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Classical impulsive model for dissociation of diatomic molecules
in direct simulation Monte Carlo
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An implementation of the Macheret-Fridman (MF) dissociation model for the direct
simulation Monte Carlo (DSMC) method is developed in this work. The model maintains
the fundamental physical assumptions of the MF model, i.e., that high-energy collisions
resulting in dissociation can be described by classical mechanics and are close to the
impulsive limit, but also eliminates additional approximations of the MF model by using
Monte Carlo sampling. Recent quasiclassical trajectory (QCT) calculations of N2, O2,
and NO dissociation reactions and experimental measurements are used to validate the
model. In general, the reaction rate constants and average vibrational energy removed at
thermal equilibrium and nonequilibrium conditions are in good agreement with the QCT
and experimental values. The discrepancies in the absolute values of thermal equilibrium
rate constants found in some cases are shown to be caused by the underprediction of
collision rates with the variable hard sphere model rather than by the MF model itself.
QCT-calibrated collision rates combined with the MF dissociation model for the N2 + O
colliding pair are shown to yield a very good agreement between the computed thermal
equilibrium dissociation rates and the QCT results. The model is also evaluated by
simulating shock tube experiments with oxygen. The present study suggests the possibility
of using the model as the standard dissociation reaction model for nonequilibrium flows.
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I. INTRODUCTION

The dissociation reaction is a fundamental process in chemical physics. The process is also
important in applications such as combustions and plasma chemistry, as well as in high-speed
flows including shock layer formed during atmospheric reentry and the plumes of rocket engines
[1–3]. In many cases, the dissociation occurs in thermal nonequilibrium conditions. For example,
in hypersonic reentry, the large kinetic energy of the cold free stream is converted rapidly to the
translational energy of molecules behind the shock front, whereas the vibrational mode of the
molecules is excited at a rate lower by two to three orders of magnitudes. Thus, the dissociation
starts in vibrationally cold conditions, the reaction rates are reduced, and the heat load on the
vehicles surface is increased. In plasma chemistry, the opposite regime is realized: the dissociation
reaction can occur at room temperature due to the presence of vibrationally hot molecules produced
in collisions with electrons [4]. Due to the importance of the nonequilibrium dissociation reaction
in practical applications, accurate modeling of this process is needed.

Computational fluid dynamics (CFD) and direct simulation Monte Carlo (DSMC) are the two
principal methods to simulate such flows. The CFD method is based on numerical solution of
Navier-Stokes equations. The internal energy of the gas is described by a multitemperature model,
and there are different empirical or semiempirical models to calculate nonequilibrium reactions
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rates, including Park’s model [5], Marrone-Treanor (MT) model [6], and Knab’s model [7]. The
CFD method with Park’s rate model has been calibrated against some experimental data and has
successfully reproduced most experimental radiation data available for velocities up to 10 km/s
[1,5]. However, the computational cost increases with the number of species, and the method
doesn’t reveal detailed non-Boltzmann distribution of internal energies, which can be significant
at conditions other than those for which the models have been calibrated. The DSMC method
[8], which simulates stochastic molecular collisions, overcomes the difficulties of CFD although
at a computational cost. Phenomenological models like variable hard sphere (VHS) and variable
soft sphere (VSS) [8] are often used to describe collisions. Internal energy exchange and chemical
reaction processes occur with a probability depending on the corresponding models. In particular,
for the dissociation reaction, there are the total collision energy (TCE) model [8], the vibrational
favored dissociation (VFD) model [9], vibrational biased models [10,11], and the quantum kinetics
(QK) model [12]. Except the QK model, all other models have calibration constants that are
adjusted to reproduce experimentally measured or theoretically calculated nonequilibrium rates.
Since the dissociation reaction occurs at high temperature and it is difficult if not impossible
to isolate vibrational-vibrational (VV) or vibrational-translational (VT) energy exchange from
chemical reactions, direct measurements of nonequilibrium reaction rates are hard to perform.
Benefiting from the growth of computational power and improved accuracy of ab initio electronic
structure calculations, the quasiclassical trajectory (QCT) method enables studies of collisions with
high energy and provides detailed state-specific reaction cross sections and rates [13,14]. With the
exception of calibrating phenomenological models against QCT data [10,11,15–17], there have been
few attempts to use reduced-order models directly in flow simulations [18,19]. However, QCT
data are available for only a few simple colliding pairs in their ground electronic states due to
the complexity of ab initio potential energy surface (PES) calculations. There are also very few
independent comparisons of calculations to verify the results and quantify uncertainties. Therefore,
models based on simplified but physically justified assumptions are desirable.

In the early 1990s, Macheret et al. developed a theoretical model for nonequilibrium dissociation
reaction at high-temperature conditions based on the assumption of classical impulsive collisions
[20–23]. In the model, the reactive chemical rearrangement in collision is treated as an instantaneous
(i.e., impulsive) process that can be described by classical mechanics. Whether the dissociation
occurs depends only on the postcollision vibrational energy. It is further assumed that most
important features of reaction probabilities and rates are determined by their behavior at or near the
energy threshold. With those assumptions, closed-form formulas for the reaction probability were
obtained for diatom-atom and diatom-diatom collisions. Integration of the reaction probabilities
with the appropriate vibrational and translational energy distribution functions yields, with addi-
tional approximations, analytical expressions for the multitemperature dissociation rate coefficients.
The multitemperature version of the Macheret-Fridman (MF) model [20–23] has been recently
updated and validated against QCT data [24]. DSMC simulations use the reaction probabilities
directly, and the MF expression for diatom-atom collisions, with some modifications, has been
successfully implemented in DSMC by Boyd [25] as well as Wadsworth and Wysong [26]. DSMC
simulations with the model showed a good agreement of the computed mass concentrations with
experimental data in the simulation of N2 and air shocks [25]. However, due to the mathematical
approximations, the formula for the reaction probability has singularities for collisions with certain
values of energy. The model also yields a reaction probability greater than unity under certain
conditions, resulting in the need for a rather artificial cutoff procedure. Moreover, the model for
diatom-diatom collisions was not implemented due to the complexity of the formulas.

In this context, the main objective of the work is to eliminate those mathematical approxi-
mations in the Macheret-Fridman (MF) model [20–24] that caused singularities and above-unity
probabilities. We propose an implementation of the MF model under the DSMC framework. The
implementation, called the MF-DSMC model in this paper, follows Macheret et al.’s theory of
the dissociation reaction, including the assumption of classical impulsive collisions. We assess the
model by comparing DSMC calculated reaction rates and chemistry-vibrational energy coupling
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FIG. 1. Collision geometries: (a) diatom-atom; (b) diatom-diatom.

with recent QCT results and experimental measurements. Physical reasons for the differences
between the MF-DSMC and QCT equilibrium reaction rates are discussed, and an approach
to remove the differences is developed. As an example, N2 + O dissociation reaction rates are
corrected by using a collision model formulated based on QCT data. The MF-DSMC model is
then used to simulate the O2 shock tube experiments performed by Ibraguimova et al. [27].

The rest of this paper is organized as follows. In Sec. II the MF model and the MF-
DSMC implementation are introduced. Section III summarizes comparisons of reaction rates and
chemistry-vibrational energy coupling between the MF-DSMC model and QCT calculations. Next,
the collision model for N2 + O and the corrected reactions rates based on the MF-DSMC model
are presented in Sec. IV. Then the simulations of O2-reacting shock with the MF-DSMC model
are compared with experimental measurements and state-specific calculations in Sec. V. Finally,
concluding remarks are given in Sec. VI.

II. MF-DSMC MODEL

The implementation of the MF model under the DSMC framework, i.e., the MF-DSMC model,
is based on the original theory proposed by Macheret et al. [20–22]. The model is intended for
high-temperature or high-energy collisions. At these conditions, the Massey parameter ξ , which is
inversely proportional to the velocity of collision, is smaller than one, and thus the collisions are
in the impulsive limit [28]. Energy transfer from collisional energy to vibrational energy of the
dissociating molecule is determined by the masses of colliding particles and by the set of angles
and phases in the instant when the chemical rearrangement occurs. Thus, collision dynamics are
weekly sensitive to the details of PES, and the energy transfer can be calculated with the assumption
of instantaneous collisions. Detailed derivations of closed-form reaction probabilities and rates
can be found in Ref. [20]. For the MF-DSMC model, we make use of the concept of threshold
function, which is defined as the minimum collisional (kinetic) energy required for dissociation
to occur. In this work, we verify the formulas, rederive the one for the diatom-diatom collision
with a different set of coordinates for collision geometries, and extend the model for heteronuclear
molecule dissociation.

The collision geometries for diatom-atom and diatom-diatom collisions are shown in Fig. 1.
Molecule AB is the dissociating molecule, and CD is the colliding partner. A right-handed
coordinate system is defined in a following manner: atoms A, B, and C form the xy plane, and
the y axis is in the direction of BC. In the center-of-mass frame, the velocities of molecules AB
and BC are v and u accordingly. The angles γ1 and γ2 are the polar and azimuthal angles for
velocity u. To simplify reaction probability calculations, we assume that the molecular vibrational
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motion is harmonic. This means that the phase angles of vibrations ϕ0 and ϕ1 are distributed
uniformly between 0 and 2π , and the maximum velocities of vibrations v0 and v1 can be calculated
from the corresponding vibrational energy as they would be for a harmonic oscillator. As will be
shown in Sec. III A, little error is introduced by the harmonic oscillator assumptions for low-lying
vibrational states. For higher vibrational levels, a more precise way of modeling is to first calculate
the distribution of the phase angle with the actual potential energy curve and then sample the
phase angle based on the distribution [29]. Such anharmonic oscillator modeling would involve
considerable additional computational resources and is therefore left for future work.

The magnitudes of vibrational velocities for the specific phase angles are v0 cos ϕ0 and v1 cos ϕ1.
The direction of the AB vibrational velocity is determined by the angle θ . The polar and azimuthal
angles of the CD vibrational velocity are β1 and β2. vr is the rotational velocity of molecule AB.
Its direction is perpendicular to the vibrational velocity of molecule AB with a polar angle β. To
define the direction of rotational velocity v′

r for molecule CD, two reference vectors �cref1 and �cref2

are introduced. �cref1 is in the xy plane and perpendicular to the vibrational velocity v1. �cref2 is
perpendicular to both �cref2 and v1. Then the direction of rotational velocity v′

r is uniquely determined
by the angle δ between v′

r and �cref2, and it must be in the plane formed by �cref1 and �cref2.
Denote the mass of atoms A, B, C, and D as mA, mB , mC , and mD , then the reduced mass of

molecules AB and BC becomes μAB = mAmB/(mA + mB ) and μCD = mCmD/(mC + mD ). For
the case of the diatom-atom collision, μCD is equal to the mass of atom C. We can also calculate
the reduced mass of the whole system:

μ =
{

(mA + mB )mC/(mA + mB + mC ), for diatom-atom

(mA + mB )(mC + mD )/(mA + mB + mC + mD ), for diatom-diatom
. (1)

The relations between velocities and energies become

Ev = 2μABv2
0, E′

v = 2μCDv2
1, Er = 2μABv2

r , E′
r = 2μCDv′2

r , Et = (mA + mB )2v2

2μ
, (2)

where Ev , E′
v are the vibrational energy of molecules AB and CD, Er , E′

r are the rotational energy
of each molecules and Et is the collisional energy.

The two-body problem is solved for the elastic collision between atoms B and C. Energy and
momentum transfer are allowed only in the direction of collision. By making the postcollision
vibrational energy of molecule AB equal to the dissociation energy D, we can obtain the
threshold function F = Et,min, which is the minimum collisional energy for the dissociation reaction
AB + CD → A + B + CD to occur. For the diatom-atom collision, the threshold function is

F = μ/μAB

4 cos2 γ1 cos2 γ2

{√
D − Ev sin2 ϕ0 + √

Ev cos ϕ0

cos θmC/(mB + mC )

− 2μAB

mB

[
√

Ev cos ϕ0 cos θ +
√

Er cos β sin θ ]

}2

. (3)

For the diatom-diatom collision, the threshold function is

F = μ/μAB

4 cos2 γ1 cos2 γ2

{√
D − Ev sin2 ϕ0 + √

Ev cos ϕ0

cos θmC/(mB + mC )

− 2μAB

mB

[
√

Ev cos ϕ0 cos θ +
√

Er cos β sin θ ]

− 2
√

μABμCD

mC

[
√

E′
r (cos δ cos β2 sin β1 + sin δ sin β2) − √

E′
v cos ϕ1 cos β1 cos β2]

}2

. (4)
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The derivations of Eqs. (3) and (4) are based on the assumption that collisions are close to
the impulsive limit. It can be found that rotational energy of dissociating molecule Er contributes
to the dissociation by its component along the direction of collision. However, rotational energy
also increases the effective dissociation energy due to the centrifugal barrier, which arises as
the rotational energy decreases when the molecule is stretched during dissociation. We adopt the
strategy proposed in Ref. [20] by using an effective dissociation energy Def , which includes both
effects. Def is evaluated with a long-range potential energy curve V (r ) = −2D(Req/r )6, where Req

is the equilibrium distance of molecular bond and r is the internuclear distance:

Def = D − Er + 2E
3/2
r

3
√

6D
. (5)

The final expressions of threshold functions for diatom-atom and diatom-diatom collisions are

F = μ/μAB

4 cos2 γ1 cos2 γ2

[√
Def − Ev sin2 ϕ0 + √

Ev cos ϕ0

cos θmC/(mB + mC )
− 2μAB

mB

√
Ev cos ϕ0 cos θ

]2

, (6a)

F = μ/μAB

4 cos2 γ1 cos2 γ2

{√
Def − Ev sin2 ϕ0 + √

Ev cos ϕ0

cos θmC/(mB + mC )
− 2μAB

mB

√
Ev cos ϕ0 cos θ

− 2
√

μABμCD

mC

[
√

E′
r (cos δ cos β2 sin β1 + sin δ sin β2) − √

E′
v cos ϕ1 cos β1 cos β2]

}2

.

(6b)

It should be noted that, for a diatom-diatom colliding pair like O2 + N2, there is more than
one possible dissociation reaction channel. With the same definitions of generalized coordinates in
Fig. 1, we derive the threshold function for the dissociation of the CD molecule as well, which is
shown as

F ′ = μ/μCD

4 cos2 γ1 cos2 γ2

⎧⎨
⎩

√
D′

ef − E′
v sin2 ϕ1 + √

E′
v cos ϕ1

cos β1 cos β2mB/(mB + mC )
− 2μCD

mC

√
E′

v cos ϕ1 cos β1 cos β2

+ 2
√

μABμCD

mB

[√
Er cos β sin θ +

√
Ev cos ϕ0 cos θ

]⎫⎬⎭
2

. (7)

With the complete descriptions of threshold functions, the MF-DSMC model can be formulated.
As mentioned in Sec. I, the MF model calculates reaction probabilities P (Et ) by expanding
Eqs. (6a) and (6b), and (7) in the Taylor series of phase angles and calculating the probability
of Et � F . The mathematical approximation introduced by the Taylor expansion results in singu-
larities of reaction probabilities. Here, instead of using the Taylor expansion, we use a different
technique. Because DSMC is a stochastic method and the collision model doesn’t change the
distributions of phase angles, we can directly sample collision geometries and use the threshold
function to determine whether dissociation occurs. The ensemble average will then produce the
correct reaction probabilities. The pseudocodes are listed in Algorithm 1.

It should be noted that Def and the term Def − Ev sin2 ϕ0 in Eqs. (6a) and (6b) and (7) may
become less than 0 for certain values of energies of the colliding particles. This is due to the
particular form of the potential energy curve used to derive Def . We have used a more realistic
potential energy curve, the Morse potential, to remove this singularity but found that the change in
final results is not significant. Thus, a simple recipe is to make the reaction probability P equal to 1
when this condition occurs.
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Algorithm 1: MF-DSMC Model

1: Generate phase angles γ1, γ2, β1, β2, θ, ϕ0, ϕ1, θ, δ, β;
2: Compute effective dissociation energy Def,i with Eq. (5);
3: Compute threshold energy Fi (Ev, Er, E

′
v, E

′
r ) with Eqs. (6a), (6b) and (7) for

each possible dissociation reaction channel i;
4: Select the reaction pathway i with the minimum threshold energy Fi ;
5: ifEt � Fi then Reaction i occurs (i.e.,Pj=i = 1, Pj �=i = 0);
6: else No dissociation occurs (i.e., Pj = 0);
7: end if

III. VALIDATION OF THE MODEL

To validate the MF-DSMC model, we implemented the model in a heavily modified DS1V code
[8]. A standard no-time-counter (NTC) scheme is used. Elastic collisions are modeled according
to the variable hard sphere (VHS) model [8]. The reference diameter dref and viscosity index ω

for different species are listed in Table I. The VHS parameters for O2-O2, O2-N2, and NO-N2 are
calculated using collisional integrals for high-temperature air species [30]. Regarding modeling
of internal energy, a discrete vibrational energy model is used with continuous model for rotational
energy. The vibrational ladders calculated in Refs. [31,32] are used in this work. All the calculations
are started at either thermal equilibrium (T = Tr = Tv) or nonequilibrium (T = Tr �= Tv) conditions
with Maxwell-Boltzmann distribution of collisional energy and internal energy. In order to isolate
the influence of reaction models from the VT and RT energy relaxations, the Larsen-Borgnakke
(LB) model with constant ZR = 1 and ZV = 104 is used. To maintain the steady state and isothermal
condition, dissociations are only tracked, and molecules are not actually dissociated.

A very important feature of the MF model is that it calculates the probability of the dissociation
reaction provided that a collision occurs. Therefore, in order to calculate the total probability and
rate of dissociation, one needs to multiply the MF probability by the rate of collisions, which has to
be taken from outside the MF model. For example, the rate of collisions can be calculated with the
VHS model or from matching the thermal equilibrium rate to the experimental or QCT data. In this
context, we first validate the MF-DSMC model by comparing the nonequilibrium characteristics
such as state-specific rates and nonequilibrium factors to the available data, and then examine the
absolute dissociation rates that require knowledge of the collision rates.

A. Vibrational state-specific rates

Vibrational state-specific reaction rates for different colliding pairs are compared in Fig. 2. We
assume that translational and rotational mode are in thermal equilibrium (i.e., T = Tr ), then the
rates can be calculated as

k(T ,Ev ) =
∑Jmax(v)

J=0 k(T , v, J )nJ exp[−Erv (v, J )/kBT ]∑Jmax(v)
J=0 nJ exp[−Erv (v, J )/kBT ]

, (8)

where k(T , v, J ) is the QCT calculated rovibrational state-specific reaction rates, nJ is the product
of nuclear spin and rotational degeneracy, Jmax(v) is the maximum rotational quantum number for

TABLE I. VHS parameters with Tref = 273 K.

Colliding pair N2-N [33] O2-O [34] N2-O [33] N2-N2 [33] O2-O2 O2-N2 NO-N2

dref (Å) 3.585 3.442 3.814 4.170 4.152 4.051 4.341
ω 0.770 0.750 0.750 0.740 0.732 0.734 0.729
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FIG. 2. Comparison of vibrational state-specific rates calculated by the QCT method and MF-DSMC
model. MF-DSMC rates for N2 + N, O2 + O, and O2 + O2 are scaled.

vibrational state v, and Erv is the coupled rovibrational energy. Equation (8) is used to calculate
k(T ,Ev ) for N2 + N [35], N2 + O [32], and O2 + O [19] systems. For NO dissociated by N, N2

dissociated by O2 and O2, dissociated by N2, the rates are directly obtained from Refs. [36,37]. It
should be noted that ground state N2(X1�+

g ) and O(3P) correlate with three electronic states of N2O,

but only two of them, 3A
′′

and 3A
′
, correlate with ground state atomic nitrogen in the dissociation

reaction channel. For Fig. 2, we take the QCT results for both PESs and multiply the rates by the
weight of each PES. To remove the effect of collision rates and to focus on the MF-DSMC model
itself, DSMC calculated rates are scaled as

kScale
MF−DSMC(T ,Ev ) = kMF−DSMC(T ,Ev )

keq,QCT(T )

keq,MF−DSMC(T )
, (9)

where keq,QCT and keq,MF−DSMC are the corresponding equilibrium dissociation rates predicted by
the QCT method and MF-DSMC model. For O2 dissociated by O2, there are DMS calculated
probabilities of dissociation PDMS (T ,Ev ) [38], but the collision rates are unknown. Since the
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FIG. 3. Probability density functions of internuclear distance for the N2 molecule at different values of
vibrational energy.

collision rate kcoll(T ) is independent of vibrational level, we have

k(T ,Ev )

keq(T )
= kcoll(T )P (T ,Ev )∑v=vmax

v=0 kcoll(T )P (T ,Ev ) exp(−Ev/kBT )
= P (T ,Ev )∑v=vmax

v=0 P (T ,Ev ) exp(−Ev/kBT )
.

(10)

Therefore, we compare the following scaled probability of reaction for the O2 + O2 system with the
DMS calculated values:

P Scale
MF−DSMC(T ,Ev ) = PMF−DSMC(T ,Ev )

∑v=vmax
v=0 PDMS (T ,Ev ) exp(−Ev/kBT )∑v=vmax

v=0 PMF−DSMC(T ,Ev ) exp(−Ev/kBT )
. (11)

As seen in Fig. 2, there is a good agreement of MF-DSMC vibrational state-specific reaction
rates with QCT and DMS ones for most systems investigated here. The MF-DSMC model correctly
captures the linear dependence of log(k(T ,Ev )) on vibrational energy and also the relationship
between the slope of the logarithm of the rates and translational temperature T . For the N2 + O
system, the model predicts rates almost identical to the QCT results multiplied by the electronic
degeneracy factor. The agreement improves with increasing temperature, which confirms the
expectation that collision dynamics are weakly sensitive to the details of PES at high-temperature
and high-energy collisions. The model fails to correctly predict the nonlinear part of vibrational
state-specific rates for very high vibrational states because it assumes harmonic vibrations. The
probability density functions of normalized internuclear distance for the N2 molecule with different
values of vibrational energy are compared in Fig. 3. Compared to the harmonic oscillator (HO), the
actual particles spend more time at the outer turning point, which is the preferential phase angle
for dissociation [20]. Thus, the HO assumption results in underestimation of the dissociation rates
and probabilities for molecules with high vibrational energy. The issue becomes less significant
for either high translational temperature or low vibrational temperature because of the increasing
contributions from molecules with low vibrational energy.

B. Nonequilibrium factors

Although not directly used in DSMC, multitemperature reaction rates are crucial in nonequi-
librium CFD simulations. For flow conditions like shock wave or expansion fan, strong deviations
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FIG. 10. Nonequilibrium factor for N2 + O2 → N + N + O2.

from thermal equilibrium result in several orders of magnitude difference in reaction rates and heat
transfer. Comparison of nonequilibrium two-temperature reaction rates generated with MF-DSMC
to those calculated by QCT or obtained from experiments can help evaluate the model consistently.

To remove the influence of collisional model, we compare nonequilibrium factor Z defined
as the ratio of two-temperature rates k(T , Tv ) and the corresponding equilibrium rates keq(T ) in
this work. There are few experimental measurements of the value. Losev et al.’s fit [39] of their
experimentally measured N2 dissociation rates [40] is the only one included here. For other systems,
the nonequilibrium reaction rates are calculated from QCT data. For N2 + N [35], N2 + O [32], and
O2 + O [19], the two-temperature rates are calculated from rovibrational state-specific dissociation
rates with a fully coupled rovibrational ladder:

k(T , Tv ) =
∑

v,J nJ k(T , v, J ) exp
[−Ev (v)

kBTv

]
exp

[−Erv (v,J )−Ev (v)
kBT

]
∑

v,J nJ exp
[−Ev (v)

kBTv

]
exp

[−Erv (v,J )−Ev (v)
kBT

] . (12)

For O2 + N2 [37] and N2 + O2 [37], the rates are calculated from vibrational state-specific rates:

k(T , Tv ) =
∑

v k(T , v) exp[−Ev (v)/kBTv]∑
v exp[−Ev (v)/kBTv]

. (13)

For O2 + O2 [38], the nonequilibrium factor is directly calculated from the probability of reaction
P (T ,Ev ) as

Z(T , Tv ) =
∑

v P (T ,Ev ) exp(−Ev/kBTv )∑
v P (T ,Ev ) exp(−Ev/kBT )

. (14)

Chaudhry and Bender reported two-temperature rates of N2 + N2 [41] and N2 + O2 [42,43] systems
for specific temperatures. Their results are shown as discrete symbols in the comparisons. In
addition, the nonequilibrium factor calculated analytically from the MF model including the
vibrational-rotational effect [20,24] are also compared here.

The comparison of nonequilibrium factors is shown in Figs. 4–10. Overall, the results predicted
with the MF-DSMC model and QCT calculations match closely. Compared to the original two-
temperature MF model, the agreement is especially better at vibrationally hot conditions. The
difference between the MF-DSMC model and QCT data is negligible for the N2 + N and N2 + N2

systems. For the vibrationally cold condition, the nonequilibrium factor calculated from the MF-
DSMC model agrees with QCT data quite well, especially considering the uncertainty of QCT
calculations (with the error bars illustrated in Fig. 6). For a weakly nonequilibrium condition with
|T − Tv|/T � 20%, the differences are within a factor 2 for most systems investigated here.
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FIG. 11. Comparison of the average vibrational energy removed by dissociation reactions. Red lines for
thermal equilibrium conditions T = Tv; other lines for vibrational nonequilibrium conditions T �= Tv .

C. Vibrational energy consumption in dissociation

In thermochemical nonequilibrium, the vibrational and rotational energy consumption in the
dissociation represents an important part of the overall relaxation process, which, in turn, affects
the reaction itself. In a state-specific chemical reaction model or particle-based simulation method,
the vibrational and rotational energy consumption is naturally accounted for. However, for CFD with
a multitemperature model, bulk chemical species with Boltzmann distributions of internal states are
assumed, and the vibrational or rotational energy consumption must be explicitly modeled. In this
section, we compare the average vibrational energy removed by dissociation reactions (i.e., Ev,rem)
in order to validate MF-DSMC model and to provide informations for CFD modeling of thermal
nonequilibrium chemical reactions. The baseline values of Ev,rem are calculated from vibrational
state-specific rates obtained by the QCT method,

Ev,rem(T , Tv ) =
∑

v Ev (v)k(T , v)x(Tv, v)∑
v k(T , v)x(Tv, v)

, (15)

where Ev (v) is the vibrational energy of vibrational state v and x(Tv, v) is the corresponding mole
fraction for the given vibrational temperature Tv . For the DSMC method, Ev,rem are calculated
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implicitly as

Ev,rem(T , Tv ) = 1

Ndiss

Ndiss∑
i

Ev (i), (16)

where Ev (i) is the vibrational energy of molecule i that dissociates and Ndiss is the total number of
molecules that dissociate.

The comparison is shown in Fig. 11. Red lines denote the average vibrational energy removed
at thermal equilibrium conditions, and the other lines represent the values at nonequilibrium
conditions. It is seen that the MF-DSMC model reproduces Ev,rem within 15% error for most
dissociation reactions. The biggest difference is at low translational temperature since the prob-
abilities of reactions are too low for the DSMC method to resolve the accurate value of Ev,rem.
For O2 dissociated in collisions with N2, there is some disagreement between the two sets of QCT
data as Tv increases. The MF-DSMC model underpredicts Ev,rem by up to 0.2 eV at vibrationally
cold conditions and agrees well with Chaudhry et al.’s results at vibrationally hot conditions. The
model overpredicts Ev,rem for O2 dissociation in collisions with atomic oxygen. The reason for
this is unclear. One of the plots in Fig. 11, the one for N2 + O, also shows the Ev,rem calculated
with the empirical Marrone-Treanor (MT) model [6]. Although not shown here, the nonpreferential
dissociation model that equates Ev,rem to the average vibrational energy at vibrational temperature
Tv would strongly disagree with both MF-DSMC and QCT. As seen in Fig. 11, Ev,rem has strong
dependence on translational temperature. As translational temperature increases, more molecules
with low vibrational energy will have enough total energy to overcome the reaction barrier and
dissociate. Hence, Ev,rem should decrease with increasing translational temperature if the vibrational
temperature is fixed. Preferential dissociation models such as MT model [6] can perform quite well
as seen in Fig. 11 for N2 dissociation in collisions with atomic oxygen.

D. Equilibrium dissociation rates

We now compare the calculated equilibrium dissociation rates with recent theoretical calcu-
lations [19,31,32,35–38,41–47], experimental measurements [27,48–53], and empirical estima-
tions [5,54–57]. The QCT data used here include Esposito et al.’s [44] and Jaffe et al.’s [35]
calculations of N2 + N, Andrienko et al.’s [45], Esposito et al.’s [31], and Kulakmetov et al.’s [19]
calculations of O2 + O, Esposito et al.’s [46] and Luo et al.’s [32] calculations of N2 + O, Bender et
al’s [41] calculations of N2 + N2, Andrienko et al.’s [37] and Chaudhry et al.’s [42] calculations of
O2 + N2, and Andrienko et al.’s [36] calculations of NO+N2. For the ground state O2(X3�−

g ), there
are three spin states, singlet, triplet, and quintet, for the O2-O2 dimer. There are no complete QCT
calculations for all these states. Besides, there is more than one possible electronic state to have the
dissociation reaction. Andrienko et al. [47] and Chaudhry et al. [43] calculated thermal equilibrium
dissociation rates individually with the QCT method using an empirical O4 PES and an ab initio
PES. Without a factor that reflects the degeneracy of electronic state (η = 16/3), Andirenko et al.’s
rates agree well with Byron [51] and Ibraguimova et al.’s measurements [27] for T < 6000 K, and
Chaudhry et al.’s rates show better agreement for T > 6000 K. Grover et al. [38] performed direct
molecular simulation (DMS) with the ab initio PES and obtained nonequilibrium dissociation rates
with Tv lower than T by around 2000 K.

The computed thermal equilibrium dissociation rates are compared to the experimental data and
rates recommended based on experimental data, as well as to the QCT sets discussed in Figs. 12
and 13. It is seen that the rates calculated with the MF-DSMC model are lower than the QCT data
by an approximately constant factor. This is especially the case for N2 dissociation. It is interesting
to note that the equilibrium dissociation rates predicted by the MF-DSMC model for N2 + N2 show
good agreements with QCT data. The agreement for N2 + O2 is also good for T � 10 000 K, but
the rates are lower than Wray et al.’s estimation [57] by more than an order of magnitude for lower
temperatures.
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FIG. 12. Comparison of diatom-atom equilibrium dissociation rates. The MF-DSMC rates were calculated
with VHS collision rates.

Since the nonequilibrium factors calculated with the MF-DSMC model were found in Sec. III B
to agree very well with QCT data, the disagreement between the calculated equilibrium rates and
the QCT data is clearly due to the underestimation of total collision cross sections and rates by the
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VHS model commonly used in DSMC rather than to the MF dissociation model itself. Therefore,
to improve the model, MF-DSMC should be paired with a better collision model. The details will
be discussed in Sec. IV.

IV. QCT-BASED COLLISION MODEL

As stated in Sec. III, the difference between the thermal equilibrium dissociation rates computed
with MF-DSMC and QCT is a result of different collision models rather than of MF theory. Indeed,
the MF theory described in Sec. II deals with energy transfer during chemical rearrangement
assuming that the collision did happen. The reaction probability is the product of two probabilities:
the probability of collision and the probability that dissociation occurs in the collision. It is the
latter probability that is calculated in the MF theory, while the probability of collision has to be
determined separately. The nonequilibrium factors, i.e., the nonequilibrium rates normalized by
thermal equilibrium rates, as well as the mean vibrational energy removed in dissociation, do not
depend on the collision model, and here, as seen in Sec. III A, III B, and III C, MF-DSMC performs
quite well. On the other hand, the absolute rates computed with MF-DSMC (Sec. III D) are lower
than those calculated with QCT by a nearly constant factor. Thus, in order to improve the model,
the collision model has to be improved.

Since the VHS model was first proposed more than 30 years ago by Bird [8], it is still one of
the most widely used collision models for DSMC. The model is convenient due to its simple math-
ematical form and the model parameters can be calibrated to reproduce experimentally measured
or calculated viscosities and thermal conductivities. However, the VHS model is problematic when
the temperature deviates substantially from the reference temperature [58]. The model assumes an
isotropic scattering law, which was subsequently improved in the variable soft sphere (VSS) model
[59] with an additional parameter. The additional parameter changes the most probable scattering
angle to a value less than 90◦ and provides better agreement of multispecies diffusivity with
experiments. However, recent QCT calculations [60] have found that the model still overpredicts
the scattering angle, especially at hyperthermal conditions. The larger scattering angle results in
more efficient transport of mass, momentum, and energy. Therefore, in order to reproduce correct
transport coefficients, the model uses smaller total cross sections than the actual ones. This has
been found in Ref. [61] for N2 + N collisions and will be shown below for N2 + O collisions.
Additionally, the purely repulsive hard-sphere potential assumed by the VHS model is inaccurate
for both low [58] and high (>1 eV) [62] temperatures. For the former case, the long-range attractive
force is dominant, and the Lennard-Jones potential works better. For the latter case, the colliding pair
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FIG. 14. Comparison of QCT calculated total cross sections for different vibrational states and rotational
states.
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FIG. 15. Comparison of fitted total cross sections and QCT data.

can reach shorter internuclear distances, and an exponential repulsive potential is more physically
realistic.

To improve the modeling of collisions in DSMC, we first calculate the total cross sections defined
from QCT data for N2 + O collisions as

σT, QCT = σelastic(χ > 1◦) + σinelastic + σreaction, (17)

where σelastic(χ > 1◦) are the elastic collision cross sections with the scattering angle χ larger than
one degree, σinelastic are the inelastic cross sections for collisions with at least one quantum change of
vibrational or rotational energy, and σreaction are the reaction cross sections. The total cross sections
normalized by VHS cross sections are shown in Fig. 14. It is seen that the VHS model significantly
underpredicts the total cross sections. QCT total cross sections are at least a factor of three larger
than VHS cross sections. The total cross section changes slightly with increasing rotational level.
Importantly, it increases considerably with the vibrational level of the N2 molecule because of
the larger internuclear distance. We fit the vibrational state-specific total cross sections with the
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FIG. 16. Comparison of QCT scattering law for N2 (v = 0, J = 0) and the VHS model.
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following analytical function:

σT = σ0 exp
(
aEv + (

b1 + b2E
2
v

)
tanh

{
c
[

log Et − (d1Ev2 + d2Ev + d3)
]})

,

σ0 = 69.0592 Å
2
, a = 0.0510044, b1 = −0.584551,

b2 = −2.96928 × 10−3, c = 0.281619, d1 = 0.0301812, d2 = −0.436593, d3 = 0.152225,

(18)

where Ev and Et are the vibrational and translational energy in electron-volts and σT is the total

cross sections in Å
2
. The fitting is shown in Fig. 15. The maximum fitting error is less than 1 Å

2
.

To ensure correct transport coefficients, average scattering angles of nonreactive collisions are
calculated for N2 with ground rovibrational level. The scattering law is compared to the VHS
model in Fig. 16. As discussed above, the VHS model overpredicts the scattering angle. The linear
dependence of scattering angles on impact parameters is not captured by the VHS model. Besides,
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FIG. 18. Comparison of equilibrium dissociation rates for N2 dissociation in collisions with atomic oxygen.
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TABLE II. Free-stream conditions of O2-reacting shock.

Mach number Pressure (Torr) Shock speed (km/s) Temperature (K)

9.3 2.0 3.07 295
13.4 0.8 4.44 295

the average scattering angle for head-on collisions is not 180◦ at hyperthermal conditions. Bimodal
behavior is found here. Such a feature cannot be predicted by existing phenomenological models.
The QCT scattering law was fitted by an analytical function, and the fitting results are shown in
Fig. 17. The maximum deviation is less than 10◦.

The QCT-based collision model was implemented in DS1V code [8]. Equilibrium dissociation
rates calculated from the MF-DSMC model with the VHS collision model and QCT-based collision
model are compared in Fig. 18. Better agreement with QCT data is obtained. For T > 10 000 K,
the difference between MF-DSMC and QCT is negligible, which justifies the assumption of an
impulsive limit for high-energy collisions and dissociation reactions. For other colliding partners,
similar procedures of correcting total collision cross sections and scattering law can be used. It
should be noted that, since the collision rates are changed by the collision model, vibrational and
rotational relaxation numbers should also be calibrated consistently in order to reproduce the correct
relaxation times.

V. DSMC SIMULATIONS OF O2-REACTING SHOCK

In this section, we evaluate the MF-DSMC model by simulating O2-reacting shock experiments
by Ibraguimova et al. [27]. The case has been extensively used to validate nonequilibrium chemical
reaction models. Studies using QCT based state-specific rates [63] or cross sections [64] in general
show good agreement for flow properties. Additionally, adjusting empirical vibrational-favoring
models such as the Marrone-Treanor model [65] and Kuznestsov state-specific model [27,34] to
match QCT data produces better agreement with the shock tube experiments than the original
Marrone-Treanor and Kuznestsov models.

In the present work, two different free-stream conditions are considered, listed in Table II.
The DSMC code used to calculate reaction rates in Sec. III is employed to simulate the one-
dimensional flow. The collision procedure is summarized in Fig. 19. Main changes include the
implementation of carefully tuned total collision cross sections σT and the change of scattering
procedure, which are enclosed by dashed lines in the figure. The implementation of scattering
procedure is aimed at reproducing transport properties. The total cross sections are modeled with
the calibrated-VHS model (cVHS), which uses the mathematical form of the VHS model but has
different parameters. These parameters are optimized in order to reproduce correct equilibrium

Pcoll > R1

Pcoll =
σT · cr

(σT · cr)max

MF-DSMC PV T > R2

PV T =
σV T

σT
or

1
ZV

PRT > R3

PRT =
1

ZR

PV HS > R4

PV HS =
σV HS

σT

No collisions Dissociate
molecules

VT relax-
ation with
LB model

RT relax-
ation with
LB model

Scatter
molecules with

VHS model

χ = 0◦No No No No No

Yes Yes Yes Yes Yes

FIG. 19. Collision procedure of the DSMC code.
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FIG. 20. Relative error of equilibrium dissociation rates calculated with the MF-DSMC and cVHS model
to the baseline data.

dissociation rates combined with the MF-DSMC model. Kulakhmetov et al.’s QCT calculated
rates for O2 + O [19], Byron’s experimentally measured rates for O2 + O2 [51], and Bortner’s
estimations for O2 + O2 [56] are used as the baseline data to optimize the parameters. As shown
in Fig. 20, the relative error of rate constants is within 15% for T > 5000 K. However, the DSMC
implementation underestimates the rates at lower temperatures. Other symbols shown in Fig. 19
include Ri , representing different random numbers uniformly distributed between 0 and 1, and
Pi , which are the probabilities for different procedures including collision, vibrational-translational
(VT) relaxation, rotational-translational (RT) relaxation, and scattering. The definitions of these
probabilities are shown as labels below the corresponding procedure. Zv and ZR are the VT and
RT relaxation number, respectively, which are first calculated as the ratio of relaxation time and
mean collision time of cVHS model, then corrected with Gimelshein et al.’s method [66] to fix
the inconsistency between CFD and DSMC definitions of the relaxation collision numbers. The
stagnation streamline approach [8] is used to stabilize the traveling shock. Details of the method
can be found in previous work [64].

We select three different combinations of modeling parameters to simulate the O2-reacting shock.
A standard LB model is employed to describe VT relaxation for O2-O2 and RT relaxation for both
O2-O2 and O2-O. Kulakhmetov et al.’s ME-QCT-VT state-specific model [19] is used for O2-O VT
energy exchange. Since the VT cross sections σV T can be directly calculated with the model, there
is no need for a relaxation time or relaxation number. For O2-O2, two different sets of vibrational
relaxation time τv are used, and they are listed in Table III. Ibraguimova et al.’s model [27] is a
fit to their experimental measurements. Andrienko et al. [63] used the forced harmonic oscillator
(FHO) model [67] with master equations to calculate the relaxation time. Therefore, their results
account for both VT and vibrational-vibrational (VV) processes. The values of the above two sets
of vibrational relaxation time are compared with experimental measurements [27,68] and DMS

TABLE III. Different simulation frameworks.

Model 1 Model 2 Model 3

τv: O2 − O2 Ibraguimova et al. [27] Ibraguimova et al. [27] Andrienko et al. [63]
keq(T ): O2 − O2 Byron [51] Bortner [56] Bortner [56]
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FIG. 21. Comparison of the VT relaxation time for O2-O2.

calculations [38] in Fig. 21. The values are close to each other at low temperatures, but Andrienko
et al.’s model matches DMS calculations better at higher temperatures. MF-DSMC model is the only
reaction model for the simulations. All the models reproduce Kulakhmetov et al.’s rate constants for
O2 dissociation in collisions with atomic oxygen, but they have different equilibrium reaction rates
for O2 + O2 as listed in Table III.

The comparison of flow properties including temperatures, density, and mass fraction of O2 is
shown in Figs. 22–24. In addition to Ibraguimova et al.’s experimental measurements [27], the
results of two state-specific simulations are also shown in these figures. Andrienko et al. [63]
conduced master equation calculations with QCT VT and reaction rates for O2 + O and FHO VT
rates for O2 + O2. Sebastião et al.’s framework of DSMC simulation (Model 4 in Ref. [64]) is very
similar to Model 1 in this work except that they used the QCT state-specific O2 + O dissociation
model [19] and calibrated the TCE model for the chemical reactions. These two calculations are
believed to be the most state-of-art state-specific simulations and are compared to evaluate the
MF-DSMC model.
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FIG. 22. Comparison of the temperature profile for the two cases. Solid lines for translational temperature;
dashed lines for vibrational temperature.
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For the Mach 9.3 case, Andrienko et al.’s calculations and Model 3 provide almost identical
results. They reproduce the vibrational temperature profile before the peak Tv and the correct value
of peak Tv . Models 1 and 2 along with Sebastião et al.’s simulations underpredict the values, but
they are within the error bar of measurements. For the region after the peak Tv , only Sebastião
et al.’s prediction of Tv is within the uncertainties. All other models underestimate the relaxation of
temperatures. This can be understood with the help of comparisons of density and O2 mass fraction
in Figs. 23 and 24. It is seen that O2 dissociation in Sebastião et al.’s calculations is more than twice
as fast as that in the MF-DSMC simulations. The faster dissociation results in higher consumption
of energy to break the O-O bond and therefore to faster drop of temperatures. Considering the
underestimation of equilibrium dissociation rates for T < 5000 K shown in Fig. 20, we expect the
simulation frameworks with MF-DSMC to reproduce the measurements better if the parameters
of the cVHS model are further optimized. As an additional comment, the negligible difference
between Models 1 and 2 is explained by the convergence of Bortner’s and Byron’s rate constants at
low temperature (i.e., T < 5000 K).

For the Mach 13.4 case, Sebastião et al.’s simulations give the best agreement in terms of
temperature and O2 mass fraction. However, the models in this work also reproduce important
features of the flow including thermal relaxation right after the shock front and downstream, the
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FIG. 24. Comparison of the O2 mass fraction for the two cases.
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profile of density, and the mass fraction of O2 in the downstream. The models underpredict the peak
Tv because the nonequilibrium factor for O2 + O2 is slightly higher than Sebastião et al.’s modeling.
In addition, the average vibrational energy removed for O2 dissociated by O2 ranges between 1.5
and 3 eV for their simulations, which are below the values predicted by the MF-DSMC model as
shown in Fig. 11.

In summary, it is not clear which model is the best one for the simulation due to the different
performance for the two cases and the uncertainties of experimental measurements. What is clear is
that MF-DSMC model can replace the QCT-based state-specific model for simulations of thermal-
chemical nonequilibrium reactions without losing much accuracy. From the comparisons, we also
see that VT relaxation plays a more important role at relatively low temperature where the rates of
relaxation are higher than chemical reaction rates. In contrast, the chemical reaction dominates the
energy relaxation behind the shock front at high temperatures.

VI. CONCLUSIONS

In this work, to develop a physics-based model of nonequilibrium dissociation for DSMC, we
started from the MF theoretical model [20] based on the assumption of instantaneous classical
collisions and proposed an implementation of the MF model in DSMC, the MF-DSMC model. The
model was validated by comparison to recent QCT calculations. Very good agreement was obtained
for vibrational state-specific reaction rates, nonequilibrium factors, and average vibrational energy
removed by dissociation. Unlike the phenomenological TCE model, which is based on the inverse
Laplace transform of Arrhenius reaction rates, the MF-DSMC model does not have adjustable
parameters to match reaction rates. However, we found that although the MF model describing
the dissociation probability once the collision occurs works well, the popular VHS model used in
DSMC to calculate collision rates needs improvement. Indeed, due to the lower collision rates given
by the VHS model, the absolute dissociation rate constants in MF-DSMC are lower than QCT data
by up to an order of magnitude. To solve this problem, the parameters for calculating total cross
section can be calibrated. A QCT-calibrated collision model was developed for a particular case
of N2 + O collisions in this work. A more physical solution would require calculations of total
collision cross sections from either QCT on ab initio PES or simplified collision dynamics based on
model algebraic potential energy functions such as Lennard-Jones or Born-Mayer potentials.

The almost negligible difference in both equilibrium and nonequilibrium rates computed by MF-
DSMC and QCT at high temperatures further confirms that collision-induced dissociation is not
sensitive to the details of PES at conditions typical for hypersonic shock layers.

Finally, the MF-DSMC model was implemented in DS1V with a carefully tuned collision model
and used to simulate the O2 shockwave experiment [27]. Good agreement with the measurements
as well as with previous state-specific numerical simulations [63,64] was obtained.

The present calculations and results indicate the potential of the model to be used as the standard
DSMC dissociation reaction model.
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