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Lagrangian statistics and pair dispersion induced by an isolated pulse of a small
jellyfish, Aurelia aurita, were quantified and characterized using 3D particle tracking
velocimetry (3D-PTV). Probability density functions (PDF) of the Lagrangian velocity
components indicated more intense mixing in the radial direction and revealed three
stages dominated by flow acceleration, mixing, and dissipation. Time evolution of the
Lagrangian acceleration variance further illustrates each phase. During the mixing phase,
the flow shares characteristics of homogeneous isotropic turbulence. In addition, we show
that a single pulse may induce rich wake dynamics characterized by pair dispersion
with a super-diffusive t3 regime due to large-scale flow inhomogeneity, followed by a
coherent t2-Batchelor scaling and then t1-Brownian motions. The first trend occurred in
the accelerated flow, whereas the second dynamic was observed in the mixed wake and
depended on the initial separation. The Brownian motion was present in the late stage
dominated by flow dissipation. Kolmogorov microscales during the fully mixed phase
were obtained with three distinct approaches, namely, Heisenberg-Yaglom relation of the
Lagrangian acceleration variance, the fluctuating rate of the strain tensor in the Eulerian
frame of reference as well as the Batchelor scaling in pair dispersion, which showed good
agreement.
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I. INTRODUCTION

Lagrangian dynamics has provided significant insight on mixing and transport, especially in the
case of fully developed turbulence [1–4]. These processes can be described in terms of the pair
dispersion R2(t ), which refers to the temporal evolution of the distance between two fluid particles.
Richardson [5] and Obukhov [6] proposed a dispersion law R2(t ) = g〈ε〉t3 in the inertial subrange
t � TL, where g is a constant, 〈ε〉 is the mean energy dissipation rate per unit of mass, and TL is
the integral correlation timescale. Later, Batchelor [7] suggested that the initial separation of the
fluid particles r0 plays a role in the dispersion and proposed R2(t ) ∝ (〈ε〉‖r0‖)2/3t2 in the inertial
subrange t < t0, where t0 is a characteristic timescale related to r0 [8]. The Richardson-Obukhov
typically holds for t0 < t < TL, whereas fluid particles disperse following R2(t ) ∝ t at long times
t � TL as the turbulence is expected to be diffusive.

Substantial effort on pair dispersion has been placed on isotropic turbulence [9]. Bourgoin
et al. [8] measured relative dispersion under high-turbulence levels using an optical particle tracking
approach. They found that r0 plays an important role, as predicted by Batchelor, in almost all
turbulent flows. In addition, they pointed out that a fully developed Richardson-Obukhov scaling
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regime, R2(t ) ∝ t3, requires a large separation between TL and t0, such that the turbulence level
should be higher than the one occurring in most practical situations. Sawford et al. [10] numerically
investigated pair dispersion on scenarios similar to experiments by Bourgoin et al. [8] and Ouellette
et al. [11]. Their results were comparable to earlier DNS [4,12,13] and improved collapse of data
when compensated by the inertial subrange scaling laws that depend on 〈ε1/3〉. Recent efforts have
gone toward characterizing pair dispersion in anisotropic and environmental flows, such as the
convective turbulence in Rayleigh-Bénard cells [14,15] and ocean current at the surface of the Gulf
of Mexico [16]. Very recently, Polanco et al. [17] investigated numerically the pair dispersion in
a turbulent channel flow. They found that strong flow inhomogeneity can induce a super-diffusive
regime similar to the t3 Richardson-Obukhov scaling due to large-scale shear.

Another remarkable feature of turbulent mixing involves relatively strong Lagrangian accelera-
tion. Various studies have focused on high-acceleration events in isotropic turbulence [18]. La Porta
et al. [1] observed acceleration in excess of 1 500 times the gravity and found that probability
density function of the Lagrangian acceleration has stretched exponential shape. Biferale et al. [4]
and Toschi et al. [19] noted that fluid particles can stay in a small-scale vortex for a time exceeding
the local eddy turnover time. Material acceleration has been found to be highly intermittent; intense
fluctuations can be associated to small-scale vortical structures [2,3]. Few studies have investigated
Lagrangian acceleration in anisotropic and inhomogenous turbulent flows including convective
turbulence [15,20,21], jet flows [22], channel [23], and porous-media flows [24].

Associated investigations of Lagrangian mixing, pair dispersion, and transport properties in
unsteady flows, e.g., those induced by marine organisms is very limited. Here, we explored a
particular case of the impact of a single pulse from a jellyfish. No attempt is made to link our findings
to marine mixing or elaborate on biology-related implications. We just show the rich dynamics
induced by a single pulse of this swimmer, which uses bell contraction and relaxation (CR) through
jetting and paddling [25–27]. These mechanisms produce vortex rings and fluid ejection from the
inner cavity of the bell [28–31], which trigger rich fluid dynamics.

We used 3D particle tracking velocimetry [32–34] to uncover, for the first time, distinctive
Lagrangian dynamics. The work provides new quantitative information on Lagrangian statistics,
such as acceleration, and pair dispersion. It is worth pointing out that the analysis uses concepts
from homogeneous isotropic turbulence (HIT) [2,18]. We focused on a specific instance, where a
jellyfish placed in a quiescent medium underwent a sufficiently long inactive phase after a pulse to
isolate the effect of a single CR process (see basic inspection in Fig. 1).

II. EXPERIMENTAL SETUP AND APPROACH

A. Laboratory setup

Flow measurements were performed with 3D particle tracking velocimetry, which was optimized
to capture the acceleration and trajectory of the induced flow over a swimming cycle. The jellyfish
(Aurelia aurita) was obtained from Jellyfish Art and maintained in 20-L aquaria circular tank at
22 ◦C. The water quality parameters including salinity, pH level, Ammonia, Nitrite and Nitrate,
were carefully monitored and preserved for the health of the jellyfish prior to testing. The swimmer
had maximum bell diameter of d = 35 mm with a fineness ratio of f = 0.23. Here, the fineness
ratio is below the critical one fc = 0.265, where paddling appears to play a key role on the thrust
generation [26].

The jellyfish was gently placed in quiescent water contained in a transparent, cubic tank of side
∼9d . Wall effects are considered negligible as the focus is placed on the near wake. The medium
was seeded with 55 μm silver-coated glass spheres with the density of 1.1 g/cm3. The salinity of
the fluid in each tank was kept at a specific gravity of 1.022 and water temperature was constant
to minimize the likelihood of irregular motion. The specimen was moved in the tank only during
the experiments to minimize the effects of tank geometry and seeding particles [Fig. 1(a)]. This
was achieved using an acrylic tube of ∼1.1d× ∼ 1.1d cross section and ∼3d long whose end was
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FIG. 1. Jellyfish wake in Lagrangian and Eulerian frames of reference. (a) Basic setup. (b) four-image
stereo view. (c) Sample flow trajectories; colors denote axial velocity u normalized by the maximum body
velocity U = 28 mm s−1. (d) Single-particle trajectory in the vicinity of the bell margin; the color represents
acceleration magnitude ‖a‖/g, every 20 instants. (e) Velocity and acceleration of the trajectory from Fig. 1(d) in
the axial and radial directions. (f) 3D Eulerian instantaneous velocity field with in-plane vorticity field,
indicating the presence of a vortex ring. (g) Axial velocity field along x for various radial locations as a function
of time; the solid and dotted lines indicate instants at maximum and minimum bell diameters.

located 3d below the free surface but above the interrogation volume. It ensured the jellyfish to
move down through the interrogation volume with minimum external disturbance.

We measured multiple swimming cycles and selected that with a significantly long inactive
phase tinactve = 2.4Tp, where Tp is the interval needed to perform the CR. This allows to investigate
the immediate effect of the jellyfish pulse, because multiple swimming cycles may affect pair
dispersion dynamics in spatial-temporal domain. Henceforth the time t = 0 defines the beginning
of the contraction phase.

B. 3D particle tracking velocimetry

Images were recorded with a Mikrotron EoSens 4CXP MC4082 high-speed camera at 550 fps
and 4 MP. A Nikon AF Micro-Nikkor 60 mm with a focal ratio f/2.8D lens was used to maximize
the focus on the investigation volume of 40 mm side. Stereoscopic four-image pairs were obtained
with a four-view splitter [35] [Fig. 1(b)] and processed using OpenPTV (http://www.openptv.net).
The particles were illuminated by two Stanley Lithium Ion Halogen Spotlights only during the
measurement (less than 5 s) to avoid excess heat of the tank and alter the animal’s behavior.
Effects of camera angles, focal length, distortion coefficients, and refractive index changes along the
camera view, i.e., air-acrylic-water [34], were accounted for, which resulted in a calibration error
with standard deviation of ∼3 × 10−3d . To allow better examination of the particle trajectories, the
images were masked to show only the relevant regions of interest. The areas containing the initial
vortex ring expelled by a single pulse were left unmasked. Based on 2D-PIV measurements [36],
the first vortex ring was calculated to extend backwards from the jellyfish in a cone segment with
base diameter ∼2d and height ∼1.5d . It was crucial to obtain long trajectories to properly estimate
Lagrangian acceleration. Approximately 4.0 × 105 reconstructed particles were tracked using the
so-called Hungarian algorithm, and linked by performing a ten-frame gap closing for longer
trajectories. Those trajectories and associated temporal derivatives were evaluated and filtered using
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FIG. 2. Lagrangian statistics. The bivariate PDFs of Lagrangian velocity and temporal evolution of the
jellyfish propulsion: (a) axial and (b) radial components. (c) Axial velocity PDFs at instants of acceleration
(t/Tp = 0.4), fully mixed (t/Tp = 1.8), and dissipation (t/Tp = 3.2) stages. (d) Temporal evolution of the peak
of velocity PDFs in the axial and radial directions.

fourth-order B-splines [37]; this approximation resulted the best interpolation scheme for particle
tracking in turbulence [38]. Additional details can be found in Refs. [15,22,39].

An inferred 3D Eulerian velocity vector field [Figs. 1(f) and 1(g)] was also obtained by
interpolating scattered Lagrangian flow particles at each frame based on the natural neighbor
interpolation method. A pair of strong vortex rings was present at x/d = 0.4. The jellyfish diameter
decreased to near 40% of its maximum during the relaxation phase, indicating that the radial location
of the vortex ring occurred near the bell margin location similar to previous results [36,40]. The
maximum velocity along the jellyfish axis was during the relaxation phase at x/d = 0.45 from the
initial position of the jellyfish [Fig. 1(g), left]. Away from the jellyfish center axis in the radial
direction, the relative maximum velocity occurred earlier and closer to the jellyfish in streamwise
direction [Fig. 1(g), right]. The result indicated that the vortical structure generated by the paddling
propagated to the center and combined with the flow induced by the jetting mechanism. It resulted
in a wake with relatively high axial velocity lasting significantly long.

III. RESULTS AND DISCUSSION

A. Lagrangian PDFs

Bulk evaluation of the wake showed that entrainment occurred past the contraction, where
vortex ring contributed to the radial acceleration, ar . This acceleration component reached the
maximum with the axial counterpart ax approaching to zero at t/Tp ≈ 1.8. The conversion of ar

in ax [Fig. 1(e)] indicates the efficient propulsion mechanism of the jellyfish swimming. The flow
underwent acceleration around t/Tp ≈ 0.4, full development at t/Tp ≈ 1.8 and dissipation starting
at t/Tp ≈ 3.2 [Fig. 2(a)]. The bivariate PDF of the radial velocity exhibited a wider distribution and
lower peaks [within the black box in Fig. 2(b)] compared to the axial velocity [within the black box
in Fig. 2(a)]. The Lagrangian velocity distributions of the axial and radial components indicated that
the mixing process lasts significantly longer than the duration of the CR with the axial PDF having a
low peak with positive skewness that reflect the jetlike effect [Fig. 2(c)]. Right after CR, the velocity
PDF peak of the axial component quickly increased, whereas the radial component decreased until
t/Tp ≈ 1.8 [Fig. 2(d)]. The jellyfish induced significant mixing radially and a long-lasting wake
over 3Tp. The acceleration PDF at the acceleration (t/Tp = 0.4) and dissipation (t/Tp = 3.2) stages
(Fig. 3) exhibited heavy tails, indicating the strong intermittency of the Lagrangian motions as in
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FIG. 3. Lagrangian acceleration statistics. PDF of axial Lagrangian acceleration ax at instants of accelera-
tion (t/Tp = 0.4) and dissipation (t/Tp = 3.2) stages. (Inset at right shows the second-order PDF)

isotropic turbulence [4]. During flow acceleration, the PDF exhibited a heavier tails, ∼33% lower
peak at zero value (Fig. 3 inset, left) and ∼50% higher in the acceleration variance 〈a2

x〉 than the
dissipation stage. It is worth pointing out that due to limited number of fluid particles at each phase,
the acceleration PDF was resolved up to ±1 root-mean square (rms).

B. Acceleration variance

The variance of flow particle accelerations obtained by Heisenberg and Yaglom [41,42] is given
by

〈aia j〉 = a0ε
3/2v−1/2δi j, (1)

where a0 is a constant; here we assume a0 = 5. In the case of HIT, a0 ≈ 3–5 at Reλ ≈ 140 [2].
Note that the value a0 may be affected by the position uncertainty, filtering method as well as
inhomogeneous and anisotropic nature of the flow. The temporal evolution of acceleration variance
(Fig. 4) further shows distinctive phases of the jellyfish propulsion which corresponds to the
previous analysis on the velocity PDF [Fig. 2(c)]. During the acceleration phase �tA = [0, 0.8]t/TP,

FIG. 4. Variance of the axial (solid curve) and radial (dotted curve) compensated accelerations
[〈a2〉v1/2/a0]2/3 based on the Heisenberg-Yaglom relation [41,42]. �tA, �tFM, and �tD indicate the intervals
of the acceleration, fully mixed, and dissipation phases. The vertical solid and dotted lines indicate instants at
maximum and minimum bell diameters. Inset shows the ratio of axial and radial acceleration variances.
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the streamwise and radial components increase as well as the ratio 〈a2
x〉/〈a2

y〉 (Fig. 4 inset),
reaching upto 1.25; the flow exhibits an increase in anisotropy and Re. In the fully mixed phase
�tFM = [1.7, 2.3]t/TP, the variance of both acceleration components show a nearly constant value
[〈a2〉v1/2/a0]2/3 = 〈εv〉 ≈ 12.5 mm2 s−3, with 〈a2

x〉/〈a2
y〉 ≈ 1, similar to isotropic turbulence. At the

dissipation phase �tD > 3t/Tp, both variance components quickly drop.

C. On the Eulerian quantities

The Lagrangian acceleration variance reveals certain characteristics of HIT during �tFM;
this suggests that turbulentlike features can be inferred in the Eulerian frame of reference. By
decomposing the velocity field ui during �tFM into the mean 〈ui〉 and fluctuating u′

i components,
the rms of the velocity fluctuations resulted ũ = [(u′2

x + u′2
y + u′2

z )/3]1/2 ≈ 0.007 m s−1 with mean
velocity 〈u〉 = (〈ux〉 + 〈uy〉 + 〈uz〉)/3 < 0.2ũ, i.e., much smaller than ũ. Further, the jellyfish’s
Kolmogorov microscale can also be obtained from the fluctuating rate of strain tensor as follows:

〈εe〉 = 2v〈si jsi j〉,

where si j = 1

2

∂u′
i

∂x j

∂u′
j

∂xi
. (2)

It contains nine components of the fluctuating velocity gradients. The radial average within d during
�tFM results 〈εe〉 ≈ 11.39 ± 2.3 mm2 s−3, which is relatively close to 〈εv〉. The corresponding
integral scale and turbulent Reynolds number are L = ũ3/〈εe〉 ≈ 28 mm and Reλ = (15ũL/v)1/2 ≈
60. Higher-order turbulence quantities in the Eulerian frame may be not resolved due to the data
interpreted from Lagrangian flow trajectories.

D. Pair dispersion

The pair dispersion R2(t∗) = 〈‖r(t∗) − r0‖2〉 is highly influenced by the initial instant and
separation due to the transient, anisotropic and nonhomogeneous flow. Indeed, R2 would reveal
distinctively different physics of pair particles for a given r0 if both are around the margin or located
in the margin and center. Consequently, a close look is needed to uncover the underlying dynamics.
Here, we considered particle pairs in which one of them always is initially located at the jellyfish
center axis r0 = P1(x, y, z, t∗ = 0) − P2(x, y = 0, z = 0, t∗ = 0) and the other is in a given radial
direction. A small initial separation indicates R2 mostly affected by jetlike flow; whereas large
initial separation accounts for the effect of jetting and paddling. We illustrate cases (i) within the
minimum jellyfish diameter ‖r0‖/d = 0.1, (ii) in the intermediate distance ‖r0‖/d = 0.3, and (iii)
near the maximum jellyfish diameter ‖r0‖/d = 0.5. We also illustrate R2 at three distinctive instants;
namely, those dominated by acceleration (t/Tp = 0.4), fully mixed (t/Tp = 1.8), and dissipation
(t/Tp = 3.2) stages.

The R2 first exhibited a t2-Batchelor dispersion at t/Tp = 0.4 [Fig. 5(a)]. Remarkably, high-rate
particle dispersion rate of t3 occurred at ‖r0‖/d = 0.5. It is worth noting that the t3 dispersion rate
occurs in the case of HIT at very high turbulence [8], known as the Richardson-Obukhov regime.
Here, the process leading to such dispersion rate is different, and occurred in a low Reynolds number
and turbulence level. This was possibly due to the large-scale inhomogeneity and unsteadiness of
the flow during the acceleration phase induced by two propulsive mechanisms, jetting and paddling,
which produced mutual flow interaction. Similar result was reported recently in the case of channel
flow in Polanco et al. [17].

The t2-Batchelor regime occurred during the mixing regime, similar to HIT [Fig. 5(b)]. In the
dissipation phase, R2 approached to a linear trend as the residual flow exhibited Brownian behavior
[Fig. 5(c)].
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FIG. 5. Pair dispersion. The wake induced by the jellyfish showed rich Lagrangian dynamics exhibiting
(a) t3-Richardson scaling at t/Tp = 0.4, (b) coherent t2-Batchelor scaling as a function of ‖r(0)‖ at t/Tp = 1.8,
and (c) t1-Brownian motion.

E. Kolmogorov microscales

Batchelor’s prediction of R2(t∗) as a function of ‖r0‖ in the inertial range t∗ < t0 is given as
follows [7]:

R2(t∗) = S2t∗2,

for t∗ < t0 =
(‖r0‖2

〈ε〉
)1/3

, (3)

where S2 = 11
3 C(〈ε〉‖r0‖)2/3 is the second-order structure function in the inertial range of HIT and

C = 2.13 is an universal constant [8]. The mean energy dissipation rate in the mixing phase is di-
rectly obtained, by backsolving using known variables R2 and ‖r0‖, as 〈ε〉 = 11.25 ± 1.5 mm2 s−3.
The associated Kolmogorov microscales resulted η = (v3/ε)1/4 ≈ 0.5 mm and τ = (v/η)1/2 ≈

FIG. 6. Normalized pair dispersion R2 in the mixed phase �tFM. It includes nine initial separations ranging
from ‖r‖/d = 0.1 to 0.5 every ‖�r‖/d = 0.05. The data and Batchelor’s prediction [7] collapse onto a
universal power law. The top inset shows the same curves scaled by the Kolmogorov length η. The bottom
inset shows the energy dissipation rate computed using Eulerian-based 〈εe〉 and Lagrangian-based 〈ε〉. The
notable match suggests the accurate estimate of the Kolmogorov microscales.
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0.28 s. The minimum characteristic timescale resulted min{t0}/Tp = 1.3 at ‖r0‖/d = 0.1, which
was larger than the range t∗/TP = [0.06, 0.5] and satisfied the condition of the Batchelor scaling
in the inertial range. Normalization of the R2 at the various r0 during the fully mixed phase
�tFM revealed a notable collapse onto a single universal power law that also matched with
Batchelor’s prediction (Fig. 6). The Kolmogorov microscales obtained from the pair dispersion,
the acceleration variance (Fig. 4) and the Eulerian frame of reference agreed reasonably well. The
results indicate that the transient wake induced the jellyfish propulsion underwent fully developed
stage, which exhibited features of (weak) HIT. Note that η is comparable to the ocean counterpart
η0 = 0.29–0.52 mm (equivalent to 10−5 to 10−4 W kg−1) [43,44].

IV. REMARKS

We have quantified Lagrangian statistics and pair dispersion induced by a single pulse of a small
swimmer, and identified three stages dominated by flow acceleration, mixing, and dissipation based
on the Lagrangian velocity statistics. With a careful characterization of the initial separation in
the spatiotemporal domain, the pair dispersion indicates rich wake dynamics in each stage. Flow
acceleration by the jellyfish propulsion induced bursts of ∼t3 dispersion even at a low turbulence
level due to large-scale inhomogeneity and unsteadiness of the flow, rather than the multiscale nature
of strong turbulence in the Richardson-Obukhov regime. This is due to the unsteadiness in flow
acceleration and two effective swimming mechanisms, namely, jetting and paddling. At the fully
mixed stage, the dispersion exhibited ∼t2 Batchelor scaling as a function of the initial separation
similar to the case of homogeneous turbulence. An accurate estimation of Kolmogorov microscales
generated by the jellyfish wake is computed and compared in Lagrangian and Eulerian frames
of reference. The current work opens possibilities for further understanding of other swimming
mechanisms such as turning [45] as well as predation [46], aggregation behavior [47], other small
impulsive swimmers [48], migration strategy of phytoplankton in response to turbulent mixing [49],
among others in a Lagrangian perspective.
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