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A model problem of low-Mach-number lean premixed reacting swirling flows with wall-
separation zones in a contracting circular finite-length open chamber is studied. Assuming
a complete reaction with high activation energy and chemical equilibrium behind the
reaction zone, a nonlinear partial differential equation is derived for the solution of the
flow stream function behind the reaction zone in terms of the specific total enthalpy for a
reacting flow, the specific entropy, and the circulation functions prescribed at the chamber’s
inlet. Four types of solutions of the resulting ordinary differential equation for the columnar
flow case describe the outlet state of the flow in a long chamber. The bifurcation diagrams
of steady flows as the inlet swirl level is increased at fixed chamber contraction and reaction
heat release are described. The approach is applied to an inlet solid-body rotation flow with
constant profiles of the axial velocity, temperature, and mixture reactant mass fraction.
The computed results provide theoretical predictions of the critical inlet swirl levels for
the first appearance of wall-separation states and for the size of the separation zone as a
function of the inlet swirl ratio, Mach number, chamber contraction, and heat release of
the reaction. The methodology developed in this paper provides a theoretical feasibility for
the development of the technology of swirl-assisted combustion where the reaction zone is
supported and stabilized by a wall-separation zone.
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I. INTRODUCTION

Swirling flows are used in most modern lean-premixed combustion systems to stabilize flames;
see, for example, the pioneering papers of Gupta et al. [1], Lefebvre [2], Sivasegaram and Whitelaw
[3], and Paschereit et al. [4,5] that were followed up by the detailed experimental studies of Lieuwen
and Yang [6], Kiesewetter et al. [7], Umeh et al. [8], Durox et al. [9], and Candel et al. [10].
This flame stabilization is achieved with the use of an upstream fuel injector with guiding vanes
to generate swirl and a geometrical expansion of the combustion chamber. The expansion forces
a corner recirculation zone near the expansion plane and causes a decrease in axial velocity in
the incoming vortex core. When the swirl is sufficiently high, the vortex flow naturally breaks
down in the combustion chamber, forming a centerline recirculation (breakdown) zone in addition
to the corner recirculation zone. The centerline breakdown zone slows down the flow to form a
chemical reaction and thereby serves as a natural aerodynamic flame holder. The reaction products
are trapped in this zone and form a region of higher temperature. Heat transfer from this hot
region to the surrounding expanding swirling flow helps to ignite any unreacted fuel-air pockets
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from the incoming flow, support and stabilize the reaction zone, and also improve combustion
effectiveness.

Vortex breakdown zones, however, also exhibit the natural appearance of precessing spiral flow
instabilities inside the large recirculation zone and in its wake, and these can cause combustion
dynamics, severe pressure fluctuations, and structural vibrations and affect the system performance;
see the experimental investigations of Gupta et al. [11], Kiesewetter et al. [7], O’Connor and
Lieuwen [12], O’Connor et al. [13], and Roy et al. [14]. Moreover, at certain operational conditions,
the centerline breakdown zone may become either unstable, disappear and induce flame blowout
or move upstream toward the injector, thereby posing the risk of flame flashback. These flow-
axisymmetric and three-dimensional instabilities may happen spontaneously as a result of increase
of swirl above a critical level. This is supported by the stability theories of Wang and Rusak [15,16],
Wang et al. [17], and Feng et al. [18] for inert flows and by Choi et al. [19] and Rusak et al. [20] for
reacting flows. In addition, instabilities may appear as a result of various reasons such as changes
in the distribution of incoming swirl, variations of the temperature field, large vortical perturbations
from the inlet, or high back pressure at the downstream end of the chamber.

The nature of reacting swirling flows with a centerline vortex breakdown zone and chamber
expansion was also studied extensively in the numerical simulations of Grinstein and Fureby [21],
Grinstein et al. [22], Lu et al. [23], Huang and Yang [24], Huang et al. [25], Franzelli et al. [26], and
Kalis et al. [27]. These investigations demonstrated the existence of a large central recirculation
zone in the swirling reacting flow and the resulting flame stabilization. They established the
velocity, temperature and species fields in the chamber and determined the interaction of combustion
dynamics, acoustic forcing, and flow instabilities at various levels of swirl and equivalent ratio.

Theoretical studies of the dynamics of reacting compressible flows with swirl and vortex
breakdown were conducted by Rusak et al. [28], Choi et al. [19], and Rusak et al. [20]. They
highlighted the natural strong nonlinear interaction between advection of azimuthal vorticity and the
baroclinic effects resulting from the coupling between the swirl and the axial temperature gradient
generated by the chemical reaction. The global analysis methodology of Rusak et al. [20] formed an
analytical model problem for predicting the critical swirl level for the first spontaneous appearance
of breakdown zones in a reacting flow with swirl and the size of these zones as a function of the
inlet swirl level and reaction exothermicity. The theoretical predictions agree with the numerical
simulations of Choi et al. [19].

In addition, the recent studies of Rusak and Wang [29] and Rusak et al. [30] have established
the appearance of another type of a vortex breakdown phenomenon in inert swirling flows in
pipes which results in the development of flow states with wall-separation zones. When swirl is
sufficiently high the flow near the chamber wall may decelerate significantly by a certain mode of
instability and above a certain critical swirl level an infinitesimally small flow flux with swirl near
the wall expands into a large, quasistagnant zone attached to the pipe wall [30]. The size of this zone
increases with the increase of the inlet swirl level. Moreover, while chamber divergence promotes
the appearance of centerline breakdown states, it was found that chamber contraction promotes
the appearance of wall-separation states to lower levels of inlet swirl, even before the formation
of vortex breakdown states [30]. The recent experiments of Dennis et al. [31] demonstrated the
existence of wall-separation states in inert flows.

The present study investigates the formation of low-Mach-number, lean premixed reacting
swirling flows with wall-separation zones in a contracting circular finite-length open chamber.
Figure 1 provides a schematic model of the reacting flow nature. The incoming lean premixed
flow of air and fuel is injected with swirl into a finite-length circular chamber. At sufficiently high
levels of the incoming flow swirl ratio, wall-separation zones are formed in the flow. The incoming
flow flux of the reactants slows down to zero velocity at the leading point of the wall zone and is
then deflected radially toward the centerline, thereby forming a thin reaction zone (the red line).
The wall-separation zone serves as a natural aerodynamic flame holder. The reaction products are
trapped in this zone and form a region of higher temperature. Heat transfer from this hot wall
zone to the surrounding expanding swirling flow may help to ignite any unreacted fuel air from the
incoming flow, support and stabilize the reaction zone, and improve combustion effectiveness. To
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FIG. 1. Schematic diagram of a premixed reacting swirling flow with a wall-separation zone in an open
contracting circular chamber.

the best of our knowledge, this proposed methodology of combustion with swirl is unique to our
paper.

The main objective of the paper is to show a theoretical existence of steady combustion
states in swirling flows in contracting pipes, including states of combustion with specifically a
wall-separation zone. Such a solution has its own scientific merit.

The present model is limited in scope with respect to an applied case of an industrial burner.
The analysis focuses on a simplified one-step chemistry model which neglects much of the details
of combustion kinetics. The primary parameter of the model is the nondimensional exothermicity
represented by a term βδ. This parameter relates the temperature behind the reaction zone Tb to the
inlet temperature Ta, Tb = (1 + βδ)Ta . In the case of typical jet-engine combustion chambers with
hydrocarbon-oxygen combustion Ta ∼ 800 K and Tb is between 1600 K (corresponding to βδ = 1)
and 2400 K (corresponding to βδ = 2). These situations demonstrate relevance of the present
analysis to realistic conditions when βδ is between 1 and 2. We note that in laboratory experiments
where Ta = 300 K and Tb = 2400 K, the exothermicity βδ may reach higher values near seven.

We note that detailed simulations of the various flow states and comparison with the model
predictions will help to further support the ideas and provide details of the flow in the bulk. However,
such simulations require a dedicated complicated solver that can resolve both the flow and the
combustion structures and needs extensive and long computations.

The outline of the paper is as follows. Assuming a complete reaction with high activation energy
and chemical equilibrium behind the reaction zone, the analysis uses the theory of Rusak at el.
[20] to form a nonlinear partial differential equation for the solution of the flow stream function
behind the reaction zone in terms of the specific total enthalpy for a reacting flow, the specific
entropy and the circulation functions prescribed at the chamber’s inlet (Sec. II). The problem is then
reduced to the case of an axially independent (columnar) flow to describe the outlet state of a flow
in an open chamber (Sec. III). Four types of solutions of the resulting ordinary differential equation
for the columnar flow case describe the outlet state of the flow in a long chamber (Sec. IV). The
approach is applied to a model case of an inlet solid-body rotation flow with uniform profiles of the
axial velocity, temperature, and mixture reactant mass fraction. The bifurcation diagrams of steady
flows as the inlet swirl level is increased at fixed chamber contraction and reaction heat release are
described. The computed results provide theoretical predictions of the critical inlet swirl levels for
the first appearance of wall-separation states and for the size of the separation zone as a function of
the inlet swirl ratio, Mach number, chamber contraction and heat release of the reaction (Sec. V).
The methodology developed in this paper provides a theoretical feasibility for the development of
the technology of swirl-assisted combustion where the reaction zone is supported and stabilized by
a wall-separation zone.
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II. MATHEMATICAL MODEL

We consider a steady and axisymmtric, inviscid, compressible, premixed reacting swirling flow
of a perfect gas in a contracting circular finite-length open chamber. The chamber inlet radius is
r̃ and its length is l̃. We use a cylindrical coordinate system (x̄, r̄, φ) where the axial and radial
distances are scaled with r̃: x = x̄/r̃, r = r̄/r̃, 0 � x � x0 = l̃/r̃, 0 � r � R(x), and 0 � φ <

2π . The chamber shape function is given by r = R(x) = 1 + σR0(x) for 0 � x � x0 where σ � 0
is a measure of the chamber contraction, R0(x) is a general monotonic continuous function with
R0(0) = 0, R0(x0) = 1, and dR0/dx(x0) = 0. For example, in the schematic diagram in Fig. 1,
R0(x) = 1/2{1 + sin[π (x/x0 − 1/2)]} and σ = −0.2. We also assume the pipe is fully insulated in
terms of heat conduction along the wall.

We assume a reacting flow with constant thermo-physical parameters. The flow properties
are nondimensionalized with respect to the characteristic inlet flow properties, i.e., the radial,
circumferential, and axial velocity components (u, v,w) with respect to the inlet flow centerline
axial velocity Ũ , and the temperature, density, and pressure are normalized with respect to the
flow inlet centerline temperature T̃ , density ρ̃, and pressure p̃, respectively, where p̃ = ρ̃RT̃ and
R is the specific gas constant of the reactants mixture and is assumed to be constant. In the
present study, we focus on the case of a low-Mach-number combustion, 0 < Ma0 � 1, where
Ma0 = Ũ/ã and ã =

√
γRT̃ is the isentropic frozen acoustic speed of sound at the inlet reference

state. Here γ is the specific heat ratio (γ = Cp/Cv) and is assumed to be constant. The reactant mass
fraction is Y . We assume the reaction rate W is given by a one-step first-order Arrhenius kinetics,
W = A ρY exp (− θ

T
) where A is the scaled frequency factor, and θ is the scaled activation energy

and both are constant. A reaction with a high activation energy θ is considered where the high-θ
asymptotic approach is applicable. Then the reaction front is a thin zone and the reaction rate W

is a localized function around the reaction zone. We assume a flow with a high Péclet number
Pe � 1 such that the diffusion and heat conduction terms in the species and energy equations may
be neglected outside of the reaction zone. A complete reaction with chemical equilibrium behind
the reaction zone is also considered.

Let y = r2/2. In the axisymmetric flow case, a stream function �(x, y) is defined such that
w = �y/ρ and u = −�x/(

√
2yρ). Moreover, the circulation function is K = √

2yv, the specific

total enthalpy function (scaled with CpT̃ ) is H = T + (γ−1)Ma2
0

2 (u2 + v2 + w2), and the specific
entropy function s (scaled with Cv) is given by Gibbs equation [32]. Under the above assumptions,
Rusak et al. [20] have shown that the circulation, specific total enthalpy and specific entropy are
functions of � only, and that the flow in the chamber domain may be described by a single partial
differential equation for the solution of �(x, y),

(γ − 1)Ma2
0

[
1

ρ

(
�y

ρ

)
y

+ 1

2yρ

(
�x

ρ

)
x

]
= H ′(�) − (γ − 1)Ma2

0
K (�)K ′(�)

2y
− 1

γ
T s ′(�). (1)

Here (·)′ represents the derivative with respect to �. The temperature T and density ρ are found
from the solution of the specific total enthalpy and entropy equations,

T = H (�) − (γ − 1)Ma2
0

2

[
�2

x

2yρ2
+ �2

y

ρ2
+ K2(�)

2y

]
, (2)

ρ =
{

T

exp [s(�)]

}1/(γ−1)

. (3)

For a flow in a finite-length circular chamber of nondimensional length x0, we consider the
following boundary conditions; see the setup in Fig. 1. At the chamber inlet, x = 0, the profiles of
the axial velocity, the circumferential velocity, the axial derivative of radial velocity, the temperature,
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and the mass fraction of the premixed reactant are given by

w(0, y) = w0(y), v(0, y) = ωv0(y), ux (0, y) = 0, T (0, y) = T0(y), Y (0, y) = Y0(y) (4)

for 0 � y � 1/2. Here ω is the swirl ratio of the incoming flow. It is assumed that the inlet conditions
are generated by a fuel injector with a vortex generator, that mixes fuel and oxidizer ahead of the
chamber and is at a continuous and steady operation. The condition ux (0, y) = 0 allows a degree
of freedom at the inlet to develop a radial velocity in order to model the upstream influence of
disturbances in the flow. These inlet conditions may represent the flow behind a vane guide vortex
generator in a fuel injector as found in the experiments of Gupta et al. [1,11] and Umeh et al. [8].

The outlet flow is assumed to be x-independent (parallel columnar) state at x = x0,

�x (x0, y) = Kx (x0, y) = Tx (x0, y) = 0 for 0 � y � ye = (1 + σ )2

2
. (5)

These outlet conditions are appropriate for a sufficiently long open chamber, where the flow behind
the reaction zone settles on a parallel (columnar) state at a large distance from the inlet and ahead
of the outlet; see the experiments of Umeh et al. [8].

Along the pipe centerline at y = 0, the axisymmetry assumption requires �(x, 0) = 0 for 0 �
x � x0. The pipe rigid wall is also assumed to be adiabatic. Along the pipe wall, y = R2(x)

2 , � is
constant and there is no heat conduction,

�

(
x,

R2(x)

2

)
= �w, Tn

(
x,

R2(x)

2

)
= 0 for 0 � x � x0. (6)

Here n is the normal distance to the curve of the wall.
Within the high-θ asymptotic approach, W is localized around the thin reaction zone and

exponentially small everywhere else. Accordingly, for the premixed reactant flow ahead of the thin
reaction zone with chemical equilibrium,

K = K0(�), Y = Y0(�), H = H0(�), s = s0(�). (7)

The functions K0(�), H0(�), s0(�), and Y0(�) are determined by the inflow profiles; see Sec. III
for more details.

In the flow domain behind the thin reaction zone and ahead of the pipe outlet, it is assumed that
the chemical reaction has been fully completed, W = 0 and Y = 0, and the reaction product is at
chemical equilibrium. We find that

K = K0(�), Y = 0, H = H0(�) + βY0(�), s = s0(�) + �s(�), (8)

behind the reaction zone. Here β is the nondimensional heat release of the reaction, scaled by
CpT̃ . In formulating (8), we use the fact that across the reaction zone the specific total enthalpy is
increased by βY0(�) as a result of complete reaction of the incoming reactants. Also, �s(�) is the
increase of entropy across the thin reaction zone. In the low-Mach-number flow case ρ ∼ 1/T and

�s(�) = γ ln

[
1 + βY0(�)

T0(�)

]
. (9)

The functions K (�), H (�), and s(�) are defined in the range of 0 � � � �w. In addition, to
accommodate possible solutions with separation zones, we assume that

K (�) = K (0) = 0,H (�) = H (0) = H0, s(�) = s(0) = s0,

K ′(�) = H ′(�) = s ′(�) = 0 when � < 0, and (10)

K (�) = K (�w ) = Kw,H (�) = H (�w ) = Hw, s(�) = s(�w ) = sw,

K ′(�) = H ′(�) = s ′(�) = 0 when � > �w. (11)
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For a sufficiently long chamber (x0 � 1), the flow nature in the chamber as described by the
PDE (1) is dictated by the outlet state with functions according to (8) and (9). Since the outlet flow
is columnar and with no radial velocity, the flow becomes asymptotically columnar as the outlet is
approached and with zero reactant mass fraction.

III. THE COLUMNAR STATE

In order to determine the possible outlet states of the low-Mach-number reacting flow, we
study the columnar state problem according to (1). We first determine the relationships among
the properties of a base nonreacting columnar state with the axial velocity w = w0(y), the
circumferential velocity v = ωv0(y), the temperature T = T0(y), the pressure p = p0(y), and
the density ρ = ρ0(y). Following Rusak et al. [20], we find that the base flow pressure, density,
stream function, and entropy are

p0(y) = exp

[
γ Ma2

0ω
2

2

∫ y

0

v0
2(ȳ)

ȳT 0(ȳ)
dȳ

]
, (12)

ρ0(y) = 1

T0(y)
exp

[
γ Ma0

2ω2

2

∫ y

0

v0
2(ȳ)

ȳT 0(ȳ)
dȳ

]
, (13)

�0(y) =
∫ y

0
ρ0(ȳ)w0(ȳ)dȳ, (14)

s0(y) = γ

{
ln [T0(y)] − (γ − 1)Ma2

0ω
2

2

∫ y

0

v0
2(ȳ)

ȳT0(ȳ)
dȳ

}
. (15)

Since �0(y) is a monotonic function, this function can be inverted such that y = y(�0). Then we
can determine

K0(�0) = ω
√

2y(�0)v0[y(�0)], (16)

H0(�0) = T0[y(�0)] + (γ − 1)Ma0
2

2
{ω2v0

2[y(�0)] + w0
2[y(�0)]}, (17)

s0(�0) = γ

(
ln {T0[y(�0)]} − (γ − 1)Ma2

0ω
2

2

∫ y(�0 )

0

v0
2(ȳ)

ȳT0(ȳ)
dȳ

}
. (18)

The derivatives of these functions can be calculated from (16)–(18).
Equations (16)–(18) define the functions K0(�), K ′

0(�),H0(�), H ′
0(�), s0(�), and s ′

0(�) (by
replacing �0 with �) for a base nonreacting columnar flow and for the flow ahead of the thin
reaction zone in a reacting flow. In addition, Y0(�) = Y0(y(�)) and T0(�) = T0(y(�)).

In the columnar outlet state of a reacting flow in an open chamber (which is sufficiently far behind
the reaction zone), (1) is equivalent to the following system of two, first-order, nonlinear, ordinary
differential equations (ODEs) in terms of w and �,

wy = 1

(γ − 1)Ma2
0

ρ

[
H ′(�) − (γ − 1)Ma2

0
K (�)K ′(�)

2y
− 1

γ
T s ′(�)

]
, (19)

�y = ρw, (20)

with

T = H (�) − (γ − 1)Ma2
0

2

[
w2 + K2(�)

2y

]
, (21)

113201-6



LEAN PREMIXED REACTING FLOWS WITH SWIRL AND …

ρ =
⎧⎨
⎩

H (�) − (γ−1)Ma2
0

2

[
w2 + K2(�)

2y

]
exp [s(�)]

⎫⎬
⎭

1/(γ−1)

, (22)

and with boundary conditions:

�(0) = 0, �

[
(1 + σ )2

2

]
= �w =

∫ (1+σ )2

2

0
ρ0(ȳ)w0(ȳ) dȳ. (23)

A trivial solution of the columnar flow problem (19) and (20) is w = w0(y), v = ωv0(y), T =
T0(y) with p = p0(y), ρ = ρ0(y), Y = 0, and s = s0(y) given by (12)–(15), i.e., the base non-
reacting columnar flow. The work of Rusak et al. [20] for reacting swirling flows shows that
when the swirl ratio ω � ω∗ additional solutions of the nonlinear columnar flow problem exist,
including vortex breakdown states, which describe the flow at the pipe exit. It is expected that a
similar situation occurs in the low-Mach-number reacting flow in a contracting chamber, showing
the existence of multiple solutions of the problem (19)–(22) with conditions (23) and the appearance
of vortex breakdown and wall-separation states. The ODEs problem (19)–(23) is solved using a
standard fourth-order Runge-Kutta integration scheme and iterations until the centerline and wall
conditions are satisfied. In all the examples shown below, we use γ = 1.4 and an inlet Mach number
Ma0 = 0.001. Also, we consider an inlet solid-body rotation flow v0(y) = √

2y with a constant unit
axial velocity w0(y) = 1 and constant unit temperature T0(y) = 1. Also, the inlet reactant mass
fraction is constant, Y0(y) = δ where 0 � δ < δst and δst is the stoichiometric reactant mass fraction.

IV. SOLUTION TYPES

The ODEs problem (19)–(23) may have several solution types, which describe the flow state at
the chamber exit and determine the nature of the flow in the chamber. We focus here on solutions
relevant for reaction in a contracting chamber. Figure 2 shows representative examples of the
variation of the stream function �, the axial velocity w, the density ρ and the temperature T as
a function of y of the various types of solutions. Here we consider a constant inlet reactant mass
fraction Y0 = δ, and various values of exothermicity βδ, in a chamber with contraction parameter
σ = −0.2 (at the exit ye = 0.32 and radius is re = 0.8). Figure 2(a) presents the solution of a
centerline accelerated flow for the case with σ = −0.2, βδ = 1, and an inlet swirl ratio ω = 4.
The stream function � increases monotonically with y, w has a centerline value w(0) > 1 + βδ

and decreases monotonically with y but stays positive in the whole range 0 � y � 0.32, while the
temperature and density stay nearly constant, T ∼ 2 and ρ ∼ 1/2. In this type of solution, w(0) is
unknown and is found through iterations such that the wall condition is satisfied.

With increasing the inlet swirl ratio ω, while σ and βδ are fixed, there exists a certain critical swirl
ratio ωWS, that is a function of σ and βδ, for which the axial velocity on the wall vanishes, w(ye ) =
0. We find that ωWS = 4.69 when σ = −0.2 and βδ = 1. For ω > ωWS, the solutions turn into wall-
separation solutions, see an example in Fig. 2(b) for the case with σ = −0.2, βδ = 1, and ω = 4.8.
In this solution, the stream function � increases monotonically with y in the range 0 � y < yw =
0.226 and � = �w in the range yw � y � ye. The axial velocity w decreases monotonically in
the range 0 � y < yw and w = 0 in the range yw � y � ye, while the temperature and density
stay nearly constant, T ∼ 2 and ρ ∼ 1/2. In the wall-separation zone yw � y � ye, the axial and
radial velocity components are zero, but the circumferential velocity is not zero and is given by
K (�w )/

√
2y. In this type of solution, the interface location yw is unknown and is found through

iterations such that the centerline condition is satisfied.
With increasing exothermicity βδ at a fixed chamber contraction σ , there exists a limit value

(βδ)l where the branch of the centerline accelerated flow solutions that is followed by the wall-
separation solutions ceases to exist. We find that (βδ)l = 1.12 for σ = −0.2. For βδ > (βδ)l and a
fixed σ , the branch of solutions changes its nature. When ω is relatively small, the solution shows
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FIG. 2. The various types of solutions of the columnar problem: (a) a centerline accelerated flow state at
σ = −0.2, βδ = 1, ω = 4; (b) a wall-separation state at σ = −0.2, βδ = 1, ω = 4.8; (c) a decelerated flow
state at σ = −0.2, βδ = 1.2, ω = 4; (d) a vortex breakdown state at σ = −0.2, βδ = 1.2, ω = 5.5.

that the stream function � increases monotonically with y, the axial velocity w is positive and
increases monotonically with y while the temperature and density stay nearly constant, T ∼ 2.2
and ρ ∼ 0.455; see an example in Fig. 2(c) for σ = −0.2, βδ = 1.2, and ω = 4. The centerline
velocity w(0) decreases with increasing of ω. In this type of solution, w(0) is unknown and is found
through iterations such that the wall condition is satisfied.

With increasing the inlet swirl ratio ω, while σ and βδ are fixed, there exists a certain critical
swirl ratio, ωBD, that is also a function of σ and βδ, for which the axial centerline velocity vanishes,
w(0) = 0. We find that ωBD = 5.122 when σ = −0.2 and βδ = 1.2. For ω > ωBD, the solutions
turn into vortex-breakdown solutions; see an example in Fig. 2(d) for the case with σ = −0.2, βδ =
1.2, and ω = 5.5. In this solution, the stream function � = 0 in the range 0 � y < y0 = 0.044 and
increases monotonically in the range y0 � y � ye. The axial velocity w = 0 in the range 0 � y <

y0 and also increases monotonically in the range y0 � y � ye, while the temperature and density
stay nearly constant, T ∼ 2.2 and ρ ∼ 0.455. In the vortex-breakdown zone 0 � y � y0, the axial,
radial, and circumferential velocity components are zero. In this type of solution, the breakdown-
zone size y0 is unknown and is found through iterations such that the wall condition is satisfied.

These four types of solutions of the ODE problem [(19)–(23)] form the outlet states of the
reacting flow with swirl in the contracting chamber. Therefore, the PDE problem [(1)–(11)] has
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FIG. 3. Schematic diagram of axial velocity and temperature profiles at the chamber inlet and outlet: (a) a
wall-separation state at σ = −0.2, βδ = 1, ω = 4.8; (b) a vortex-breakdown state at σ = −0.2, βδ = 1.2,

ω = 5.5.

four types of related solutions of a reacting flow with swirl in a contracting chamber. These include
the accelerated flow state all along the chamber centerline, the wall-separation state, the decelerated
flow state all along the chamber centerline and the vortex-breakdown state.

We refer the reader to the detailed simulated examples of inert flow stream function in diverging
or contracting pipes shown in Rusak et al. [30] which show nice agreement with the model
predictions at the pipe outlet. In addition, a schematic description of the present results with
combustion is added in Fig. 3. Figure 3(a) illustrates the inlet and outlet axial velocity and
temperature of the wall-separation state for the case with x0 = 6, σ = −0.2, βδ = 1, and ω = 4.8.
It can be seen that the flow accelerates along the centerline and decelerates to a stagnation
zone attached to the chamber wall. Figure 3(b) illustrates the inlet and outlet axial velocity and
temperature of the vortex-breakdown state for the case with x0 = 6, σ = −0.2, βδ = 1.2, and
ω = 5.5. It can be seen that the flow decelerates along the centerline to a finite-size stagnation
breakdown zone around the centerline. We conjuncture that detailed simulations of flow states with
combustion will also show agreement with the model predictions.

V. RESULTS

Extensive numerical solutions of the ODE problem (19)–(23) provide the dividing line of the
limit exothermivity (βδ)l as a function of σ < 0 in the operational map of exothermicity βδ

against chamber contraction parameter σ ; see our results in Fig. 4. This line separates between
the operational conditions where reacting flows with swirl and either centerline-accelerated flow
or wall-separation zones may appear and the conditions where reacting flows with swirl and either
centerline-decelerated flows or vortex-breakdown zones may appear. In the present study, we focus
on reacting flow states with swirl and wall separation. It can be seen from Fig. 4 that, depending
on the swirl level, such states appear when 0 < βδ < (βδ)l for a fixed chamber contraction. For
a fixed exothermicity βδ, there is a need for a sufficient amount of chamber contraction and high
swirl to generate such states. It should be noted that if chamber contraction is not sufficiently large
or if the chamber is diverging (σ > 0) only reacting flows with centerline vortex-breakdown zones
may appear. Chamber contraction promotes the appearance of wall-separation states in swirling
flows (see Ref. [30]), while reaction causes flow acceleration to push out the wall-separation zones.
The interaction between the chamber shape and reaction exothermicity determines the possibility to
generate states with wall-separation zones at sufficiently high inlet swirl ratios.
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FIG. 4. The dividing line (βδ)l as a function of σ < 0 separating between operational conditions where
reacting flows with swirl and wall-separation zones may appear and conditions where reacting flows with swirl
and vortex breakdown may appear.

Figure 5 presents the bifurcation diagram of reacting flow states with swirl for a representative
example with chamber contraction σ = −0.2 and exothermicity βδ = 1. Figure 5(a) shows the
resulting outlet centerline axial velocity w(0, x0) (solid line) and the related outlet wall axial velocity
w(ye, x0) (dashed line) as a function of ω. It can be seen that w(0, x0) increases with ω while
w(ye, x0) decreases with ω. At the critical swirl ratio ω = ωWS = 4.69 reacting flows with wall-
separation zones appear. Figure 5(b) describes the resulting radial location at the chamber outlet of
the interface of the wall-separation zone yw as a function of ω. It is found that yw decreases and the
wall-separation zone increases in size with increasing ω above ωWS.
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FIG. 5. The diagrams of main parameters of reacting flow states with swirl for σ = −0.2 and βδ = 1.
(a) The centerline axial velocity w(0) (solid line) and related wall axial velocity w(ye ) (dashed line) as a
function of ω. (b) The resulting location of the interface of the wall-separation zone yw as a function of ω. The
circles mark the swirl ratio ωWS for the first appearance of wall-separation states.
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FIG. 6. The critical swirl ratio ωWS for the first appearance of wall-separation states as a function of
exothermicity βδ for contracting chambers with σ = −0.2.

The critical swirl ratio ωWS for the first appearance of wall-separation states as a function of
exothermicity 0 < βδ � 1 for a contracting chamber with σ = −0.2 is shown in Fig. 6. The higher
the reaction exothermicity is or the greater chamber contraction is, the higher the critical swirl ratio
is. Figures 4 and 6 together complete the information of operational conditions in terms of ω, βδ

and σ needed for establishing reacting flows with swirl and wall-separation zones.

VI. CONCLUSIONS

This paper establishes the theoretical feasibility of generating low-Mach-number, lean premixed
reacting swirling flows with wall-separation zones in a contracting circular finite-length open
chamber; see Fig. 1. The study is based on a global analysis methodology of the nonlinear partial
differential equation that describes such flows. The approach is applied to a model problem with
complete reaction, high activation energy, and chemical equilibrium behind the reaction zone. Also,
the model considers an inlet solid-body rotation flow with constant profiles of the axial velocity,
temperature and mixture reactant mass fraction. Four types of solutions of the problem are found;
see Fig. 2. The computed results clarify the range of operational conditions in terms of the inlet swirl
ratio ω, the chamber contraction σ < 0 and the reaction exothermicity βδ for the existence of such
states; see Figs. 4 and 6. Sufficient chamber contraction promotes the appearance of wall-separation
states while reaction exothermicity and chamber divergence promote the appearance of reacting
flows with swirl and vortex-breakdown states. Sufficiently high swirl is needed for reacting flows
with wall-separation zones.

The idea of establishing reacting flows with swirl and wall-separation zones that stabilize the
reaction zone was never studied in numerical simulations or in experimental models. With respect
to the concept of reaction with centerline vortex-breakdown zones and chamber divergence, this
idea may have the advantage of a greater capture area of the premixed reactants near the wall. The
contracting chamber uses a more compact configuration. The resulting higher axial velocity around
the outlet centerline adds kinetic energy to the high thermal energy and can be used to drive the
turbine behind the combustor in either a power generation system or a jet engine. Developing this
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concept of combustion with swirl and demonstrating its practicality requires additional theoretical
modeling, detailed numerical simulations and extensive experimental studies.
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