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Resonant response and optimal energy harvesting of an elastically mounted
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The aeroelastic response and energy harvesting performance of an elastically mounted
hydrofoil subject to a prescribed pitching motion are experimentally studied using a cyber-
physical force-feedback control system in a uniform flow. By taking advantage of this
cyber-physical system, we systematically sweep through the parameter space of the elastic
support (stiffness, damping, and mass) for various frequencies of the prescribed pitching
motion. It is found that the flow-induced heave amplitude and the energy harvesting
performance are both strongly affected by the frequency ratio between the prescribed
pitching frequency and the natural frequency of the system and the damping coefficient. In
particular, for a fixed damping coefficient, the maximum flow-induced heave amplitude is
achieved at the resonant condition (frequency ratio of 1), which also gives rise to the highest
energy harvesting performance. At this resonance condition, though a smaller damping
produces a larger heave amplitude, the optimal energy harvesting performance is obtained
consistently at an intermediate damping coefficient of 1.5. In addition, at the resonance
condition, the heave amplitude, or Strouhal number, and the hydrodynamic forces on
the foil are both found to collapse well for different reduced frequencies, suggesting a
similarity in the vortex dynamics generated by the elastically mounted system. A low-order
model based on classical vibration theory is formulated to reproduce the power coefficient
using the damping coefficient and Strouhal number, and we find that the power coefficient
predicted by the model agrees well with that measured in the experiment over the range of
reduced frequency explored.
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I. INTRODUCTION

Hydrokinetic energy is gaining importance these years as it is clean and renewable compared to
the conventional fossil fuels and also due to its large amount of resources available in the oceans
and rivers. Instead of the widely used conventional rotatory turbines, oscillating hydrofoils are
reported to offer an alternative solution to extracting the hydrokinetic energy owing to its high
efficiency, shallow water feasibility, and aquatic life friendliness [1]. Thus far, most of the studies of
oscillating foils in literature have focused on investigating the energy harvesting performance with
prescribed foil kinematics. Hydrofoils in these studies are driven through prescribed trajectories
and then the forces and moment of torques are measured to calculate the power extracted by
the system. A wide-spread parameter space has been explored to optimize the power extraction
performance by a sinusoidal heaving and pitching foil, including the pitch and heave amplitudes,
reduced frequency, phase difference between pitching and heaving motions, pitching axis location,
aspect ratio, and the geometry of the leading edge [2,3]. Particularly, researchers [2,4] numerically
conducted a parametric sweep over the motion frequency and the pitch amplitude and reported
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an optimal efficiency of 0.34 at a reduced frequency of 0.15, pitch amplitude of 75◦, and heave
amplitude of one chord length. As discussed by the authors, the lift force and the synchronization
between the force and the corresponding velocity play primary roles in the energy extraction
performance. A phase difference of 90◦ between the heaving and the pitching motions was
shown [1,4] to produce the maximum power extraction output owing to the optimal force-velocity
synchronization.

The lift force on an oscillating hydrofoil can be decomposed into two components: the
noncirculatory component from the inertial reaction of the fluid, which is closely related to the
foil’s acceleration; and the circulatory component associated with the vortex dynamics on the foil
[5–8]. The formation and evolution of leading edge vortex (LEV) on the hydrofoil have been shown
to be critical in the lift force generation [9], the force-velocity synchronization, and the power
extraction [2]. Kinsey and Dumas [2] also reported that simulations with the same frequency and
effective angle of attack (AOA) generated similar flow characteristics (LEV formation), resulting
in similar lift force histories. By varying the reduced frequency and Strouhal number while
keeping the same effective AOA of an oscillating foil, Baik et al. [10], with the help of flow field
measurements, confirmed the importance of effective AOA and reduced frequency in determining
the LEV evolution and the forces exerted on the foil.

Studies [11–15] showed that nonsinusoidal motion profiles were potentially beneficial to the
power extraction performance of a flapping hydrofoil. Specifically, Xiao et al. [16] investigated the
effects of trapezoidal pitch profiles on the energy harvesting performance with a fixed sinusoidal
heaving motion. The researchers reported that the heave component of power extraction increased
with the trapezoidal profiles while the pitch component demonstrated otherwise. With the help
of particle image velocimetry (PIV) measurements, Rival et al. [17] examined the leading-edge
vortex evolution for different motion profiles and reported that the lifetime of the LEV on a heaving
airfoil could be noticeably extended with a delayed vortex growth and pinch-off by fine tuning
the foil kinematics. By examining the LEV formation on a pitching and heaving hydrofoil with
nonsinusoidal kinematics, Fenercioglu et al. [18] reported that a larger rotation speed at the pitch
reversal led to an earlier vortex shedding but with a higher strength. For energy harvesting of an
oscillating hydrofoil with trapezoidal pitch profiles, Deng et al. [19] and Teng et al. [15] pointed out
that the large effective AOA maintained through most of the cycle was essential in increasing the
power extraction performance.

Recently, a novel design of the oscillating energy harvester is introduced and examined with a
prescribed pitch motion and a flow-induced heave motion, which is usually referred as semipassive
energy harvester [20–24]. In those systems, the passivity of the heave motion is achieved by either
numerical simulations or physical springs and dampers. The heave motion response and the energy
harvesting performance of the energy harvesters are determined by the stiffness, damping, and mass
of the passive heave system. However, the parametric volumes (stiffness, damping, and mass) of
these semipassive energy harvesters are limited due to the difficulty in changing the values of the
physical springs and dampers. One alternative solution to avoiding such limitations is by using
a cyber-physical system, in which a force-feedback control system provides an easy access to
varying the system parameters (stiffness, mass, and damping). Initialized by Hover et al. [25] for the
investigation of marine cables, the cyber-physical system was then demonstrated in the studies of
vortex-induced vibration of a circular cylinder [26–29] and the dynamics of the leading edge vortex
on a flat plate [30–32].

In the current study, a force-feedback cyber-physical system is used to achieve the passive or
elastically mounted heave motion, while the pitch motion is prescribed by the user. We focus on
optimizing the energy harvesting performance of an elastically mounted hydrofoil via a parametric
sweep across the elastic parameters (stiffness, damping, and virtual mass). Then follows the analysis
on the elastic parameters effects on the response of the elastically mounted system. In addition, the
nonsinusoidal pitch profile effects on energy extraction are also investigated to capture the optimal
pitch kinematics for energy harvesting.
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FIG. 1. (a) Experimental system with the hydrofoil, force transducer, rotary and linear motors and
encoders; (b) top view of one typical kinematics of the hydrofoil (π/2 phase difference between pitch and
heave) with five different positions (only the downstroke is shown here due to its stroke symmetry); (c) the
force-feedback control system diagram; (d) “ring-down” experiment comparing the measured heaving position
and the theoretical position.

II. EXPERIMENTAL SETUP

A. Physical apparatus

The experiments were carried out in a free-surface circulating flume at Brown University with a
test section of 80 cm (wide) × 60 cm (deep) × 4 m (long). Experiments were typically conducted at
a free-stream velocity, U∞, of 0.4 m/s, measured using an Acoustic Doppler Velocimeter (Vectrino,
Nortek AS), positioned upstream of the experiment area. As shown in Fig. 1(a), the hydrofoil
has an elliptical profile with chord length, c = 0.1 m, and span, s = 0.35 m (aspect ratio, AR
= 3.5). The foil is vertically suspended from a six-axis force-torque sensor (ATI IP65), which
is attached to a shaft controlled by a rotary motor for pitch motion (Applied Motion Products
HT23-593D) and linear motor (Aerotech BLM-142-A-AC-H-S-5000) for transverse heave motion
across the flume. In these experiments, the pitching kinematics of the hydrofoil are prescribed by
the user. However, in the heave direction, the hydrofoil is free to move, subject to fluid and inertial
forces, and connected to a virtual spring-damper that is defined using the cyber-physical control
system. Figure 1(b) demonstrates one of the typical hydrofoil motions, in this case with a phase
difference of π/2 between the pitching and heaving motions. Five different hydrofoil positions
are marked at different times during the downstroke of the cycle. The instantaneous heaving
position, h(t ), and pitching position, θ (t ), were measured in real time using optical encoders (U.S.
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Digital E3-2500-250-IE-D-D-1) and the heaving position also served as the feedback signal for the
servo motor controller. The forces (lift and torque) on the hydrofoil were directly measured by a
six-axis force-torque sensor and sampled at 2000 Hz using an analog-to-digital converter (National
Instruments). The nondimensional lift and torque coefficients are defined as

CL = F

0.5ρU 2∞sc
and Cτ = τ

0.5ρU 2∞sc2
. (1)

As discussed in Refs. [2,3], the power extraction can be divided into contributions from the heave
component and the pitch component. The cycle-averaged power coefficient and energy harvesting
efficiency are then given as

heave power: Ch = < F (t )ḣ(t ) >

0.5ρU 3∞cs
, pitch power: Cp = < τ (t )θ̇ (t ) >

0.5ρU 3∞cs
, (2)

heave efficiency: ηh = < F (t )ḣ(t ) >

0.5ρU 3∞As
, pitch efficiency: ηp = < τ (t )θ̇ (t ) >

0.5ρU 3∞As
, (3)

where ḣ(t ) and θ̇ (t ) are the heaving velocity and pitching velocity, respectively, and As is the swept
area of the foil defined as the foil’s maximum transverse excursion multiplied by the span [3,33].

B. Cyber-physical system

The elastically mounted hydrofoil can be treated as a spring-mass-damper system forced by a
fluid force, Ffluid:

mÿ + bẏ + ky = Ffluid, (4)

where y is the displacement in the heave direction, m is the hydrofoil mass, and b and k are the
damping and spring stiffness of the mounting system. At a Reynolds number of O(104), the inertial
force from the fluid, 0.5ρU 2

∞sc, is assumed to be the dominant scaling force [30] and based on this
assumption, we nondimensionalize the governing Eq. (4):

m∗ÿ∗ + b∗ẏ∗ + k∗y∗ = CF , (5)

where y∗ = y/c is the scaled heave amplitude, CF = Ffluid/(0.5ρU 2
∞sc) is the coefficient of the fluid

forcing, and the nondimensional parameters are given by

b∗ = b

0.5ρU∞sc
, (6)

k∗ = k

0.5ρU 2∞s
, and (7)

m∗ = m

0.5ρc2s
. (8)

Instead of using physical springs and dampers to achieve the elastic mounting in the heave
direction, we employed a cyber-physical system that simulates the properties of the springs and
dampers by implementing a force-feedback control system [25,26,28,30,34]. The cyber-physical
system is schematically illustrated in Fig. 1(c). The fluid forces on the hydrofoil are measured and
used as input to the feedback control system. The target heaving position output is determined
by the integrated contribution of both the fluid forces and the structural forces (forces due to the
springs, dampers and mass). Similar to the CPFD control system presented by Mackowski and
Williamson [26], we start the force analysis with the Newton’s law, F = ma, where F is the force
that determines the motion of interest, and includes both the measured fluid force and the virtual
elastic force computed in the control system:

Ffluid + Fvirtual = ma, (9)
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where Fvirtual = −mÿ − bẏ − ky is the structural forces, simulating a spring-mass-damper system.
In contrast to Mackowski and Williamson’s implementation, however, we integrate Eq. (9) twice to
obtain the target discreet position output, �y, for the flow-induced heave motion:∫∫ t0+�t

t0

Ffluid + Fvirtual dt = m�y. (10)

One benefit of this approach is that noise in the measured force can be reduced significantly by the
integration, thus avoiding the use of filters and the filter-related phase delay. Another benefit is that
the system becomes more robust and less sensitive to disturbance after the use of twice integration.

Similar to the studies of elastically mounted cylinders [25,35], the fluid force in Eq. (4) can be
decomposed into two components: one in phase with the foil velocity (ẏ) and the other in phase
with the foil acceleration (ÿ). For illustrative purposes, we can assume a sinusoidal flow-induced
displacement and fluid force, y(t ) = H0 cos (ωt ) and Ffluid = F0 cos (ωt + φ), where φ is the phase
difference between the fluid force and the displacement. Then the fluid force can be rewritten as the
following:

Ffluid = F0 sin φ

H0ω
ẏ − F0 cos φ

H0ω2
ÿ. (11)

The first term is related to the fluid damping effect (in phase with the velocity) while the second
term contributes to the added mass effect (in phase with the acceleration). Substituting this into the
equations of motion [Eq. (4)], rearranging the terms and nondimensionalizing as described above,
we obtain (

m∗ + H∗
0 CF0 cos φ

π2St2

)
ÿ∗ +

(
b∗ − CF0 sin φ

πSt

)
ẏ∗ + k∗y∗ = 0, (12)

where St = 2 f H0/U∞ is the Strouhal number, CF0 = F0/0.5ρU 2
∞sc and H∗

0 = H0/c. From this we
can see that both the fluid damping and the added mass terms are related to the phase difference
between the heaving motion and the fluid forcing, φ. It should be noted that when the system reaches
a steady state motion, Eq. (12) inherently requires the damping term to vanish (the fluid damping
cancels out the physical damping b). From the perspective of energy budget, it is clear to see that
a steady state motion indicates that the energy extracted from the fluid (through negative fluid
damping) is completely dissipated by the physical damping so that the total energy in the system
remains unchanged. This will become important later in the discussion of the energy harvesting
performance with respect to phase.

Equation (12) also highlights the role of added (fluid) mass to the dynamics of the system. At
steady state, when the effective damping is zero, the natural frequency of oscillation is determined
from the combination of stiffness and both the physical and added mass. The current experiments
were conducted with a relatively large mass ratio, m∗ ∼ 5, and we therefore expect the physical
mass to dominate over the added mass and the resonant frequency of the system to be close to the
structural frequency, 2π fn = √

k/m. However, it is also worth noting that even for low mass ratios,
the role of added mass can change dramatically with the phase between the hydrofoil motion and
the fluid forcing due to the cos φ dependency in Eq. (12).

Validation

“Ring-down” experiments, using different elastic parameters (mass, stiffness, and damping),
were performed to validate the system behavior. As an example, Fig. 1(d) shows the ring-down
response with a fixed set of elastic parameters (stiffness k = 200 N/m, damping b = 5 kg/s and
mass m = 8.5 kg), performed in the air. Due to the cyber-physical mass, stiffness and damping, the
foil exhibits a damped oscillatory decay back to its neutral position. The measured heave position
in the “ring-down” experiment is then compared with the theoretical position outputs using the
same elastic parameters [Fig. 1(d)]. The results from the ring-down experiments show that the
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FIG. 2. Nonsinusoidal pitch profiles: −1 < β < 0 for triangular profiles; β = 0 for sinusoidal and β > 0
for trapezoidal profiles.

experimental measurement matches the theoretical position well (phase lag less than 5 degrees),
even when the motion amplitude is small. As reported by Mackowski and Williamson [26], a
phase lag of five degrees at the system’s natural frequency generates no significant change in the
experimental vibration response.

C. Nonsinusoidal pitch profiles

Several researchers [e.g., 3,11,12] have reported on the energy harvesting performance of a
hydrofoil with a fully prescribed sinusoidal and nonsinusoidal motion. In these experiments we also
explored both sinusoidal and nonsinusoidal pitch profile effects on the power extraction performance
of an elastically mounted hydrofoil. Adopting the definition from Lu et al. [14], the nonsinusoidal
pitch profiles are defined as

θ (t ) =

⎧⎪⎪⎨
⎪⎪⎩

θ0 sin−1[−β sin(2π f t )]
sin−1(−β )

, − 1 � β < 0,

θ0 sin(2π f t ), β = 0,

θ0 tanh[β sin(2π f t )]
tanh(β ) , β > 0,

where β is a parameter characterizing the shape of the pitch profile: triangular (−1 < β < 0),
sinusoidal (β = 0) and trapezoidal (β > 0) as shown in Fig. 2. As discussed by Lu et al. [36],
β serves as a measure of the rate of change in pitch reversal; a larger β suggests a faster pitching
rate and a larger pitching acceleration. This will be revisited later in the discussion of nonsinusoidal
profile effects on energy harvesting performance.

D. Parametric variations

In the current manuscript, we first present results from a parametric sweep over a large range of
stiffness (from 0 to 450 N/m) and damping (from 3.5 to 30 kg/s) for a fixed mass ratio and using
a sinusoidal pitch profile (β = 0). By varying the actuated pitch frequency and damping, the effects
of reduced frequency and damping coefficient are discussed in detail to understand the optimal
parameters for energy harvesting performance. In the last part of the paper, the effects of different
prescribed pitch profiles on energy harvesting are discussed on the energy harvesting performance.

III. RESULTS AND DISCUSSION

A. Parametric sweep of frequency ratio and damping coefficient

With a fixed sinusoidal pitch motion profile and a constant mass ratio of 4.9, a parametric sweep
with respect to the stiffness, k, and the damping, b, were carried out to investigate the response of
the flow-induced heaving motion and the resulting power extraction performance of the elastically
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FIG. 3. Contour plots of (a) induced heave amplitude, H0, (b) heave power coefficient, Ch, (c) pitch power
coefficient, Cp, and (d) total power coefficient, Ctotal, (e) pitch efficiency, ηp, (f) heave efficiency, ηh, with respect
to frequency ratio, f / fn, and damping coefficient, b∗; parameters: prescribed sinusoidal pitch profile with pitch
amplitude, θ0 = 65◦.

mounted hydrofoil. Results of the parametric sweep (Fig. 3) illustrate (a) the flow-induced heave
amplitude, H0, (b) the heave power coefficient, Ch, (c) the pitch power coefficient, Cp, (d) the total
power coefficient, Ctotal (sum of the heave and pitch components), (e) the pitch efficiency, ηp, and
(f) the heave efficiency, ηh.

First, for a fixed value of the frequency ratio, the induced heave amplitude is shown to decrease
with damping coefficient. When varying the frequency ratio at a fixed damping coefficient, the
maximum induced heave amplitude was observed around frequency ratio f / fn = 1, which is usually
referred as the resonant phenomenon [35]. This resonance suggests that, at this frequency, the
preferred vortex shedding frequency is identical to the natural frequency of the energy harvester.
A precipitous drop in the heave amplitude and the heave power is observed at f / fn < 1, while the
decrease is more smooth for f / fn > 1 [Figs. 3(a) and 3(b)].

Second, when comparing the heave and pitch power coefficients [Figs. 3(b) and 3(c)], one can
see that the heave power component is generally much larger than the pitch power component,
particularly when the frequency ratio is close to 1. Therefore, the power extracted from the heave
motion dominates the energy harvesting process, a result consistent with the results in literature
using a prescribed oscillating hydrofoil [2,3,33]. For the most part, the pitch power is slightly
negative except for a small region with small damping coefficient and high frequency ratio.
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FIG. 4. Response of (a) heave power coefficient, (b) flow-induced heave amplitude, and (c) phase
difference between the lift force and the flow-induced heave motion (circles ◦) and phase difference between
the prescribed pitch motion and the flow-induced heave motion (cross ×) at a fixed damping coefficient of 1.5;
(d) lift-heave portraits for three different frequency ratios: f / fn = 0.6 (red), f / fn = 1.0 (blue), f / fn = 3.8
(green). Foil kinematics in half a cycle: (e) f / fn = 0.6 (red), (f) f / fn = 1.0 (blue), (g) f / fn = 3.8 (green).

Thirdly, a clearly defined peak in the heave power coefficient is observed at the frequency ratio
around 1, and the damping coefficient around 1.5 [Fig. 3(b)]. However, the maximum power loss
due to pitch appears around frequency ratio of 0.8 [Fig. 3(c)], which is likely due to the high torque
required to rotate the hydrofoil in the presence of a strong leading edge vortex (LEV) that forms as
the blade reaches its peak heave amplitude. This conjecture is supported by the PIV measurements
from Kim et al. [3], which showed that a poorly positioned LEV on the hydrofoil resulted in energy
loss in the pitch performance. Thus, in general a high net power extraction output is achieved, as
shown in Fig. 3(d), with the frequency ratio for peak performance slightly larger than 1. Since the
heave power component contributes most of the power extracted from the flow, in the rest of the
paper, we will focus on the energy harvesting performance of the flow-induced heaving motion.

Last, the pitch efficiency [Fig. 3(e)] is small and slightly negative for most part, while the heave
efficiency [Fig. 3(f)] is positive, reaching a maximum at the frequency ratio around 1 and, in general,
much larger than the pitch component. However, instead of a clearly defined peak in the heave power
coefficient [Fig. 3(b)], the heave efficiency [Fig. 3(f)] shows a flat peak at damping coefficient
b∗ > 2. This is not surprising considering that the flow-induced heave amplitude (which appears
in the denominator of the efficiency definition) decreases with increasing damping coefficient,
thus compensating the drop in the power extraction and resulting in a high efficiency performance
[Eq. (3)].

B. Frequency ratio effects

In this section, a specific case with a fixed damping coefficient of b∗ = 1.5 is examined in more
detail to better understand the effect of the frequency ratio on the flow-induced heaving motion and
the power extraction performance. Figure 4 shows the response of (a) the heave power coefficient,
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Ch, (b) the heave amplitude, H0, and (c) the phase difference between the lift force and the flow-
induced heave and the phase difference between the prescribed pitch motion and the flow-induced
heave motion. The force portrait in Fig. 4(d) shows the lift-heave relation, in which the area enclosed
by the curve denotes the work done by the lift force during a cycle.

Echoing the results from the full parameter sweep (Fig. 3) we see a sharp rise in both heave
amplitude and heave power as the frequency ratio approaches one, while a more gentle decay is
observed for frequencies above the resonance [Figs. 4(a) and 4(b)]. The broad resonant peaks in
Figs. 4(a) and 4(b) signify strong damping in the system which is, of course, advantageous for
energy harvesting since “damping” represents energy extracted from the flow. Consistent with
classical second-order linear system theories, a phase jump around π is observed as the system
passes through resonance [Fig. 4(c)].

Figure 4(d) shows the lift force portrait for three different frequency ratios, with the curve-
enclosed area representing the energy extracted by the foil in a cycle. When the frequency ratio
is smaller than one (the red color scheme in Fig. 4), the phase difference between pitch and heave
is close to 0, away from the optimal phase of π/2 [Fig. 4(c)]. In this case, the lift force reaches
its maximum value at the end of the heave stroke, where the angle of attack (AOA) is large but
the heave velocity is at its minimum [Fig. 4(e)], resulting in low energy extraction performance
[Fig. 4(d)]. Similar results are observed when the frequency ratio is much larger than 1 (the green
color scheme) when the lift force leads the heave motion. In both cases the peak hydrodynamic lift
force is produced at the pitch reversal points where the heave velocity is low due to the poor phase
synchronization. In these suboptimal cases, the phase portraits of power extraction are compressed
[the red and green curves in Fig. 4(d)] and the amplitude of the flow-induced heave motion is small
since not enough power is extracted from the fluid to sustain the passive heave motion.

In contrast to these cases, when the frequency ratio is close to one (the blue color scheme),
a phase difference of π/2 is produced between the lift and the flow-induced heave motion and
also between the prescribed pitch motion and the flow-induced heave motion [Fig. 4(c)], and with
this phase synchronization, a peak power coefficient is achieved together with the maximum flow-
induced heave amplitude [Figs. 4(a) and 4(b)]. This is also reflected in the phase portrait which
exhibits a maximum enclosed area [blue, Fig. 4(d)], indicating maximum energy harvesting per
cycle. This optimal phase synchronization is in agreement with other published results [1,4,37].
Using a hydrofoil with both prescribed heaving and pitching motions, those researchers report that
a phase difference of π/2 ensures a good force-velocity synchronization for energy extraction. Here
we achieve peak performance with only prescribed pitching motion.

As discussed by Hover et al. [25,38] and also shown in Eqs. (11) and (12), the lift force can
be divided into two components: CLv = CL sin φ, in phase with the heave velocity and serving as a
damping factor, and CLa = −CL cos φ, which is in phase with the acceleration and serves as an added
mass factor. As before, φ is the phase difference between the lift force and the heave motion. Since
the power is calculated from the product of the lift force and the heave velocity [Eq. (2)], positive
values of CLv are associated with energy extraction from the flow. One can see from the above
two components that CLv reaches its maximum value at φ = π/2, producing the largest excitation
(heave amplitude) and highest performance of energy extraction, in agreement with the current
observations [Fig. 4(a) and 4(b)]. At the same time, and as previously highlighted in Eq. (12),
when φ = π/2, we see that the added-mass factor (CLa) vanishes, confirming that the added mass
effect is small at this resonant condition. This is further validated in our experimental observation
that the maximum flow-induced heave amplitude and heave power are achieved at frequency ratio
f / fn ∼ 1 (Fig. 4), where the natural frequency, fn is based solely on the structural support of the
hydrofoil.

In particular, as the frequency ratio becomes very large (stiffness k ∼ 0), the energy harvesting
performance is far from the optimum [Fig. 4(a)], which contradicts the numerical results that zero
stiffness produces the optimal performance of energy extraction [21]. This discrepancy may be due
to the fact that the linear model in Zhu’s simulation [21] does not include the mass and inertial
of the foil, and hence does not exhibit a natural frequency. The above analysis of the frequency
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FIG. 5. At a fixed frequency ratio ( f / fn = 1), (a) the heave power coefficient, Ch, is plotted with respect
to damping coefficient; (b) the lift-heave portrait demonstrates the work done by the lift force for different
damping coefficient, b∗ = 0.3, 1.5, and 6.0, at a reduced frequency f ∗ = 0.150; (c) the Strouhal number, St =
2 f H0/U∞, is plotted with respect to damping coefficient, b∗, for different reduced frequency, f ∗ = f c/U∞.

ratio effects on the energy harvesting performance is based on a mass ratio around 5 (m∗ = m
0.5ρc2s ).

Further experiments with different mass ratio (m∗ varying from 3 to 15) confirm that the optimal
frequency ratio for energy harvesting is f / fn = 1 (results not shown here).

C. Damping coefficient effects

As discussed earlier, in Sec. III A, the damping coefficient plays an important role in determining
the amplitude of the flow-induced heave motion and the related energy harvesting performance.
To further understand the damping effects, in this section, we discuss experiments conducted at
different reduced frequencies but varying the stiffness of the heave mounting so that the frequency
ratio was held constant at a value of 1. Figure 5(a) shows the heave power coefficient, Ch, as
a function of damping coefficient, b∗, at four different reduced frequencies. For each reduced
frequency tested, the peak performance of energy harvesting is achieved at the damping coefficient
of 1.5, confirming the observation of the optimal damping coefficient in Sec. III A. The results also
indicate that the peak in the heave power coefficient has a weak, nonmonotonic dependence on the
reduced frequency, f ∗, rising to a maximum near f ∗ = 0.125 and then decreasing at large reduced
frequencies. This agrees well with the experimental results from Kim et al. [3]. This f ∗-dependence
will become important in Sec. III C 1, where we present a model for the power coefficient.

Lift-heave phase portraits for three representative damping coefficients are presented in Fig. 5(b),
with the extracted energy per cycle represented by the area enclosed by the curves. For small
damping (the pink color scheme), the induced heave amplitude is large (more than 1.5 chord
lengths), but the lift force throughout the energy harvesting cycle is small, resulting in a low power
extraction coefficient [Fig. 5(a)]. In addition, a negative hysteresis is observed near the maximum
heave positions, which puts energy back into the flow, similar to the negative hysteresis observed by
Onoue et al. [30] for a pitching flat plate. As indicated by Onoue and Breuer’s PIV results [31], the
negative hysteresis in the current study suggests that the LEV detaches from the foil, causing the
lift force to drop. However, a second LEV starts to form before the heave cycle is complete, causing
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the lift force to rise again near the top of the stroke. That second LEV impedes the return motion of
the foil, transferring energy back into the flow.

By contrast, for a large damping coefficient (the black color scheme), the induced heave
amplitude is small (less than 0.5 chord lengths), and although a high lift force is generated, the
overall power coefficient is again small, this time due to the low heave velocity. At the optimal
damping coefficient of 1.5 (the cyan color scheme), the largest enclosed area is produced by a
modest lift force and a heave amplitude about one chord length [Fig. 5(b)]. This optimal heave
amplitude (about one chord length) is in agreement with the results found using a prescribed pitching
and heaving hydrofoil [2–4].

Scaling of the Strouhal number

In addition to the power extraction performance, another output from the semipassive energy
harvester is the Strouhal number, St = 2 f H0/U∞, where H0 is the flow-induced heave amplitude.
As shown in Fig. 5(c), the Strouhal number exhibits a monotonic dependence on damping but
collapses extremely well over a range of reduced frequencies between 0.105 and 0.175. Not only
does the response of the power and Strouhal number scale with damping, but at the optimal damping
coefficient (b∗ = 1.5), the elastically mounted system produces and maintains a Strouhal number of
0.3, which is also observed as the optimal value in literature [2,4]. We can fit this Strouhal number
data with an empirical equation:

St = 0.27e−0.94b∗ + 0.28e−0.16b∗
, (13)

which will be used in the development of a theoretical model later in this section. To understand the
collapse of the Strouhal number, we define the nominal effective angle of attack (AOA) of the foil
to the flow,

θe0 = θ0 − arctan(Vh0/U∞), (14)

which accounts for the contributions from the pitch amplitude, θ0, and the maximum heave velocity,
Vh0. As the flow-induced heave motion is quasiharmonic (the first Fourier mode accounts for 95%
of the observed heave kinematics), we can approximate the heave motion as sinusoidal, thus the
maximum heave velocity can be estimated as Vh0 = 2π f H0. Considering the definition of the
Strouhal number, the nominal effective AOA can be rewritten as θe0 = θ0 − arctan(πSt), which
indicates that, at a fixed frequency ratio of 1 and for a fixed damping coefficient, the time history of
the effective angle of attack is also fixed over a wide range of physical parameters. This result finds
its counterpart in the experimental results of Baik et al. [10]. By varying the reduced frequency and
heave amplitude while keeping the same effective AOA of the foil to the flow, Baik et al. [10], using
PIV measurements, found that the trajectories of the LEV were identical for the range of parameters
explored, suggesting that, in the current study, the LEV trajectories should also be identical for
different reduced frequencies (but the same Strouhal number). This conjecture will be tested in
future experiments that measure the flow fields.

The same dynamic similarity should also be observed in the hydrodynamic forces acting on
the foil, and this assertion is confirmed in Fig. 6, which shows an excellent collapse in both the
lift coefficient [Fig. 6(a)] and the torque coefficient [Fig. 6(b)], especially during the first part of
the cycle, t/T = 0 − 0.25. We do see minor differences in the hydrodynamic forces at different
frequencies during the latter part of the cycle, t/T = 0.25–0.5, but they are small and do not
appear to follow any consistent trend. However, during t/T = 0.25–0.5, one can see [Fig. 6(b)]
that the peaks in the torque coefficient are higher and appear later in the cycle for larger reduced
frequencies. This higher peak in torque can be attributed to the increased added-mass effect at larger
pitching reduced frequencies, which is supported by Rival et al. [17] and Eldredge and Jones [8],
who reported that the noncirculatory (added-mass) contribution to the hydrodynamic forces was
related to the inertial reaction of the fluid and thus increased with the reduced frequency. This
reduced frequency dependency is also observed by Baik et al. [10], who demonstrated that, with
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FIG. 6. Temporal evolution of (a) lift coefficient and (b) torque coefficient for different reduced frequen-
cies, at a fixed frequency ratio of 1 and a fixed damping coefficient of 1.5. Data of half a cycle are shown for
simplicity due to the dynamic symmetry.

the same effective AOA history, the observable trend of the force histories was strongly associated
to the Strouhal number, with small modifications due to reduced frequency—similar to the present
observations of forces in Fig. 6. In addition, Onoue et al. [32] reported that an increase in reduced
frequency helped to mitigate the drift of the LEV core toward the trailing edge, thus delaying the
vortex separation from the hydrofoil. This delayed movement of the LEV core due to the reduced
frequency explains the late peaks in the torque coefficient for high reduced frequencies [Fig. 6(b)]
in the current study.

D. Comparisons with a reduced-order model

The insights discussed in the previous sections can be incorporated into a simple model that helps
to understand the behavior of this energy-harvesting system. From classical vibration theory, power
dissipated by the damper in a forced oscillator is given by bḣ2(t ) [39]. Normalizing the damper
dissipation by the kinetic energy flux in the oncoming flow, 0.5ρU 3

∞sc, we can write the power
extraction coefficient for the heave motion as

Ch = < bḣ2(t ) >

0.5ρU 3∞sc
. (15)

Considering the definition of damping coefficient [Eq. (6)] and assuming a sinusoidal flow-induced
heave motion, h(t ) = H0 sin(2π f t ), where f and H0 are the heave motion frequency and amplitude,
respectively, the power coefficient [Eq. (15)] can be rewritten as

Ch = b

0.5ρU∞sc

(
2π f H0

U∞

)2

< cos2(2π f t ) >

= 0.5b∗(πSt)2,

(16)

where St = 2 f H0/U∞ is the Strouhal number.
Since the Strouhal number is a universal function of the damping coefficient (Fig. 5), we can

substitute the empirically determined equation for the Strouhal number [Eq. (13)] into the equation
for the power coefficient and express the heave power coefficient Ch solely as a function of the
damping coefficient, b∗. Doing so, and taking the derivative of that function with respect to b∗, we
find that the maximum heave power coefficient is achieved at b∗ = 1.46, which agrees very well
with the observation (b∗ ∼ 1.5) in the experiments (Fig. 3, Sec. III A.)

The equation for the power coefficient [Eq. (16)] also suggests a linear scaling with damping
coefficient, a prediction confirmed by the experimental data over all frequencies tested (Fig. 7).
The slope of the experimental data, though linear, is slightly smaller than that predicted by the
theoretical model, a discrepancy probably due to the breakdown of the assumption of a sinusoidal
heave motion, which is observed to be less accurate as the damping coefficient becomes large.
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FIG. 7. Relationship between heave power coefficient, scaled by the Strouhal number squared, and the
damping coefficient. Solid line: theoretical prediction [Eq. (16)]; symbols: experimental results at several
frequencies, all at a fixed frequency ratio of 1.

E. Nonsinusoidal pitching profiles effects on energy harvesting

It has been reported that nonsinusoidal motion profiles can potentially increase the energy
harvesting performance of a flapping hydrofoil by changing the effective angle of attack of the foil
and the resulting vortex dynamics and hydrodynamic forces [11–15]. In the current study, we will
focus on the nonsinusoidal pitch kinematics since the pitch motion is prescribed while the the heave
motion is flow-induced (elastically mounted). In addressing the effects of the pitching kinematics,
we first revisit the effect of frequency ratio, f / fn, and damping coefficient, b∗, and expand on our
earlier observation (Fig. 3) that the optimal performance of energy extraction is achieved at the
frequency ratio of 1 and damping coefficient of 1.5. We now see that this result is maintained for
different pitching profiles (Fig. 8). However, the pitch profile has a significant effect, particularly
near the optimal performance region ( f / fn = 1 and b∗ = 1.5). Comparing the energy harvesting
performance between different pitching profiles, we see from Fig. 8 that the triangular pitch profiles
(−1 < β < 0) reduce the power extraction performance, compared to the sinusoidal pitch profile,
while the trapezoidal profiles (β > 0) increase the power coefficient.

If we look into this with finer resolution, then we can vary the profile parameter β at a
fixed frequency and damping ( f / fn = 1 and b∗ = 1.5), and we see (Fig. 9) that the heave power
performance is improved by the trapezoidal pitch profiles (β > 0) compared with the sinusoidal
profile (β = 0), which is in agreement with the numerical results of Xiao et al. [16]. The power
coefficient reaches 0.9 at β ∼ 2—a 50% improvement over the sinusoidal performance—before
levelling off. In contrast, the triangular pitch profiles (−1 < β < 0) reduce the heave power output
especially with a precipitous drop observed at −1 < β < −0.75. The heave power coefficient
predicted using our simple theoretical model [Eq. (16)] is also presented and compared with
the measured heave power coefficient [Fig. 9(a)]. The good agreement between the two curves
validates the utility of the model, even for different pitch profiles, ranging from triangular to
trapezoidal profiles. It is not surprising that the prediction lies slightly above the experimental
values, considering that the measured flow-induced heave profile is not purely sinusoidal, which
is assumed by the model.
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FIG. 8. (a) Heave power coefficient as a function of frequency ratio, f / fn, at different pitch profiles (β);
(b) heave power coefficient as a function of damping coefficient, b∗, at different pitch profiles (β).

It is perhaps unsurprising that the pitch power loss increases with β [Fig. 9(b)] since more power
is required to initiate the faster pitch reversal in the trapezoidal pitch profiles [11]. However, such
power loss (for example, −0.08 at β = 2.5) is much smaller than the improvement in the heave
power (0.30 at β = 2.5), resulting in a net improvement in the total power output in trapezoidal
pitch profiles [the cyan line in Fig. 9(a)]. This loss-gain tradeoff is eventually lost at large values
of β, and by β = 2.25, the cost associated with the increased negative pitching power is greater
than the benefit associated with the improved positive heave power, resulting in a levelling off and
eventual decline in the total power coefficient [the cyan line in Fig. 9(a)].

Figure 9(c) shows the lift-heave phase portrait for three different pitching profiles as identified in
Fig. 9(a). With the extracted energy per cycle represented by the enclosed area, Fig. 9(c) confirms
the previous result that the trapezoidal pitch profile (the green curve) extracts much more energy in
a cycle than the sinusoidal (the blue curve) and triangular (the red curve) profiles, consistent with
the power coefficient [Fig. 9(a)]. In addition, we can see from Fig. 9(c) that the increment of power

FIG. 9. (a) Heave power coefficient measured in the experiment and predicted by the theoretical model
[Eq. (16)] and total power coefficient measured in the experiment, (b) pitch power coefficient, and (c) lift-heave
phase portrait. Parameters: reduced frequency f ∗ = 0.125, frequency ratio, f / fn = 1, damping coefficient,
b∗ = 1.5.
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FIG. 10. Instantaneous (a) pitch acceleration (rad/s2), (b) effective AOA, and (c) lift coefficient are shown
for three pitch profiles (β = −0.975 (triangular), 0 (sinusoidal), and 2.25 (trapezoidal), for half cycle). The
instantaneous effective AOA is given by θe(t ) = θ (t ) − arctan(Vh(t )/U∞), where Vh(t ) is the instantaneous
heave velocity. Parameters: reduced frequency, f ∗ = 0.125, frequency ratio, f / fn = 1, damping coefficient,
b∗ = 1.5.

output comes from two parts: the increase in the flow-induced heave amplitude and the enhancement
of lift force, which will be discussed in detail later in this section.

As seen in Sec. III C 1, the effective angle of attack (AOA) plays an important role in the
hydrodynamic force production and similar effective AOA histories are accompanied by similar
hydrodynamic forces on an oscillating hydrofoil. To understand the hydrodynamic origins of the
lift force enhancement associated with the different pitch profiles, time histories of the pitch
acceleration, lift coefficient, and the associated instantaneous effective AOA are shown in Fig. 10.
For all three pitch profiles, we see two peaks in the lift coefficient, one early in the half-cycle, the
second towards the end of the half-cycle. This is similar to the trends observed by Deng et al. [19]
and Teng et al. [15].

Early in the cycle, t/T < 0.18, the LEV is weak, and we expect that it does not contribute very
much to the lift force. Here, we see that the the triangular profile (β = −0.975, red line) is almost
completely in phase with the effective AOA, θe, and the pitch acceleration is negligible, suggesting
that the dominant mechanism for lift generation is quasisteady. As β increases (corresponding to a
larger pitch acceleration), the force due to the added mass (“noncirculatory lift” [6,40–42]) becomes
important and the lift coefficient rises more quickly. This explanation is supported by the observation
that, for the trapezoidal pitch profile (green curves), the maximum in lift occurs at the same time as
the maximum in pitch acceleration (t/T = 0.06) and before the maximum in the effective angle of
attack, θe (t/T ∼ 0.09).

As time increases, the lift force continues to rise, reflecting the importance of the LEV which is
growing on the upper surface of the foil and generates an unsteady circulatory lift force. The LEV
strength is greatest in the case of the trapezoidal pitch profile [18,19] and this is reflected in the high
CL during this part of the cycle (t/T > 0.25). In the case of the triangular pitch profile, the LEV
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grows more slowly, but the mid-cycle peak in the pitch acceleration contributes to an additional
noncirculatory “bump” in the lift force at t/T ∼ 0.25 which compensates for the weak circulatory
lift generated by the LEV.

Finally, the lift force drops precipitously at the end of the half-cycle. Here the decrease in CL is
not consistently associated with any feature in the pitch acceleration or the effective angle of attack,
confirming previous results that show that the drop in force is related to the shedding of the LEV
from the foil [3,6,10], which is not easily associated with the pitch profile.

IV. CONCLUSIONS

In this paper, the power extraction performance of a semipassive energy harvester was studied
using a hydrofoil with a prescribed pitch motion and an elastically mounted heave motion achieved
using a cyber-physical support. The power of the cyber-physical system allowed for a broad
parametric sweep over the stiffness and damping to explore the performance of the semipassive
energy harvester. We found that the optimal energy harvesting performance was achieved at
damping coefficient of 1.5 and at frequency ratio f / fn = 1, the resonance condition, where the
phase difference between the prescribed pitch and the elastically mounted heave is 90◦, which agrees
well with the results obtained using a fully prescribed foil [2–4,43]. In addition, at this resonance
condition the Strouhal number (heaving amplitude) and the hydrodynamic forces were found to
collapse remarkably well for different reduced frequency tested ( f ∗ = 0.105 ∼ 0.175), suggesting
a similarity in the vortex dynamics maintained in the elastically mounted system.

Effects of nonsinusoidal pitch profiles on energy harvesting performance were also reported, and
it is found that the triangular pitch profiles (−1 < β < 0) were not as effective as the the sinusoidal
pitch profiles (β = 0), while using the trapezoidal pitch profiles extracted more energy per cycle
than the with the sinusoidal pitch profile, in line with the previous results [11,14]. In addition, the
optimal trapezoidal pitch profile was found at β = 2.25, with over 50% improvement in the power
coefficient compared with the sinusoidal pitch profile. This improvement was attributed to the lift
force enhancement from both the noncirculatory force contribution related to the large pitch acceler-
ation at the beginning of the stroke and the circulatory force contribution associated with a stronger
LEV formation due to the large effective AOA maintained through most portion of the cycle.

To establish the connection between the hydrodynamic response in the elastically mounted
system and the associated power extraction performance, we found that a simple model based on
classical vibration theory was able to reproduce the observed maximum in the power coefficient,
relying only on the observed scaling between the Strouhal number (i.e., the heave amplitude) and
the system damping (i.e., energy harvested). The model agrees well with the measured results
over a range of reduced frequency ( f ∗ = 0.105 ∼ 0.175) for both sinusoidal and nonsinusoidal
pitch profiles. Nevertheless, to gain a deeper understanding of the observed scaling of the Strouhal
number, measurements of the LEV dynamics (using, for example, PIV) will be performed in the
future. Effects of nonlinear structural mounting (stiffness and damping) can also be explored to
further improve the hydrodynamic response and the associated power extraction performance.
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