, and by po(2RTy)*/?[1 + ¢ (¢, x, £)]E (¢) the velocity distribution
function of molecules, respectively. Here, R is the specific gas constant (the Boltzmann constant kg
divided by the mass of a molecule m), E(¢) = 732¢7% and ¢ = |¢|. We denote by py(1 4+ w) the
density of the gas, by (2RTy)'/?u; the flow velocity, by Ty(1 + 7) the temperature, by po(1 + P) the
pressure with py = poRTp, by po(8;; + P;j) the stress tensor, and by po(2RTy)"/?Q; the heat-flow
vector, respectively. Here §;; is the Kronecker delta. They are defined in terms of ¢ as

0= / PEdL, )
ui = / GLEdL, @)

_2 » 3
f_§f< 2)¢Ed;, 3)
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P=w+rT, €]

Py =2 / GoPEdL, 5)

5
0 = [ ;»(z;z - 5)¢Edc. ©)

The range of integration is the whole space of ¢. Equation (4) is the linearized equation of state.

From the assumption (iv), the Knudsen number Kn = ¢,/L is sufficiently small.

The linearization assumption (iii) implies that the perturbation ¢ is much smaller than Kn,
because the square and higher-order terms are discarded for the former but retained for the latter.
Accordingly, the Mach number Ma is much smaller than Kn.

In the present paper, we are interested in the acoustic phenomena induced by slow motion or
small variation of surface temperature of the bodies. Thus we set the appropriate reference time as
to = L/(2RT,)"/? for their descriptions. Since one of the primary sources of the sound wave is an
oscillation of the bodies, the surface of the bodies may have the velocity component normal to itself
in the present paper.

III. FORMULATION OF THE PROBLEM

From assumptions (i)—(v), the behavior of the gas is described by the following initial and
boundary-value problem for ¢:

1
0P, x,8)+ i0;9(t,x,8) = %ﬁ[dﬁ](f,& ), (7
1.3, 0) = f il o & e, %, 22) — dontts 01 2,
(Cix—ttywi)n; <0 |{jl’lj| E(;)
+ Pew(t,x,8),  [xi = xwi, (& — uwi)n; > 0], ()
¢(0,x,¢) =0. )

Here 8, = 9/3t, 8 = 3/dxi, k = (VT/DKn, &= 8,1, {=¢— @y -min, &, =&, — (uy - n)m,
Gew = 2Littyi + (£ — %)‘L’W, L is the linearized collision operator, R is the linearized reflection
kernel, Lxy; is the surface position, #; is the unit vector normal to the surface pointed to the gas, and
(QRTy)?uy,; and Ty(1 + 1) are the velocity and temperature of the body surface, respectively. For
‘R, the following fundamental properties are assumed:

@ R(,.8) >0, (Gni>0.Lun <0).
(b) Impermeability: [; _, R(L,, £)d¢ =1, (Gun; < 0).
(c) Let g be (&) = co + c; E‘l + 6422 where ¢y, ¢;, and ¢4 are independent of ¢. Among such ¢,

only ¢ = ¢ satisfies the relation E({ )(p(l;) f{w -0 %R(Z‘*, Z‘)(p(i‘*)E(Z‘*)di'* (f,-n,- > 0).
(d) Detailed balance:

|Enil R(E,, E (&) = 1Gmi| R(=E, —E)E),  (Gni > 0, Luni < 0).

(e) Local isotropy: for any orthogonal transformation matrices /;; (thus, l;/jx = J;;) that meet
the condition n; = [;;n;,

/ il ottt G, = | Wil e 1 (e B,

Cisni <0 |§/n1| Cixni<0 Illlé‘ln |
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Here, C = |Z‘| and g“* = |f;*|. For the diffuse reflection boundary condition, R(E*, 2) =
27 ¢ niE (Z). The collision operator L acts on a function of ¢ and is defined by

LIP@IE) = / W) + ¥ (&) — (&) — v (@]

x B(% £, - c|>E<¢*)dsz<a>dc*, (10)
=t~ 1€, 0 e, & =LH[E —0)-ola. (an

Here « is a unit vector, d2(a) is the solid-angle element in the direction of o, Bisa nonnegative

function which depends on the intermolecular potential. The range of integration is the whole

directions of & and the whole space of ¢,. For hard-sphere molecules, B=la- &, —O)|/4@2m)'/.
Following Sone’s method [17], we seek the solution of the problem Egs. (7)-(9).

IV. ATTEMPT IN TERMS OF THE KNUDSEN NUMBER EXPANSION

At first, we seek a solution ¢y; that changes moderately both in ¢ and x; in a power series of
k: ¢y = @fjo + ki, + - - - . Corresponding macroscopic quantities denoted by hfy (h = w, u;, T, P,
Pij, 0;) are also expanded in a power series of k: hf; = hjj, + khf;; +---. The by, (m =0, 1, ...) is
expressed by Egs. (1)—(6) with ¢ being replaced by ¢y;,,. Then, by a usual procedure as in Ref. [17],
the leading-order solution ¢y}, is found to be a local Maxwellian,

* 5 *
br0 = Pho + 28tz + <§2 - §>TH0a (12)

such that A, satisfies the linearized Euler set of equations and the equation of state:

dhwp + U0 = O, (13)
atu;kHO + %aiP]ik[o =0, (14)
30, Pl + 30Uty =0, (15)
Piio = @i + Tho- (16)

At the initial instance, it is assumed that the gas is in the reference equilibrium state at rest and that
uw; = 0 and 7, = 0. Thus, by setting hf;, = 0 (t = 0), ¢}, satisfies the initial condition. However,
@ryo cannot satisfy the boundary condition as we will see below.

Suppose that ¢} satisfies the boundary condition Eq. (8). Then, ¢}, ought to satisfy Eq. (8)
with ¢, being replaced by ¢7 ,, where ¢* o = 2¢u’,) + (¢* — %)1;0 and u},;, and 7, are the
leading-order term of u,,; and 7, in their expansion in k. Because ¢y}, ¢35, and E are smooth in &,
and &, the part [¢f;,(t, x, §,) — %0, X, £)IE(L)/E (L) on the right-hand side can be replaced by
(D0, x, Z‘*) — @l x, Z*)]E (Z'*)/E (Z’ ) within the negligible error in the linearized framework.
Therefore, from the property (c) in Sec. I, ¢jj, satisfies the boundary condition if and only if

* % k%
Uigo = Uwio>  THo = Two» 17

on the boundary. However, these conditions are too many as the conditions for the linearized
Euler set of equations. To illustrate it, let us first combine Eqgs. (14) and (15) to derive
the wave equation 92Pj, — %B}P}*m = 0. Then, multiply Eq. (14) by n; to have n;0;P, =
—20, (nju}y,) within the negligible error on the surface, because d;n; = O(uy;). When Eq. (17)
holds, its partial information n;u}y, = niuy,, gives the Neumann boundary condition »;0;Pj, =
—20; (nju,;,) for the wave equation, which is enough to determine Py, under a given initial
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data. Once Py, is determined, the other quantities ujy,, wjj, and tjj, are immediately ob-
tained by integrating Eqs. (14) and (13) with respect to ¢ under the initial conditions and
with the aid of Eq. (16). In this process, the remaining part of the condition Eq. (17),
ie., (8 —ninj)ujfﬁo = (8ij —n,«nj)ujvjo and 7}, = 7, are not used at all. Hence, the system
Egs. (13)—(17) is overdetermined.

When the moderate solution does not satisfy the boundary condition, it is a usual procedure to
introduce the Knudsen layer adjacent to the boundary. In this procedure, we express the solution
¢ as ¢ = ¢f; + ¢ in the layer with the thickness of the order of k (the Knudsen layer), where ¢y
varies with the distance from the boundary in the scale of O(k) [n;0;¢% = k’IO(qbiz)] and vanishes
sufficiently fast away from the boundary. However, ¢y is not capable of working as a correction at
the leading order. This is a consequence of the existence and uniqueness theorem for the half-space
problem of the linearized Boltzmann equation [19] and the fact that ¢yj, is a local Maxwellian. The
procedure constructing the entire solution with the aid of the Knudsen layer does not work.

Judging from the above facts and as discussed in Refs. [12,17], a boundary layer of diffusive
nature is expected to appear in addition to the Knudsen layer. Denoting by L, the characteristic
length of this layer, L; ~ +/(tto/po)ty, Where g is the reference viscosity. In view of the relation
of wo to £y, Ly ~ «/%L, so that L, is sufficiently small compared to L [20]. In the rest of the present
paper, we seek the solution by taking account of this layer and expand the velocity distribution
function and macroscopic quantities in a power series of

We will start the analysis again from seeking the moderate solution.

V. ASYMPTOTIC ANALYSIS
A. Hilbert solution

Putting aside the initial and boundary conditions, we seek the Hilbert solution ¢y that changes
moderately both in ¢ and x;. Corresponding macroscopic quantities are denoted by iy (h = w, u;, 7,
P, P;j, Q). The ¢y and hy are expanded in a power series of &:

b = bro + P + 2P + Pz + -+ (19)

hy = huo + ehmy + el + s + - - (20)

Here hy,, (m =0, 1, ...) is defined by Eqs. (1)—(6) with ¢ being replaced by ¢g;,,. Substituting the
expansion Eq. (19) and k = & into Eq. (7) and arranging the terms by the order of ¢, a series of
linear integral equations for ¢y, is obtained as follows:

Ll¢nol =0, (21)
Llpui]l =0, (22)
Llbum]l = 0rPum—2 + i0iPum—, (m = 2). (23)
The solutions of Eqgs. (21) and (22) are given as
OHO = PeHo»  PHI = PeHI, (24)
where

¢eHm = PHm + 2é‘iuiHm + (;2 - %)THms (m = O, 1, ) (25)

Corresponding to Eq. (24), P, juo, Qino, P;jui1, and Q;u; are given by
Pijno = Puodij, Qmo =0, Pjm =Pmdi;, Om =0. (26)
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Equation (23) for ¢y, (m > 2) is inhomogeneous and it can be solved provided that the
solvability condition

/Wj(atfme—z + §i0idum—2)EdE =0, (J=0,1,2,3,4), 27
or equivalently
Oy wHm—2 + 0jujgm—2 =0, (28)
O iitm—2 + %ajPinm—z =0, (29)
0 Pam—2 + §8jume72 + %8ijHm72 =0, (30)

are satisfied. Here 1/, is the collision invariant, i.e., o = 1, ¥; = ¢ (i = 1,2, 3), and ¥y = ¢2.
Substituting Eq. (26) into the solvability condition Egs. (28)—(30) for m = 2, 3, the following
sets of equations are obtained:

dwno + 80 = 0, 31)
duiro + 50:Pao = 0, (32)
20, Pro + 30;uj10 = 0, (33)
Oywu1 + 0jujm; =0, (34)
dumt + 30:Pmy =0, (35)
20, Py + 30,um = 0. (36)

Both sets of Egs. (31)—(33) and (34)—(36) are linearized Euler sets of equations. No attenuation
effects appear up to this level.
With the aid of Egs. (24) and (31)—(33), the equation for ¢y, can be rewritten as

Llduz] = &ijouujno + (¢ — 3)ditwo, (37)
where ¢§;; = ¢ — (1/3);28,~j and ]T, = fij + fji — (2/3)fixdi;. This equation can be solved to
yield

Prr = Perz — 58 B(E)u 0 — GA(L)d;Two, (38)

where A and B are functions defined in Appendix A. Equation (38) leads to the following expression
of P;jup and Qina:

Pijno = Pmodij — vidijno,  Qime = _%VZaime (39)

where y; and y, are constants defined in Appendix A. Substituting Eq. (39) into the solvability
condition Egs. (28)—(30) for m = 4, the following is obtained:

oo + 0jujm =0, (40)
2 + 3Pz = 310,010, (41)
30, Pz + 30juji2 = 3207 Tho- (42)

This is again a linearized Euler set of equations. The main difference from Eqgs. (31)—(33) and
(34)—(36) is the occurrence of the attenuation effects.

Equations (31)-(33), (34)—(36), and (40)—(42) are the linearized Euler sets of equations for Ay,
(m=0,1,2; h = w, u;, T, P). They are supplemented by the equation of state:

Pyp = 0um + THm, (m =0,1, 2) (43)
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B. Acoustic boundary layer

Obviously, ¢yo in Sec. V A is identical to ¢}, in Sec. IV. Hence, the same arguments as those
in Sec. IV about the latter apply, and ¢y is found not to match the boundary condition. The
boundary-layer correction of diffusive nature needs to be introduced. Let us express the solution ¢ as
¢ = ¢u + ¢p in the layer with the thickness of the order of ¢, where ¢g varies with the distance from
the boundary in the scale of O(e) [n;0;¢8 = ¢~ ' O(¢p)] and vanishes sufficiently fast away from the
boundary [21]. Corresponding macroscopic quantities are denoted by hg (h = w, u;, T, P, P;j, Q).

The ¢p satisfies the same equation as ¢y or ¢. We shall, however, rewrite it by a new coordinate
system which is more suitable in describing the boundary layer. Let us first introduce coordinates
x1 and x» fixed on the surface and time # to express the position xy,; on the boundary by

Xwi = xWi(t’ X1 X2) (44)
Here, x; and yx; are orthogonal to each other. We denote by ti(l) and ti(z) the tangential unit vectors

along the coordinates x; and y,, respectively. The x; and x, are taken so that n;, tl.(l), and ti(z) form
the right-handed system with this order. The velocity of the boundary u,,; and the unit normal vector
to the boundary n; are also the functions of ¢, x1, and x»:

uWi(tv X1 X2) = 8t-xWi7 (45)

(0, Xw X 0y,Xy)i

”‘(t, X1 Xz) = ) (46)
’ |8, X Dy, X
where 9,,, = d/9x1,2. Then we introduce a stretched coordinate y normal to the boundary as
xi = eyni(t, X1, X2) + Xwi(t, X1, X2)- 47)

Then, within the negligible error in the linearized framework, the original equation for ¢p is
transformed into

n 1
0rpp + %3}453 + ¢i(3ix19y, + 9ix20y, )8 = 8—2£[¢B], (48)

where 0, = 0/9dy and ¢, = ¢;n;. By assumption, ¢ and s vanish rapidly as y — oo:
¢p — 0 as y — oo, 49)
hg — 0 as y — oo. (50)
By expanding ¢p and hg in a power series of ¢ as [22]
¢B = Ppo + edp1 + 2 Pp2 + - (5D

hg = hgo + ehgy + &*hgy + -+, (52)

we have a series of equations for ¢g,, (m =0, 1,2, 3, 4):

Llgno] = 0., (53)

LIgp1] = £udyPro. (54)

LIgo] = :0,¢m1 + didpo + &Dil¢ol, (55)

LI$p3] = Cudypr + ddp1 + i Dilds1] + &D; [duol. (56)
Ll¢pal = Cudydps + di¢p2 + & Dilepa] + D} [¢p1] + & D} ol (57)
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Here
Dilf1 = Oix)w0y, f + (3ix2)w0x. [
DV1f1 = ynj[(9;0 x0)wdy f + (3;0x2),, 0. £,
DP[f] = 3" nmel (830 x1 )wiy, f + (D;9:x2)w o 1.

and (-), denotes the value on the boundary (y = 0). From Eqs. (49) and (50), ¢g,, and hg,, (h = o,
u;, T, P, P;j, Q;) also vanish sufficiently fast as y — oo:

¢Bm — 0 as y — o0, (58)

hgm — 0 as y — oo. (59

For Egs. (54)—(57) to be solvable, the condition
/ Vs (£n0yPBm—1 + 0 PBm—2 + &iDilPpm—2] + DV [ppm-3]
+5D P [ppn—s))EdL =0, (J=0,1,2,3,4), (60)
or equivalently
Oy(njujsm—1) + 0wpm—2 + Dj[u;gm—2] + Dﬁ-l)[uij—ﬂ + Dﬁz) [ujBm—a] =0, (61)
10,1 Pjpm1) + dytim— + 3Dj[Pypn—2] + 3DV [Pipm—3] + SDP[Ppus]) =0, (62)

20,(n;QjBm—1) + % TBm—2 — 20, Pam—2 + 3(Dj[QjBm—2] + Dj-l)[Qij—s] + Dﬁz)[Qij—4]) =0,
(63)

must be satisfied for m = 1, 2, 3, 4. Here, the quantities ¢, and hg, (n < —1) should be read as
Zero.

The solution process of Egs. (53)—(57) is similar to that in Sec. V A. Here, we omit the details and
show the resulting set of equations for the boundary-layer correction up to the order of the Knudsen
number:

dy(niuipo) = 0, (64)
dyPgo = 0, (65)
o 1 o
3 (11 umo) — n 3}%(1,'( ‘uipo) = 0, (66)
1
00 — 572980 = 0, (67)
2
dy(muig1) = —0,wpo + Z [(—l)ﬂg3—ﬂf,~(ﬂ)ui30 — Xp.80%s (ti(ﬁ)uiBO)], (68)
p=1
0,Pg1 =0, (69)
o 1 o - o

0 (l,-( )uiBl) —5n 3§(l,-( )uiBl) = VlKay(t,’( )MiBo), (70

1
0, TB1 — EVZayZTBl = 2K 0,TB0, (71)
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2
0y(njug2) = — 0w — 2kniup; + Z [—xp.50y, (ti(ﬂ)uigl) + (—1)‘3g3_ﬂti(’3)uigl
p=1

+ yKpXp.60y, (f,-(ﬂ)uiso) — YO X3-p.3-p0x; 5 (fi(ﬂ)uiso)
— (=1Py(c3-pg3-p — 08p)t uino . (72)

1
| Poo — —(y1y2 — 4y3)82 TR0 | = =28, (itis1) + 1182 (nitzm1 ), (73)
6 y y

1
0 (t;(a)uiB2) —3n 3)2,(2(&)”1'32)

1 2
1 wim1) + =714 = D (1P ga_pxp.p0, (1 umo)

= yleE)y(
2
p=1

2 2
+3(=D* Y 8550, (17 umo) + Y x50 [ 15,695, (1" wino) ]
=1 B=1
2
+ Z(_l)wﬂﬂxﬁ,ﬁam [X3-p3-p8 s (17 tim0) | = ¥ (i + 13 +200)0, (1 o)
p=1

2
+ (1 wmo) [—2kak — 2(g1 + &3) + D_(—1) x50, 83-5]
B=1

2

) ] i} 1 1
+ (ti(3 a)uiBO)[279K +(=1) ZXﬂ,ﬂaxﬁgﬂ] - EXa,aaxa |:P32 - 6(7/1 V2 — 4V3)3y2TBO:|
B=1

1 o
- Z(Vl Y10 — 260y (' uimo). (74)

1 2 1
3,7,'32 — z)/zaf‘EBz = g&,PBQ + zj/z{zl?ayl'gl — y(Klz + K22 + 2192)3yTB()
2
+ Z[Xﬁ,ﬁaxﬁ()(ﬁ,ﬁaxﬁ TRo) — (_l)ﬂgS—ﬂXﬂ.ﬂaxﬁfBO]}
p=1

1 13 \.
~ o\ r2vs— v 9y TBo- (75)

Equations (64)—(75) are supplemented by the equation of state:

Pgy = @By + TBms (m =0,1, 2) (76)

In Egs. (66), (70), and (74), « = 1, 2. The y3, ¥, ¥10, and y;; are constants defined in Appendix A.
The «,, g4, and ¥, are determined by the geometric properties of the boundary and the x,-
coordinate curve on it [18]:

Xeapo 1) = —kqni — (1) gqt"™, (77)
Xyt = (=D (= Oam; + gat™), (78)
Xea O i = Kol 4 (= 1) 0,7, (79)
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where k /L, g, /L, and ¥, /L are the normal curvature, geodesic curvature, and geodesic torsion [23]
on the x,-coordinate curve at the point xy,; (¢, x1, x2), respectively. In addition, 9, = — = 9,k =
(k1 +x2)/2, and x4 = |8Xaxw|_'. The i /L is the mean curvature. The «, is taken negative when
the center of curvature of the x,-coordinate curve lies on the side of the gas. The g, is taken positive
when the center of curvature of the curve, which is generated by projecting the x,-coordinate curve
to the tangential surface at the point xy;(?, x1, x2), lies in the direction of n x t@ when it is looked
at from xy;. The ¥, is taken positive when the geodesic tangent to the x,-coordinate curve at the
point xy; (¢, x1, x2) departs from its osculating plane in the direction of the binormal vector. The «,,
8«» and ¥ are functions only of x; and y». Although the sign of k, in Egs. (77)—(79) is opposite to
that in Eq. (6.61) in Ref. [18], it is due to the difference between the two definitions.

As for the expressions of ¢p,, (m =0,1,2), Py, and O, (m =0, 1,2, 3), the reader is
referred to Appendix B.

C. Knudsen layer and slip/jump boundary conditions

In Secs. V A and V B, we obtain the sets of equations which describe the overall behavior of the
gas and its correction in the boundary layer up to the order of the Knudsen number. However, we
have not yet taken into account the initial and boundary conditions, i.e., Egs. (9) and (8).

At the initial instance, it is assumed that the gas is in the reference equilibrium state at rest and
that uy; = 0 and 7, = 0. Thus, if we put

hgn =0, hg, =0, (¢t=0,m=0,1,2), (80)

then the sum of the Hilbert and boundary-layer solutions matches the initial and boundary conditions
at the initial instance. However, as the time goes on, it departs from a Maxwellian, except for the
leading order, and thus ceases to match the boundary condition. Hence, we need to introduce the
so-called Knudsen-layer correction in the thin layer with the thickness of a few mean free paths in
the vicinity of the boundary.

Since the sum of the Hilbert and boundary-layer solutions is a Maxwellian at the leading order,
from the property (c) in Sec. III, it matches the boundary condition Eq. (8) at this order provided
that

MiUiHo + MUy = Nillyin,  (Xi = Xwi), (81)

(@) (@, () ey a=1.2 82
tl’ Uino + t,' Uio = t,‘ Uwi0, (xz = Xwi, & =1, )’ ( )
THo + TBO = Two,  (Xi = Xwi)s (33)

are satisfied on the boundary. Here, wuy;, and 1y, are the coefficients of the expansion of
the boundary data, i.e., Uy = tyio + ltwit + €2Uwin + -+ and Ty = Tyo + ETw1 + 2 Tya +---. In
contrast to the case in Sec. IV, the condition Egs. (81)—(83) is compatible with Egs. (31)—(33) and
(64)—(67), thanks to the diffusive nature of Eqs. (64)—(67). The Knudsen-layer correction is required
from the first order of . Let us express the solution ¢ as ¢ = ¢y + ¢ + ¢k in the layer with the
thickness of the order of &2, where ¢k varies with the distance from the boundary in the scale of
0(&?) [n;0;0x = 5’20(¢K)] and vanishes sufficiently fast away from the boundary. Corresponding
macroscopic quantities are denoted by g (h = w, u;, T, P, P;j, Q).
The ¢k is the solution of the following problem:

1
Pk (t,x,8) + Lok (2, x, &) = 8—2£[¢K(t,x, O, x, o), (84)
¢K(t’x’ ;)Z / |§:( nk|R(;*9 ;)[(bK(f,x, ;*)+¢F(t’xv §*)—¢ew(t,x, ;*)] (§ )dC*
G—uwini<0 | Ej1] E(¢)
+ Pew(t, X, &) — Pr(t,x,8), [xi = xwi, (& — uwi)n; > 0], (85)
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ox(t,x,8) > 0 as ni(x; — xy;) = 00, (86)

#x(0,x,8) =0, 87)

where ¢g(t,x, {) = ¢u(t,x, &) + ¢s(t, x, £) [24]. Thanks to the smoothness of ¢eyw, Pr, and E
with respect to the molecular velocity, £ and ¢, in their arguments can be replaced by ¢ and ¢,,
respectively, within the negligible error in the linearized framework. Then, the boundary condition
Eq. (85) can be rewritten within the negligible error as follows:

_ [ : . EQ)
¢K(t7xa g)— S R(C*a;)[(ﬁ]{(t’x’ ;*)+¢F(t7x’ g*)_(bew(tvx’ ;*)]_odg*
(Gix—wiIn; <O |§jnj| E()
+ Gew(t, %, O) = Pr(t.x. D) [xi = xwiy (& — wwidn; > O] (88)
Putting
Pk (t.x.8) = ¢k (1. %, &+ (uy - m)n) = ¢k (1, %, 0), (89)
and changing the variable of integration from ¢, to £, in Eq. (88), we have
o (t,%, 8) =Klew — drl(t, %, &) + Klpkl(t, %, 8), (6 = 2w, &imi > 0), (90)

where K and K are operators defined by

o o |Ek*nk| E(E*)
/C[l/f(é')](é'):f S S
Gumi<0 |En5| E(C)

Ky (01&) = v (&) — K[y (©)1). 91)

These K and K are the same as those in Ref. [25], in which the domain is assumed not to deform in
time. In the rest of the paper, the argument with respect to the molecular velocity is & for ¢ey and
¢g, unless otherwise stated.

We introduce another stretched coordinate system (1, xi, x2) with x; and x, being the same as
in Sec. V B:

R, Y (& )dE,,

x;p = exnni(t, X1, x2) + Xwit, X1, X2)- (92)

The problem Eqs. (84)—(87) for ¢ can be rewritten in the following problem for gx within the
negligible error in the linearized framework:

o

o+ e+ GOy, + et ex = — Llgx, ©3)
ok = Klgew — ¢r] + Klgxl.  (1=0, & > 0), (94)
gk = 0 as 15— oo, 95)

ok =0, (=0), (96)

where 0, = 0/9n and Ly = &ing = (& — uyi)n;. Note that the independent variables of each term in
Eqs. (93)—(96) are now 7, 1, X1, X2, and & and that L[¢k (£)](¢) is replaced by L[k (£)](£) within
the negligible error. Taking into account that the correction is not required at the leading order, the
expansion of gk and &k in a power series of ¢ starts from the first order as

ok = epki + ko + o, hx = ehg) + & hga + - CH)

Here hk,, can be expressed by Egs. (1)—(6) with ¢ being replaced by ¢k,,.
The Knudsen-layer corrections ¢k; and gk, can be obtained by a process similar to that in
Refs. [17,18,25]. The expressions of ¢k and gk, are given in Appendix C. We omit the details
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of derivation and show the resulting slip and jump boundary conditions, together with formulas of
the Knudsen-layer correction for macroscopic quantities. They are summarized as follows:

Slip/Jump boundary conditions

miu1 + "B = Nillyil, (98)
1
t,'(a)uil-ll + t,-(a)uiBl = t,'(a)uwil + b(l )3y(l,-(a)bt530), 99
= R 100
TH1 + TB1 = Twl + €] 0yTBo, (100)
Ui + Ny = Nilly;2, (101)

1
f,-(a)uin + ti(a)uiBZ = t,'(a)uwiZ + b(l )[ay(ti(a)uiBl) + nit]('a)(aiujHO + 0juiH0) — Ko (ti(a)uiBO)

+ ﬁ(tio_a)uiBO)] + b(zl)([;a)ajTHO + Xar.a Oy, TBO) + ba])ayz (t[(a)uiBO)» (102)

T2 + TB2 = Tw2 + C&O)(anyl +n;0;THo) + Céo)ayZTBo + Cgo)[ay(niuiBl) +nn;oiupel,  (103)

Knudsen-layer corrections
ok = QP (Mdyeo. 1 = O (MdyTR0,  Pr1 = w1 + k1 (104)
wkini =0, uity® = ¥\ (1), (1 wpo), (105)
WK? 1 (77)( yTB1 + n; lTHO) + 6 (77) yTBO + 5 (77)[ y(nlulBl) + nin; lujHO]s ( )
%2 = O (0)(By 81 + niditho) + OF ()3} T80 + OF (N, (mittip1) + mindimol,  (107)
Pxo = wxo + k2, uikoh; =0, (108)

ot = Yl(l)(n)[ay(t,'(a)uiBl) + nitj('a)(aiujl—lo + 0juiHo) — Ko (ti(a)uiBO) + ﬁ(tioia)uiBO)]
+ 1,0 0)(1179; o + Xt Oy, T80) + Y4 ()05 (1 wimo) (109)

where o = 1, 2. In Egs. (98)—-(109), the quantities with subscripts H and B represent their values
on the boundary. The bg) (p=1,2,4) and cgo) (g = 1,5, 6) are constants and are called the slip
and jump coefficients, while Y " (1), Qéo)(n), @fio)(n), and H{"(n) are called the Knudsen-layer
functions (see Appendix C for their definitions). They depend on both of the gas and the surface-
scattering models. Their numerical data are available for the BGK model, hard-sphere molecules,
Ellipsoidal Statistical (ES) model, and Shakhov model under the diffuse reflection condition [17,25—
29] from Kyoto University Research Information Repository [30]. The expressions of the stress
tensor P;jk,, and heat-flow vector Qik,, (m = 1, 2) can be found in Appendix C.

D. Summary

By the analyses in previous subsections, we have obtained the fluid-dynamic-type system for
the description of acoustic phenomena in slightly rarefied gases. The system is composed of (i)
linearized Euler sets of Eqgs. (31)-(33), (34)—(36), and (40)—(42) for the Hilbert part, (ii) a set of
Egs. (64)—(75) for the acoustic boundary-layer corrections, (iii) a set of their boundary conditions
Eqgs. (81)—(83), (98)—(100), and (101)—(103), and (iv) the formulas of the Knudsen-layer corrections
Egs. (104), (105) and (106)—(109). The Hilbert part and the boundary-layer corrections respectively
satisfy the equations of state [Eq. (43) or (76)] and the initial condition Eq. (80) as well. The
condition Eq. (59) at infinity is also imposed on the boundary-layer corrections. Although the two
parts occur simultaneously in the boundary conditions, they are not actually coupled. We can focus
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on either part in solving them from the lowest order [31]. If desired, the boundary-layer corrections
can be expressed explicitly in terms of the fundamental solution, because they are the solution
of the one-dimensional half-space initial boundary-value problem of the diffusion equation. The
Knudsen-layer corrections are given by the formulas once the Hilbert part and the boundary-layer
corrections are obtained. The obtained system describes the phenomena within the error of o(s?),
i.e., o(Kn).

Incidentally, we have recently become aware of Ref. [32], which studies a similar problem based
on the BGK model equation with the diffuse reflection boundary condition under the time-harmonic
assumption. In this reference, the solution in the acoustic boundary layer is not separated into the
Hilbert and its correction parts; accordingly matching issue to the bulk region arises. The secular-
term problem, which can be a potential drawback in practical application and will be the primary
issue in Secs. VI B and VII, is not discussed.

VI. DISCUSSIONS

In the present section, we first summarize main features of the obtained system, and then discuss
a possible practical drawback in application and a remedy for it.

A. Features
1. Leading order

At the leading order, the boundary-layer correction is not required for the normal component
of flow velocity and pressure [n;u;p0(y) = 0, Pgo(y) = 0; see Egs. (64) and (65) and condition
Eq. (589)]. Thus, the Hilbert part is described by the linearized Euler set of equations under the
initial condition and the boundary condition n;u;po = n;uwio [see Eq. (81)] [33,34]. This agrees with
the usual description in aeroacoustics [35].

Generally, however, the Hilbert part determined as above does not match the no-slip/jump
condition for tangential components of flow velocity and temperature. The boundary layer emerges
to cancel this mismatch. The structure of the boundary layer is determined by solving Eqgs. (66) and
(67) under the conditions (82), (83), (80), and (59), because the Hilbert part has already been at
hands. This also agrees with the acoustic boundary-layer theory in aeroacoustics [35].

2. 1/2th order of the Knudsen number

In contrast to the leading order, the boundary-layer correction for the normal component of flow
velocity is required in general [see Eq. (68)]. Hence its presence affects the Hilbert part or the
behavior in the bulk region at this order through the boundary condition Eq. (98).

The effects of shear slip and the temperature jump are known to be at the first order of Kn
in the literature [17,25]. In the present case, however, they are enhanced to appear at the order
of ~/Kn, as seen in conditions Egs. (99) and (100). This is because of the steep variation of the
macroscopic quantities in the boundary layer. Up to this order, except for the Knudsen layer, the
system is equivalent to the Navier—Stokes system with corresponding slip/jump conditions.

3. First order of the Knudsen number

At the order of Kn, effects enhanced by the same mechanism as above occur not only in
the boundary condition but also in the boundary-layer equations. In the boundary conditions,
slip and jump effects related to the second-order normal derivative of macroscopic quantities are
enhanced. In the boundary-layer equations, the enhancement induces the term — é iy2 — 4)/3)8y2 TRO

in Egs. (73) and (74). The part —é(—4y3)8y2r30 represents the contribution of thermal stress, which
was also pointed out in Ref. [12]. The other part —é(yl yz)BftBO is found to be the leading-order

term of —%82]/1 d;ju;g, a part of the Newtonian stress, from Eqs. (67) and (68) and tgg = —wpo. The
enhancement also induces the double-Laplacian terms in y of the leading-order flow velocity and
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temperature in Eqgs. (74) and (75) [25]. The thermal-stress and the double-Laplacian terms are not
inherent in the Navier—Stokes system. Hence, the boundary layer departs from the Navier—Stokes
description at the present order even if proper slip/jump conditions are applied. However, secondary
effects of the non-Navier—Stokes terms in the boundary layer do not appear in the boundary
conditions Egs. (81)-(83), (98)—(100), and (101)—(103) nor in the Knudsen-layer corrections (104),
(105) and (106)—(109), because any derivatives of g, do not appear there.

The last term on the right-hand side of Eq. (103) represents the jump related to the divergence of
flow velocity (in fact, 9, (nyuxp1) + nin;0;ujuo equals to the leading-order term of divergence under
the rigid-body assumption [25]). Under the diffusion scaling, this jump appears at the second order
of Kn [25]. Here, it is enhanced to appear at the order of Kn due to the difference of the magnitude
of compressibility. The divergence vanishes at the leading order in the former, while it is not the
case in general in the latter [see Eqs. (31) and (68)]. The occurrence of the corresponding jump at
the order of Kn is reported in the case of a finite Mach number flow in Ref. [36].

Finally, it should be remarked that the right-hand sides of Eqgs. (41) and (42) are inhomogeneous
terms that represent the attenuation effect due to the viscosity and heat conductivity. Because they
appear as sources in the equations, they may cause secular terms in the solution. A practical remedy
for this potential drawback will be the topic of Sec. VIB.

B. Secular terms and a remedy to handle them

We have seen that at the first order of Kn the attenuation effect appears as the source terms in
Egs. (41) and (42). These terms are expressed with the solution of the homogeneous equations at
the leading order. According to the perturbation theory [37-39], however, this type of sources may
cause that the uniformness of the expansion (here in ¢) with respect to the independent variables
(here ¢ and x) no longer holds, namely, some terms in the solution become unbounded. Such terms
are called the secular terms. They affect in an unfavorable way the behavior of the wave which has
traveled for a long time and accordingly for a long distance. In the application example in Sec. VII,
this unfavorable property will be demonstrated in Fig. 2 that appears later.

Sometimes the secularity is regarded as a weakness of the Hilbert expansion compared to the
Chapman-Enskog expansion [40]. However, on the basis of the derived system, we can construct a
useful system, which suppresses secular terms in the solution. The former system has been obtained
by a systematic expansion up to O(g?) [or O(Kn)] and hence its solution is correct up to 0(e?)
[or O(Kn)]. The latter system is constructed from the former without dropping any component in
them and accordingly the solution of the latter is expected to be correct up to O(&?) [or O(Kn)]. We
explain the way of construction below.

Summing up Eqgs. (31)—(33), (34)—(36), and (40)—(42) after multiplying the corresponding power
of &, we see that Ay satisfies the following equations within the error of O(g?):

oy + djujy =0, (110)
dum + $9:Py = 1620, 0um, (111)
Ot — 20,Pu = 372670] h, (112)
Py = wyg + 4. (113)

Equations (110)—(113) are no other than the linearized Navier—Stokes set of equations.

As for the boundary-layer part, the derived Eqgs. (64)—(75) are also identical to the same linearized
Navier—Stokes set of Eqgs. (110)—(113) in the curvilinear coordinates, Eq. (47), within negligible
error except for the contribution of the thermal-stress term —é(—4y3)83130 in Egs. (73) and (74)

and the source (inhomogeneous) terms —%(yl Yo — 2)/6)83 (ti(a)uiBo) and —%()@/3 — %y“)a;‘ B0

in Eqgs. (74) and (75) (see the last sentence in Sec. VI A 2 and the first paragraph in Sec. VI A 3).
Remember that the boundary-layer correction at the O(e2) does not affect the slip/jump conditions
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and Knudsen-layer corrections up to the same order (see the last sentence of the first paragraph
in Sec. VI A 3). Then, we are motivated to unify the Hilbert and boundary-layer parts, say hy =
hy + hg, and treat it as a solution of the linearized Navier—Stokes set of equations

dwy + djujy =0, (114)
duy + 3Py = Sy1620,0u;v, (115)
a1y — 20,Py = 3726707 Ty, (116)
Py = wy + 1y, (117)

under the following slip/jump conditions:

iy — Nitly; = 0, (118)
1 Uy — 1 ug; = b nit Gy + juv) + 265 105ty + £ nmd ey, (119)
Ty — Ty = &2 cl n]a v+ ¢ 060 ningd;joTy + € c50 nin;oiu;y. (120)

The condition Egs. (118)—(120) has been obtained by summing up Eqs. (81)—(83), (98)—-(100), and
(101)—(103) after multiplied with the corresponding power of ¢. In this process, the gradients in
the curvilinear coordinates Eq. (47) have been rewritten in terms of the original coordinates x;,
e.g., 0y = eni0j, Xa,a0y, = ti(“)a,- + O(e). The ¢ in front of n;0; is due to the difference of the scale
of variation in the normal direction between the Hilbert and boundary-layer parts. Corresponding
summation will be required later to obtain the Knudsen-layer corrections Eq. (136)—(140). By this
hy, the behavior of the gas can be described correctly up to O(g?) in the bulk region and O(e) in
the boundary layer (and outside the Knudsen layer). In Eqs. (114)—(117), the contribution of the
viscosity and heat conductivity is represented not as source (inhomogeneous) terms but as high-
order derivative terms (multiplied by small coefficients) expressed with the dependent variables in
the equations. Thus the occurrence of the secular term is expected to be prevented.

To improve the less accuracy in the boundary layer, we can take two options. The first option

(construction I) is rather straightforward: Add the following %A, to hy

pt = 20 121
&Py, = —3 73879, TR0, (121)

7 39

2_#

= - = 3 , 122
£ Ty 3075 (Vz)/a 147/11)8 Y95 TBo (122)
elwh, = 2Pl — &’th,, (123)
&2t ufy, = —(V17/10 — 2y6)e”yd] (1 uino) (124)
e’ niul, = 0. (125)

Equations (121)—(125) represent the correction due to the non-Navier—Stokes effect mentioned at
the beginning of the previous paragraph. As for the derivation of these expressions, see Appendix D.
The sum hy + &2k, is correct up to O(e?) in the entire region outside of the Knudsen layer. Note

that g [or tl.(“)u,-Bo] is the solution of Eq. (67) [or (66)] under the conditions (83) [or (82)], (59),

103401-15



MASANARI HATTORI AND SHIGERU TAKATA

and (80), and is thus expressed in the form

T80 = Two(?, X1, X2) — THo(Z, Xw(t, X1, X2))

t
y
- erf e [8 TWO(Sa X1 XZ) - aSTHO(Sa xW(S, X1 XZ))]dSa (126)
fo <\/72y2<r = s)) Y
t
(@) (a) (@) y
L7 w0 =1 uwio(t, X1, X2) — & wino(t, Xw (5 X1, X2)) — / erf(—)
" " o \V2n—s)
5 [05(t w0} (5. X1 x2) — 35 uini0) (s, X (5. x1. x2))]ds. (127)
Because it is easily seen from Egs. (31)—(33) that
2
THO = gPHO, (128)
1 t
1 ot x) = =1 / diPuo(s, x)ds,  [ni(x; — xwi) = O], (129)
0
and from Pgy = O that
Py = Pyo + O(¢), (130)

the corrections Egs. (121)—(125) can be recovered from the data of Py within the tolerant error by
the simple replacement of Py with Py in Egs. (128) and (129).
The second option (construction IT) might be easier to implement: Add the following A¢ to hy:

2 402
Pc = —§V38 8x”rv, (131)
= ! _¥ e*[1 — exp(—x,)]0> T (132)
c = 307, V2V3 147/11 P n)10y Tv,
wc = Pc — 1c, (133)

1
1 e = Gy, 11710 2¥6)e*[1 — exp(—x)13; (1 uiv), (134)
1

niuic =0, (135)

where x, = (x; — xwi)n; = €y and 9, = 9/0x,. Compare the above with Eqs. (121)—(125), and
recall that 828},hv = azayhgo +0(E) (h=r1, ti(a)u,-) in the boundary layer. Then, it is obvious that
hc is O(e?) and agrees with the desired non-Navier-Stokes part e>hfy, within the error of O(e?) in the
boundary layer. It should be noted that since Ay is nonzero outside the boundary layer, ¢y is replaced
by 1 —exp(—x,) in Egs. (131)—-(135) to suppress the secular-term problem. Outside the boundary
layer, the magnitude of hc is at most O(e*), which is within the negligible error in the present
framework. The sum Ay + Ac is correct up to O(g?) in the entire region outside of the Knudsen layer.

Finally, from Egs. (104), (105) and (106)—-(109), the following summed up Knudsen-layer
corrections fig (h = w, 1, P, u;) are obtained:

ax = 2V mn;djty + e* QL ()njmd; oty + 2QY (min; iy, (136)

= 200\ o TN () P 20O\ o

Tk = & 07 (Mn;djty + " Og " (nn;md;otv + " Of (Mnin;diujy, (137)
Px = ok + Tk, (138)

it = &Yt Qi + djury) + €7, (0 + YVt nined;dy . (139)

ﬁ,‘]{l’l,’ =0. (140)
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We can construct the solution which is correct up to O0(g?) or O(Kn) in the entire region by hy +

2h§2 + hk (construction I) or by hy + hc + hx (construction II). The expressions for the stress
tensor and heat-flow vector of each part, say (P, v, Qiv), (Pijc, Qic), and (P,_,K, Q,K), are summarized
in Appendix D.

VII. APPLICATION EXAMPLE

Consider a slightly rarefied gas in a uniform equilibrium state at rest with density pg and
temperature 7j, bounded by an infinitely wide flat plate with temperature 7p. The plate location
Xw(f) in X at time 7 changes sinusoidally as X, (f) = @cos &7 from its initial position Xy (0) = a.
The mean free time of the gas molecules is much smaller than the period of oscillation of the plate:
640y/(2RTy)'? « 1, where £, is the mean free path in the equilibrium state at rest with density po
and temperature 7j. The amplitude of oscillation of the plate is sufficiently small so that square and
higher-order terms of G/ (2RTy)'/? = a are negligible.

Let the reference time be 7y = 6! so that + = 7. With this 7y, we take the reference length
L = (2RTy)'?ty [41]. Because the present problem is spatially one dimensional, we simply denote
the x; coordinate by x and the dimensionless flow velocity u; as (u(z, x), 0, 0). The same notation
convention will be applied to u;y, u;g, Uik, etc.

We will investigate the harmonic behavior of the gas after a long time has passed from the initial
state on the basis of the system derived above up to the second order of €.

In seeking the solution of hy,, and hg,,, the conditions Egs. (81)—(83), (98)—-(100), and (101)-
(103) may be imposed at the fixed position x = 0 because of the oscillatory motion of the plate (see
Ref. [33]).

We can seek the solution in the form Ay, = Re[e” hHm ()] and hg,, = Re[e” th (»)], where i is
the imaginary unit and hn(x) and th(y) are complex-valued functions. The B (x) and th(y)
are obtained as follows:

N Sia ix . 3c 4 . 3. . 2 A
Pyo=—exp|——), fmo= —Puao, ®uo= -Puo. Tuo = -Pno, (141)
3c c 5 5 5
. 5(1 —da /v . 3¢ A R 3. . 2 A
Pay = o2 \/_ —; o= TP, o =B, too= Sha, (142)
. 5i 51, 25 1 5p 10 ix
J I 2 2 (1-— -2 -2,
i a{ 9c¢* ()/1 + 12¢? )x + |:27c3 ( 4c? )J/z 9¢3 + 9¢? TP\
. i 572 2 (0)) ix
= —a| L N P _2), 143
2 a|:3c3 <7/1+ 12c2)x+3c<3 +e P\ (143)
34 v2 . d* o 2 4 7, d*#o
—2p .t = B — , 144
o = 5H2+2 Py T2 5hhe 2 PR (144)
. R . . 2ia (I1+10)
Pgo=0, dgp=0, 1= —po= 30 &P <— my>’ (145)
.\ 1—i 1+
PBI — O’ I:\tBl — _M exp <_ﬂ)’ (146)
3¢ Nz
2 2 1+1
ty1 = —dp = —(1 — i)a( */)2/—2 + “”) exp (—ﬂ) (147)
9 " 3eym Nz
. 2a[(4 4 (1 +1)
Pg, = ( Vi— V2 — ﬁ) exp (——y>, (148)
3c\3 31 NEZ
) .
1
gy = 2a r + a exp —( + i)y , (149)
92 " 3¢ I
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FIG. 1. The profile of macroscopic quantities. (a) w/a for k = 0.02, (b) w/a for k = 0.01, (c) t/a for
k =0.02, (d) t/a for k = 0.01, (e) u/a for k = 0.02, and (f) u/a for k = 0.01. The solid line indicates the
N solution, the dashed line the HBK?2 solution, the dash-dotted line the HBK1 solution, and the dash-double-
dotted line the HBKO solution.
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FIG. 2. The profile of w in a far field at t = 2n7 for k = 0.01. (a) N, HBK2, CI, and CII solutions and
(b) N, HBK1, and HBKO solutions. The N, HBK2, CI, CII, HBK1, and HBKO solutions are indicated by the
solid, dashed, long-dashed, dotted, dash-dotted, and dash-double-dotted lines, respectively. In panel (a), the
long-dashed and dotted lines are invisible because they are close to the solid line. In panel (b), the dash-dotted
and dash-double-dotted lines overlap each other.

TRy = - —
B2 2763 9 TN T 3epn ) T3y T 3e
2(1 4 7 13 1+i
( +l)< 4 +£ Vll)y]exp<_( +l)}’>’ (150)
C15cym 31 T3y, T 22 NGZ)
A (151)

where ¢ = /5/6. The Knudsen-layer correction is given as hx,, = Re[e’ hx,»(1)], where m = 1, 2,
n=x/ 823\ and h,, is defined by Eqgs. (104), (105) and (106)—(109) with (hy,,, hg,,) being replaced
by (hHmv th)

We have solved the same physical problem on the basis of the linearized BGK model under
the diffuse reflection condition, again under the time-harmonic assumption, directly by the finite-
difference method. In the rest of this section, we denote the numerical solution by the N solution,
the asymptotic solutions which are correct up to the leading, first, and second orders of ¢
[ZZ;O e (hp + hge + hx) (m =0, 1, 2)] by the HBKO, HBK1, and HBK?2 solutions, the solutions
obtained by the constructions I and IT in Sec. VI B by the CI and CII solutions, and the Navier—Stokes
solution Ay by the V solution for short.

To confirm the validity of the asymptotic solutions, we compare the N, HBKO, HBK1, and HBK?2
solutions in the region rather close to the boundary for £ = 0.02 and 0.01 in Fig. 1. The quantities
att = 2nm, 2n+ (1/2)]m, 2n + 1)m, and [2n + (3/2)]r with n being an arbitrary large integer
are shown in the figure [42]. The asymptotic solutions approach the N solution as the degree of
approximation increases.
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FIG. 3. The profile of macroscopic quantities near the plate at r = 2nx. (a) w/a for k = 0.02, (b) w/a for
k =0.01, (c) t/a for k = 0.02, (d) t/a for k = 0.01, (e) u/a for k = 0.02, and (f) u/a for k = 0.01. The solid
line indicates the N solution, the dashed line the HBK?2 solution, the dash-dotted line the HBK1 solution, the
dash-double-dotted line the CI solution, and the long-dashed line the CII solution.
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Although good agreement between the HBK2 and N solutions is achieved in Fig. 1, the
secular-term problem is anticipated in a far field. The comparisons in much wider region are made
in Fig. 2 for w with k = 0.01. The HBK2 solution deviates significantly both in amplitude and
phase from the N solution at a far distance. The amplitude of HBK2 solution grows unlimitedly
as x increases [see also Eqgs. (143) and (144); the @y, includes the term proportional to x in front
of exp(—ix/c)]. This clearly demonstrates the drawback of HBK2 solution due to the secular term.
The HBK1 and HBKO solutions also deviate in amplitude due to the absence of attenuation effect
at those approximation levels. In marked contrast with them, the CI and CII solutions agree well
with the N solution including in the far field. Similar results are obtained for t and u, though
they are omitted here. These results show that the remedy proposed in Sec. VIB is effective. The
CI and CII solutions keep the same (or practically even better) level of accuracy as the HBK2
solution in the boundary layer and the Knudsen layer, which is clearly shown in Figs. 3 and 4. In
these figures, comparisons are made among the N, HBK2, HBK1, CI, and CII solutions. Among
them, only the HBK1 solution appreciably deviates from the others, because of its lower degree of
approximation.

Finally, to examine the contributions of the non-Navier—Stokes part and of the Knudsen-layer
correction, we show the CI, CII, and V solutions near the plate for k = 0.02 in Fig. 5. In
Figs. 5(a)-5(d), the V solution slightly deviates from the CI and CII solutions, while the three
solutions are identical for u in Figs. 5(e) and 5(f). This difference between u and the other quantities
can be understood, by our discussions in Sec. VIB that there is no non-Navier—Stokes effect in
the boundary-layer correction nor the Knudsen-layer correction for the normal component of flow
velocity [see Eqgs. (135) and (140)].

In conclusion, the numerical evidence presented in this section confirms that the Constructions I
and II are essentially identical. Moreover, it shows that they are practically most reliable asymptotic
description for acoustic phenomena in the entire region in the slip flow regime.

VIII. CONCLUDING REMARKS

In the present work, a time-evolution of a slightly rarefied monatomic gas from a reference
uniform equilibrium state at rest, which is induced by the motion or variation of the temperature of
the smooth solid boundary, is investigated on the basis of the linearized Boltzmann equation under
the acoustic time scaling. By a systematic asymptotic analysis, linearized Euler sets of equations
and boundary-layer equations are derived up to the first order of the Knudsen number, together
with their slip and jump boundary conditions, as well as the correction formula in the Knudsen
layer. Since the variation of the quantities in the normal direction is steep in the boundary layer
and the compressibility is strong in the acoustic scaling compared to the diffusion scaling, the
slips and jumps appear from an earlier stage compared with the case of diffusion scaling. Thus,
attention needs to be paid to the boundary condition in investigating the acoustic phenomena in
the slip-flow regime. The occurrence of secular terms associated with the Hilbert expansion is
pointed out and a remedy for it is also given. As an application example, a sound propagation
in a half space caused by a sinusoidal oscillation of flat boundary is examined on the basis
of the Bhatnagar—Gross—Krook equation. The asymptotic solution agrees well with the direct
numerical solution. In particular, the proposed remedy for the secular terms is confirmed to be
effective.
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APPENDIX A: ISOTROPIC FUNCTIONS AND RELATED CONSTANTS

The isotropic functions A, B, Dy, D,, F, and F; are defined as the solutions of the following
integral equations:

CIGA@)] = —;i(cz - ;) with [ Ca@E@dE =0, (A1)
LI6;BE)] = 22, (A2)

LI(Gibjx + &jdki + Cx8ij)D1(8) + &g jexD2(8)]
= PGS+ G+ G8) — GEABE) with  [I5D16)+ CDOIECE =0, (A3)
LIGF (O = A, (Ad)

5 3 1
LIF ()] = —6)/2({2 - 5) + §;2A<;) with /Fd(g“)E(g“)dC =/;2Fd<¢)E<c)d<; =0. (AS)

The related constants y; (i = 1, 2, 3, 6, 10, 11) are defined by
i =1I(B), v2=2sA), y3=-2IF)=1I(AB)=35Is(D1)+ I3(D>),

1 3 1
= —I(BD,) + —Iy(BD,), = —Is(B%),
Y6 26( 1)+148( 2), Y10 26( )

4 (1
v = _E{EW[ISI“(Az) n y3] + 4Ig(AF) + 1514(AFd)},
_ 8 * n 2
LX) = —15ﬁ/0 "X (z) exp(—z")dz. (A6)

Their value depends on the intermolecular potential and is available for the BGK model, hard-sphere
molecules, ES model, and Shakhov model [17,25,28-30].

APPENDIX B: BOUNDARY-LAYER CORRECTION AND CORRESPONDING
STRESS AND HEAT FLOW

The boundary-layer corrections ¢gg, ¢, and ¢g; are given by
®B0 = PeBos (B1)
@1 = PeB1 — LiliB(C)Ni(8jx — njng)dyukso — GA(L)n;0,TRo, (B2)

¢B2 = PeB2 — §i;B(O)[ni(8jx — njng) 0y + nin 0y (1) + Dilujpol]
— GiA($)(ni0yte1 + Dilteol) — [ninj&iiF (&) + Fy(¢ )]331'130
+ [(&idjk + &jbri + 8x8i)D1 (&) + §i¢i5kD2 (8 )njng (8ie — nin€)3§”6B07 (B3)

where
, 5
¢eBm = PBm + Zé‘iuiBm + { - E TBm> (m = 07 1’ 2), (B4)
and A, B, Dy, D,, F, and F; are defined in Appendix A.
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The stress tensor P,jp,, and heat-flow vector Qjp,, (m = 0, 1, 2, 3) are given by

Pijgo = Ppodij, Qigo =0, (BS)
Pijpinin; = ijBlt,'(a)t]('a) = Ppi, (B6)
PijBlnitj('a) = _Vla\'(t,‘(a)“iBO)» [)ijBlti(a)tj('3_a) =0, (B7)
o) @
Q1 = _ZVZZ))IBOa Ompit; =0, (B3)
2 2 2
P;jgonin; = Pgy + 33/33)%130 3N 20y (nup1) — Z [x5.60, (l,-(ﬁ)uiBO) - (_1)ﬂg3fﬂti(ﬁ)uiB0] ,
A=1
(B9)
@), (@) 1 2 2 @

Pijpat; "t = Pgy — §V33y Tpo + N 0y (njuig1) — n [2 X0y, (1" uiBo)
— X3-a.3-a 0y, (t,'(37a)uiB0) +(=1)"g3« (ti(a)uiBO) +2(=1)"ge (fi(Sfa)MiBo)], (B10)
PijBZnitj('a) =—n [ay(t,'(a)uiBl) — Ka ([,-(a)uiBO) + 19(l‘,-(3_a)ui130)], (B11)

2
Pipat{® 17 = =1 Y [xp g0y, (17 P o) — (= 1)P gy (1 uimo) 1, (B12)
A=l
5 @ _ 3 1o @

Oigon; = —ZyzayTBh Ot = —27/2)(0(,0(3;([,130 + 5)/33y (1" uino), (B13)

2 4
Pijganinj = Pp3 + 5)’3(3?731 — kdyTRo) — n dy(niu;p2)

5 2
—3n Z I:_Xﬂ,ﬂa)(ﬁ (ti(ﬂ)uiBl) +(=1)gs_g (ti(ﬁ)uiBl)] — 2ic(njuig1)
p=1

2 & ~
AN > [ xp 05, (7 im0) — 0 x50, (17 mo)
p=1

— (=DP(k3-pg3-p — 08p) (1" uino) ], (B14)
PijBSnit]('a) =-n [ay(t,'(a)uiBZ) + Xo.w Oy, (MiltiB1) — Ko (t,'(a)uiBl) + ﬁ(l,v(%a)uim)]

— )/1y[(K§ + 192) (ti(a)uigo) - 219/?([1»(3701)14,‘]30)]

1
+ V3 X, 0y, Oy TBO + (5 Y1ivio — 7/6) 3; (t,'(a)uiBO)’ (B15)
5 . 3
Qig3ni = —Zl/zayfsz + EVsay (niui1) — §V113y TBO- (B16)

Here o = 1, 2 and y’s are defined in Appendix A.

APPENDIX C: KNUDSEN-LAYER CORRECTION AND CORRESPONDING
STRESS AND HEAT FLOW

The Knudsen-layer corrections ¢k and ¢, are given by

o1, 1, X1, X2, &) = Ei(8ij — min )y pod" (0, Lay ) + 3,800 (1, Ly ), (C1)
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ora(t, 0, X1, X25 &) = & (St — mn[dyu;1 + mi(Biujro + im0 + D;[uiso D1\ (0, &, ©)
+ @yt +1,0,70)81” (1, &, £)
+ &85 — nin;)(9;tHo + D‘["-’BO])‘ﬁél)(n s ©)
+ Ei(‘sij - ninj)afujBofﬁ D, &, &)+ 32130‘1’(0)(77, £ar £)
+ [0y (miuip1) + nin_jaiujH0]¢5 (1, &, ©), (C2)

where the notation of functions ¢;” (p=1,2,4) and ¢>f10) (g =1,5,6) are the same as those in
Ref. [25]. They have already been obtained for the BGK model, hard-sphere molecules, ES model,
and Shakhov model under the diffuse reflection condition [17,26—-30]. The slip and jump coefficients
bg,l) (p=1,2,4)and cg’) (¢ = 1, 5, 6) in the main text are determined simultaneously in solving the

problems for ¢1(71) and ¢((]0) , respectively. The Knudsen-layer functions Yp(l)(n), H Igl)(n), Q;O)(n), and
®E]0)(n) are defined as their moment:

1 o o o o
Y0 = 5 [ (22 =8 (0. & DE)E,

1
HP () = 5 / (S )( )¢>“>(n &ns OE)dE,

o o o o 2 o 3 o o o o
QP () = / ¢y (0 & OE)dE, 60 () =3 / (cz—5)¢>§,0><n,;n,c>E<;>dc. (C3)

Notations b(p”, cilo), Yp(”, Hp('), Q((IO), and @;0) are the same as those in Refs. [25,27-30]. Incidentally,
k1 and @k given above automatically satisfy the initial condition ¢k 2|,—0 = O as far as Eq. (80)
is satisfied.

The corrections for the stress tensor and heat-flow vector are given by

3
Pkt 1 (a) EPKI» Pjxininj = zjKln: —Pu (a) (3 “ = Quin; = 0, (4
1
QiKlt,-(a) = Hl( )(ﬁ)ay(f,-(a)umo), (&%)
3
P;jx2 l(a) @ — EPKZa P;jxonin; = leznl = Pijk l(a) G~ — Qigan; = 0, (Co6)

Qiat ) = Hl(l)(fl)[ay(ti(a)uim) + nt O @itjp0 + 9jutmo) — Ko (11 umo) + 19(%(37“)14;‘130)]

o+ HS ) (17070 + e, 70 ) + HY ()23 (1 o). (C7)

APPENDIX D: SUPPLEMENT TO SEC. VIB

Suppose that I, o 18 the solution of Egs. (72)—(75) and (76) with y3, ¥, v10, and y;; being zero
that meets the conditions Eqgs. (101)—(103), (80), and (59). The hT2 is the Navier—Stokes part of

hg>. Then, the remainder hgz = hgy — hgz is found to satisfy the following set of equations with the
sources of the non-Navier—Stokes effects:

dy(nitl,) = 0, (D1)
# 2 2
oy P, + §V33y T80 | =0, (D2)
o 1 o 1 o
0, (6 uli) — 5103 (1 uf) = =5 vio — 20608 (1 uimo). (D3)
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1 2 1 13
Bl — EVzayzfgz = gatpgz 0 (VzV% > Vll)ajTBO, (D4)
Pgy = oy + Ty (D5)

The hﬁz is solved to give Eqgs. (121)-(125). Note that hgz satisfies the homogeneous Dirich-
let boundary condition hf,|,—o = 0, because all the terms in the original boundary conditions

Egs. (101)-(103) are incorporated into the problem of th [Remind that the non-Navier—Stokes
effects do not affect the boundary conditions up to O(¢?)]. In obtaining Eqs. (122) and (124), we
have used the fact that the solution of the following problem:

dhg—3vojg=Adf, g=0(p=0), 0f—3yd;f=0, (A, y:givenconstant), (D6)
can be expressed as

A 3
g= —;yayf' (D7)

The Pijv, Qiv, P;jc, Qic, Pijk, and Qi are obtained as follows:

Pjv = Py8ij — vie*duyy, Qi = —§V2823ifv, (D8)

Pjcnin; = 3y3e*d] 1, Pithj(a)tj('a) = —136*9; 1, (D9)
E‘jcf,-(a)lf_a) = [)ianit;a) = Qicni =0, Qict™ = %V3843fn (t,'(a)“iV)v (D10)
Pixt{t® = 3Py, Pijxmn; = Pixmit\ = Pyt 177" = Qyen; = 0, (D11)

Ot = &H ymit @iy + djuy) + € Hy )iV 9;tv + e HP ()t nmicd dguiy. (D12)
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