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We report on detailed and systematic experiments of thin liquid films flowing as a result
of the action of gravity under an inverted planar substrate. A measurement technique based
on planar laser-induced fluorescence (PLIF) was developed and applied to a range of
such flows in order to provide detailed space- and time-resolved film-height information.
Specifically, the experimental campaign spanned three inclination angles (β = −15◦,
−30◦, and −45◦, in all cases negative with respect to the vertical), two water-glycerol
solutions (with Kapitza numbers of Ka = 13.1 and 330), and flow Reynolds numbers
covering the range Re = 0.6–193. The collection optics were arranged so as to interrogate
a spanwise section of the flow extending about 40 mm symmetrically on either side the
centerline of the film span (80 mm in total), at a distance 330 mm downstream of the
flow inlet. A range of flow regimes, typically characterized by strong three dimensionality
and pronounced rivulet formation, were observed depending on the imposed inlet flow
conditions. In the lower liquid Kapitza number Ka (=13.1) flows and depending on the
flow Re, the free surface of the film was populated by smooth rivulets or regular sequences
of solitary pulses that traveled over the rivulets. In the higher liquid Ka (=330) flows,
rivulets were observed typically above Re ≈ 30, depending also on the inclination angle,
and grew in amplitude until quasi-two-dimensional fronts developed intermittently that
were associated with distinct thin-film regions of varying length and frequency. These
regions are of particular interest as they are expected to affect strongly the heat and mass
transfer capabilities of these flows. The occurrence of the fronts was more pronounced,
with higher wave frequencies, in film flows at smaller negative inclinations for the same
flow Re. The rivulet amplitude was found to increase at larger inclinations for the same
Re and showed a nonmonotonic trend with increasing Re, reaching a maximum that
shifted to higher Re at larger inclinations. Furthermore, in flows that displayed pronounced
rivulet formation [i.e., large (negative) β and higher Re], the local film-height standard
deviation in regions corresponding to the rivulet crests and troughs was reduced compared
to the film-height standard deviation calculated over the entire examined film region. The
mean rivulet wavelength also increased at larger inclinations, peaking at 26 mm when
Ka = 330. Based on our experimental results and theoretical arguments, we hypothesize
that the formation of rivulets can be attributed, at small β, to a secondary Rayleigh-Taylor
instability mechanism that destabilizes the suspended two-dimensional wavefronts, and at
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larger β, to the primary Rayleigh-Taylor instability mechanism of a flat film coating the
underside of the inclined plate.

DOI: 10.1103/PhysRevFluids.3.114002

I. INTRODUCTION

“Falling” liquid films, flowing under the action of gravity, exhibit a range of intriguing flow
phenomena that have motivated numerous studies since the pioneering work of Kapitza and
Kapitza [1,2]. Falling films can be viewed as simple prototypes of open-flow hydrodynamic and
nonlinear systems in general, and therefore their study has attracted considerable fundamental and
theoretical interest; beyond this, however, such flows play a central role in the development of
high-performance, effective, and compact heat- and mass-transfer components in a wide variety of
practical applications. These include, among others, wetted-wall absorbers, heat exchangers, film
condensers, evaporators or reactors, and microcooling schemes. Commonly studied flows include
gravity-driven liquid films falling over inclined plates [3–6], gaseous shear-driven liquid films over
horizontal plates [7], and liquid films falling down the inner or outer surfaces of tubes or pipes
(annular or annulus flows) with or without a co- or countercurrent gas-shear flow in the core of the
cross section [8–10].

Despite the considerable attention these flow configurations and numerous variations thereof
have received, only a few studies have been dedicated to liquid films falling down the underside
of inclined substrates, that is, with gravity destabilizing the flow. The present experimental effort
is therefore motivated by the limited qualitative and quantitative information that is available on
the flow characteristics and phenomenology of these flows and by a desire to generate detailed
spatiotemporal data that is currently unavailable, as a means for better understanding the complex
underlying flow phenomena. Depending on the liquid flow rate, substrate inclination angle, and
liquid properties, we observe a range of flow regimes typically characterized by strong three
dimensionality, film contraction in the cross-stream direction of the flow, and pronounced film-
height modulation in the transverse direction of the flow (i.e., rivulet formation). For reference and
also to facilitate the upcoming literature review, in Fig. 1, we showcase some of these regimes
using space- and time-resolved film-height maps recovered by application of planar laser-induced
fluorescence imaging (PLIF).

Following a brief introduction to the aforementioned flow phenomena, we proceed to discuss
notable research efforts dedicated to the study of inverted falling films and pendant rivulets.
We then provide a description of our experimental apparatus and the optical technique that was
developed to allow spatiotemporally resolved film-height measurements in the flows of interest,
followed by a presentation and discussion of our experimental results. Our experimental campaign
comprises two aqueous-glycerol solutions (and hence two different Kapitza number, Ka, liquids)
and three substrate inclination angles, β = −15◦, −30◦, and −45◦, and spans Reynolds numbers
in the range Re = 0.6–193. We emphasize that only conditions with no dripping and no film
rupture were investigated and that all measurements were performed in planar films rather than
individual rivulets; the latter being the case with most experimental investigations found in the
literature. With the present study, we build upon our previous one on the interfacial topology of
inverted falling-films, which only spanned low-Re (Re = 0.6–8.2) films falling down a β = −30◦
incline (see Ref. [11]), and at the same time seek to provide an extensive experimental dataset
that could encourage further experimental investigations and provide a solid foundation for novel
numerical investigations. In addition to the wider Re, β, and Ka ranges that we introduce, the
data-processing methodologies that we developed and presented in Ref. [11], relating primarily
to the spatiotemporal frequency content of the interfacial fluctuations in these flows, are hereby
complemented by a comprehensive analysis of film-height statistics. A concise presentation of the
experimental apparatus and optical techniques that we developed for the purposes of this study,
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FIG. 1. Wave patterns obtained by application of PLIF, with the light sheet arranged along the transverse
direction of the flow. The flow Reynolds number, Re, fluid Kapitza number, Ka, and inclination angle, β,
take the following values: (a) Re = 0.6, Ka = 13.1, and β = −30◦, (b) Re = 3.5, Ka = 13.1, and β = −30◦,
(c) Re = 7.4, Ka = 13.1, and β = −30◦, (d) Re = 19, Ka = 330, and β = −15◦, (e) Re = 36, Ka = 330, and
β = −30◦, and (f) Re = 118, Ka = 330, and β = −45◦.

and which are shared with the experimental investigation in Ref. [11], have been included for
completeness but also to facilitate our discussion of the topological features of the investigated
flows.

A. Three-dimensional waves in falling-film flows

A thin liquid-film falling down an inclined plane is unstable to long-wave perturbations above
a critical Reynolds number, Rec, instigating the formation of hydrodynamic waves on its free
surface [12]. The instability mechanism is founded upon the phase shift between the interface
displacement and vorticity, which is caused by inertia (described in detail in Refs. [13–16]). Surface
tension, viscosity, and the cross-stream component of gravity stabilize the flow, while inertia and
the streamwise component of gravity destabilize it. Naturally developing free-surface instabilities
emerge past a short-lived flat-film region, evolve into two-dimensional (2-D) solitary-wave trains,
and which sufficiently far from the inlet break down into complex wave patterns comprising
localized three-dimensional (3-D) pulses that interact continuously with each other [16–24].

In recent years, numerous researchers have been investigating these transitions in order to obtain
a comprehensive description of the 3-D waves [25–27] that develop on falling liquid-film flows.
Alekseenko et al. [28] and Demekhin et al. [29–32], for example, studied the spatiotemporal
evolution of and generation of horseshoe-shaped 3-D solitary pulses, also referred to as � solitons,
in vertically falling water films, and reported that above Re ≈ 40, 2-D solitary waves become
unstable to transverse perturbations and eventually disintegrate, giving rise to surface turbulence.
Yoshimura et al. [33] and later Park and Nosoko [34] conducted shadowgraphy experiments in water
films (Ka ≈ 3000) falling down a vertical plate and reported 3-D horseshoe-shaped fronts preceded
by capillary ripples above Re ≈ 40 in liquid films with Ka ≈ 1000. The capillary ripples of adjacent
pulses were shown to interact and generate clusters of dimples, which eventually disintegrated
and dissipated. Adomeit and Renz [35] observed U- and W-shaped waves at Re = 27, elongated
streaklike waves and larger wave structures referred to as surgelike waves at Re = 72, and primarily
turbulent surgelike waves at Re = 196.

More recently, Alekseenko and coworkers [36–38] reported the formation of rivulets on isother-
mal films (vertically falling water and water-glycerol films). This formation is manifested by a
“quasisinusoidal” modulation of the interface height in the transverse direction of the flow [39–42],
and has been attributed, when observed in nonisothermal falling films, to surface-tension variations
induced by temperature gradients (and described by the long-wave thermocapillary Marangoni
instability mechanism). Joo et al. [43] proposed a mechanism for the formation of rivulets on
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the surface of a thin liquid layer falling down a heated substrate at low Re (Re ≈ 1), while
Scheid and coworkers [44,45] introduced a theoretical framework for the investigation of the
Marangoni-driven rivulet formation in an effort to identify possible heat-transfer enhancements in
the presence of rivulets. By varying the flow Re in the range Re = 0.5–10 in water films flowing
down a uniformly heated vertical wall, these authors captured numerically Marangoni-driven waves
in the region where the transition from the drag-gravity to the drag-inertia regimes for isothermal
flows occurs. Interestingly, some of the wave patterns that were presented in these studies resemble
closely the ones we observed in our experiments with Ka = 13.1 and β = −30◦ [see, for example,
Figs. 1(a)–1(c)].

In the experiments of Alekseenko and coworkers [36–38], at higher Re and under isothermal flow
conditions, the topology of liquid films falling down a vertical plate was examined by employing
LIF, which allowed space- and time-resolved film-height measurements over an extended 2-D
domain. Two scenarios of rivulet formation and evolution were discussed: (i) Above Re ≈ 30 for
water and Re ≈ 12 for water-glycerol films, forward horseshoe-shaped protrusions appeared at the
crests of 2-D solitary waves a few wavelengths downstream of the flow inlet, while lower curvature
waves, referred to as “walls” by the authors, formed between the protrusions. The wakes of these
protrusions perturbed the crests of the trailing waves and triggered the generation of rivulets. The
rivulet amplitude was shown to increase monotonically with increasing distance from the flow inlet.
(ii) When the film was perturbed by a regular grid of needles that was placed at the flow inlet,
a time-averaged redistribution of liquid was observed at all examined Re. In addition, over the
range Re ≈ 10–60, film forcing was shown to move the rivulet inception zone further upstream
compared to the unperturbed cases, allowing time for neighboring rivulets to gradually merge far
downstream and thus to increase in amplitude and wavelength. The formation of rivulets was linked,
in both cases, to liquid drainage from the residual layer between decaying 2-D solitary pulses and
into the forward protrusions of the trailing waves. Furthermore, a “capillary-precursor-induced”
mechanism was proposed, according to which the liquid flow along the strongly bent capillary
ridges and troughs of the precursor film resulted in an influx of liquid into the horseshoe-shaped
protrusions.

B. Liquid films flowing down inverted substrates

Rothrock [46] pioneered the experimental study of liquid films falling down an inverted planar
substrate and complemented his experimental measurements with a linear-stability analysis. He
obtained the onset conditions for wave formation on a pendant rivulet and demonstrated the
development of solitary waves which either travel down the rivulet or grow into much larger
structures and eventually fall off. In addition, he observed that a film flowing down an inverted
substrate destabilizes rapidly and forms rivulets due to the combined effects of surface tension
(which stabilizes the flow) and the cross-stream component of gravity (which destabilizes the flow).
The combination of these two forces is also responsible for pulling the outer edges of the film
toward the center, in a similar fashion to the phenomenon of film contraction (or film shrinkage) in
the case of a liquid film flowing over a heated substrate [47–49]. Eventually, the wedge-shaped film
converges into a single rivulet with constant width.

Liquid drop falloff from viscous (water-glycerol) pendant rivulets was later studied by Indeik-
ina et al. [50], who derived conditions for drop falloff using a long-wave lubrication equation as a
function of the capillary length, rivulet width, static contact angle, and inclination angle. Two falloff
mechanisms were identified, one linked to failure of the mean-flow enhanced axial curvature to
counteract gravity and limit fluid drainage into the drop, and one attributed to failure of the azimuthal
curvature, as in the Rayleigh-Plateau (R-T) instability mechanism. Different drop formation and
falloff scenarios were observed depending on the rivulet mean flow rate; at higher flow rates, falloff
occurred in the form of a liquid jet that detached from the substrate, while at intermediate flow
rates, large rounded drops detached from the rivulet surface. At low flow rates, small amplitude
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waves formed near the inlet and coalesced into larger droplike structures which, however, did not
detach.

Alekseenko et al. [51] performed experiments concerned with rivulet and hydrodynamic-wave
formation in ethanol flows on the underside of a cylinder inclined between 2◦ and 15◦ to the
horizontal, over the range Re = 3.6–57. By measuring the rivulet thickness along the axial direction
of the flow, similar wave profiles were recovered to those observed in conventional falling films on
planar substrates, while liquid ejection from the substrate was shown to occur above a critical flow
rate in accordance with the falloff mechanisms proposed by Indeikina et al. [50]. The same flows
were later examined by application of particle image velocity (PIV) [52], which revealed that the
flow field underneath the main wave humps was dominated by a vortex (in a reference frame moving
with the wave speed) and that velocity profiles along the axial direction of the flow were “fuller” at
the wave crests and fronts than self-similar parabolic profiles, and increasingly so for larger wave
amplitudes.

Unlike the usual liquid films flowing over planar inclined surfaces, which only exhibit con-
vectively unstable behavior, liquid films flowing down the underside of inclined surfaces can
exhibit absolutely unstable behavior. In the limiting case of a film suspended under a horizontal
substrate, the film-free surface deforms in accordance with the R-T instability mechanism, with
gravity destabilizing the flow and surface tension restoring it. Brun et al. [53] investigated the
development of both absolute and convective instabilities in flows underlying moderately tilted
substrates, and noted that interface deformations move downstream when the substrate inclination
is reduced and that dripping ceases above a critical inclination angle. This behavior was attributed
to the transition from the absolute- to the convective-instability regime. Scheid et al. [54] extended
this study to larger Re (above the limit of negligible inertia) and reported that the critical angle for
the transition is specific to both the fluid and the flow rate. Moreover, they showed that the latter
does not vary monotonically with the flow Re and instead exhibits a minimum value; this value,
in turn, approaches the limiting case of a film suspended underneath a horizontal substrate with
increasing Ka number. Recently, Kofman et al. [55] showed that the dripping transition is governed
by nonlinearities and does not coincide with the absolute/convective transition as the Re is increased,
even though both transitions share qualitative features such as a minimum critical angle. Rohlfs
et al. [56] investigated the topology and velocity field underneath the 2-D waves forming on the free
surface of films falling underneath a planar substrate, by conducting direct numerical simulations
(DNSs). These authors demonstrated the presence of eddies in the main wave humps and rotating
vortices in the capillary-wave troughs, and extended the correlations they derived for the onset of
flow recirculation and flow reversal under stabilizing gravity to inverted flows [57].

In contrast to the aforementioned studies, Lin et al. [58] employed a model based on the
lubrication approximation with negligible inertia and assuming a nonwetted substrate that allowed
for the presence of contact lines (fronts). Based on this model, these investigators suggested that
the topology of the observed waves is governed by a single parameter which includes the capillary
number, Ca, and the inclination angle. Based on 3-D simulations, the same authors later reported that
the fronts broke down into fingerlike structures as the inclination approached the limiting, horizontal
case and that droplike waves rode these fingers and raced downstream with speeds exceeding the
propagation speeds of the fronts [59]. It should be noted that the formation of fingers distributed
perpendicularly to the main flow direction has been investigated extensively in liquid films spreading
over planar substrates, both theoretically as well as experimentally [60–63].

Finally, Rietz et al. [64] examined the evolution of the surface topology of viscous (Ka = 5.1)
films flowing down the outer surface of a vertical rotating cylinder using high-speed visualization,
as a function of the liquid flow rate (and hence the flow Re, which was increased up to Re = 1.6)
and the rotational speed. Increasing the latter results in an increase in the centrifugal force, which
destabilizes the film in a manner equivalent to the cross-stream component of gravity in the case of
a liquid film falling down an inverted substrate. Both the rivulet wavelengths and inception lengths
were shown to agree well with predictions based on the R-T instability mechanism. Moreover,
the rivulet inception length was shown to decrease when the destabilizing force was increased,
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FIG. 2. Schematic of our experimental arrangement showing the orientation of the laser sheet and cameras.
[(a), (b)] Two-camera setup relative to the test section from the side and from above. (c) Single-camera setup
from above. Angle β corresponds to the substrate inclination angle relative to the vertical, and angle φ to the
angle formed between the excitation plane normal and the view of the cameras.

which, along with evidence from numerical simulations, suggests that rivulets always develop given
a nonzero destabilizing force and sufficient evolution length.

Our short review of selected studies concerned with the development of complex wave phenom-
ena on the free surface of liquid films flowing over inclined planar substrates (see Sec. I A) is by
no means exhaustive, yet it portrays the wealth of information that has been obtained from such
efforts. In contrast, as we show in Sec. I B, research studies relating to liquid films flowing under
inclined planar substrates are rather scarce and mainly focus on the identification of onset conditions
for liquid ejection from individual pendant rivulets, the description of the physical mechanisms
underlying the different liquid-detachment phenomena (i.e., liquid jets and large rounded drops),
and the transition from the absolute- to the convective-instability regime as a function of liquid flow
rate and the fluid properties. The limited availability of experimental data relating to liquid films
falling down inverted substrates highlights the need for further research on this particular class of
interfacial flows, and this is the main motivation for the present study.

II. EXPERIMENTAL APPARATUS

A. Flow facility

The flow facility was employed previously for the investigation of the hydrodynamic character-
istics of isothermal falling films [3–6] and the thermal and hydrodynamic characteristics of heated
falling films [42,65] and was suitably modified here for the purposes of this study. Specifically,
the test section was inverted and the collection and laser-sheet optics were placed underneath it
[see Fig. 2(a)]. In the experiments, liquid was pumped via a counterflow heat exchanger, which
maintained a constant flow temperature, into the settling chamber, which dispensed the flow evenly
across the test section. The liquid flow rate was controlled by varying the power input to the pump
and measured by an ultrasonic flow meter.

The two primary dimensionless numbers that characterize the film flows, the flow Reynolds
number, Re, and the liquid Kapitza number, Ka, are defined below. The former is defined based on
the mean flow rate, Q, per unit span, xf, of the flow at the measurement location, � = Q/xf, and the
fluid kinematic viscosity, νf, such that

Re = �

νf
, (1)
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while the latter is defined using the fluid surface tension, σf, density, ρf, kinematic viscosity, νf, and
the gravitational constant, g, according to

Ka = σf

ρfνf
4/3g1/3

. (2)

It should be noted that in the above definition of Ka, the inclination angle dependence has been
excluded such that Ka depends on the fluid properties alone, rather convenient from the experimental
point of view.

Our test section comprises a 0.7 × 400 × 290-mm soda-lime glass plate, mounted on an
aluminium frame. Hinges installed on either side of the frame allow for the inclination angle to be
varied; in these experiments β was set to −15◦, −30◦, and −45◦. When preparing for a measurement
run, the liquid flow rate was first set to the maximum value intended for the experiment, and the
entire test section was wetted. Through the combined action of gravity and surface tension, the
film then contracted as contact lines formed far downstream on either side of the test section and
gradually moved upstream and closer to the flow inlet [Figs. 2(b) and 2(c)]. The film span at
the downstream location where imaging experiments were performed, xf, was recorded for each
experimental run and is provided in Table III. The obtained xf values were reproducible during trial
experiments in which the flow was halted and then reintroduced over the plate, to within 10–20 mm.
All measurement runs were conducted by gradually reducing the flow rate, and thus the flow Re,
down to the lowest setting, which prevented the film from contracting any further. Instead, the film
was narrower when a low flow rate was established first and then expanded with increasing flow rate.
We opted for the first approach as it allowed us to adjust the flow Re by modulating the flow rate
alone, rather than letting it vary with both the flow rate and the film span, which would impair our
ability to compare directly any film-height statistics obtained from flows with different film spans.

B. Optical arrangement

The optical arrangement comprises a double-cavity Nd:YAG laser (Litron Lasers, Nano-L-50-
100PV) and two 10-bit CMOS cameras (LaVision, VC-Imager Pro HS 500), which were operated
at a rate of 200 Hz and were synchronized using a LaVision High-Speed Controller (HSC). The
liquid flow was seeded with a fluorescent dye (Rhodamine-B) at a concentration of approximately
10 mg/L and was excited by a thin (≈200 μm) laser sheet which extended along the span of the
glass plate. Both cameras were equipped with Sigma 105-mm f /2.8 macro lenses and extension
rings in order to achieve the desired magnification and long-pass optical filters (cutoff wavelength
of 540 nm) in order to prevent the collection of scattered laser light.

The orientation of the laser sheet and cameras relative to the test section, when viewed from
the side, is presented in Fig. 2(a), while a schematic of the test section showing the location of the
excitation plane relative to the flow inlet and the spanwise orientation of the two cameras relative
to the excitation plane, is provided in Fig. 2(b). The field of view of the two-camera setup extends
symmetrically about the middle of the test section in the spanwise direction of the flow. The second
arrangement shown in Fig. 2(c) employs a single camera and was used to visualize a flow region that
extended inward from the film-contact line in a separate set of experiments. The angle φ between
the excitation plane and the cameras [Fig. 2(a)] corresponds to ≈55◦; the maximum value that could
be achieved without direct contact between the cameras and the settling chamber.

The dye-doped liquid was excited from the solid-liquid interface side, and the emitted fluores-
cence was collected from the gas-liquid interface side. Prior to conducting imaging experiments,
the imaging planes of the cameras were mapped and corrected for perspective distortions using a
Perspex plate with a calibration target attached to it. The plate was carefully aligned with the excita-
tion plane and held against gravity using magnets. The fields of view of the two cameras overlapped
by ≈15 mm, which allowed an expanded measurement domain by “stitching” of the obtained film-
height measurements from each camera. The final measurement domain corresponds to ≈80–85 mm
for the two-camera setup, and to ≈48 mm for the single-camera setup depending on the measure-
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FIG. 3. PLIF images after correction for perspective distortion, taken from flows with (a) Re = 8.2, Ka =
13.1, and β = −30◦ (reproduced from Fig. 2 in Ref. [11]) and (b) Re = 155, Ka = 330, and β = −45◦.

ment run. The spatial resolution of the imaging arrangement corresponds to ≈38 μm/pixel, and all
film-height measurements were collected at a distance y = 330 mm downstream of the flow inlet.

III. EXPERIMENTAL METHODOLOGY

A. Data acquisition and processing

PLIF images were recorded at a rate of 200 Hz and over a period of 10 s for each examined film-
flow condition (i.e., for each Ka, Re, and β combination). Sample PLIF images, which were first
corrected for perspective distortions, are presented in Fig. 3 for flows with Ka = 13.1, Re = 8.2,

and β = −30◦ and Ka = 330, Re = 155, and β = −45◦.
Referring to either image, it is evident that the solid-liquid interface cannot be located directly

based on the emitted fluorescence, which tracks the waviness of the gas-liquid interface. In addition,
owing to the refractive index change (from the liquid to the surrounding air), the fluorescence
emission appears “squashed” along the cross-stream direction of the flow (y axis in Fig. 3). Thus,
an alternative methodology was developed. A solution comprising ethanol and Rhodamine-B was
prepared and applied on the glass, at the region that would normally be illuminated by the laser
sheet. Ethanol was preferred to water due to its favorable wetting properties and higher volatility.
Once the ethanol evaporated, the glass remained stained and the fluorescence emitted by the residual
Rhodamine layer was used as a marker for the solid-liquid interface.

Close inspection of the intensity profile in Fig. 4(a), extracted from a PLIF image of the
Rhodamine-stained substrate, reveals that the signal intensity increases and subsequently decreases
over a number of pixels, rather than abruptly over successive pixels. In greater detail, a low-intensity
peak is observed near the main, high-intensity peak, the latter originating from the illuminated
Rhodamine layer and the former from a reflection of the Rhodamine emission about the glass surface
that is not in contact with the flow. Ahead of the high-intensity peak, the signal gradient decreases
abruptly at I ≈ 25. Some of the causes that contribute to this “blurring” of the PLIF intensity profile
include the finite thickness and Gaussian profile of the laser sheet, the acute angle formed between
the excitation and imaging planes, and the presence of secondary reflections from the two glass
surfaces.
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FIG. 4. PLIF intensity profile across the (a) Rhodamine-stained glass substrate and (b) liquid domain, from
which the location of the solid-liquid and gas-liquid interfaces were recovered, respectively.

In our experiments, the location of the solid-liquid interface, ysl, was obtained on a per-column
basis from the intercept between the maximum-gradient line, Imax,g, and a threshold signal level, Ith,
in a region bounded by the maximum signal intensity, Imax, and the threshold intensity,

ysl = argy[Imax,g − Ith(y) = 0]; Imax,g = dI

dy

∣∣∣
max

. (3)

The latter was determined by tracking the intensity gradient locally and identifying the coordinate
where its absolute value fell abruptly. The same approach was used in the PLIF images collected
during the film-flow experiments to locate the gas-liquid interface, ygl [see Fig. 4(b)], as we sought
to incorporate all of the aforementioned considerations regarding the blurring of the fluorescence
emission in order to track accurately the disparity between the two liquid boundaries along the
imaging plane. Both gas-liquid and solid-liquid interface identification routines were implemented
in MATLAB by means of a processing algorithm that was developed in house.

B. Technique validation

A series of experiments were conducted for error estimation and quality assurance purposes.
Towards that end, the test section was inclined at β ≈ 20◦ and β ≈ 45◦, and the laser-sheet optics
were migrated closer to the flow inlet. The angle φ formed between the excitation and camera planes
[see Fig. 2(a)], as well as the magnification of the collection optics, were reproduced in an effort to
replicate the original configuration as closely as possible. Film-height measurements were collected
at a distance y = 50 mm downstream of the flow inlet; a location that was selected on the basis
that the examined film flows are locally relatively flat, and thus an excellent approximation of the
mean film height could be obtained from the one-dimensional, steady, fully developed solution of
the Navier-Stokes equation for a gravity-driven flow, also referred to as the Nusselt solution [66].
The Nusselt height, hN, is calculated according to

hN =
(

3νQ

gxf sin β

)1/3

=
(

3ν2Re

g sin β

)1/3

. (4)

The flow Re was varied in the range Re = 0.5–80 by varying the liquid flow-rate and kinematic
viscosity, the latter by increasing the glycerol content from 49% to 82% glycerol by weight. Based
on the imposed flow conditions, the Nusselt height was varied in the range hN ≈ 0.5–3 mm. Two
measurement sets were generated, one by employment of Eq. (3) for the identification of the solid-
liquid and gas-liquid interfaces with Ith(y) �= 0, and one with Ith = 0 when locating the gas-liquid
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FIG. 5. Mean film-height data, hPLIF, recovered by application of PLIF and plotted against corresponding
Nusselt heights, hN, over the ranges (a) hN ≈ 0.5–1 mm and (b) hN ≈ 0.5–3 mm (reproduced from Fig. 4 in
Ref. [11]).

interface. The second measurement set was obtained in order to scrutinize the sensitivity of the
film-height measurement on the selected threshold level.

In Fig. 5(a), the mean film heights, hth, that were recovered using Ith �= 0 are plotted alongside
the mean film heights, hz, that were recovered using Ith = 0, against their corresponding hN over
the range hN = 0.5–1 mm. The continuous and dotted lines represent hPLIF = hN and hPLIF =
hN ± 0.05hN (i.e., the error in the calculation of hN). The mean absolute deviations between
hN and hth and between hN and hz over the 16 examined film flows amount to 13 μm (1.7%)
and 44 μm (5.8%) respectively. In contrast, the mean deviation between hN and hth is equal to
−7 μm (−1.1%), whereas the mean deviation between hN and hz is the same as before; hence,
hz overestimates hN systematically. The hth results from all 45 examined film flows are plotted in
Fig. 5(b) against their corresponding hN values. The mean and mean absolute deviations amount
to −6 μm (−0.6%) and 18 μm (1.4%) respectively. These results are very satisfactory, especially
considering that the resolution of our optical arrangement corresponds to approximately twice this
value (≈38 μm/pixel).

An estimate of the film-height measurement error originating primarily from camera noise
was obtained by calculating film-height standard deviations in flat-film runs. These amounted
to approximately 10 μm, which for the thinnest film regions encountered in our experiments
(≈200 μm), correspond to deviations of ≈5%. Given a mean film height (for all cases with negative
inclination) of approximately 1 mm, the average uncertainty associated with the instantaneous
film-height measurement, which includes both camera noise and any uncertainties associated with
the interface-identification procedures, is estimated at 3% at most.

C. Parameter space

Seven sets of experiments were conducted in total: four with the collection optics arranged to
image a flow region extending ≈40 mm on either side of the middle of the film span and three
with the collection optics arranged to image a flow region extending ≈48 mm inward from the
film contact line, on the left-hand side of the test section. Each of the first four sets correspond to
a different inclination angle and Ka combination; for the Ka = 330 film-flow experiments (49%
glycerol by weight solution), β = −15◦, −30◦, and −45◦, whereas for the Ka = 13.1 film-flow
experiments (82% glycerol by weight solution), β = −30◦. In the last three sets, Ka = 330, and
β = −15◦, −30◦, and −45◦. The viscosity, νf , density, ρf , and surface tension, σf , of the two
aqueous-glycerol solutions that were employed in our film-flow experiments were measured using
a Poulten Selfe and Lee U-tube viscometer, an electronic scale, and an Attension Sigma 700 force
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TABLE I. Liquid properties, flow rates, Re and Ka for the four sets of experiments performed with the col-
lection optics arranged to image a region of the flow extending symmetrically about the middle of the film span.

β [deg] ρf [kg m−3] νf [10−6 m2 s−1] σf [10−3 N m−1] Q [10−5 m3 s−1] Re Ka

−15 1127 (±1) 4.4 (±3%) 57.7 (±2%) 2.2–15.5 (±3%) 19–133 (±3%) 330 (±4%)
−30 1214 (±1) 49.9 (±2%) 62.4 (±2%) 0.6–9.2 (±3%) 0.6–8.2 (±3%) 13.1 (±3%)
−30 1127 (±1) 4.4 (±3%) 57.7 (±2%) 2.2–20.5 (±3%) 21–193 (±4%) 330 (±4%)
−45 1127 (±1) 4.4 (±3%) 57.7 (±2%) 2.3–16.8 (±3%) 22–160 (±3%) 330 (±4%)

tensiometer, respectively. For this purpose, samples were collected throughout the duration of the
optical measurements, and the results were averaged. The uncertainties that we quote in Table I
for the liquid properties correspond to standard-deviation calculations based on five independent
measurements (i.e., using five different liquid samples.)

The liquid flow rate and Re ranges for the first four measurement sets are depicted in Table I,
alongside the liquid properties, while the same data for the last three measurement-sets are presented
in Table II. Earlier, we noted that optical measurements were conducted while gradually reducing
the flow Re by reducing the liquid flow rate all the way to the lowest setting which did not trigger
any further film contraction. This was performed in increments of ≈0.5 × 10−5 m3 s−1, which
correspond to Re increments of ≈7 for the Ka = 330 flows and 0.7 for the Ka = 13.1 flows. The
uncertainties quoted for the flow Re and liquid Ka are standard error calculations.

Finally, the film span at the PLIF imaging location, xf, was recorded for each measurement set
and is stated in Table III, along with the span of the dewetted regions on either side of the film, x1

and x2. The uncertainties quoted for these measurements are standard deviations calculated from
data collected in independent, dedicated runs.

IV. TOPOLOGICAL OBSERVATIONS

A. Film flows with Ka = 13.1 and β = −30◦

The interface topology of film flows with β = −30◦, Ka = 13.1, and Re = 0.6 − 8.2 was
discussed in a previous publication (see Ref. [11]), and therefore we only provide a brief synopsis of
the main findings here for completeness and to facilitate the upcoming discussion on the topological
features that were observed under different flow conditions. This discussion is further assisted by the
presentation of spatiotemporal film-height maps, such as the one shown in Fig. 6, that are compiled
over a 1-s recording period. The color scale corresponds to the film height, the y axis to the recording
time, and the x axis to the distance along the imaged domain in the transverse (spanwise) direction
of the flow. Atop each spatiotemporal film-height map, the local time-averaged film height, hx, is
plotted along with the local film-height standard deviation, σx, which is represented by error bars.
These statistical quantities should not be confused with the global mean film heights and film-height
standard deviations, h and σh, respectively, which are calculated using all the available film-height
data rather than film-height time series extracted from each location x along the imaged domain.

TABLE II. Liquid flow rates Re and Ka for the three sets of experiments performed with the collection
optics arranged to image one side of the film, i.e., region extending from the contact line toward the center of
the film.

β [deg] Q [10−5 m3 s−1] Re Ka

−15 3.5–13.3 (±3%) 30–115 (±3%) 330 (±4%)
−30 3.5–17.0 (±3%) 33–159 (±4%) 330 (±4%)
−45 3.4–16.1 (±3%) 32–154 (±3%) 330 (±4%)
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TABLE III. Film contraction data for the four sets of experiments carried out with the collection optics
arranged to image a region of the flow extending symmetrically about the film span.

β [deg] Ka x1 [10−3 m] x2 [10−3 m] xf [10−3 m]

−15 330 11 (±3) 12 (±3) 267 (±5)
−30 13.1 35 (±7) 28 (±7) 227 (±12)
−30 330 23 (±3) 22 (±3) 245 (±5)
−45 330 24 (±4) 25 (±4) 241 (±5)

At Re = 0.6, the film free surface is smooth and only populated by rivulets of near-equal
amplitude [Fig. 6(a)]. A rivulet evolution scenario akin to the one proposed by Scheid et al. [44,45]
for water films heated uniformly from the wall side could potentially account for the observed
topology, with the cross-stream component of gravity (rather than the Marangoni effect) triggering
the formation of rivulets upstream of the measurement location. At Re = 1.4, regular hydrodynamic
waves of varying amplitude travel over the rivulet crests, but not the troughs [Fig. 6(b)]. Hence, as
the local liquid flow rate increases, the local Re also increases, favoring the hydrodynamic instability
mode [44,45]. Over the range Re = 1.4–3.5, the regular wave trains disintegrate into complex
3-D wave patterns, similar to those observed by Alekseenko and coworkers when investigating
the formation of rivulets in water films falling down a vertical wall [36–38]. In greater detail,
these authors reported the formation of forward protrusions separated by lagging “walls” on the
crests of 2-D waves; as the protrusions overtook the walls, their wakes perturbed the trailing-wave
crests and triggered a moderate redistribution of liquid along the transverse direction of the flow.
In our experiments, the interface topology comprises strongly bent wave crests at Re = 2.1, which
brake down into protrusions, flat-film layers, and walls over the range Re = 2.1–3.5 [see Figs. 6(c)
and 6(d)]. The onset of stronger waviness in the rivulet troughs is evidenced by the locally higher
σx values [Fig. 6(c)]. It should also be noted that despite the apparent random scatter of these waves
over the liquid surface, the coherent film-height modulation along the cross-stream direction of the
flow is preserved.

Over the range Re = 3.5–8.2, the flow experiences a progressive reorganization with solitary-
wave sequences appearing and growing on the rivulet crests. The crest heights, trough heights,
and periods of these waves fluctuate only modestly [Fig. 6(e)]. With increasing flow rate over the
range Re = 4.3–8.2, the mean rivulet-crest heights and local standard deviations increase, while the
rivulet-trough heights and local standard deviations fall. Based on these observations, we propose
the onset of an inertia-dominated mechanism that “feeds” the rivulets with additional liquid mass,
which is distributed according to the balance between inertia and gravity on the one hand and
curvature (capillarity) on the other, which seeks to stabilize the flow.

B. Film flows with Ka = 330 and β = −30◦

The interface topology of water-glycerol films with Ka = 330 and β = −30◦ is examined over
the range Re = 21–193. Spatiotemporal film-height maps are presented in Fig. 7 for flows with
Re = 21, 36, 52, 67, 91, and 175, while hx and σx, calculated along the PLIF imaged domain, are
presented in Fig. 8.

At Re = 21 [see also Fig. 7(a)], the interface is populated by closely packed U/horseshoe-shaped
and W-shaped waves, preceded by strongly bent capillary ripples and large, transversely modulated
solitons that travel over a smooth substrate film. Numerous researchers have observed similar wave
patterns and phenomena when investigating the 2-D to 3-D wave transition in conventional planar
falling-films (e.g., see Refs. [17,25,28,35]). In particular, in Demekhin et al. [29–32], the authors
reported horseshoe-like solitons with rounded fronts and � solitons (pointier and more elongated
structures) at higher Re that slide over a slow-moving thin liquid substrate. Based on a Lagrangian
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FIG. 6. Space- and time-resolved film-height measurements from flows with (a) Re = 0.6, (b) Re = 1.4,
(c) Re = 2.1, (d) Re = 3.5, (e) Re = 4.3, and (f) Re = 8.2, in all cases for Ka = 13.1 and β = −30◦. This
figure was reproduced from Fig. 5 in Ref. [11].

description of the flow, these authors linked the onset of surface turbulence to the tail overlap and
coupling and continuous interaction between neighboring waves (similar to 2-D flows [67]).

In Fig. 9, we take a closer look at some of these interactions based on film-height data obtained
at Re = 29 over a recording period of 0.35 s. The region marked “1” is preceded and trailed by
pairs of protruding wavefronts (W-shaped waves); these, in turn, are preceded by capillary ripples
that interfere and form a “checkerboard” pattern comprising clusters of dimples ahead of and in

114002-13



ALEXANDROS CHAROGIANNIS et al.

FIG. 7. Space- and time-resolved film-height measurements from flows with (a) Re = 21, (b) Re = 36, (c)
Re = 52, (d) Re = 67, (e) Re = 91, and (f) Re = 175, in all cases for Ka = 330 and β = −30◦.

between the fronts of adjacent waves. Behind these interference patterns, we observe single valleys
that separate the ridges of adjacent waves.

Park and Nosoko [34] investigated the interference of capillary ripples preceding U- and
W-shaped waves in carefully designed experiments that allowed for controlled spatiotemporal
perturbations to be imposed on vertically falling water films. They also reported that the oblique
capillary ripples forming around the main-wave humps interfered with the straight capillary ripples
that preceded the flat and shorter fronts between the horseshoe “legs.” The ensuing clusters of
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FIG. 8. (a) Space-resolved mean film-height, hx, and (b) film-height standard deviation, σx, calculated
along the imaged domain for flows with Re = 21, 36, 52, 67, 91, and 175, in all cases for Ka = 330 and
β = −30◦.

dimples decelerated and split off the legs, the height of the flat wavefronts gradually diminished,
and the clusters disintegrated before the trailing waves caught up with them. Kofman et al. [26]
also observed checkerboard patterns between the fronts of adjacent U-shaped waves, following the
onset of transverse 3-D instabilities on 2-D solitary waves traveling on the surface of a water film. In
their combined experimental-numerical study of the stability of quasisolitary waves, they attributed

FIG. 9. Spatiotemporal film-height map compiled over a 0.35-s recording period from a flow with Re = 29,
Ka = 330, and β = −30◦.
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these formations, which they referred to as modulated “scallop waves,” on the interaction between
the capillary (short-wave) and inertial (long-wave) instability modes. The short-wave mode arises
in the capillary regions of the quasisolitary waves with a mechanism akin to the R-T instability,
producing regular arrays of rugged waves. These waves, observed for small inclination angles and
ahead of the almost-undeformed crests of 2-D solitary waves, have a transverse wavelength that
matched closely the length of the capillary ripples.

Three more regions relating to commonly observed interfacial features have been marked in
Fig. 9. Region 2 shows bow-shaped capillary ripples extending along the sides of a U-shaped wave,
3 shows outward-radiating rows of depressions preceding a wave hump, and 4 shows a bow-shaped
sequence of depressions. Bow-shaped capillary ripples and outward-radiating depressions are
typically detected in relatively flat-film regions, and consequently such structures do not survive at
higher Re where almost the entire film surface is covered by large-amplitude hydrodynamic waves.
In contrast, both the checkerboard patterns and bow-shaped depression sequences (region 4) survive
at higher Re [Figs. 7(c) and 7(d)]. The former are typically encountered in the rivulet troughs, while
the latter are shown to extend on either side of fast-moving pulses that travel over the rivulets.

Over the range Re = 21–52, the interface topology changes significantly; the wide fronts which
sometimes spanned the entire imaged domain brake down into smaller and faster pulses, whereas
flat-film regions are now only rarely observed [see Figs. 7(b) and 7(c)]. Rivulets form already
from Re = 36 and become progressively more pronounced, large-amplitude waves are encountered
mainly along the rivulet crests, and the capillary wave patterns that were discussed earlier migrate
to the rivulet troughs. Both hx and σx increase with increasing Re (see Fig. 8); however, the former
increases more by comparison, leading to lower film-height waviness as quantified by the relative
standard deviation or coefficient of variation, σx/hx, over the same Re range. Increasing the flow Re
further, first to Re = 67 and then to Re = 91, accentuates the disintegration of any wide and heavily
curved fronts into smaller and more frequent individual pulses [see Figs. 7(c)–7(e)]. Interestingly
though, the intermittent passage of quasi-2-D waves that extend along the entire imaged domain
persists over the same flow Re and results in appreciable liquid-mass transport across the rivulet
troughs. At higher Re, for example, at Re = 175 [see Fig. 7(f)], the liquid surface is covered in such
quasi-2-D waves.

From the mean film-height data presented in Fig. 8(a), it can be observed that the disparity
between the rivulet crest and trough heights relative to the overall mean film-height increases
between Re = 36 and Re = 92 and then decreases. This implies that with increasing inertia above
Re ≈ 90, a smaller portion of the liquid mass flow is directed into the rivulets crests, unlike
what was observed in the range Re = 29–52. It is therefore possible to assume that the rivulet
amplitude is maximized inside the range Re = 90–175 and that any increase in the mean-flow Re
beyond this point suppresses further a increase of the rivulet amplitude. We expect this transition
to be inclination-angle dependent, such that for a larger negative inclination the suppression of
the rivulet amplitude should necessitate a stronger inertial contribution and should thus appear at
higher Re, whereas for a smaller negative inclination, a lower Re should suffice in moderating the
amplitude of the rivulets. Both hypotheses are discussed later in this paper, when the topologies of
films inclined at β = −45◦ and β = −15◦ are considered, as well as in the last section where we
discuss our film-height measurements in detail. Finally, with increasing Re, the distance between
adjacent rivulet crests and troughs increases [see Fig. 8(a)], in agreement with the results of
Kharlamov et al. [38].

C. Film flows with Ka = 330 and β = −45◦

The interface topology of Ka = 330 films inclined at β = −45◦ was investigated over the range
Re = 22–160. Below Re ≈ 30, no rivulets are observed and the film free surface is populated by
continuously interacting U- and W-shaped solitary pulses and transversely modulated quasi-2-D
waves [see Fig. 10(a)]. Also similar to the low-Re, β = −30◦ case that was examined earlier,
interfacial features such as checkerboard patterns, bow-shaped capillary waves, outward-radiating
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FIG. 10. Space- and time-resolved film-height measurements from flows with (a) Re = 38, (b) Re = 60,
(c) Re = 86, (d) Re = 110, (e) Re = 138, and (f) Re = 160, in all cases for Ka = 330 and β = −45◦.

rows of depressions and bow-shaped sequences of depressions are encountered. Between Re ≈ 30
and Re ≈ 60, however, the increase of the rivulet amplitude is more pronounced than before; based
on the hx data presented in Figs. 8(a) and 11(a), the rivulet amplitude (mean difference between the
rivulet trough and crest heights) increases from 0.12 to 0.22 mm between Re = 36 and Re = 67
when β = −30◦, while when β = −45◦, the same quantity increases from 0.28 mm at Re = 38
to 0.43 mm at Re = 60. In fact, the data plotted in Fig. 11(a) for Re = 38 and 60 reveal that
almost all the additional liquid flow that is introduced by increasing the mean flow rate is channeled
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FIG. 11. (a) Space-resolved mean film height, hx, and (b) film-height standard deviation, σx, calculated
along the imaged domain for flows with Re = 38, 60, 86, 110, 138, and 160, in all cases for Ka = 330 and
β = −45◦.

through the rivulets. In contrast, any additional liquid flow is more evenly distributed along the
film span over the same Re range when β = −30◦ [see Fig. 8(a)]. A possible explanation for
this disparity is that as the wide, quasi-2-D waves that are observed at low Re break down into
smaller and faster moving pulses with increasing inertia, they gain mass and grow faster when
β = −45◦ due to the stronger cross-stream gravitational pull. It should also be noted that the
near-constant distance between adjacent rivulet crests and troughs could result, in part, from the
way the flow Re is varied in this study (i.e., from high to low values), such that the wavelength that
is observed at the highest Re is also preserved at lower Re, as if it was triggered by finite-amplitude
perturbations rather than infinitesimal perturbations. The variation of the rivulet wavelengths with
both the flow Re and the inclination angle β is discussed in greater length in the last section of this
paper, along with any dependencies of these results on features that are specific to our experimental
configuration, including the noise spectrum of our experiment and the limited span of the examined
film flows at the location where we conduct our measurements relative to the observed rivulet
wavelengths.

Increasing the flow Re further, first to Re = 86 and then to Re = 110, 138, and 160 [see
Figs. 10(c)–10(f)], triggers the intermittent passage of wide, quasi-2-D wavefronts. This phe-
nomenon is less prominent than before; such waves appear less frequently and the amplitudes of any
individual pulses racing down the rivulet troughs lay considerably lower than those riding the rivulet
crests. The rivulet amplitude increases until Re ≈ 138 and then decreases as the rivulet-trough
height starts increasing with the rivulet-crest height. Earlier we attributed the suppression of rivulets
at high Re to the drainage of liquid away from the rivulets and into the rivulet troughs and suggested
that such a transition should be inclination-angle dependent. Despite the fact that a more detailed
analysis is needed to accurately identify the Re above which the rivulet amplitude diminishes,
based on the results presented so far in this work, it appears that a considerably stronger inertial
contribution (i.e., a substantially higher Re) is not required in order to arrest rivulet growth when
β = −45◦. The rivulet amplitude has, however, increased considerably compared to the β = −30◦
case, before decreasing at higher Re. It is also worth noting that the rivulet structures appear to
“invade” the imaging domain from the edge to the right (the rivulets on the right-hand side display
larger amplitudes than those on the left), in accordance with the description by Balestra et al. [68].
The latter have demonstrated experimentally that in the case of a thin liquid film coating the inner
surface of a cylinder whose axis is set up at right angles to gravity, rivulets form first at the
boundaries of the cylinder where the film is perturbed by the existence of a meniscus or contact
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line. Thus, the R-T instability propagates from the boundaries, and the rivulet amplitude decreases
near the center the domain.

Referring to Fig. 11(b), we observe that σx increases modestly compared to hx between Re = 38
and Re = 60. This result suggests that the formation and growth of rivulets contributes toward a
reduction in the overall film-height waviness over this Re range, such that the coefficient of variation
of the film height indeed decreases from 0.41 to 0.38. The same conclusion relates to the Re =
138–160 data. Finally, a marked difference between the flow behavior observed here, and earlier
when β = −30◦, is that whereas in the former case the distances between adjacent rivulet crests
and troughs increased with the flow Re, these appear to be almost constant for the β = −45◦ flows
and near equal to those observed at high Re for β = −30◦. This result can potentially be attributed
to the merging of neighboring rivulets upstream of the imaged domain.

D. Film flows with Ka = 330 and β = −15◦

Our final measurement set relates to Ka = 330 films inclined at β = −15◦, and investigated
over the range Re = 19–133. Instantaneous and local film-height maps are presented in Fig. 12
for Re = 19, 40, 61, 83, 108, and 133 films, and hx and σx results are provided in Fig. 13. At
Re = 19, the liquid flow is distributed evenly along the film span [Fig. 13(a)] and the observed
waves display a pronounced 2-D character, extending along large sections of the imaged domain.
Temporal flow profiles reveal highly asymmetric pulses with long, flat tails and steep fronts preceded
by capillary ripples, resembling closely the profiles of 2-D solitary waves. The crest heights of
these waves occasionally exceed the substrate-film height by a factor of ≈2. Increasing the flow
Re to 40 and then to 61 triggers the formation of low-amplitude rivulets, while faster pulses and
fronts race down the film and any flat-film regions become short-lived [Figs. 12(b) and 12(c)].
Interestingly, any large-amplitude waves appear to be randomly scattered across the film instead
of congregating at the rivulet crests, while the flatter and thinner film regions and capillary-wave
interference patterns are consistently encountered along the rivulet troughs. Despite the fact that
the rivulet amplitudes are lower than those observed when β = −30◦ (Re = 44 and 60 flows), the
obtained σh are, in fact, slightly higher for the same flow Re. Finally, the flow maps depicted in
Figs. 12(d)–12(f) for Re = 83, 108, and 133, reveal wide, quasi-2-D fronts that extend along the
entire imaged domain and protrude marginally at the rivulet crests. The strongly bent capillary
ripples that typically envelope the forward protrusions riding the rivulets, as well as the clusters of
dimples that populated the rivulet troughs at lower Re, have evolved into isolated depressions and
smaller groups of dimples. Over the range Re = 100–133, large-amplitude hydrodynamic waves
are encountered over both the rivulet crests and troughs.

The data presented in Figs. 8(a) and 11(a) suggest that the rivulet-crest height increased more
than the rivulet-trough height, at least for Re � 91 and Re � 86 when β = −30◦ and β = −45◦,
respectively; in contrast, for β = −15◦, the mean rivulet-crest and trough heights increase almost in
proportion to each other. Earlier we discussed the suppression of rivulet growth past some Re value,
which we attributed to liquid drainage away from the rivulet crests and into the troughs. Even though
this behavior was evident in Figs. 8(a) and 11(a), the hx data presented in Fig. 13(a) for β = −15◦
do not, at first glance, reveal such a behavior. This finding suggests that once the rivulets are formed
at Re ≈ 40, the introduction of any additional liquid mass (by increasing the mean flow rate) is not
channeled preferentially along the rivulet crests but is transported through the inter-rivulet regions.
Our statistical results (presented in Sec. VI), however, imply that the same transition does occur at
≈Re = 80, but it is less prominent compared to the β = −30◦ and β = −45◦ flows.

V. TOPOLOGICAL OBSERVATIONS NEAR THE LATERAL RIM OF THE FILM

As stated earlier, a further series of film-height measurements was also conducted for films with
Ka = 330 and β = −15◦, −30◦, and −45◦, in a region of the flow extending ≈45 mm inward
from the film-contact line on the left-hand side of the test section (the center of the film span is
located ≈110–135 mm away from the contact line, depending on the inclination angle). Near the
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FIG. 12. Space- and time-resolved film-height measurements from flows with (a) Re = 19, (b) Re = 40,
(c) Re = 61, (d) Re = 83, (e) Re = 108, and (f) Re = 133, in all cases for Ka = 330 and β = −15◦.

contact line, the film is bounded by a rivulet that exceeds in height any adjacent rivulets, as well
as any rivulets observed about the middle of the film span. This rivulet, which we henceforth refer
to as the lateral rim of the film, has appeared in several investigations focusing on the shrinkage
characteristics of heated falling films, and its emergence has been linked to the formation of rivulets
via the thermocapillary-instability mechanism (see, for example, Refs. [47,48]).

When β = −15◦ and Re = 30 [see Fig. 14(a)], the film region adjacent to the lateral rim (x ≈
20–50 mm) is devoid of rivulets. Hydrodynamic waves travel over the rim, and the local film-height
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FIG. 13. (a) Space-resolved mean film-height, hx, and (b) film-height standard deviation, σx, calculated
along the imaged domain for flows with Re = 19, 40, 61, 83, 108, and 133, in all cases for Ka = 330 and
β = −15◦.

standard deviations match those from the remainder of the imaged domain. With increasing Re, first
to Re = 85 and then to Re = 115, low-amplitude rivulets emerge, and the observed wave patterns
resemble those presented in Figs. 12(d) and 12(e). Interestingly, as the rim height increases, the local
standard deviation decreases (the film-height standard deviations at the rim crests are indicated as
blue error bars); in contrast, the film-height standard deviations along the rest of the imaged domain,
including the rim trough, increase (shown as black error bars). It is also worth noting that as the flow
Re increases, the width of the lateral rim increases modestly, and its trough moves away from the
contact line. The angle formed between the lateral rim and the substrate increases with increasing
flow Re, from θ ≈ 10◦ at Re = 30, to 12.6◦, 14.5◦, and 16.2◦ at Re = 58, 85, and 115 respectively.
Using liquid samples that were collected during our experiments, the equilibrium contact angle
of the 49% glycerol by weight aqueous solution was measured on soda-lime glass with the sessile
drop method and corresponds to 36.8◦. The contact angle measurements were conducted at the same
temperature as the film-flow experiments (i.e., 25 ◦C).

In the case of the β = −30◦ and Re = 33 flow, the rim crest lies higher and its trough lies
lower compared to the β = −15◦ and Re = 30 flow. The topology of the adjacent film-region (i.e.,
for x � 20 mm) exhibits a less pronounced modulation in comparison to the Re = 36 flow that
is presented in Fig. 7(b), as more liquid is transported locally by the lateral rim [see Fig. 14(b)].
Moreover, unlike the case with β = −15◦, the flow at the rim crest exhibits almost no fluctuations
at all, while the trough height fluctuates only modestly compared to the rest of the imaged domain.
With increasing flow Re, first to Re = 95 and then to Re = 159, the intermittent passage of larger
hydrodynamic waves over the rim induces some fluctuations locally which are, however, small
compared to the rest of the imaged domain, including the rim trough itself. The crest height of the
rivulet that has emerged in close vicinity to the lateral rim matches the height of the rivulets observed
near the middle of the film span [Fig. 7(d)] but is still only about half as high as the lateral rim, which
measures 1.96 mm at Re = 95 and 2.42 mm at Re = 159. The angle between the lateral rim and the
substrate increases from θ = 14.1◦ at Re = 33, to 19.5◦,22.4◦, 24.2◦, and 25.6◦ at Re = 64, 95,
124, and 159, respectively.

Finally, when the inclination angle is set to β = −45◦ and the flow Re is varied between Re =
32, 93, and 154, topologies akin to the β = −30◦ cases are observed; the rivulet amplitudes are,
however, even larger for the same flow Re. The lateral-rim crest height increases from 1.28 to
1.99 mm and then to 2.70 mm over the investigated Re range, while the rim-trough height diminishes
slightly, measuring 0.40, 0.34, and 0.32 mm, respectively. The crest height of the second rivulet
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FIG. 14. Space-resolved mean film height, hx, and film-height standard deviation, σx, calculated along the
imaged domain for flows with (a) Re = 30, 85, and 115, for Ka = 330 and β = −15◦, (b) Re = 33, 95, and
159, for Ka = 330 and β = −30◦, and (c) Re = 32, 93, and 154, for Ka = 330 and β = −45◦.

shown in Fig. 14(c) increases from 0.53 to 1.17 mm and finally to 1.74 mm, nearly matching the
rivulet-crest heights that were measured about the middle of the film span (i.e., ≈0.7, 1.3, and
1.7 mm for Re = 30, 95, and 155 respectively). The film-height standard deviations at the lateral-
rim crest increase modestly with the flow Re, in the same manner as in the β = −30◦ cases. The
measured angles also match closely those obtained with β = −30◦, and correspond to θ = 14.1◦,
17.5◦, 21.4◦, 25.5◦, and 27.8◦ at Re = 32, 65, 93, 127, and 154, respectively. A plot of all measured
θ values against their respective rim-crest heights is presented in Fig. 15, showing a linear relation
between the two datasets. The data were fitted with a first-order polynomial which was forced
through the origin, with a coefficient of determination of R2 = 0.97. The slope of the fit corresponds
to ≈11◦/mm.

The influence of the lateral rim on the film flow is unclear at this stage of our experimental
campaign, and further research is required in order to better appreciate its role. In experiments
carried out in falling films bounded by side walls, for example, the side-wall boundary condition
involves strong shear effects which result in traveling waves that do not retain a flat crestline
but instead become symmetrically curved about the middle of the film span. The strong crestline
curvature observed by Georgantaki et al. [69] was attributed to the prevalence of capillary over
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FIG. 15. Measured contact angle, θ , as a function of the lateral-rim crest height, hLR, for all examined flow
conditions.

viscous forces. When the contact angle between the liquid and the side wall is smaller than 90◦, a
velocity (and local Re) overshoot ensues as a result of capillary elevation. However, according to
Pollak et al. [70], the destabilizing effect of the Re overshoot is of relatively short range compared to
the stabilizing effect of the side walls. In our experiments, a contact line is found at the film boundary
instead of a side wall. The flow adjacent to the contact line must accommodate the change from a
constant slope to the film surface [see, for example, Fig. 14(a)], resulting in an overshoot in both the
local film height and velocity (i.e., the lateral rim). Increasing the (flow) Re implies that a larger film
thickness needs to be accommodated, which will amplify the deformation (i.e., increase the contact
angle). Increasing β (i.e., imposing a larger negative inclination), and therefore the destabilizing
gravity component, also increases the height of the suspended rim as well as the measured contact
angle. The interdependence between the flow Re, β, the rim height, and the contact angle is captured
in Fig. 15 for the examined film-flow conditions.

VI. QUANTITATIVE FILM-HEIGHT CHARACTERIZATION

A. Probability density functions

Film-height statistics were generated by selecting randomly 25 film-height data points from
each image pair without replacement. The obtained datasets were first employed in generating
film-height probability density functions (PDFs) such as the ones shown in Fig. 16, which span flow
conditions across the four Re ranges that were investigated for each liquid Ka and β combination.
We commence the analysis by first considering the results relating to flows with Ka = 330. Below
Re ≈ 30, all PDFs exhibit the typical shape and characteristics that have been reported by numerous
investigators for falling-film flows at low Re (see, for example, Refs. [8,71,72]). These include
a sharp peak (in this case at h = 0.33 mm for β = −15◦ and −30◦ and at h = 0.35 mm for
β = −45◦), which represents the substrate-film height, and a strongly skewed shape due to the
intermittent passage of large-amplitude waves. As the flow Re increases above Re ≈ 60, the modes
of the PDFs shift to higher values (h ≈ 0.48 mm for β = −15◦, h ≈ 0.75 mm for β = −30◦, and
h ≈ 0.73 mm for β = −45◦) and the maximum-probability values drop, as large-amplitude waves
are observed more frequently. Unlike liquid films flowing over inclined or vertical substrates that
exhibit PDFs that remain skewed toward the substrate-film side even at very high Re (i.e., even
under transitional or even turbulent flow conditions), the formation and growth of rivulets over
the remainder of the investigated Re ranges triggers a pronounced “swelling” (skewness) in large
sections of the PDFs to the right of the main peaks, resulting in more symmetric shapes. This
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FIG. 16. Film-height PDFs for flow conditions spanning the four Re ranges that were investigated, each
corresponding to a different liquid Ka and β combination. (a) Ka = 330, β = −15 ◦, (b) Ka = 330, β = −30 ◦,
(c) Ka = 330, β = −45 ◦, and (d) Ka = 13.1, β = −30 ◦.

effect is more pronounced in the β = −45◦ flows, followed by the β = −30◦ flows, and finally the
β = −15◦ flows; in the same order that rivulets become more prominent. Above Re ≈ 80 and all
the way to Re ≈ 130, the PDFs generated using the β = −15◦ data display progressively reduced
skewness, while for the β = −30◦ and β = −45◦ flows, the PDFs generated at Re = 185 and
Re = 160, respectively, resemble closely Gaussian distributions. The modes of the distributions
at the highest investigated Re (i.e., at Re = 133 when β = −15◦, Re = 185 when β = −30◦,
and Re = 160, when β = −45◦) correspond to h ≈ 0.77 mm, h ≈ 1.03 mm and h ≈ 1.05 mm
respectively. These film-height values do not represent the substrate film anymore, and instead match
closely the mean film heights.

In reference to the PDFs presented in Fig. 16(d) for flows with Re = 0.6–8.2, Ka = 13.1, and
β = −30◦, some interesting observations can also be made. When Re = 0.6, the distribution is
very narrow owing to the lack of hydrodynamic waves, and three distinct peaks are identified: one
at h = 0.68 mm corresponding to the rivulet troughs, one at h = 0.78 mm corresponding to film
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FIG. 17. (a) Mean film height, hx, and film-height standard deviation, σx, plotted as a function of the
distance, x, along the imaged region of the flow for a film with Re = 8.2, Ka = 13.1, and β = −30◦; σx data
are shown as error bars. (b) Same plot as in panel (a) but showing the location of the rivulet crests, hM, and
troughs, hm, and the local standard deviations, σh,M and σh,m, respectively; the last two are shown as error bars.

regions between the crests and troughs, and one at h = 0.90 mm corresponding to the rivulet crests.
As the regular wave trains observed at Re = 1.4 give way to complex 3-D wave patterns over the
range Re = 1.4–3.5, and then re-emerge at Re = 4.3, the relevant PDFs become strongly skewed to
the left (i.e., toward low film-height values) and exhibit sharp peaks at h = 0.92 mm, h = 1.07 mm,
and h = 1.14 mm for Re = 1.4, 2.1, and 4.3 respectively, which are representative of the substrate-
film height. With increasing Re over the same range, the PDFs also widen considerably as large-
amplitude solitary pulses pass by more frequently. Interestingly, between Re = 6.7 and Re = 8.2,
the single sharp peak is replaced by a pair of peaks at h = 1.16 mm and h = 1.55 mm. The former
coincides with the mean film height at the rivulet troughs, which exhibit very limited waviness
(see Ref. [11]) and the latter with the substrate film along the rivulet crests. The resulting PDF
thus comprises two overlapping PDFs, one describing the flow along the rivulet troughs and one
describing the flow along the crests.

B. Mean film heights and film-height standard deviations

Mean film height, h, and film-height standard deviation, σh, data are presented in Figs. 18 and 20
for all investigated flow conditions. Furthermore, beyond these statistics that were generated by
selecting data points from the entire imaged flow regions, mean and standard-deviation data were
also generated for flow regions corresponding to the rivulet crests and troughs alone, denoted by hM

and hm, and σh,M and σh,m, respectively. Prior to commencing our discussion of the relevant results,
we first outline the procedure that we followed in order to identify the spanwise coordinates that
correspond to the rivulet crests and troughs, which was required for this analysis. After calculating
h and σh over the entire imaged flow span and all images (time), we then obtained the same
quantities over time, as a function of distance, x, along the imaged region of the flow, hx and
σx (see Figs. 6, 7, 10, and 12). We then used threshold values, h ± 0.10σh, to derive boundaries
about h (see, for example, Fig. 17(a) for a flow with Re = 8.2, Ka = 13.1, and β = −30◦). When
|hx − h| � h + 0.10σh and depending on whether hx − h is positive or negative, we interpret the
local film regions to belong to either a rivulet crest (hx − h > 0) or a trough (hx − h < 0). Next, we
identify the local extrema (i.e., minima or maxima), and generate time series from which hM, hm,
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FIG. 18. Mean film heights, h, rivulet-crest heights, hM, and rivulet-trough heights, hm, plotted against
the flow Re for all examined flow conditions. (a) Ka = 330, β = −15 ◦, (b) Ka = 330, β = −30 ◦, (c) Ka =
330, β = −45 ◦, and (d) Ka = 13.1, β = −30 ◦.

σh,M, and σh,m are calculated. The rivulet crests and troughs that were identified by application of
this procedure to the hx data presented in Fig. 17(a) are shown in Fig. 17(b), along with the local σx

values.
Referring to the data presented in Fig. 18, we observe that h increases monotonically with

the flow Re, and in accordance with the trend first proposed by Nusselt (see Ref. [66]) and
later confirmed by numerous film-flow investigations using different fluids and inclination angles.
Owing, however, to the small number of rivulets that are present within the imaged domain, direct
comparisons between the h values obtained for different Ka and β must be approached with caution.
Instead, we focus our analysis on the relative magnitudes of h, hM, and hm.

At the smallest negative inclination angle in Fig. 18(a), β = −15◦, the disparity among h, hM,
and hm is relatively small throughout the examined Re range. In addition, both hM and hm increase
monotonically and almost at the same rate with increasing Re. When β = −30◦, hM and hm initially
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FIG. 19. (a) Averaged (over all detected rivulets) hM/h and hm/h against Re for all examined flow
conditions (Re, β) with Ka = 330. (b) Mean relative rivulet amplitude, (hM − hm)/h, against Re for Ka = 330.

increase with flow Re; however, hM increases faster than both hm and h until Re ≈ 130, at which
point the rivulet growth is arrested and the crest heights start falling until Re ≈ 190. The rivulet
troughs, in contrast, display the opposite trend; their heights increase less than either h and hM up
to Re ≈ 130, and then grow faster. When β = −45◦, the same trend with regard to the hM data
is observed; the rivulet-trough heights, however, seem to be near-constant at hm ≈ 0.55 mm until
Re ≈ 120, at which point the hm starts rising and hM starts falling. In the results relating to the
Ka = 13.1 and β = −30◦ flows, we observe that the hM values are more closely clustered than in
the previously discussed cases and increase almost linearly with the flow Re, while hm increases
until a maximum at Re ≈ 5 and then decreases.

In Fig. 19(a), we revisit these results by plotting hM/h and hm/h (averaged over all rivulets
detected in a given flow condition) as a function of Re for all examined film flows with Ka = 330.
The normalized extrema, hE/h, that lie below the line hE/h = 1 correspond to hm/h data, while
those that lie above the same line correspond to hM/h data. The error bars in this plot represent
the standard deviations associated with the calculation of hM/h and hm/h. As expected, all three
datasets show a degree of symmetry about the hE/h = 1 line and display the same trends with
increasing Re. Specifically, the mean rivulet-crest height first increases and then decreases relative
to the mean film height, while the mean rivulet-trough height first decreases and then increases.
When β = −15◦, hM/h peaks at ≈1.1 and hm/h reaches a minimum value of ≈0.87, both over
the range Re ≈ 50–110. When β = −30◦ and β = −45◦, hM/h and hm/h take maximum values
of 1.3 (at Re ≈ 120) and 1.5 (at Re ≈ 130) and minimum values of 0.75 (at Re ≈ 130) and 0.55
(at Re ≈ 130). Larger error bars are associated with the majority of the data points that lie above
hE/h = 1, which is indicative of the larger fluctuations at the rivulet crests.

Figure 19(b) shows the mean relative rivulet amplitude, defined as (hM − hm)/h, against the
flow Re. When β = −15◦, the rivulet amplitude peaks at only 0.21 (at ReMA ≈ 90); however, it
attains much larger values at larger negative inclinations, reaching 0.47 (at ReMA ≈ 130) and 0.97
(at ReMA ≈ 150) when β = −30◦ and −45◦, respectively. In the same plot, we also observe that the
rate of increase of the mean relative rivulet amplitude with the flow Re is higher at larger negative
inclinations. The relation between ReMA and (hM − hm)/h can be described by the exponential
function: (hM − hm)/h = 0.012 × e0.030×ReMA , with a coefficient of determination R2 ≈ 0.99. Close
inspection of the β = −15◦ and β = −30◦ data reveals that when the flow Re is increased above
ReMA (i.e., the value at which the rivulet amplitude is maximum), the rivulet amplitude decreases
more quickly with the flow Re for β = −30◦ than for β = −15◦.

We now proceed to examine the film-height standard deviation, σh, in Fig. 20; equivalent
observations can be made by considering the relative standard deviation (normalized with respect
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FIG. 20. Film-height standard deviations, σh, rivulet-crest height standard deviations, σh,M, and rivulet-
trough height standard deviations, σh,m, plotted against the flow Re for all examined flow conditions. (a) Ka =
330, β = −15 ◦, (b) Ka = 330, β = −30 ◦, (c) Ka = 330, β = −45 ◦, and (d) Ka = 13.1, β = −30 ◦.

to the corresponding local mean) or the coefficient of variation of the film height, σh/h. Despite the
significant scatter in the data and with some notable exceptions, it can be seen that σh, σh,m, and
σh,M generally increase with the flow Re; however, as h, hM, and hm increase more by comparison,
this leads to lower respective values of film-height coefficient of variation over the examined Re
range. Figure 20(a) shows results at the smallest negative inclination-angle. When β = −15◦, we
observe that σh,M is typically higher than σh,m below Re ≈ 90, and then lower above this value,
while σh always lies between the two. On the other hand, Fig. 20(b) shows that increasing β to
−30◦ leads to a different behavior. In this plot, the slope of σh increases sharply above Re ≈ 90,
but then stops increasing and reaches a maximum at Re ≈ 130, and subsequently decreases at even
higher Re. Similar trends are observed for β = −45◦, specifically, the slope of σh on these plots
increases sharply at Re ≈ 60, stops increasing at Re ≈ 130, attains a maximum, and subsequently
decreases until Re ≈ 160. The majority of the σh,M data points lie higher than their σh,m equivalents,
while the σh data points lie consistently, and above Re ≈ 60 also significantly, higher than either.
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Close inspection of the variation of σh with the flow Re, and the variation of the rivulet amplitude
with the flow Re for β = −30◦ and β = −45◦, reveals that the former is dominated by the latter.
Moreover, for the same flow Re, the local σh (i.e., the σh at the rivulet crests and troughs) is
lower for the cases with more pronounced rivulet formation. This finding can be interpreted on
the basis that the increased azimuthal curvature associated with the former dampens the amplitude
of any interfacial waves. Further evidence in support of this “quasistabilizing” effect that rivulets
have on the film surface can be found in the σh/h data, which suggest that even though the
overall σh/h increases when the rivulet amplitude increases and vice versa, the more pronounced
rivulets encountered at high Re when β = −30◦ or −45◦ suppress the σh,M/hM and σh,m/hm values
appreciably.

With reference to the Ka = 13.1 and β = −30◦ results that are presented in Fig. 20(d), we
observe that σh, σh,M, and σh,m are approximately equal to zero at Re = 0.6 (i.e., while the
film surface is very smooth and populated by low-amplitude rivulets) and increase as solitary
pulses of varying amplitude emerge and grow over the range Re = 0.6–3.5. Above Re = 3.5, any
large-amplitude waves migrate to the rivulet crests and the waviness at the troughs starts to fall
as evidenced by the reduction in both σh,m and σh,m/hm. Meanwhile, σh,M continues to increase at
approximately the same rate as the amplitude of the pulses riding the rivulets, as does σh, despite
the significant drop in σh,m. At Re ≈ 7, the increase of σh,M stops while σh,m starts to increase again.

C. Wave frequency analysis

Here we consider the occurrence of hydrodynamic waves on the free surface of the examined film
flows by employing power spectral density (PSD) analysis to recover the dominant interfacial-wave
frequencies on temporally varying film-height data. In more detail, we construct power spectra
by applying the fast Fourier transform (FFT) to film-height time series, where each time series
constitutes a film-height time record at one location along the imaged flow domain (x) over the entire
recording duration (i.e., 10 s), thus comprising 2000 successive data points. Spectra are generated
by segmenting each film-height time series into four separate signals, applying a Hamming window
to each segment, and averaging the resulting spectra, thus improving the statistical convergence of
the spectra, while only modestly affecting our ability to resolve frequency information. Resulting
spectra are presented in Fig. 21. When examining the spectral characteristics of flows with Ka =
330, we extracted and later averaged the spectra of time series from 50 locations along the imaging
domain, randomly and without replacement. In the case of flows with Ka = 13.1, on the other hand,
which exhibited little waviness in the rivulet troughs and a mostly periodic wave behavior in the
rivulet crests, we considered data only from the latter.

Unsurprisingly, when β = −15◦ [see Fig. 21(a)], we only observe broadband spectra with no
distinct peaks. At Re = 19, the maximum PSD magnitude is found at ft = 11.3 Hz, while with
increasing flow Re up to Re ≈ 100, the dominant frequency varies in the range ft = 8.5–15.5 Hz
[see Fig. 22(b)]. Over the same Re range, the maximum PSD increases only modestly; however,
the power at higher frequencies (i.e., when f � ft) is enhanced substantially. Increasing the flow
Re further, first to Re = 108 and then to Re = 133, has a marked impact on ft that shifts to
19.7 Hz and then to 22.5 Hz, respectively. The increasing wave frequency with increasing flow
Re is already evident in the flow maps presented in Fig. 12. Finally, over the range Re = 83–133,
the PSD decreases in the spectral region f < ft and increases in the region f > ft.

The above description also relates to the results depicted in Fig. 21(b) for flows with β = −30◦.
In greater detail, we see that both ft and PSD(ft ) remain almost unchanged over a large part of
the examined Re range (in this case over the range Re ≈ 20–150), while the PSD increases for
f � ft. The dominant frequency increases above ft = 15 Hz at Re ≈ 150 and reaches the same
level as before (i.e., ft = 22.5) at Re ≈ 180. The relation between the wave frequency and the
mean flow rate is once again evident in the flow maps of Fig. 7. Similar, though less pronounced,
trends are observed in the spectra that were generated when β = −45◦; the dominant frequency
increases less than before with the flow Re, peaking at only ft = 15.5 at Re ≈ 160, while PSD(f )
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FIG. 21. PSDs for flows with (a) Re = 19–133, Ka = 330, and β = −15◦, (b) Re = 21–185, Ka = 330,

and β = −30◦, (c) Re = 30–160, Ka = 330, and β = −45◦, and (d) Re = 0.6–8.2, Ka = 13.1, and β = −30◦.

increases less along the high-frequency regions of the spectra. The observation of higher wave
frequencies at smaller negative inclinations and for the same flow Re can be linked to the observation
of increased waviness (i.e., higher σh/h values) at the rivulets crests and troughs, and by extension
to the less pronounced rivulet formation at smaller negative inclinations and for the same flow Re.
Despite contributing an increase in the overall σh/h, we also noted earlier that σh/h was lowest at
the rivulet crests and troughs for the β = −45◦ flows, followed by the β = −30◦ flows and finally
the β = −15◦ for the same flow Re.

Finally, as flows with Ka = 13.1 have been presented elsewhere (see Ref. [11]), we only provide
a brief overview of these results here for completeness. At Re = 0.6, the PSD is lowest. As
large-amplitude hydrodynamic waves develop on the film surface, the PSD increases by a factor
of approximately 10 already from Re = 1.4 and peaks at ft = 7.1 Hz. With increasing Re up
to Re = 5.1, the spectra become broadband and gain in power, while the dominant frequency
varies in the range ft ≈ 7–10 Hz. Then between Re = 5.1 and Re = 8.2, the flow rearranges into
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FIG. 22. [(a), (c)] Dominant wave frequencies, ft, calculated by employment of FFT. [(b), (d)] PSDs,
PSD(ft ), corresponding to the peaks in the spectra shown in Fig. 21.

prominent rivulets with large-amplitude drops racing over the crests. The spectra now show distinct,
high-density peaks over the range ft ≈ 11.3–12.7 Hz while PSD(ft ) continues to increase.

D. Rivulet wavelengths

In this last section, we focus on the rivulet wavelengths across the range of examined flow
conditions. These were recovered by first identifying the spanwise coordinates of the rivulet crests
and troughs in the time-averaged film-height profiles and then calculating the mean distances
between adjacent maxima and minima. Our results are presented separately for each Ka and β

combination in Fig. 23, along with the wavelength corresponding to the fastest growing mode for a
pendant rivulet, based on the R-T instability mechanism.

As we mentioned in the introduction (Sec. I), the free surface of a thin liquid-film layer suspended
underneath a horizontal substrate (i.e., pendant film) deforms according to the R-T instability
mechanism [73], with perturbations growing over time and generating a regular pattern of suspended
drops [74]. The growth of this instability is determined by the stabilizing action of surface tension
and the destabilizing effect of gravity. The distance between adjacent droplets can be calculated
from the expression

λR-T,90o = 2π
√

2lc , (5)

where lc = √
σ/ρg is the capillary wavelength [53]. When the substrate is tilted, like in our

experiments, the substrate inclination affects this instability to the extent that it could disappear
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FIG. 23. Rivulet wavelengths, λ, obtained from the mean distance between adjacent rivulet crests and
troughs, for flows with (a) Re = 19–133, Ka = 330, and β = −15◦, (b) Re = 21–185, Ka = 330, and
β = −30◦, (c) Re = 30–160, Ka = 330, and β = −45◦, and (d) Re = 0.6–8.2, Ka = 13.1, and β = −30◦.
(e) Rivulet wavelength obtained by Kharlamov et al. [38] for water films falling down a vertical plane (i.e.,
with β = 0◦). The error bars indicate the standard deviation in the calculation of λ.
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altogether, for example, in the limiting case of a vertical substrate. The wavelength of the most
unstable mode for a substrate inclined at an angle β from the vertical (i.e., β = 0◦ for a vertical
substrate and β = 90◦ for a horizontal) is given by

λR-T,β = 2π
√

2lc√
sin β

. (6)

Consequently, as the substrate inclination approaches the vertical (i.e., β ≈ 0◦), the wavelength
corresponding to the most amplified mode increases, while when it approaches the horizonal (β =
90◦), the wavelength corresponding to the most amplified mode matches that of the canonical R-
T system. For the water-glycerol solutions employed in our experiments, this is ≈20 mm. Prior
to commencing with a presentation of our results we would also like to note that according to
the analysis by Scheid and coworkers [54], our experimental conditions relate to the convectively
unstable flow regime, where convective transport dominates the growth of the R-T instability. In
greater detail, the authors plot the critical angle for the absolute-convective instability transition as a
function of the flow Re for different Ka. For a fixed Ka, the curve exhibits a minimum corresponding
to the smallest negative inclination for which an absolute instability regime can exist, with the region
of convective transport to the left of the minimum dominated by surface tension and to the right by
inertia. As the liquid Ka is increased, the critical inclination angle shifts toward larger negative
inclinations. For the Ka = 13.1 water-glycerol solution we employ, this critical inclination angle
corresponds to ≈ − 66◦, and to almost −80◦ for Ka = 330; in our experiments, β � −45◦, which
lies comfortably within the convectively unstable regime.

When β = −30◦ and Ka = 13.1 [Fig. 23(d)], the mean rivulet wavelength increases from
λ = 27 mm at Re = 0.6 to λ = 28.7 mm in the range Re = 2.8–3.5 (i.e., the range over which
we did not identify regular hydrodynamic waves on the film surface), matching remarkably well
the wavelength calculated using Eq. (6) with β = 30◦. At even higher Re, the flow reorganizes into
sequences of solitary pulses that travel over the rivulets, and the wavelength decreases gradually to
λ = 25.6 mm at Re = 8.2. In Ref. [11], we attributed the nonmonotonic variation of λ with Re to
the presence of rivulets and the shrinkage of the film with increasing distance form the flow inlet. In
particular, we proposed that the rivulets observed at x = 330 mm formed some distance upstream
of the PLIF imaging location and as the film contracted, they were “compressed.” Thus, over the
range Re = 2.8–3.5 where rivulets are not clearly discernible, the observed wavelengths match
very closely the most amplified mode of the R-T instability. When Ka = 330 [Figs. 23(a)–23(c)],
the observed wavelengths show a weak dependence on the inclination angle. For the smallest
negative inclination (i.e., β = −15◦), λ = 18.4 mm at Re = 34; λ then increases to λ = 19.8 mm
until Re = 68, decreases over the range Re = 68–92 to λ = 18.6 mm, and finally increases again
to λ ≈ 20 mm over the range Re = 117–133. The R-T instability wavelength, when corrected for
the inclination angle, is equal to 40 mm; hence, all observed wavelengths fall significantly short of
this value and instead match rather closely the R-T instability wavelength for a horizontal substrate.
When β = −30◦, λ = 16.8 mm at Re = 28, then attains λ = 20.3 mm over the range Re = 51–83,
and continues to increase up to λ = 23.2 mm, again matching closely the R-T instability wavelength
for a horizontal substrate over most of the examined Re range. When β = −45◦, however, the
observed wavelengths are longer, only vary between λ = 24.5 and 25.8 mm, and match very closely
the wavelength calculated using Eq. (6) with β = 45◦.

In light of these observations and also considering the results of Kharlamov et al. [38] for water
films falling down a vertical plane [included in Fig. 23(e)], we propose the following mechanism
to describe the variation of the observed rivulet wavelengths with the flow Re and the inclination
angle β: Given that the rivulet wavelengths that were observed by Kharlamov et al. [38] were of the
order ≈20 mm, matching closely the wavelength corresponding to the classical R-T instability [see
Eq. (5)] irrespective of the imposition of perturbations at the inlet by a regular array of needles, it is
reasonable to assume that those rivulets arose from the destabilization of suspended 2-D wavefronts
by the R-T instability mechanism. The 2-D wavefronts arise from the primary hydrodynamic
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instability, while their spanwise modulations arise from a secondary instability. Further evidence
of the destabilization of a liquid hump or ridge (like the ridge that produces the “tears of wine”)
by the R-T instability can be found in numerous studies; see, for example, Refs. [60,62,75]. We
conjecture that in our study, this mechanism may account for the results in Figs. 23(a) and 23(b),
where the mean rivulet wavelengths match closely the R-T wavelength irrespective of the flow
Re. When the substrate (negative) inclination is increased further [see, for example, Fig. 23(c)],
the observed wavelengths match closely the ones that arise from the destabilization of a flat-film
coating the underside of an inclined plate by the primary R-T instability (see Eq. (6) and Ref. [53]).
Thus, with increasing negative inclination from the vertical, the contribution of the R-T mechanism
is augmented over all other mechanisms that destabilize the flow, such as the Rayleigh-Plateau
mechanism or inertia (see, for example, Ref. [26]). This transition will be analyzed in greater detail
in a future study.

As a final remark, we would like to note that the mode selection should not depend on the
downstream location where the PLIF data are collected, as it appears to be almost independent
of the flow Re, which changes proportionally to the film contraction. Nevertheless, the lateral
compression experienced by the film will promote the merging of adjacent rivulets which will, in
turn, manifest in an increase of the observed rivulet wavelengths. This phenomenon was reported,
for example, by Zhang and coworkers in their study of the of the interface topology and shrinkage
behavior of heated water films [49] and is also characteristic of films flowing down the underside
of inclined substrates [46,50]. Given that the downstream distance where we carry out our PLIF
measurements is relatively short and that the shrinkage of the examined films is weak, the merging
of adjacent rivulets upstream of the measurement location is highly unlikely. Furthermore, the
span of our test section is large enough to accommodate in excess of 10 rivulets, and hence any
merging should only have a limited effect on our rivulet wavelength measurements. Nevertheless, it
is imperative for future experimental investigations to include measurements of flow development
along the streamwise direction, as well as comparisons between experimentally recovered rivulet
wavelengths and values predicted by appropriate numerical models, which could offer a deeper
theoretical understanding of the flow phenomena underlying these flows.

VII. CONCLUSIONS

A measurement technique based on PLIF was employed to recover space- and time-resolved
film-height measurement data in thin liquid films flowing under an inclined planar substrate.
Our experimental campaign comprised four measurement sets and spanned different flow rates,
inclination angles, and liquid viscosities, covering the following range of conditions: (i) for β =
−15◦ and Ka = 330, Re = 19–133, (ii) for β = −30◦ and Ka = 330, Re = 21–193, (iii) for β =
−45◦ and Ka = 330, Re = 22–160, and finally (iv) for β = −30◦ and Ka = 13.1, Re = 0.6–8.2,
where β is defined as negative with respect to the vertical. The collection optics were arranged to
image a flow region extending ≈40 mm symmetrically on either side of the middle of the film span,
at a distance of 330 mm downstream of the flow inlet. Additional measurements were conducted
near the film rim, with the collection optics arranged to visualize a section of the flow extending
≈40 mm from the film contact line.

Depending on the imposed flow conditions, a range of flow regimes were identified, typically
characterized by strong three-dimensionality and pronounced rivulet formation. For the lower
Ka (=13.1) liquid and the intermediate β (= −30◦), we observed smooth films populated by
rivulets at Re = 0.6, a complex interface in the range Re = 1.5–3.4, and regular sequences of
solitary pulses traveling over the rivulets at higher Re (see also Ref. [6]). For the higher Ka (=330)
liquid, the film surface was populated by U- and W-shaped solitary pulses below Re ≈ 30, whereas
in the range Re ≈ 30–50, the development of smaller and faster pulses triggered the formation of
rivulets. The amplitude of these rivulets increased with the flow Re, until Re ≈ 130. Quasi-2-D
wavefronts that extended along the entire imaged domain and protruded marginally at the rivulet
crests were also observed intermittently and became more frequent at higher Re, resulting in
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appreciable mass transport across the rivulet troughs. Thus, with increasing inertia, more liquid
was directed into the rivulet troughs, reducing the rivulet amplitude above Re ≈ 130. A similar
topology was observed at the largest negative inclination of β = −45◦, but with larger amplitude
rivulets. At the smallest negative inclination of β = −15◦, the film-height modulation along the
transverse direction of the flow was relatively weak, while above Re ≈ 80, the wide quasi-2-D
waves were the dominant interfacial feature. Adjacent to the film contact line, the flow was bounded
by a rivulet which was higher than any of the rivulets that were observed in the middle of the film
span. The height of this feature was found to increase with the flow Re for all examined β.

Postprocessing methodologies were applied to the film-height data in order to characterize
the interface topology. The PDFs that were generated for flows with Ka = 330 displayed more
symmetric shapes and a pronounced “swelling” (skewness) to the right of the main peaks at
higher flow Re. This effect was amplified at the largest negative inclination (β = −45◦). The mean
film height, h, increased monotonically with the flow Re, and in accordance with the trend first
proposed by Nusselt, over all examined flow conditions. For the smallest negative inclination angle
(β = −15◦), both the mean height of the rivulet crests, hM, and the mean height of the rivulet
troughs, hm, increased monotonically with the flow Re. However, at the intermediate inclination
angle (β = −30◦), hM increased more than hm and h with increasing Re, until Re ≈ 130; it then
saturated and decreased at even higher Re. When β = −45◦, hM peaked at Re ≈ 120, while hm

only started increasing above Re ≈ 120. As a result, the mean amplitude of the rivulets attained
larger values at larger negative inclinations, peaking at 0.21 (at ReMA ≈ 90) when β = −15◦, 0.47
(at ReMA ≈ 130) when β = −30◦, and 0.97 (at ReMA ≈ 150) when β = −45◦.

The film waviness was examined based on the “global” film-height standard deviation, σh,
and the local film-height standard deviations, σh,M and σh,m, at the rivulet crests and troughs. For
flows with Ka = 330 and β = −15◦, σh, σh,m, and σh,M increased over the examined range of Re,
whereas for flows with β = −30◦, σh increased until Re ≈ 130 and decreased thereafter. The same
(nonmonotonic) behavior was observed when β = −45◦, with σh increasing until Re ≈ 130 and
decreasing thereafter. For the same inclination angle, σh,M was typically larger than σh,m, while
σh was consistently larger than both and significantly so above Re ≈ 60. This behavior was less
pronounced when β = −30◦, with σh attaining higher values than σh,m but not σh,M for Re > 80, and
was not observed at all when β = −15◦. The variation of these statistical quantities was linked to the
variation of the rivulet amplitudes with the flow Re and β. Specifically, for the same flow Re, the σh

values recovered from the rivulet crests and troughs are lower for the cases with more pronounced
rivulet formation (i.e., at higher negative inclinations). This “quasistabilizing” effect that the rivulets
induce can be understood on the basis that the increased azimuthal curvature associated with the
former dampens any interfacial waves.

Finally, we analyzed the occurrence of hydrodynamic waves on the film surface by performing a
PSD analysis on temporally varying film-height data. For Ka = 330, we only observed broadband
spectra with no strong district peaks. At the smallest negative inclination angle of β = −15◦, the
dominant frequency varied in the range ft = 8.5–15.5 Hz below Re ≈ 100, and then increased to
22.5 Hz at Re = 133. Over the same Re range, the power over the high-frequency regions of the
spectra (i.e., at f � ft Hz) increased substantially. At β = −30◦ and β = −45◦, ft = 22.5 Hz at
Re ≈ 180 and ft = 15.5 Hz at Re ≈ 160, respectively. The observation of higher wave frequencies
at smaller negative inclinations for the same flow Re was linked to the observation of increased
waviness (i.e., higher σh values) at the rivulets crests and troughs, and by extension to the less
pronounced rivulet formation. For Ka = 13.1 instead, we observed quasiperiodic flows at Re = 1.4,
as well as over the range Re = 5.1–8.2, with distinct high-density peaks at ft = 7.1 Hz in the
first instance, and over the range ft ≈ 11.3–12.7 Hz in the latter. For the same flows, the mean
rivulet wavelength first increased to λ = 28.7 mm over the range Re = 2.8–3.5, matching the
wavelength of the fastest growing mode for a pendant rivulet based on the R-T instability mechanism
(accounting for the inclination angle), and then decreased to λ = 25.6 mm at Re = 8.2. When
Ka = 330 and for the same flow Re, the mean rivulet wavelength increased with increasing negative
inclination angle and matched the value calculated based on the R-T instability with β = −45◦.
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Based on these results, we hypothesize that the rivulet wavelengths observed when β = −15◦ or
−30◦ (for Ka = 330) arise from the destabilization of suspended 2-D wavefronts by a secondary
R-T instability mechanism that would be of interest to explore further. On the other hand, for larger
negative inclinations, the observed wavelengths match closely those arising from the destabilization
of a flat-film coating the underside of an inclined plate by the primary R-T instability mechanism.
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