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The slip boundary conditions for the compressible Navier-Stokes equations for a
polyatomic gas are derived from kinetic theory using the ellipsoidal statistical model of
the Boltzmann equation for a polyatomic gas. The analysis, which follows the previous
work by the present authors and others for a monatomic gas [Aoki et al., J. Stat. Phys. 169,
744 (2017)], is based on the Chapman-Enskog expansion and the analysis of the Knudsen
layer adjacent to the boundary. The resulting slip boundary conditions are presented with
explicit slip coefficients for some typical polyatomic gases.
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I. INTRODUCTION

In the present paper, we are concerned with rarefied polyatomic gas flows at small Knudsen
numbers. Here, the Knudsen number is the ratio of the mean free path of gas molecules to the
characteristic length of the considered system. Our aim is to establish the slip boundary conditions
for the compressible Navier-Stokes equations for a polyatomic gas. The study is a continuation of
the recent paper for a monatomic gas by the present authors and others [1].

For rarefied gas flows, for which the Knudsen number takes an arbitrary value, we need, in
principle, to handle the Boltzmann equation. However, because of its complexity, its application to
practical gas flow problems is not an easy task, though some established numerical methods, such as
the direct simulation Monte Carlo (DSMC) method [2,3], are available nowadays [4—10]. In addition,
numerical solution of the Boltzmann equation becomes increasingly difficult as the Knudsen number
becomes small, that is, in the vicinity of the so-called fluid-dynamic limit.

For such flows with small Knudsen numbers, an approach alternative to numerical solution of
the Boltzmann equation is available. It is the so-called slip flow theory. It has long been known that
the combination of the Navier-Stokes equations and appropriate boundary conditions, called the slip
boundary conditions, reproduces the correct overall solutions of the corresponding boundary value
problems of the Boltzmann equation. A complete slip-flow theory had been established by Sone in a
formal but systematic asymptotic analysis of the boundary value problem of the Boltzmann equation
for small Knudsen numbers [11-16]. The reader is also referred to his two books [17,18]. Sone’s
theory, which we may call the generalized slip-flow theory, provides appropriate combinations of
fluid-dynamic-type equations and their slip boundary conditions, which are different depending on the
considered physical situations (see the introduction of Ref. [1]). However, for reasons of theoretical
rigor, the compressible Navier-Stokes equations never appear in this theory. To be more specific,
the latter equations are replaced by the combination of Euler-type and viscous-boundary-layer-type
equations. Nevertheless, the compressible Navier-Stokes equations are general equations that contain
most of the relevant fluid equations, such as the incompressible Euler, Navier-Stokes, and Prandtl’s
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boundary-layer equations, as special cases. Therefore, for the convenience of practical applications,
it is useful to have the correct slip boundary conditions for the compressible Navier-Stokes equations.

The slip boundary conditions for the compressible Navier-Stokes equations are a classical subject,
and some descriptions are found in standard textbooks (see, e.g., Refs. [19,20]). However, it is hard
to find the correct formulas in the general form, with explicit numerical coefficients, that are based
on correct derivation using the Boltzmann equation and can be applied immediately to practical
problems. The paper by Coron [21] would be the exception that provides the outline of the correct
derivation under the assumption that the boundary is at rest. However, it also does not give numerical
values of the coefficients, so that its application to practical problems is not straightforward. This is the
reason why Ref. [1] revisited this classical problem and provided the detailed derivation of the correct
slip boundary conditions for the compressible Navier-Stokes equations for general time-dependent
problems that may include moving boundaries.

Although Ref. [1] is based on the full Boltzmann equation, it restricted itself to the case of a
monatomic gas. Therefore, the associated compressible Navier-Stokes equations do not contain the
bulk viscosity. In the present study, we try to extend the analysis of Ref. [1] to the case of a polyatomic
gas. However, handling the Boltzmann equation for a polyatomic gas is a complicated problem and
is not an easy task. Therefore, we employ the ellipsoidal statistical (ES) model of the Boltzmann
equation for a polyatomic gas, which was proposed in Ref. [22] and rederived in a systematic
manner in Ref. [23]. On the basis of this model, we will derive the slip boundary conditions for the
compressible Navier-Stokes equations for a polyatomic gas. The analysis here tightly follows that
in Ref. [1]. Therefore, we let the present paper have a similar structure as that of Ref. [1] on purpose
in order to increase the readability.

It should be mentioned that some fluid type (or macroscopic) equations beyond the Navier-Stokes
equations have been proposed also for polyatomic gases [24-27] for the purpose of extending the
macroscopic theory to larger Knudsen numbers. In the present paper, however, we adhere to the
compressible Navier-Stokes equations and do not enter discussions on these approaches.

The structure of the paper is as follows. After this introduction, the problem and the assumptions are
stated in Sec. II. Section III is devoted to the formulation of the problem, which contains the detailed
description of the basic equations and boundary conditions. In Sec. IV, the first-order Chapman-
Enskog solution, together with the associated compressible Navier-Stokes equations, is summarized.
The corresponding slip boundary conditions are derived by the Knudsen-layer analysis in Sec. V,
which is the main part of the paper. In Sec. VI, the compressible Navier-Stokes equations and their
slip boundary conditions are presented in the dimensional form. Some concluding remarks are given
in Sec. VIL

II. PROBLEM AND ASSUMPTIONS

‘We consider a polyatomic ideal gas in contact with solid boundaries of arbitrary but smooth shape.
The gas may extend to infinity, and no external force acts on the gas molecules. We investigate the
unsteady motion of the gas under the following assumptions:

(i) The behavior of the gas is described by the ES model of the Boltzmann equation for a
polyatomic gas [22,23].

(i) The boundaries do not deform and undergo a rigid-body motion, and the gas-surface
interaction is described by the Maxwell-type diffuse-specular reflection [17,18].

(iii)) The mean free path (or the mean free time) of the gas molecules at the reference equilibrium
state at rest is sufficiently small compared to the characteristic length (or the characteristic time) of
the system.

(iv) At the initial time, the boundaries are at rest and have a uniform temperature, and the gas is
in the equilibrium state at rest with the same temperature. After the initial time, the boundaries may
start moving smoothly, and their temperature may change smoothly in time and position. (For the
problems including infinities, the corresponding initial state and slow variations should be assumed
at infinities.)
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We put assumption (iv) for the same reason as in Ref. [1]. That is, we want to avoid the occurrence
of the initial layer and that of the interaction between the initial layer and the Knudsen layer during
the initial stage for the sake of theoretical rigor. However, assumption (iv) can be released if we admit
the inaccuracy during the initial stage with the duration of the order of the mean free time.

III. FORMULATION OF THE PROBLEM

A. Basic equations

Let us consider a polyatomic gas with internal degrees of freedom § (§ > 2). Let ¢ be the time
variable, X (or X;) be the position vector in the physical space, & (or &;) be the molecular velocity,
and £ be the energy per unit mass associated with the internal modes. We denote the number of
the gas molecules contained in an infinitesimal volume d Xd&d€ around a point (X, &, &) in the
seven-dimensional space consisting of X, &, and £ by

1
—ft, X,§,EdXdEdE, (D
m

where m is the mass of a molecule. We call f(z, X, &, £) the velocity-energy distribution function

of the gas molecules. It is governed by the ES model of the Boltzmann equation for a polyatomic
gas [22,23], which can be written in the following form:

of . of
§+§ia—xi— of), (2)
where
O(f)=Ac(T)p(G — ), (3a)
,086/2_1 1 Tfl b
9 = G @) AR Ty 2T 6 2) &P [_E(Si — U G = v)) = RTrel]’ (3b)
(Mij = A =O[(1 = v)RTS;; + vpij/p]l + ORTS;;, (3¢)
o= / / " facd, (3d)
0
w=-|f "t fasde, (3e)
rJJo
Py = f /0 & — v, — v))fdEdE. (30
_ L ([T e_p
= / /0 & — v fdEde. Ge)
2 o0
o=k / /O € FdEdE. (3h)
3T + 6Tinc )
== 5
T =0T + (1 — 0)Tiy. (€1))

Here, R is the gas constant per unit mass (i.e., the Boltzmann constant kg divided by m), p is
the density, v (or v;) is the flow velocity, p;; is the stress tensor, Ty is the temperature associated
with the translational motion, Tj, is the temperature associated with the energy of the internal modes,
T is the temperature, d§ = d&,d&,d&;, and the domain of integration with respect to & is the whole
space of &. The symbol §;; indicates the Kronecker delta, and v € [—1/2, 1) and 6 € (0, 1] are the
constants that adjust the Prandtl number and the bulk viscosity. In addition, A.(7T') is a function of T
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such that A.(T")p is the collision frequency of the gas molecules, I'(z) is the gamma function defined
by

@) = / e, @)
0

T is the 3 x 3 matrix [the (i, j) component of which is defined by Eq. (3¢)], and detT and T~! are,
respectively, its determinant and inverse. Here and in what follows, we basically use the summation
convention, i.e., a;b; = Z?:l a;b;, aiz = Zi3=1 a,-z, a,'b.,-c,‘.,- = Z?,j:l aibjcij, etc.

We should note that in Ref. [22], the variable 7, which is related to our £ as £ = I*/%, is used
as an independent variable instead of £. See Ref. [28] or Appendix A in Ref. [29] for the relation
between the notation in Ref. [22] and that of the present paper.

The vanishing of the collision term Q(f) = 0 is equivalent to the fact that f is the following local

equilibrium distribution [22]:
pEY! g-vP £
feq = 3/2 §/2 exp - Y N (5)
(Qm RT)3/2(RT)%/*T'(8/2) 2RT RT
In addition, for an arbitrary function g(z, X, &, £), the following relation holds:

o0
// 0, 0(g)dEdE =0, (6)
0
where ¢, (r =0, ..., 4) are the collision invariants, i.e.,
po=1 @=& (=123), os=31E>+E (7)

It should also be mentioned that the mean free path [y of the gas molecules in the equilibrium state
at rest at density pp and temperature Ty is given by

2 (2RTy)'?
T AdTo)po

for Eq. (2), since A.(Tp)po is the collision frequency at this equilibrium state.
The initial condition for f [cf. assumption (iv)] is given at time ¢ = 0 by

f(()vX’E’g):va (9)

where fj indicates the equilibrium state at rest with density pg (reference density) and temperature
Ty (reference temperature), i.e.,

poE?2! HE:
fo= exp(—s2m — = ). (10)
(27 RTo)¥2(RT,)"/2T'(5/2) 2RT, RT,

The boundary condition for f [cf. assumption (ii)] is written in the following form:

ly ®)

ft. X, 8,8 =0-)Rf(, Xv.§,&)

pw56/2—1 |& — vw|2 E
+a expl ——— - —),
(27 RTy)32(RTy)*/2T(8/2) 2RT,, RT,
for (6 —vy)-n >0, (11a)

27T 1/2 o0

Pw = —<—> / / (& —vy)-nf@t, Xy, § EdEAE,  (11b)
RTw (§—vy)-n<0J0

where X, (or Xy,;) is the position of a point on the boundary, vy, (or vy;) and Ty, are the velocity

and temperature of the boundary at the point Xy, and #n is the unit normal vector to the boundary,

pointing into the gas, at X,. In general, X, is a function of #, v,, is the time derivative of X,, and the

arguments of T,, and n are (¢, X ,). To be consistent with assumption (iv), vy, = Oand 7, = T should
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hold at t = 0, and Xy, (thus, vy), Ty, and n are assumed to change smoothly with 7. In Eq. (11a),
the symbol R indicates the reflection operator defined by

RgGi) = g(&i — 2(5j — vwjnjni), (12)

with an arbitrary function g(§) of &, and & (0 < & < 1) is the so-called accommodation coefficient,
giving the specular reflection when o = 0 and the diffuse reflection when o = 1. In the present paper,
we exclude the case of specular reflection assuming that « is strictly positive. Note that this boundary
condition satisfies the condition that there is no instantaneous mass flow across the boundary, i.e.,

oo
[ &= v-nrex. g exzas <o (13)
0
Finally, we should mention that the pressure p and the heat-flow vector ¢; are given by
o= [[[" &= w518 - vk +) rasae, (1s)
0

where Eq. (14) is the equation of state.

B. Dimensionless system

In this subsection, we introduce dimensionless variables and present our basic system in
dimensionless form. Let us denote by L the reference length, by 7y the reference time, and by
po = RpyTy the reference pressure, where py and Ty are the reference density and temperature that
appeared in the initial state, Eq. (10). In the present study, we choose 7y as

to = L/(2RTp)"?, (16)

which corresponds to the so-called fluid-dynamic scaling. Now we introduce the dimensionless
quantities (£, x;, &;, g, f, g, 0, i, T Tonts T, Trer, Dij» P Gis Ac(f), Xwis Dwis fw), which correspond
to the original dimensional quantities (¢, X;, &, &, f, G, p, Vi, T, Tint» T Trel, Pij» P> qis Ac(T),
Xwis Uwi» Tw), by the following relations:

i=t/ty, xi=Xi/L, & =&/QRT)"?, &=E/RTy,
(f.9) =(f.9)/2p0QRTy) ", p=p/po. ¥ =vi/QRTp)"?,
(T Tt T Tret) = (T, Tint. T. Tee)/ To. Pij = pij/po. D= p/po- 4 = qi/ po@RTy)"?,
A(T)=AuT)/ATy), xwi = Xuwi/L. Dwi = vai/QRTY)?, Tyy=Ty/To. (17)

We occasionally use the boldface letters x, ¢, ¥, ¢, xy, and Dy, for x;, &, D;, §i, Xwi, and Dy;,

respectively.
Then, we obtain the dimensionless form of the ES model (2) as follows:
af af 1 . 4
= i— = - , 18
8t+ ox, GQ(f) (13)
where
O(f) = A(T)p(G - /). (192)
g= 7 57 P Vexp | = — 0T iy — ) — £ o
w3/2(detT)/2 T,,°T'(8/2) ‘ Trel
My = A = —Tudyy +vpi/p1+0T8;, (19¢)
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,6:// faéde, (19d)
0
1 .
8= < / / ¢ faédz, (19)
14 0
by =2 // (& — 0, — 9;) fdEdt. (19f)
0
2 ([ s
o= o / / (¢ — 007 fdéds, (19g)
P JJo
fo = = / / € fdéds. (19h)
3p JJo
T:M’ (19i)
346
Tre = 0T + (1 — 0)Tin. 19))

Here, € is a quantity of the order of the Knudsen number Kn defined by

Nl VTl
€ = —Kn=

v 20
2 2 L (20)

d¢ = dg1dgdgs, and the domain of integration with respect to ¢ is the whole space of ¢. The
(dimensionless) pressure p and heat-flow vector g; are given by

5= ot @1)
G = / / (& — 008 — 37 + &) fdéds. 22)
0

Corresponding to the statement including Eq. (5), O(f) = 0 is equivalent to the fact that f is the
dimensionless local equilibrium given by

. 5E5/2-1 o &
frg= —t p(—"; i —7>. (23)

= ~ €X
(R TYRT2T(8/2) T 7

In addition, the dimensionless version of the statement containing Eqs. (6) and (7) reads as follows:
For an arbitrary function 2(7, x, ¢, £), the relation

[o¢]
// ¢-0(8)dEds =0 (24)
0
holds, where @, (r = 0, ..., 4) are the dimensionless collision invariants, i.e.,
Qo=1, gi=6 (=123, g=1P+E. (25)
The dimensionless form of the initial condition (9) is written as

f0,x,¢,8 = fo, (26)

where

fo=ITG/DIEQE e, ¢ =1¢1= (), E@) =a"exp(=2Y).  (27)
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The boundary condition (11) is nondimensionalized as follows:

i X o A 5, £9/2-1 a2 €
P % 0,8 = (1 — )R FG x0 £, 6) 40— exp (—u - f—>,

(T2 101 (8/2) Ty
for (& —dy)-n >0, (28a)
T \'? 00 R A A
By = _2(A_) / / & — by) - nf(, xy, ¢, E)déde, (28b)
Ty (£—by)n<0 JO

where R is the dimensionless reflection operator, corresponding to (12), acting on any function § of
é‘ i i.e.,

RE(&) = &(¢i — 2 — Dwj)n ny). (29)

We note that v, = 0 and fw =1atf=0, and x, (thus d,,), Tw, and n are assumed to change
smoothly in 7. Corresponding to Eq. (13), the following condition holds on the boundary:

//Oo(; — ) - nf(F xy. £, E)dEdL = 0. (30)
0

We will analyze the initial- and boundary-value problem, Egs. (18), (26), and (28), for small values
of the Knudsen number Khn, i.e., for € < 1. Since the reference time is fp = L/(2R THY? =1 /€Ve,
where v, = pgA.(Tp) is the mean collision frequency at the reference equilibrium state, it is much
longer than the mean free time 1/v,.

IV. CHAPMAN-ENSKOG EXPANSION AND THE COMPRESSIBLE
NAVIER-STOKES EQUATIONS

As is well known, the compressible Navier-Stokes equations are formally obtained from the
Boltzmann equation by the Chapman-Enskog expansion [18,20,30,31]. For the present ES model for a
polyatomic gas, the compressible Navier-Stokes equations are derived in Ref. [22]. In this section, we
just summarize the first-order Chapman-Enskog solution and the resulting Navier-Stokes equations.
The Chapman-Enskog solution is based on the assumption that the length scale of variation is of
O(1) [or O(L) in the dimensional space] and the initial and boundary conditions are not considered.
Therefore, the solution has a specific property, so that it should be distinguished from the correct
solution f for the initial and boundary value problem of the ES model by an appropriate subscript,
such as fcg. However, in order to avoid cumbersome notation, we denote it just by f in this and
following sections except in some places that need clarification.

A. Linearized collision operator
In this subsection, we summarize the linearized collision operator of the ES model. Let us consider
the case where the deviation from the equilibrium state at rest with density po and temperature T is
small and put f = fo(1 + ¢) [cf. Eq. (27)], where |¢| < 1.If we insert this f in Q(f) [cf. Eq. (19a)]
and neglect the terms of the order of ¢ and higher, then we obtain
O(f) = JoL@) = [T/ E@)E e  Lig), (31)
where
~ N A~ A A 8 8,']'
£[¢(l,x,;,8)](t,x, Cvg):a)+2§lul+ 5_5 Trel + é‘l;j_y dl]_¢1 (323)
w={(¢), ui =5, (32b)
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3'L—tr +87inl
-0 1 -0y, 7= — 0 32
Trel T+ ( )Tint, T 315 (32¢)

_ 22 3 _2[(e_ 8
e )

dij = [(1 — )1 + 0718 + (1 — OW[P;; — (0 + )3y ],
Pij = 2(5iL;9), (32e)

and (-) is defined, with an arbitrary function 2(¢, &) of ¢ and &, as
.60 = [[ s & dradas = [[ s e B e fagar. 33
0 0

In Eq. (32a), the argument of ¢ and that of L£(¢) are shown explicitly on the left-hand side. The
operator L(-) is the linearized collision operator of the ES collision operator Q(-) in Eq. (3a) or
Q(-) in Eq. (19a). It satisfies the relation

(- L(8)) =0, (34)
where ¢, (r =0, ..., 4) are given in Eq. (25). In addition, we introduce the following modified
operator L,(¢):

Ly(@) = Acla)a™ P L($). (35)

B. Chapman-Enskog solution and Navier-Stokes equations

As is well known, the Navier-Stokes equations correspond to the first-order Chapman-Enskog
solution, which can be expressed as

f=FfO4 fDe 4 0(e?). (36)

Here, the leading-order term @ is a local equilibrium distribution

. 5&8/2-1 _p2 £
f(0)= = p = exp —|; Av| - =1, 37
(wT)3/2T5/2T(8/2) T T

and the first-order term f(! is given by the following form:

e (38a)
Y= _ﬁlf JACE, f)s_ij B ﬁ(cjck C 6]k>B(T)(gz’; 2_)'2/()
57 BC g, T)avj (38b)
where
C’:%’ c=lel=(c2)"”, g‘:? 39)
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and AC, €, T), B(T), and B,(C, &, T) are the functions defined by

AC, E.T) = AY;L/;) (02 _3 er ) + E), (40a)
. 2 712

B = I s Ay (40b)

ByC, €, T) = 1.2 ATI/AZ <1(ch - 5‘). (40c)
03+8A(T)\3

More specifically, they are the solutions of the following integral equations:

548 -
L;(CiA) = —Ci <C2 — —; + 5), with subsidiary condition (C*A) = 0, (41a)
1, L,
ﬁfv CjCk - gc 5jk B = —2 CjCk - §C (Sjk 5 (41b)
2 1 ., =5 . . . 2, &
Li(Bp) = 313 §8C — &), withsubsidiary condition (B,) = ((C* + £)B,) = 0. (41c¢)

Note that the independent variables in £7( -) are C and &, and the integration variables in (- ) [thus
in £7(-)] are also C and &.

The macroscopic quantities associated with the Chapman-Enskog expansion are also given by
Egs. (19d)—(19j), (21), and (22). However, the expansion (36) is designed in such a way that g, d,
and T in Eq. (37) are, respectively, the density, flow velocity, and temperature associated with f.
Therefore, the corresponding moments of the first- and higher-order terms should vanish. That is,
we construct these terms in such a way that

/ / ) ¢, fPdéde =0 (42)
0

holds for £ and the same is true for the O(e2) terms in Eq. (36). Here, ¢, (r =0, ..., 4) are the
dimensionless collision invariants given in Eq. (25). One can directly confirm that Eq. (38) fulfills
this requirement.

Inserting the expansion (36) with Eqs. (37) and (38) into Egs. (19g) and (19h) leads to the following
dimensionless translational and internal temperatures f}r and f‘im:

L. 2 8 1T o )

In =T —€5———= -7~ — + 0(€), (43a)
303+8)p A(T) dx;

N " 2 1 T ap; 5

T =T O(€). (43b)

e
0G +8) p A(T) dx;

It also gives, from Eqgs. (19f) and (22), the following expressions of the dimensionless stress tensor
pij and heat-flow vector §;:

L (0D 9D, 20D L Oy

pij = poij — e T — + —= = = —8;; ) — eTp(I1)——35;; + O(eD), 44

pij = pdij — e I'i( )(ij+8xi 3%, ,) €Co(T)g -8 + (€9 (44a)
5 o o.0T

§i = —>eTy(T)— + 0(e)), (44b)
4 8x,~
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where
. 8 ~in [ 6 2B e 1 T
() = lsz COB(T) exp(—C?) m/z)e d&dC = v A (45a)
. 16 ge-r s\ T
Oo(T) = ——T1? /42 T 2 “EdEdc =1+ = |—,
(1) = eV CHC* + E)AC, E, TYexp(—C )F(8/2)e &dc + i
(45b)
. 8 . 00 OO o 58/2—1 L 1 28 j*
(1) = —=7"? /c“B CET —C? ~€dédc = — — . 45
D=3 7T0 ) Jy PG s DertOrgae 63610 A0 O

As shown in Sec. VI, €I'}, €[';, and €I}, are related to the viscosity, the thermal conductivity, and
the bulk viscosity, respectively [see Eq. (134)].

If we use Eq. (44) in the Maxwell transport equations, which are derived by integrating Eq. (18)
times ¢, (r = 0, ..., 4) [Eq. (25)] over the whole space of ¢; and whole range of £, and neglect the
terms of O(e?), we obtain the Navier-Stokes equations for compressible fluids, i.e.,

0p  0p0;

98 L 2PY _, (46a)
ot ij

0pd;  9p0;D; 19p € 0 ~ (0D a0, 20D € 0 . 0D
L | N1 A L | e § G R
dt 0x; 20x;  20x; 0x; 0x; 3 0xx 2 0x; ox;

o[ (346, 9 546,
—|p( —==7 — | pp; [ —T +9
Ao (5| o (5577 )

5 9 . (T)af N 9 (o 30; N 30; 286k8 N 9 ) adx
= —€— — €— Vi| — + — €— v;
Xl Xj 1! ox;  0x; 3 0x; ax; b Toxi

(46¢)

where p = pT. If we set T,(T) = 0 and 8 = 0 (since § > 2, this setting is just formal), Eq. (46)
reduces to the (dimensionless) compressible Navier-Stokes equations for a monatomic gas [cf.
Eq. (50) in Ref. [1]]. The dimensional form of Eq. (46) will be given in Sec. VL.

V. DERIVATION OF THE SLIP BOUNDARY CONDITIONS

In this section, we derive the slip boundary conditions for the compressible Navier-Stokes
equations (46). The procedure, which is based on the analysis of the Knudsen layer established
by Sone in the framework of his generalized slip-flow theory [11-18], is basically the same as that in
the case of a monatomic gas [1] though the full Boltzmann equation is considered in this reference.
Therefore, we will make a concise description referring to this reference occasionally.

A. Knudsen layer
1. Introduction of Knudsen layer

In the first-order Chapman-Enskog solution, which corresponds to the Navier-Stokes equations
(46), the initial and boundary conditions (26) and (28) are not taken into account. To be consistent
with the fact that the term up to O(e) is considered in Eq. (36), the initial and boundary conditions
should be satisfied up to the order of €.
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If we assume
p=1 =0, T =1, at =0, 47)

then the Chapman-Enskog solution (36) satisfies Eq. (26) up to O(e) because 99;/dx; = 0 and
aT /9x; = 0 hold. Therefore, under assumption (iv) in Sec. II, Eq. (47) is the correct initial condition
for Eq. (46).

Next, we consider the boundary condition (28). Since the leading-order term @ of the Chapman-
Enskog solution is a local equilibrium distribution [Eq. (37)], it can be made to satisfy Eq. (28) by
assuming that

D=1y, T =T, at x=xy. (48)

However, as discussed in Ref. [1], if we try to satisfy the boundary condition (28) up to O(¢) with
the first-order Chapman-Enskog solution f© 4+ (e, we encounter a contradiction.

In order to obtain the solution satisfying the boundary condition, one has to introduce the kinetic
boundary layer, the so-called Knudsen layer, with thickness of the order of € (with thickness of the
order of the mean free path in the dimensional physical space) adjacent to the boundary [17,18]. Let
us denote the Chapman-Enskog solution (36) by fcg, the correction term inside the Knudsen layer
by fk, and the total solution that satisfies the boundary condition by fi,. Then, we write

frot = fer + fx. (49)
Correspondingly, we denote the macroscopic quantities by
i = hee + I, (50)

where h stands for any of the dimensionless macroscopic quantities, 3, d;, p; s Ty, etc., appeared in
Egs. (19d)—(19j), (21), and (22), and heg and hy indicate these macroscopic quantities associated
with the Chapman-Enskog solution and the Knudsen-layer correction, respectively. Note that the
macroscopic quantities appeared in Sec. IV belong to /g although the subscript “CE” was not used
there.

We assume the following properties for the correction term f:

(a) fk is appreciable only in the Knudsen layer and vanishes rapidly away from the boundary.

(b) fK has the length scale of variation of the order of € (i.e., of the order of the mean free path
Iy in the dimensional physical space) in the direction normal to the boundary, that is, ;3 fx/ox i=
O(fx/€).

(c) fx has the length scale of variation of the order of 1 (i.e., of the order of the reference length
L in the dimensional physical space) in the direction along the boundary.

(d) fK has the timescale of variation of the order of 1 [i.e., of the order of fp = L/(2R T9)'? in
the dimensional time], i.e., 8 fx /0f = O(fx).

These assumptions can be justified if such a solution is obtained actually.

If we substitute Egs. (49) and (50) into the definitions of h, ie., Egs. (19d)—(19j), (21), and
(22) (with f ﬁm and h = hmt) and use the fact that ch and th also satisfy the same relations
as Egs. (19d)-(19j), (21), and (22) (with f = fcg and h = hcg) (cf. Sec. IVB), we obtain the
expressions of the corrections hK inside the Knudsen layer in terms of fK and hCE Further, if we
substitute Eq. (49) into the ES model, Eq. (18), and take into account the fact that fCE is the solution
of the same equation, we obtain the equation for the Knudsen-layer correction fx. We also obtain the
initial and boundary conditions for fx by inserting Eq. (49) in Eqgs. (26) and (28). These procedures
will be explained more specifically in the following subsections.

2. Preliminaries

The fact that the Chapman-Enskog solution (36) can be made to satisfy the boundary condition
(28) at the leading order in € by the choice (48) indicates that the differences ¥ — v, and 7' — T, are
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small and of the order of € on the boundary. Therefore, we put

€, f"—f"W:Y:"e, at x = Xy, (1))

<l

D— vy =

where 7 and T are the quantities of O(1). The above fact also indicates that fx starts at the order of
€, so that we let

fk = £l + Rye?, (52)

where Rf€2 is the remainder, and R is of O(1) and has the properties (a)—(d). Correspondingly, we
put

hx = b\ e + Rye?, (53)

where Rje? is the remainder corresponding to R se2.

. WeAinsert ];lqs. £49) and (50) WithAEqs. (52) and (53) into Eqgs. (19d)—(19j), (21), and (22) (with
f = fir and h = hy) and note that fcg and hcg satisfy the same relations as Egs. (19d)—(19j), (21),
and (22) (with f = fCE and i = hcg). Then, picking up the terms of O(¢) for ﬁ;” and putting the
O(€?) terms in Rj,€2, we obtain the following expressions of ft%l):

pr’ = / / FDagde, (54a)
0
1 [[> I
D = = / / & — o) f déde, (54b)
1Y 0
A(1) oo ~ NN OFT.
Pkij = 2// (& — 0:)(&; — b)) fx 'dEdE, (54c)
0
fm:i//‘” (é‘k—ﬁk)z_éf iadde. (54d)
trK 3/6 0 P K
£l = = //OO ¢-21) fhaca (54¢)
intK — (3,5 0 2 K s
R 370 4 gfO
T(l) — trK intK , 54
K 3456 (541)
Tk = 07" + (1 — 0Tk (54g)
P =pT" + T (54h)
. * . . s S5+ A0 an _
ay) = // @& - vi)[(g — 0+ € - TT] Dydde. (54i)
0

Note again that /), 9;, and 7" here are the macroscopic quantities associated with the Chapman-Enskog
solution though the subscript CE is not attached. It should also be noted that use has been made
of the fact that Ty = T + O(e), Ty = T + O(e), Tret = T + OC(e), and p;j = pdij + O(e€) in the
derivation of Eq. (54).

Substituting Eq. (49) with Eq. (52) into Eq. (18) and noting that fer is also the solution of Eq. (18),
we obtain the following equation for flg) (see Appendix A for the outline of the derivation):

e Of 3 A
a7 +e€g; o ((Mp(Gx’ — f) + O€Ry), (55)
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(a) (b)

FIG. 1. Coordinate systems. (a) Coordinate system on the boundary; (b) coordinate system for the Knudsen

layer.

where
A(1) ~(1) ~ ~ ~ & (1)
5(1) _ O 'OL ZUK](({k - Uk) ({l - Ui)(gj — Uj) . (Sl d: £ _ é 7-1relK
g]( f { ,5 + T + T ) Kij + T ) T )
(56a)
70 F . YOI O

diij=|(1—0)2K oK l5. (1 —opw| =L (2 +K)5; | 56b
Kij |:( ) 7 7 j ( ) ﬁT ,5 7 j ( )

This equation will be elaborated further below.

3. Knudsen-layer equation

We first express a point xy, on the boundary as a function of coordinates x; and x, fixed on the
surface of the boundary and of time 7, i.e.,

xy = xu(, X1, X2)- (57)
[See Fig. 1(a).] When x; and x, are fixed, the function x(#, x1, x2) of # gives the trajectory of a
fixed point on the boundary, and when 7 is fixed, the function x.,(f, 1, x2) of x; and x, gives the

parameter representation of the boundary surface at time 7. The velocity of the boundary 9, and the
unit normal vector to the boundary n, which are also the functions of 7, x;, and ¥, are expressed as

0Xy

b (@, X1, x2) = Y (58a)
. dxy _ dxy\|0xy _ dxy |
n(t, 1, x2) = i(i X L) Mw o TXw) (58b)
ox1  dx2/|0x1  dx2

where x indicates the vector product, and + sign or — sign is chosen in such a way that n points
into the gas region.

In order to analyze the Knudsen layer, we introduce a new coordinate system that is local near
the boundary and appropriate to describe the rapid change of the physical quantities in the direction
normal to the boundary. We introduce the new variables 7, 5, and £, by the following relations [see
Fig. 1(b)]:

f=1, (59a)
x=€nn(i:a X1 X2)+xw(;7 X1 XZ)’ (59b)
; = CW + i\)W(i’s le XZ) (59C)
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Here, 1 is a stretched normal coordinate, and ¢, is the molecular velocity relative to the velocity of
the boundary. In accordance with the properties (a)—(d) in Sec. V A 1, we assume that fk is a function
of 7, m, x1, x2, £\, €) and vanishes rapidly as n — 00:

fe = F@n o xe 64 6), (60a)
fk =0, as n— oo (60b)

Therefore, Eq. (60) also holds for f}((l) and Ry in Eq. (52).
We now consider Eq. (55) 1n51de the Knudsen layer, i.e., n = O(1) or (x — xy,) - n = O(¢). The

x dependence of f© is through p, 9, and T, the length scale of which is O(1). Therefore, inside the
Knudsen layer, they can be Taylor expanded around x = xy, that is,

p=ps+ O(en), D=+ O0(en), T =Tg+ O(en), (61)

whers: the sybscriptB indicates the value on the boundary x = x, orn = 0. Because dg = by, + O(€)
and Tg = Ty, + O(€) [Eq. (51)], we can write

p=ps+0n), d=0,+0€n+1), T=T7,+0(n+1). (62)

If we substitute Eq. (62) into Eq. (54), the O(en) and O(e(n + 1)) terms in Eq. (62) produce the
terms of the order of €(n + 1) times a moment of f}g), which vanish rapidly as n — oo. Therefore,

if we put these terms (times €) into R,e? in Eq. (53), we can change the expressions of flf(l) from
Eq. (54) to the following:

o = / " fhagas, (63a)
il = o | / & — b déde, (63b)
Py =2 / (& — D)€ — dwj) fi'déd, (63c)
Tk = [(ck — dw)? — }f“)déd;, (63d)

T = // (5 - —T )f“)dfd(, (63e)
5,013

M) | oD
PO _ 37, + 8Tk

= ) 63
K 3+ (630
Tk = 07 + (1 - )Tk, (63g)
P = T + T, (63h)
iy = / & - vwz)|:(§k — )+ € - —T } FDacde. (630)
Incidentally, with Eq. (62), £© in Eq. (37) inside the Knudsen layer is expanded as
FO = Jll+ Ot + D), (64)
where
R A 56/2—1 P RY g"
f = _ PB - exp _M - . (65)
(mTW)* 2T T(8/2) Ty Ty
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If we use Egs. (62) and (64) in Egs. (55) and (56), the O(en) and O(e(n + 1)) terms in Egs. (62)
and (64) create the terms of the order of €(n + 1) times f]gl) or its moment, which vanish rapidly
as 1 — oo. Therefore, we can put these terms into the remainder € R in Eq. (55). If we do so, the

right-hand side of Eq. (55), QAS ) in Eq. (56a), and d;; in Eq. (56b) are, respectively, replaced by

AdT)ps(GY = fV) + O(eRy), (662)
A e . . 5 A (1)
¢ — 7, 42 O (G — D) n [(Ci - Uwi)A(Cj —Owj) %}dK“ n Ai 4 Tr}\elK
AB T Ty 2 Y Tw 2 T, |
(66b)
7 F ﬁ%D PYCI O
dyii = | (1 — )X K 18 +Q—0pw| —L — [ 2 4 K s, |. 66¢
Kij |:( ) Tw Tw j ( ) ,OB Tw /3B Tw j ( )

On the other hand, if we express the left-hand side of Eq. (55) in terms of the new variables
@, n, X1, x2, £,), it reduces to

f(l)

Swilli ——— o + O(eRy), (67)
where O (e R r) is the remainder. Since this remainder has the same properties as that on the right-hand
side, Eq. (66a), the same symbol is used. The process of the derivation of the form (67) is exactly
the same as in Ref. [1] (see Sec. 5.2.2 in Ref. [1]), so that it is omitted here. However, we note the
following. As mentioned in Ref. [1], we have assumed that the terms containing o f1(<1) /0&y; are of
O(eRy) in Eq. (67) in this process. However, flgl) may have a singularity at ¢y;n; = 0, so that the
derivatives may diverge there [32-34]. In the present analysis, we adhere to a formal analysis putting
aside the mathematical subtlety as in Ref. [1].

From Eqs. (66) and (67), we obtain the following equation for fy pD.

A(1)

Cwilti ﬁ = A(Tps(GY — A) + O(eR)), (68)
where QE is given by Egs. (66b) and (66¢). Recall that R f is a quantity of O(1) that has the properties
(a)—~(d) in Sec. VA 1. We note that R, vanishes rapidly as n — oo, |{,,| — 00, or &€ — oo in the
current notation. B

Here, we introduce new variables Cy, and &, by setting

— by - &
Com o =S 5= (69)
Tw Tw Ty
and denote the normal component and magnitude of Cy, by Cy, and Cy, respectively, i.e.,
1/2
Con = Cujnj = Cy on, Cy = (C2))" = |Cul. (70)
Then, f,, can be expressed, by the use of the function E defined in Eq. (27), as
o = s E(C)E> e, (71)
1./°T(8/2)

It should be noted that pg and f‘w are functions of (7, x1, x2).
Now we let

D (E, 0, i, g2, TY2Cw, TWEa) = Fu®(, 0, X1, X2s Cos Ew)s (72)
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and change the velocity and energy variables from (¢, &) to (Cy, &y). Then, by the use of the angle
brackets (-) defined by Eq. (33), the macroscopic quantities ,6[(2 ), f)gi), ﬁgi)j, f"éll() , flgt%(, and @gi) in

Eq. (63) are expressed as follows:

A(D)

o) - _

£ = (07, n, x1. x2. Cw. &), (73a)

PB

D _ -

T‘f;z = (Cai @, . x1. x2: Cw> E)), (73b)
A(1)

Pxij ~ &

~ :2(CWICW]<D(I7 n, X17X23CW78W))7 (73C)
IOBTW

Tl 2 (3 -

Ar = = C - = CDf’ 5 5 »Cw»gw 5 73d

7. 3<<w 2)(?7)(1)(2 )> (73d)
T 2/(s & .

T = = w A q);a 9 5 sy Lwy Ow 5 7

7 3<<€ 2) & n, x1, x2,C 5)> (73e)
ax; R Ay _
ﬁ = <CWi (CW + 5W - T)@(t, 1, X1, X2» ch gW)> (73f)
PBLw

Note that the integration variables (¢, &) in the definition of (-) [Eq. (33)] should be replaced by
(Cyw, &) in the above equations, i.e.,

(8(Cw,Ew)) = f f h 2(Cy. ENIT B/ E(C)E > v dEydC,,. (74)
0

We use Eq. (73), the resulting expressions of fé“ and fr(elu)c and the new variables C,, and &,
[Eq. (69)] in Eq. (66). Then, recalling the definition of the linearized collision operator, Eq. (32), we
have the following expression of the right-hand side of Eq. (68), i.e., Eq. (66):

AcT)ps(OF — A) + ORy)
= Ac(fw)ﬁBfwﬁ[CD(fv n, X1, X2, CW» E_W)](fa n, X1, X2» CW7 ‘S-W) + O(GRf) (75)
Here, the arguments of ® and £(®) are shown explicitly. With Eq. (75), Eq. (68) is rewritten as

ad ATy .
Cwna = IOB ’1,\_‘1/2 E(CD) + O(ERf/fW) (76)

In order to get rid of the coefficient ﬁBAC(f‘W) / A“l,/ Zin Eq. (76), we further introduce the new

normal coordinate y in place of 7,

y= ,613%'7, (77)
and let
O, [P AT TYy, x1, %2, Cws E) = $(F. ¥, X1, %20 Covs E). (78)
Then, Eq. (76) reduces to
cwn% — L)+ OCR;/ fu). (79)

If we neglect the terms of O(eRy/ fw), we obtain the equation for ¢, i.e., that for }2".
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4. Knudsen-layer boundary condition
Now we consider the boundary condition. We impose the boundary condition (28) to the total
solution fi, [Eq. (49)]. If we use Eq. (49) with fcg given by Eq. (36) and with fx given by Eq. (52)
in Eq. (28), we obtain the following relation at = 0 (or x = x):

e/ =1 —eR L — FO — eV 4 (1 - RSO + e /D) + a fw + O(€*Ry),

for (¢ —dy)+n >0, (80a)

172
Pw = —2(%) f / (& —ow) - n(fO+ e fO +ef)dEde + 0(€?), (80b)
% (&—1y)n<0

where Ry, is a remainder of O(1) vanishing rapidly as |¢| (or |Cy|) — o0 or & (or &) — oo. For
instance, fw [Eg. (65)] belongs to the class of Ry,.

A slight modification of the corresponding calculation in the case of a monatomic gas (see
Appendix B in Ref. [1]) shows that f©, 71 and p,, contained in Eq. (80) can be expressed in
the following form:

o] 348 \T
FO = fw{l +e[2cwj L+ (Cfv _2*e + &, )—} + 0(62)}, (81a)
7.l 2 Tw
fO = fulWy + 0o, (81b)
Pw B; 17T 1. .
ﬁ_B:1+E{ «/;A“l/zni-i-sz—w—gIB(Tw) 12
3 ; a0; 1 1 ED)
(82, () o -] -2,
2 (7 \"? o oA
_ﬁ_<i_) / f € — b mf )dEd;}+O(62), (81¢)
B w (&—by)-n<0JO
where
a7 1 1
\I]w = th va gw» T Q17 Cwicw' i B T
,OBTW A( )<8x1>3 2,OBT1/2< J 3 w J) ( )
313,- 8@, 31)}
— —) | = ——=By(Cy, E, T , 82
G, (), ) e e (5, @
. o0 oo . ) - . . 2 7.2
Ip(Tw) = / / CB(Ty)e wEN e a€dCy, = B(Ty) = ~
re2) e Jo 1—v+406v A(T,)
(83a)
S TI/Z
T, (T C3 By (Cy E, Tu)e S E e 8vd8dCy = ———— .
5(Tw) = F(a/z)/ f 8 e = 60G +0) A(Ty)
(83b)

In Egs. (81a), (82), and (83), use has been made of the new variables C,, and &, and the notation
Cy introduced in Egs. (69) and (70). For the new velocity variable Cy,, the reflection operator (29) is
replaced by the following R:

R&(Coi) = §(Cui — 2Conjmy), (84)
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where g(Cy;) is a function of Cy,;. It should be noted that R fw = fw holds. Taking into account
Egs. (81) and (84) in Eq. (80), we can transform Eq. (80) to the following form:

i = (1 —a)RA" + fuF 4+ O€Ry), at n=0, for (£ —dy)-n >0, (85)

where

R ~ of , 448 N\T
.F:—Z[ij—(l—a)RCWj]W—aﬁmnj—a<cw——+€w =

Wy, + (1 — )R, 1I(T) ! 90;) 4 (2 1(5 )
W, (1 B 9 N Nmms — (65 — mom
“ “ 6 b ;OB “1,/2 8)C,' B a)Cj B " 2 J J

275 (P (af’f) L2 (”)1/2/ /oo(c b nﬂ”dédc} (86)
B, Lw i ~\ 7 —Pw) :
’ ,oBTVi/2 ox; ) OB\ Ty (E—by)-n<0JO K

This expression can be simplified slightly more, as shown below. A
First, let us integrate Eq. (68) with respect to ¢, over its whole space and with respect to £ from
0 to oco. Then, the integral of ng ) fx AL vanishes, so that we have

i//wgwin “>d5d;W—0< f/ Rded;') (87)
an J Jo

Since f{(” and Ry vanish rapidly as n — oo, the integration of the above equation with respect to n
from O to oo gives ffooo Cwilli “)ded;W = 0O(e) at n = 0. Therefore, it follows that

/ / twini f'd€dg,, = O(e), forany 7. (88)
0

On the other hand, the total solution ﬁol of Eq. (49) has to satisfy the condition of no net mass flow
on the boundary, Eq. (30). If we insert Eq. (49) in Eq. (30) and consider the properties of fcg, we
obtain the relation pg(dg — dy) - 1 + [f (£ — dy) - n fx(n = 0)d€d¢ = 0. Then, with the help of
Egs. (51), (52), (59¢), and (88), we can show that

pped n = — / OOO ¢y -nfef’ + OERp|(n = 0)dédg,, = O(?), (89)

that is,
?-n = 0(). (90)

Next, we should mention that, as shown in Ref. [1], the following relations hold:

), (5,
— | +| =) |6 —mnn;)= OC(e), (91a)
|:<8Xj B 8)(,' B J ]
o9, em,) ]
— ) + Gix —ning)(j; — njny)
|:<axj>3 <8x,- B ! !
av;  99;
=€ g*‘g ik —nin)(j; —njny) = O(e), (91b)
J i
1, 80, 29,
wibwj o 81" ~_ -
(C i = 3% ’)[(ax,»)f(axj),j
1 0D; 0D ; a;
=2(Cop— 2Co )| == ) ninj + 2CunCoimi(8;j — nin)| | == — O(e).
2(6h=362) (5 ) s+ 20wamtss —mnp| (52) + (52) |+ 000
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The relations (91a) and (91b) are due to the rigid-body motion of the boundary, and Eq. (91c¢) is a
consequence of Eq. (91b). In addition, it follows from Eq. (91a) that

00; av; ad; L[/ 00 ad;
(82), - (22) - 32,2, (22) Jo o
3Xj B 8xj B ij B 2 an B 8)6,‘ B

a0;
- (M)Bn"”j + O(e). 2)

Now we make use of Egs. (72) and (78) in Eq. (85) to derive the boundary condition for ¢.
To be more specific, we change the integration variables from (¢, &) to (Cy, &) in the integral
in Eq. (86) with the help of Egs. (69) and (71). Then, we use Egs. (90)=(92) and the relations
Cwi = Cynni + Cyj(8;j — ninj) and RCy; = —Cynh; + Cyj(8;j — ninj). As a consequence, Eq. (85)
reduces to the following form:

" 445 T v;
¢=(1—a)R¢—a(C2_T+E )T——ZaCW,-(Sij—ninj)ﬁj/z—Zaﬁ
5/2 1 1 97
Con® E(Cy, v dEadCy + (2 — —ConACy, Ew, T n;
/co./ PEC )m/z) Y Raca )(axl>
al [C? ——02 B(Ty) + By(Cy, & f)—lz (Tw) = 2Zp,(Ty) ! o8 nin;
wn 3w w b \Lw, Cws Lw 3 BLw By, 1w pBT1/2 8)Cj 5 ij
1 A 0D; av;
2 -« Cwncwz 81 iy B Tw —L a_
o )ﬁBﬁi/z (G = min B )|:<3xl>3 " <3xj)B:|
1 o . (T
+a—Cyi(8;j — nin;) ACy, Ew, Tw)(_> + 0(e), (y=0,Cyn > 0). (93)
PeTy 0x; /g
5. Summary

If we omit the terms of O(¢) in Egs. (79) and (93) and take into account Eq. (60b), then we obtain
the problem for ¢. In order to avoid cumbersome notations and to match the variables with those in
the definition of the linearized collision operator in Eq. (32), we change the names of the variables
from (Cy, &) to (¢, é‘) and denote ¢ as a function of (7, y, x1, x2, ¢, E:'), that is,

Cv—¢, &= & oGy x1, %, C0w ) = 0F, ¥, x15 X2, £, E). (94)

Then, the equation and the boundary condition for ¢ become as follows:

ad
§n8—¢ = L(¢), (y>0), (95a)
y
446 T 5.
¢ = (1—a)R¢—a<§ —T+g> TW 2a§i(8ij—ninj)ﬁj/2

55/2 1 _5 A . afw
—2af/<0/ (0B e dEdE + 2 —a)— BA GAG € T)<3—> "

1 a9;
a[({f—gz )B<T>+Bb<;6 T)——IB<T>—ZIB,,<T )} Am(a )n,-n,»
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+Q—a)— 6 Bt (22 4 (2
— )75 in(0ij —nin ) )6(I)| | —— —
ﬁBTvi/zg by ! 0x1 /g 0xj /g

1 s o (0T
+o—=ti(6;; —ninj) AL, E, Tw)<_> , (b=0,%,>0), (95b)
BTy 0x; /g
¢ — 0, (y— 00), (95¢)

where A, B, and B, _are given inNEq. (40), and Z and Zp, in Eq. (83). Here and in what follows, the
reflection operator R indicates Rg(¢;) = £(¢i — 2¢;n;n;) because of Egs. (84) and (94).

The problem (95) is a steady boundary-value problem of the linearized ES model for a polyatomic
gas in the half space y > 0. The corresponding problem of the linearized Boltzmann equation for
a monatomic gas has been studied mathematically [35-38], and its mathematical structure, such
as the existence and uniqueness of the solution, has been well understood. Numerical analysis of
some relevant problems can also be found in the literature (e.g., Refs. [39,40]). In accordance with
these results, we expect that the present problem (95) has the same structure. To be more specific,
the problem should have a unique solution only when T and ¥ are related to 97" /9x ; and 99; /0x;
appropriately. These relations provide the desired boundary conditions for the compressible Navier-
Stokes equations (46), as we will see in the following subsections.

The detailed difference between the problem (95) and the corresponding problem for a monatomic
gas (cf. Eq. (100) in Ref. [1]) lies in the following points. In the former, the solution depends on the
energy variable & associated with the internal modes, which does not appear in the latter problem
for a monatomic gas; £ appears explicitly in the term containing T /7, and in the functions .A and
By, as well as in the integral term, in the boundary condition (95b). In addition, the quantities B,
and Zp,, which are related to the bulk viscosity, and the parameter § do not occur in the problem
for a monatomic gas. As we will see in Secs. VB 6 and VI, however, the slip boundary conditions
obtained from the problem (95) is basically of the same form as those for a monatomic gas, since
the manner of appearance of the boundary values T,v,(d T /0x;)B, etc., in Eq. (95b) are essentially
the same as in the case of a monatomic gas.

We have not mentioned the initial condition for the Knudsen-layer equation so far. Since the
time-derivative term is not contained in Eq. (95a), we cannot impose the initial condition to this
equation. However, we can show that the problem (95) is consistent with the initial condition (47) for
the compressible Navier-Stokes equations and assumption (iv) in Sec. II. For the detailed discussion
on this point, the reader is referred to Sec. 5.2.4 in Ref. [1].

B. Slip boundary conditions
1. Decomposition of the Knudsen-layer problem

If the four terms containing the boundary values of the derivatives (9 f‘/ 0x;)p and (89; /dx;)p in
Eq. (95b) are set to be zero, then the problem (95) has a trivial solution ¢ = 0, T = 0, and v; =0,
which should be unique in analogy with the case of the linearized Boltzmann equation. Therefore,
these four terms are the inhomogeneous terms, and T and v; are a part of the solution. That is, ¢ as
well as T and 9; is determined depending on the inhomogeneous terms. Because of the linearity of
the problem, the problem (95) can be decomposed in accordance with the form of the inhomogeneous
terms.

Here, we recall that, for an arbitrary vector a, a;(8;; — n;n;) = a; — (ajn;j)n; indicates the
tangential component of a, i.e., the projection of a onto the plane tangent to the boundary. Therefore,
¢i(8;j — n;n;) in the last two lines of Eq. (95b) is the tangential component of ¢. From the form of
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the inhomogeneous terms in Eq. (95b), we assume the solution ¢ in the following form:
i R 1 1 [/ 00, a0 , \
¢(t7yvx s X ’C’S)zfﬁ — + Eln(gl nln)¢ (yvé‘n»é"g)
o peta ATy L\ax )y Ny ) 00 T
I ( T ) , R
+ A ~ A i 81 —nn; s 6ns 6 8
T ATy \3x, 5i(8y; Der(y, 6. 8, &)

1 T2 (aﬁ,-

) ninj ¢1{1(y’ Cna é" é’)

'i_f# —
puTa’? Ad(Ty)\0x; ) g
1 TV ot .
— (—) nigr (v, &, ¢, E). (96)
pBTw AC(TW) axi B

Then, we need to set the unknown parameters 9; and 7 in accordance with the form of the
macroscopic quantities in the inhomogeneous terms. Since (8;; — n;n;)v; is a tangential vector,
it should be related to the (macroscopic) tangential vectors in the inhomogeneous terms, i.e.,
(8ij —nin)[(3D;/0x;)g + (00;/0x;)pln; and (8;; — n,»nj)(aT/ax,-)B. On the other hand, because
T is a scalar, it should be related to the (macroscopic) scalars in the inhomogeneous terms, i.e.,
(8?/8xi)Bni and (39; /0x;)gn;n ;. In summary, we let

= ~1/2 o A

Vj I 1 TW |:<8v]> (avl) :|

50 —nn)=c,—g5==(\ =) +\—) |u@i—nin;
T\},/Z( J ,]) U,éBT“E/Z Ac(Tw) axl s an 5 l( j j)

L) (e (8T)( : o7
— —nin;), a
T/sBT AFo\ox; Jg 7
T 1 T a0 1 T feT
— = 6517/2#<i> ninj + b —— - (-) ni, (97b)
Ty PBTw A(Ty) an B plw Ac(Ty) ax; B
where ¢!, ¢}, ¢!, and ¢}/ are undetermined constants depending on the properties of the gas and
the accommodation coefﬁment o and are determined together with the solutions ¢!, qu, , and
. Once they have been determined, Eq. (97) gives the desired slip boundary conditions for the
compres51ble Navier-Stokes equations, and the constants cu, cé, , and c§’ are called the slip

coefficients. If we denote by ¢ an arbitrary unit vector on the plane tangent to the boundary and fixed
to the boundary (i.e., n - ¢ = 0), Eq. (97a) is equivalent to the following form:

I W I VAL 00, 1 R gef

5l =Cy——5 = + nitj +c — | . (98)
1/2 PN 1/2 9 9 J T N 9

Tw Ty A(Ty) Xi/B Xi /B pBT A (TW) Xi /B

The assumption that ¢!, ¢1, ¢!/, and ¢! are all functions of y, &, ¢, and € will turn out to be
consistent.

Substituting Egs. (96) and (97) into Eq. (95), we obtain the following four decomposed problems
for ¢!, ¢t @17, and @1

@) Problem for (¢!; c!):

dop!

_ S I
tn 5y = L£(gl). (v >0), (99a)
¢! = (1 —a)Rop! —2ac! +2—a)za B, (y =0, & > 0), (99b)
¢l —> 0, (y > o). (99¢)
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(ii) Problem for (¢1; cl):

§na¢T = L5(¢1), (v >0, (100a)
b = (1 — )Rl —2ach +a A, &), (y=0, ¢ > 0), (100b)
¢ — 0, (y — o0). (100c)

(iii) Problem for (¢!/; c!7):

11
;n8¢“ = L(¢"), (y>0), (101a)
dy
ol = (1 —a)Ro!! — 20/ / 6! E £ S e fdlde—af - 49 +é)c”
' odo P EOTG) 2 v
a[((ﬁ - §§2>B + By(£, &) — %IB - 21&}, (y=0,%>0), (101b)
¢.f =0, (y > o). (101c)
(iv) Problem for (¢T ; cT Iy
a¢§"[ . 11
oy = L(p7"), (v >0, (102a)
—1
I _ o ND _ —8‘ B
=0 —-a)Rep — 2T MO/ Ly (g)F(8/2) dédg
2 4+8 A\ 5
—a(g“ -+ 5>cT +Q2—-)nAC ), (y=0,>0), (102b)
I 0, (y— oo). (102¢)

In Eqgs. (99a) and (100a), £5(-) is the linear operator defined as follows: If L is operated on
any function of the form ¢;t;¢(¢n, ¢, ), it can be shown that the resulting function is of the form
¢;tj x (afunction of &,, ¢, and Z'f); £5(+) is defined by this resulting function of ¢&,, ¢, and (‘f, that
is,

LIEitio(Cn, &, EN = it L5[0(n, £ O, €, E), (103)

where the last parentheses show the independent variables of £5(¢). In the present ES model, £5(p)
takes the following form:

L5@) = ((¢* = ¢2)e) + 2(1 — 0wia(2a(6? — &2)0) — @, (104)

with (- ) defined in Eq. (33). The functions A and B, and the constants B, I, and /p, occurring in
Egs. (99)-(102) are defined by

A, 548 4

A &) = AQ € T =75 fm =% - +& (105a)
R ATy 1 2 (1 .
By(£, &) = By(¢, &, Ty) (1/2) ; 3+5(§5 e? —5), (105b)
Adly) 2

B = B(T,) (105¢)

G
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(T 2
= Ip(Ty) A(l/z) . (105d)
= Is,,(TW)A (Tw) _ 8 (105¢)

T2~ 603 +5)

2. Further simplification of decomposed problems

Before discussing the solutions of the four problems obtained in the previous subsection, we
simplify these problems further. For this purpose, we introduce a unit vector s on the plane tangent
to the boundary and orthogonal to ¢ (i.e., n - s = ¢ - s = 0). Denoting the tangential components
of ¢ by & = ¢ - s and ¢ = ¢ - ¢, we introduce the reduced velocity distribution functions (¢!, ¢f.,

11 11) (wl wl 11 1)011) and( 1 1 11 11) corresponding to (¢I ¢1 11 ¢11) by the
wu’ng’ v> ¥T> Yv > YT F XU’XT’XU’XT P g v ¥T> You » T’y
following equations:

N _l/m/m/mN oyt €7 e
§0K (y’ ;n) - 7)ot ooolto ¢K (y’ ;nv gs g)e F(8/2)e dgd;ldQ‘Sv (1063-)

N _lfw/w/oo el A
vt =—| €+ (3. 6 2. E)e reD° dédgdg,, (106b)

. e RN
X0t = f / f E6 0o, 1 e addar,
(k=v,Tand N =1, II). (106¢)

Noting that {? — ¢2 = ¢2 + ¢2, we can rewrite £5(¢)) (k = v, T) [cf. Eq. (104)] using v, as
follows:

£S(¢K’)=% f wk’e*ﬂzdmza—e)vgn% / GuleSdn — ¢l (107)

We can also rewrite £(¢!!) (k = v, T) [cf. Eq. (32)] using ¢!/, /7, and x!! in the following form:

L8 8
L(pl") = o+ 2400 + <5 - §>1’rel + <§ié’j - _j>dij - ¢!, (108a)
1 Y -2 2

w = ﬁf (0,( e "dé‘n’ Un = f §n¢ ndé‘n, (108b)
o7 +(1—6) 3Ty + OTine (108¢)
Teel = 0T — Tintg, T =—F7—, c

o ' 3+

21 o 3

T = 57 (Cf - 5) Metid, + ——/ ylle 5 de,, (108d)
= / Hetde, — / S dg,, (108¢)
di; = [(1 — Ot + 0718 + (1 — O[Pj — (0 + )i, (108f)

/ 2glle fﬂdg“nnn]+—/ wl *fndé‘n(ﬁij—ninj). (108g)

Here, we have omitted the subscript k¥ and superscript I for the macroscopic quantities , un, Trel,
etc., to avoid cumbersome notation. With these expressions, we consider the individual problems.
(i) Problem for (¢!; c!):
If we multiply Eq. (99a) [with Eq. (107)] by (1/71)(§S2 + ;tz)[F((S/Z)]’l6’552’5‘255/2’1e’g and
integrate the resulting equation with respect to £ from 0 to oo and with respect to Z; and ¢, from —oco
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to oo for both variables, then we have

W, _ 1
© %y T

The integration of this equation times e~ with respect to ¢, from —oo to co gives

o 2 l © 2
I ,—¢; _ - I,-¢; ol
[mwve dg, +2(1 9>vcnﬁ/w;nwve de, —yl. (109)

d o0
—/ Gl dg, =0, (110)
dy J-o

Since ! — 0 as y — oo, it follows that

/ Layle b de, = 0. (111)

That is, the second integral on the right-hand side in Eq. (109) vanishes. If we carry out the same
operation as that led to Eq. (109) on the boundary conditions (99b) and (99c), we obtain the boundary
conditions for ¥!. The condition at infinity is obvious, and that on the boundary becomes

vl =1 —aRy! —2ac! + 2 —a) #Em (y=0,% >0). (112)
1—v+6v

Therefore, if we let

w’z—l v! Y (113)
Vo l—v4" Y I —v4ov Y

the problem for ¢! reduces to the following problem for (¥; &):

o2 _ i/w Flede, — 9!, (y>0) (114a)
Tl B s :
Ul = (- Ry, =208, + 22— ), (=0, 5 > 0), (114b)
1/_/1{ — 0, (y = o). (114¢)

(ii) Problem for (¢7; c}):
With the procedure same as that was used to derive the problem for 1!, we can reduce the problem
for ¢1. to the following problem for (¥/; cl):

gﬁ_if‘”wﬁd; —yl (=0 (1150)
! dy B NI ! ’ r ’
vl = (1 —)Ryk — 2ach +a (;,? - %) (v=0,% >0), (115b)
w; _)07 (y—)OO) (1150)

(iii) Problem for (¢!/; cI7):

Since Eqgs. (101a) and (102a) are of the same form, we consider these equations together. Because
of the property (34) and the fact that ¢,fl — 0 as y — oo, it follows from Eqgs. (101a) and (102a)
that

(cagp!!) = (c20!1) = (ea(c®> + E)p!!) =0, (k = v, T). (116)
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These conservation relations are rewritten in terms of ¢!/, ¥/, and x/!! as follows:

B

ﬁ/ tnp e "dly = up =0, (1172)

L 2 II _;n —1

ﬁ,/ I d{n— Pijnin; =0, (117b)
&n (ézwi’ + vyl + X,( ) “dg, = 0. (117¢)

1.

We multiply Eqgs. (101a) and (102a) by [1, £2 + ¢2, (2/8)E1(1/m)[T(8/2)] e &% £0/21¢=¢ and
integrate the resulting equations with respect to & from 0 to oo and with respect to ¢ and ¢ from
—o0 to oo for both variables. If we use the explicit expression of P;;, w, and 7y, [cf. Eq. (108)] in the
term P;; — (o + 7)d;; and take account of Egs. (117a) and (117b), we have the following system of
equations for ¢!/, ' and x!' (k = v, T):

J[ei7 T 0 G-
3y Y=ol | +7a| 0| +[1 -0t +07]| 52+ 1
X! 1 1 t2-3
24 of!
1—9)v / vlle “Gdg,| -1 — TP (118)
2 1 11
é.n_z k

The corresponding boundary conditions for (¢!, ¢!’ x!") are obtained by applying
the same procedure, i.e., the integration after multiplying by [1,§3+§t2,(2/8)é](1/71) X
[T(8/2)] e %4 £¥2-1¢=¢ to Egs. (101b) and (101c). The results are as follows:

2 o 1 2—1 21
v = d-aR| ) —2a/ Golle ide| 1| —ac)| &2 | +aZB|2—1
11 11 1 2 3 y 1
Xo Xo & ¢ — 3
8 1
T %(3 Yo —afss+215 )| 1], 3=0,8>0), (119)
03+8) ;75" | 3
§(§n_§)_l 1
pl!
150, (y = o0). (119b)
11
Xo

In summary, Eqs. (118) (with « = v) and (119) form the half-space problem for (¢!’ 1, xI7; cI").

(iv) Problem for (q)T ; cT
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The equation for ¢Z/ is given by Eq. (118) with x = 7. The boundary conditions for
(I, il x 11y are obtained from Egs. (102b) and (102c) in the same way as Eq. (119). That is,

[of'] o7’ 0 ! -1 =3
~ _ 2

I =0 -aR|yH | -2« / torle mdo, | 1| —acy | 2 |+Q -t | g2 -1,

Lxr' ] X1’ - 1 & =3
(y = Os é‘n > 0)3 (1203.)

Kz

T —-0, (y > o). (120b)

11
LXT |

To summarize, the half-space problem for (@1, 1!, x I c1l) is given by Egs. (118) (withx = T)
and (120).

3. Some remarks on decomposed problems

The problems for (¢!; c!), (qb%; c%), and (q)}l; cé’) in Sec. VB 1 are the classical half-space
problems in kinetic theory formulated by the use of the linearized ES model and the Maxwell-type
boundary condition for a polyatomic gas. To be more specific, the problem for (¢! ¢!)is the problem
of shear slip (the so-called Kramers problem), that for (¢4; c}.) is the problem of thermal creep, and
that for (¢4/; c4!) is the problem of temperature jump.

As we have seen in Sec. V B 2, the problem for (¢>u’; cg) is reduced to that for (I/_fv’ ; Ei), Eq. (114).
We note here that Eq. (114) is exactly the same as the problem of the Knudsen layer for the shear
slip based on the linearized Bhatnagar-Gross-Krook (BGK) model for a monatomic gas [41,42] and
the Maxwell-type boundary condition. It is one of the classical problems in kinetic theory studied by
various authors [43—47] [there are some earlier results [48,49] for « = 1 (diffuse reflection)]. In fact,
¢! is the slip coefficient of the problem, which is equal to « in Ref. [44] and {p in Ref. [47]. Therefore,
we can easily find the value of ¢/ in the literature and can, in principle, recover the solution ¥/ from
the data in the literature. Consequently, we can obtain the solution, i.e., the reduced distribution w,f
of ¢! and ¢!, of the original problem, Eq. (99), immediately from Eq. (113). If we rewrite (¥, &!)
as (¥ ek, ¢l aor)s Eq. (113) reads

1 1
1—v+6v T 1—v+6v
Here and in what follows the subscript BGK indicates the corresponding quantities for the BGK
model for a monatomic gas. Then, if necessary, ¢! can be reconstructed easily by the integration of
Eq. (99a) with Egs. (99b) and (99¢) because the first two terms in the right-hand side of Eq. (107) are
known from /. It should be noted that similar reductions from the ES model for a polyatomic gas to
the BGK model for a monatomic gas have been used for the Poiseuille flow and thermal transpiration
between two plates and through a circular pipe [28,29].

On the other hand, the problem for (¢7; c/.) is reduced to that for (¥/; c}), Eq. (115). We note
that Eq. (115) is exactly the same as the problem of the Knudsen layer for the thermal creep based
on the linearized BGK model and the Maxwell-type boundary condition. Therefore, the effect of
a polyatomic gas does not appear. This is also a classical problem that has been investigated in
several papers [45,47,50,51] (there is an earlier work [52] for « = 1), and c§ corresponds to the
slip coefficient of the problem, which is equal to d/2 in Ref. [51] and {7 in Ref. [47]. Therefore,
the numerical value of c§ is available, and the reduced distribution gﬁ; of ¢§ can, in principle, be
obtained from the literature. This fact is summarized by writing

Y1 = Vipek> Cr = CrBGK- (122)

The reconstruction of ¢7. is also possible with the help of Eq. (100).

Yisck: C CBGK- (121)

Yl =
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In this way, the problem for (¢! ; ¢!) and that for (¢4; cl.) are reduced to the case of the BGK model
for a monatomic gas, so that we do not need new computations basically. On the contrary, the problem
for (!, w1, xI7; cI"), Egs. (118) (k = v) and (119), and that for (¢, ¥1!, x17; ci!), Egs. (118)
(« = T)and (120), are new in the sense that they cannot be reduced to any known problems and require
new computation. Although these problems, which are half-space boundary-value problems of three
simultaneous integrodifferential equations, appear to be more complicated, they are essentially of
the same structure as the problems for (¢!; c!) and for (¢7; cl.). Therefore, the numerical solution
of these problems can be carried out without any difficulty. Some numerical results will be given in
Secs. VB5 and VB7.

4. Remarks on actual numerical computation

The decomposed Knudsen-layer problems have been reduced to their simplest forms in Sec. VB 2,
and some remarks on them have been made in Sec. V B 3 because they may facilitate other researchers’
computation of the solution of the Knudsen-layer problems, which lead to the slip boundary
conditions, for gases other than those considered in the present paper. However, in the present
study, we solve the problems in intermediate forms between Eqs. (99)—(102) and Egs. (114), (115),
and (118)—(120) for the reason described below.

The intermediate forms are for the reduced distribution functions G,’?’ and Hlfv defined by

85/2—1

N _ Y s & -& 48

GK (yv ;‘nv é‘) - E(;)/ ¢/{ (ys ;-Ilv é‘v S)F((S/z)e dg, (1233)
N £3/2-1 2o

H'(y. 6. 0) = —E(C)/ EQY (v, tnr ¢ 5)1“(8/2) de, (123b)

where k = v, T and N = I, I]. In a paper by Hattori (one of the present authors) and Takata [33],
the authors analyzed numerically some Knudsen-layer problems using the linearized Boltzmann
equation for a monatomic hard-sphere gas. Unlike the BGK and ES models, the problems can be
reduced only to the half-space boundary value problems for functions of (y, &, ¢). In Ref. [33],
an accurate finite-difference scheme was devised on the basis of the integral form of the linearized
Boltzmann equation. This scheme has an advantage that it captures the singularities in macroscopic
quantities on the boundary (y = 0) precisely. The accuracy of the scheme has been checked carefully
in Ref. [33]. The coupled equations for G and HY in the present problem have essentially the same
structure as the equations solved in Ref. [33]. In addition, the former equations, based on the ES
model, are much simpler than the latter equations based on the real Boltzmann equation. Therefore, it
is straightforward to modify and adapt the scheme in Ref. [33] to the equations for G and H" . Since
the scheme in Ref. [33] is well established, we preferred to use this approach, rather than developing
a new scheme and code for Eq. (118) in spite of the fact that the independent variables of Eq. (118)
are only (y, &,). The descriptions of the intermediate equations for G and H" and the numerical
schemes for them are cumbersome, so that we omit them in the present paper. Leaving some remarks
on the accuracy of the computation in Appendix B, we will directly jump to the numerical results.

5. Results of numerical analysis

In the present paper, we give the numerical results of the slip coefficients and the profiles of the
macroscopic quantities inside the Knudsen layer and omit those of the velocity distribution function.
In particular, we concentrate on the slip coefficients in this Sec. VBS5, leaving the macroscopic
quantities in the Knudsen layer to Sec. VB 7.

We consider four kinds of gases: nitrogen (N;), methanol (CH30H), water vapor (H,O), and
carbon dioxide (CO,). To carry out computation, we need an appropriate parameter setting for each
gas. The original ES model contains the three parameters §, v, and 6. As we will see in Sec.VI (see
also Ref. [22]), they are related to the ratio 1,/ 4, where w is the viscosity and p,, is the bulk viscosity,
and the Prandtl number Pr by Eqs. (136) and (137) appearing later. For each gas, we specify 8, up/u,
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TABLE I. The values of u,/u, Pr, v, 6, and é for the gases.

Up/ 1L Pr v [% 8
N, 0.736 0.787 -0.5 0.46 2
CH;0H 0.808 0.85 —0.49991668 0.647 6
H,0 (290 K) 0.702 1.01 0.018681113 0.47 3
CO,(5) 5 0.767 —0.332698715 0.086918731 3
CO,(10) 10 0.767 —0.31758292 0.043459365 3
CO,(20) 20 0.767 —0.31052865 0.021729683 3
CO,(50) 50 0.767 —0.30644454 0.0086918731 3

and Pr according to the literature and then determine v and 6. It is known that w;/u is very large
and about 1000 for CO, gas. However, for large values of w;/u, the Knudsen layer in the problems
for ¢!’ and ¢1! decays very slowly because of the slow relaxation of the internal modes, so that the
computation becomes increasingly difficult. This situation is similar to the increase of the thickness
of a shock wave for large 1, /1t [53]. For this reason, we consider a fictitious gas, called pseudo-CO,
gas [53], that has the correct Prandtl number but smaller values of w,/u (np /e = 5, 10, 20, and 50)
and denote it by CO,(up/ 1) [CO,(5), CO,(10), CO,(20), and CO,(50)]. For other parameters, we
set Pr = 0.767 (the value at 273K based on the data in Ref. [54]) and § = 3 (Note that § = 4 is used
in Ref. [53] because it is more appropriate for the high temperature in a strong shock wave). The
parameters for the four gases are summarized in Table I. The values for N, are taken from Ref. [28]
(see Ref. [28] for the original references and the reason for these choices). The values for CH;OH
and H,O are based on Ref. [55].

As mentioned in Sec. V B 3, the coefficient c§ is the same as in the case of the BGK model for
a monatomic gas [cf. Eq. (122)], and the coefficient ¢! is obtained immediately by Eq. (121) from
the value ¢/ for the BGK model. The numerical values of ¢! and ¢} are shown in Table II. Here,
the values for the BGK models are taken from Ref. [47], in which the results based on different
models of the Boltzmann equation, including the BGK model, are compared. For CO,(n), the value
of ¢! is independent of n because ¢! = Pr¢! [Egs. (113) and (137)] and Pr is fixed independent of n.
The values of the slip coefficients ¢/’ and ¢}/, which were obtained by the present computation, are
shown in Tables IIT and IV, respectively. For CO,(n), accurate computation becomes increasingly
difficult as n becomes large. Therefore, we give only two digits for CO,(50) in Table III. According
to Table IV, ¢}/ depends weakly on the types of gases.

TABLE II. The values of ¢! and ). for different gases.

1
CU

o BGK [47] Nz CH3OH Hzo COz(I’l) C;— [47]

0.1 17.10313 13.46703 14.53766 17.27416 13.11810 0.2641783
0.2 8.224902 6.476301 6.991167 8.307151 6.308500 0.2781510
0.3 5.255112 4.137883 4.466845 5.307663 4.030671 0.2919238
0.4 3.762619 2.962692 3.198226 3.800245 2.885929 0.3055019
0.5 2.861190 2.252906 2432012 2.889802 2.194533 0.3188906
0.6 2.255410 1.775913 1.917099 2.277964 1.729899 0.3320949
0.7 1.818667 1.432021 1.545867 1.836854 1.394918 0.3451195
0.8 1.487654 1.171381 1.264506 1.502531 1.141031 0.3579692
0.9 1.227198 0.9662976 1.043118 1.239470 0.9412609 0.3706483
1.0 1.016191 0.8001504 0.8637624 1.026353 0.7794185 0.3831612
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TABLE III. The values of ¢!/ for different gases.

o N, CH;0H H,O CO,(5) CO,(10) CO,(20) CO,(50)
0.1 0.28324 0.19074 0.30749 0.7527 1.3862 2.705 6.9
0.2 0.29461 0.19928 0.32089 0.8029 1.4981 2.958 7.6
0.3 0.30572 0.20767 0.33393 0.8464 1.5879 3.143 8.1
0.4 0.31658 0.21590 0.34662 0.8848 1.6621 3.286 8.4
0.5 0.32721 0.22399 0.35898 0.9190 1.7249 3.400 8.6
0.6 0.33762 0.23194 0.37103 0.9498 1.7789 3.494 8.8
0.7 0.34783 0.23975 0.38279 0.9779 1.8262 3.574 9.0
0.8 0.35783 0.24744 0.39426 1.0036 1.8681 3.642 9.1
0.9 0.36765 0.25499 0.40547 1.0274 1.9057 3.702 9.2
1.0 0.37730 0.26243 0.41641 1.0495 1.9398 3.755 9.3

6. Summary of the slip boundary conditions

With the numerical results in Sec. V B 5, the slip boundary conditions for the compressible Navier-
Stokes equations (46) follow immediately from Eqgs. (51), (90), (97b), and (98). That is,

(0; — Dwi)n; =0, (124a)
T2 100 0, 1 19T
(0; — Dyi)t; = ecll} — 7<—U + i)n,-tj + Ecéﬁj—t,-, (124b)
A(Ty) p\0x; dx; A(Ty) p 3x;
. Ty 190 TA? 19T
T —fy=ec 2~ S bec 2~y (124c)
A(Ty) p o J A(Ty) P Ox;
where the quantities g, 9;, and f", which belong to the Chapman-Enskog solution, as well as their
derivatives, are all evaluated on the boundary. The values of the slip coefficients ¢!, c¥., ¢!/, and ¢}/

are summarized in Sec. VB 5. As noted in Ref. [1], Eq. (124) forms two-dimensional fields on the
boundary at each time and is independent of the trajectory of the points on the boundary. It should be
noted that Eq. (124) is of essentially the same form as the slip boundary conditions for a monatomic
gas (cf. Eq. (118) in Ref. [1]). The effect of polyatomic gases appears through the slip coefficients.

The initial condition for Eq. (46) is given by Eq. (47) under assumption (iv) in Sec. II. However,
if we are interested only in the behavior of the gas in the fluid-dynamic time scale that is much
longer than the mean free time in practical applications, we may ignore assumption (iv) in Sec. II
and assume the following more general initial condition:

p=p"x), d=09"x), T=7T"x), at 7=0, (125)

TABLE IV. The values of ¢} for different gases.

o N, CH;0H H,O CO,(5) CO,(10) CO,(20) CO,(50)
0.1 20.0188 18.8622 19.6093 19.6187 19.6272 19.639 19.659
0.2 9.65649 9.09291 9.45850 9.46581 9.47206 9.4797 9.4919
0.3 6.18752 5.82305 6.06030 6.06604 6.07070 6.0761 6.0840
04 4.44218 4.17830 4.35058 4.35508 4.35858 4.3624 4.3678
0.5 3.38654 3.18379 3.31648 3.32000 3.32265 3.3255 3.3292
0.6 2.67594 2.51458 2.62039 2.62313 2.62514 2.6272 2.6299
0.7 2.16266 2.03137 2.11760 2.11972 2.12125 2.1228 2.1248
0.8 1.77283 1.66454 1.73576 1.73738 1.73854 1.7397 1.7411
0.9 1.46541 1.37539 1.43465 1.43588 1.43675 1.4376 1.4387
1.0 1.21578 1.14069 1.19016 1.19107 1.19172 1.1923 1.1931
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where ﬁi"(x), f)m(x), and Ti“(x) are the density, flow velocity, and temperature generated from the
initial condition, which is more general than Eq. (26), for the ES model specified in the problem
under consideration:

f0,x,¢,6) = f"x,¢,8). (126)

The reader is referred to Sec. 5.2.4 in Ref. [ 1] for more detailed discussion about the initial condition.

7. Summary of macroscopic quantities inside the Knudsen layer

Equation (88) with Egs. (71), (72), and (78) gives the relation
(Can) = O(e). (127)

Here and in Eq. (128) below, the integration variables (¢, 5‘) in the definition of (-) [Eq. (33)]
should be replaced by (Cy,, &), as in Eq. (74). Similarly, if we integrate Eq. (79) multiplied by
(Cwi, C2 + EWE (Cy)EY* " exp(—&,) over the whole range of (Cy, &) and take into account the
fact that  — 0 as y — o0, we obtain

(CoiCan@) = O(e), <(C§, + gw)cwn(p) = 0(e). (128)

Equations (127) and (128) mean, from Eqs. (73b), (73c), and (73f), that 0y¢/n;, pi);n ;. and gi)n; are
all of O(e). Other components of the macroscopic quantities fzg) can be obtained by using Eqs. (78)
and (96) in Eq. (73) and by noting that the change of the names of the variables (94) has been made
in Eq. (96). We summarize the result of the Knudsen-layer correction of the macroscopic quantities
hx = fzg)e + 0(€?) [Eq. (53)] neglecting the terms of O(e?), that is,

dgin; =0, (129a)
. Ey() 1.2 1<aﬁi+aﬁ,) bt eFp(y) et 1 1aT (129b)
D ili = -\ — n; A
K PR Fop\ax; ox )T TR B ow
Q,(y) 99, 4+ €Qr(y)—s 1 of (129¢)
v n;n; ™ n;,
yA(T)B / T '/ZA(T)ax,
Tux il B 3%; OTO) | g1z | up
T | = €| OM(y) i (;) 5 3%, + €| O(y) 7 V(“T (5o (129d)
T O,(y) ¢ Or(y) | '
pxijn; =0, (129¢)
prijt; = €Tly(y) ——— I oy t + l'I()fl/2 o7 t (129f)
ij € ~ = n ingt; + € ——nt,
ity = R Fy o™ R BYIT
gkini =0, (129¢)
7 H(y) e = (oo LT PR 7o L, BT (129h)
ili = € _— n; €
il VAt \ox; )M T Y R Gy o
where, withk = v, T,
1
Ye(y) = 5((@2 — )bl (130a)
Q) = (o). (130b)
2 3
@tr I 2 _ - 11 , 130
() 3<<§ 2>¢K (130c)
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FIG. 2. Knudsen-layer functions for the BGK model. (a) « = 1.0, (b) « = 0.5, (¢) @ = 0.2. The solid line
indicates Y,pgk(y), the dashed line H, gk (y), the dot-dashed line Y7pgk(y), and the dotted line Hyrpgk (V).

OM(y) = %((6 —~ §)¢£’>, (130d)
30y +30"

O.(y) = BEET (130e)
3

M (y) = E[smy) + 0, (»)]. (130f)
1 s 546

H(y) = 5<(¢2 — &) (;2 +&- %)¢:>. (130g)

In Eq. (130), (- ) is defined with the variables (¢, &) by Eq. (33).

Now we give some numerical result for the Knudsen-layer functions Y, (y), 2, (y),..., Hc(y). In
Sec. VB2, we mentioned that the problem for ¢! is reduced to the problem of v/, which is then
reduced to the problem for v/ for the BGK model for a monatomic gas by Eq. (113). Similarly, the
problem for ¢7. is reduced to that for /., which is exactly the same as the corresponding problem for
the BGK model. Using this fact and making some considerations (see Appendix C), we can obtain
the following relations between the present ES model and the BGK model for the functions Y, (y),
Hy(y), Yr(y), and Hr(y):

Yy(y) 1 Yk (Y)
= , 131
[Hv(y)] 1 —v+0v [HUBGK(y) (1312)
da

Yr(y) = Yreok(y), Hr(y) = Hreok(y) + 1 Jo(y), (131b)

VT

where J,(y) is the so-called Abramowitz function [56] defined by
oo "
In(y) = f e T dz, (y > 0). (132)
0
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TABLE V. Abramowitz function Jy(y).

y Jo(y) y Jo(y) y Jo(y)

0.0 0.886227 0.1 0.634322 1.2 0.117823
0.01 0.838746 0.2 0.506231 1.4 0.093710
0.02 0.804956 0.3 0.417408 1.6 0.075313
0.03 0.776230 0.4 0.350797 1.8 0.061060
0.04 0.750737 0.5 0.298717 2.0 0.049876
0.05 0.727609 0.6 0.256889 2.5 0.030899
0.06 0.706336 0.7 0.222647 3.0 0.019739
0.07 0.686581 0.8 0.194206 4.0 0.008619
0.08 0.668105 0.9 0.170310 5.0 0.004022
0.09 0.650731 1.0 0.150046 6.0 0.001972

We recall that we can, in principle, reconstruct the data of Y,pgk(y), Hysck(y), Yrsck(y), and
Hrpck (y) from the information in the literature, for instance, from Refs. [44,51]. In order to save
space, we only show the basic functions Y,k (y), Hysck (¥), YrBGK(Y), and Hrpgk (y) for o = 1.0,
0.5, and 0.2 in Fig. 2 and the function Jy(y) in Table V. We note that the results shown in Fig. 2 were
newly recomputed using the schemes for (G,f, HK’ ) (k = v, T), not reconstructed from the data in
the literature, and that the values in Table V were computed by the use of the FORTRAN subroutine
provided in Ref. [57].

In Figs. 3-8, we show the profiles of the functions Q,(y), Qr(y), O%(y), OM(y), OF(y),
and @iT“t(y), respectively, in the case of @ = 1.0, 0.5, and 0.2 for nitrogen, methanol, and water
vapor. In Figs. 3-5 and 7, the corresponding profiles for the BGK model for a monatomic
gas are also shown. Figures 9 and 10 show, respectively, the profiles of [€2,(y), O (y), ®ivm(y)]
and [Q7(y), O%(y), ®(y)] in the case of a =1 (diffuse reflection) for CO,(n) gas (n =
5, 10, 20, 50).

. °
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L I By I B B B A I B B B |
Y
=
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=
= i
1 — BGK
-0.3 1 -
] "'? N2
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! 18 H
_0'4_, |t 20
] 1 024"
| R i\\\\|\\\\|\\\\|\\u | LI L DL
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
Y Y Y

(a) (b) (c)

FIG. 3. Knudsen-layer function 2,(y). (a) « = 1.0, (b) & = 0.5, (¢) @ = 0.2. The solid line indicates the
result for the BGK model for a monatomic gas, the dashed line for nitrogen, the dot-dashed line for methanol,
and the dotted line for water vapor.
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FIG. 4. Knudsen-layer function Q7(y). (a) ¢ = 1.0, (b) & = 0.5, (c) &« = 0.2. See the caption of Fig. 3.

Once the solution of the compressible Navier-Stokes equations (46) with the slip boundary
conditions (124) (and the initial conditions) is obtained, the profiles of corrections of the macroscopic
quantities inside the Knudsen layer, fzK in Eq. (50), are obtained from Eq. (129), and thus the profiles
of the macroscopic quantities inside the Knudsen layer are given by Eq. (50).
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FIG. 5. Knudsen-layer function ®(y). (a) « = 1.0, (b) « = 0.5, (c) @ = 0.2. See the caption of Fig. 3.
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FIG. 6. Knudsen-layer function ®iv“‘(y). (@) =1.0,(b) x = 0.5, (c) @« = 0.2. The solid line indicates the
result for nitrogen, the dashed line for methanol, and the dot-dashed line for water vapor.

VI. NAVIER-STOKES EQUATIONS AND SLIP BOUNDARY CONDITIONS
IN DIMENSIONAL FORM

In this section, we transform the compressible Navier-Stokes equations (46) and the slip boundary
conditions (124) to their original dimensional form.

(=)
| R R RN |

0o 2 4 6 8 0o 2 4 o6 8 0o 2 4 6 8
(2) (b) (©)

FIG. 7. Knudsen-layer function ®%(y). (a) &« = 1.0, (b) @ = 0.5, (c) = 0.2. See the caption of Fig. 3.
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FIG. 8. Knudsen-layer function ®(y). (a) & = 1.0, (b) & = 0.5, (c) @ = 0.2. See the caption of Fig. 6.

We start with the stress tensor and the heat-flow vector. Using Eq. (17) in Eq. (44) and neglecting
the terms of O(e?), we obtain the dimensional stress tensor p; ; and heat-flow vector g; in the following
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FIG. 9. Knudsen-layer functions €2,(y), ®%(y), and @L"‘(y) in the case of @ = 1 for CO,(n). (a) 2,(y),
(b) B¥(y), (c) ®§)‘“(y). The solid line indicates the result for CO,(5), the dashed line for CO,(10), the dot-dashed
line for CO,(20), and the dotted line for CO,(50).
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FIG. 10. Knudsen-layer functions Qr(y), ©%(y), and ®i"(y) in the case of @ = 1 for CO,(n). (a) Q7 (y),
(b) ®L(y), (c) O(y). See the caption of Fig. 9.

form:

dv; v 2 vy dvg
pij = Pdij — MT)(B_XJ- + X, ga_Xkaij) - Mb(T)a—kaSij, (133a)
qi = —)»(T)—BT ) (133b)
X

where w(T), up(T), and A(T) are, respectively, the viscosity, the bulk viscosity, and the thermal
conductivity and are expressed as follows:

1y = L iy RT (134a)
M= Qr1y 2 ™ T T T 00 AT
(1) = P8 eryiy =22 KT (134b)
o) = GRTy 72 ") T 303 1 5) AT
5 po@RT)AL . 548 R°T
wT) = S PRI L by S H8 . (134¢)
i1 2 AT

In deriving the respective rightmost sides, use has been made of Egs. (8), (20), and (45) in addition
to Eq. (17).

Let us denote by y the ratio of the specific heats, that is, y = ¢, /c,, where ¢, and ¢, are the
specific heat at constant pressure and that at constant volume, respectively. In this paper, we assume
that ¢, ¢,, and thus y are constant (calorically perfect gas). Then, y is expressed in terms of the
internal degrees of freedom 6 of a molecule as

y =\ +5)/(6+3). (135)
Therefore, 1, and A can also be written as
5 =3y w(T) Ry RT
T) = — M) = ——, 136
wp(T) 30 Pr (T) Y — 1 A(T) (136)

063401-36



SLIP BOUNDARY CONDITIONS FOR THE COMPRESSIBLE ...

where Pr = ¢, 1/ is the Prandtl number and is expressed as
Pr=1/1—-v+06v), (137)

because of the relation ¢, = Ry /(y — 1).
With the help of Egs. (17) and (134), the compressible Navier-Stokes equations are transformed
from the dimensionless form, Eq. (46), to the following dimensional form:

d apV;

°p ﬂ=0’ (138a)

at BXJ

apv; pv;v; ap ij 8vi 2 dug d v,

el =t 4 = (T S ks —| (1)L

ar | ox, 9X; +8X MO\ ax: T ax, T 3ax7) | e [T ex; |
(138b)

[ (38 er Lo\, 2 S48 pr, Lo
—| ol — —v v —v
ar|P\ 2 2 Yk ax; [P\ 2 2 Yk

8 ()BT o D (B o 20w N0
Ty, 9 dvj v 2 9k o v,
T X, x; | Tax; " ox; T ax; 3ax. )T ax [ Y axe
(138¢)

By letting both of the bulk viscosity w,(7") and the degrees of freedom of the internal modes § be zero,
Eq. (138) reduces to the same form as the compressible Navier-Stokes equations for a monatomic
gas (cf. Eq. (123) in Ref. [1]). Therefore, the terms containing these quantities express the effect of
polyatomic gases.

Next, we transform the slip boundary conditions (124) into their dimensional form. That is, if we
use Eq. (17) and eliminate € with the help of Eqs. (134a) and (134c) at T = T,, in Eq. (124), we
obtain the following dimensional form of the slip boundary conditions:

(vi — vwi)n; =0, (139a)
V2 J W(Ty) [ dvi v, 4, MTy) 3T
(U» — vwi)ti = R1/2 a, p 1/2 (8X ﬁ)nit SR T pT 8X —1;, (139b)
_ L (T 9, 2v2 ,; MTy) T
T-Ty, =— R a, P B—le’lil’l +5R3/2 T T 1/23X n;, (139¢)
where
al = —v+ov! =¢, al =1 +8/57"ck, (140a)
=@ —v4ovc!!, all =1 48/57"cl!. (140b)

In Eqgs. (139b) and (139c), w is used in the terms containing the derivative of the flow velocity,
and X is used in those containing the derivative of the temperature. In contrast to the Navier-Stokes
equations (138), the slip boundary conditions (139) are of essentially the same form as those for a
monatomic gas [cf. Eq (124) in Ref. [1]]. The effect of polyatomic gases appears indirectly via the

coefficients a/, a}, I and a” as well as u(Ty,) and A(Ty,).
The initial condmon for Eq (138) is given by
p=py, v=0 T =Ty, at =0, (141)

corresponding to Eq. (47), under assumption (iv) in Sec. II, or

p=p"X), v=0v"(X), T=T"X), at t =0, (142)
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corresponding to Eq. (125) in more general case without assumption (iv) and in the case when we
ignore the accuracy for short time (within the scale of the mean free time). Here o™, v™, and T'" are
the density, flow velocity, and temperature obtained from the initial distribution f™™ corresponding
to Eq. (126) (see Sec. 5.2.4 in Ref. [1]).

VII. CONCLUDING REMARKS

In the present paper, we have derived the slip boundary conditions for the compressible Navier-
Stokes equations for a polyatomic gas on the basis of the Chapman-Enskog solution and the Knudsen-
layer analysis. It is an extension of Ref. [1], where the corresponding slip boundary conditions were
derived for a monatomic gas. The full Boltzmann equation was used in Ref. [1], whereas the ES
model of the Boltzmann equation was adopted in the present study because of the complexity of the
Boltzmann collision integral for a polyatomic gas.

As in Ref. [1], the problem of determining the slip boundary conditions and the slip coefficients
included in the conditions is reduced to the four half-space boundary-value problems for the linearized
ES model, three of which are the classical problems of shear slip (the so-called Kramers problem),
thermal creep, and temperature jump. For the ES model, the problem of thermal creep is the same as
that for the BGK model for a monatomic gas, so that the polyatomic gas effect does not appear. The
problem of shear slip is also reduced to that for the BGK model. Therefore, the values of the slip
coefficients associated with these two problems for a polyatomic gas can be obtained from the data
in the literature without computation. On the other hand, the other two problems, which cannot be
reduced to the case of the BGK model, were solved numerically to determine the corresponding slip
coefficients. In this way, the slip boundary conditions for the compressible Navier-Stokes equations
for a polyatomic gas have been established. At the same time, the profiles of the macroscopic
quantities inside the Knudsen layer have been obtained.

In the present study, we adopted the ES model because the H theorem has been proved for this
model [22], and the Prandtl number is adjustable. In addition, it has the convenient property that
the shear slip and thermal creep problems are reduced to those for the BGK model for a monatomic
gas. Here, we should mention that many model Boltzmann equations have been proposed for a
polyatomic gas since the 1960s [27,58—65], and for some of them [27,64,65], the H theorem can be
proved and the Prandtl number is adjustable. We also note that the shear-slip problem [corresponding
to Eq. (99)] and the thermal-creep problem [corresponding to Eq. (100)] was investigated in Ref. [66]
using the linearized version of the model proposed in Ref. [61], and the temperature-jump problem
[corresponding to Eq. (102)] was investigated in Ref. [67] by the use of the linearized version of
the model proposed in Ref. [60] (see also Ref. [68]). For instance, referring to Refs. [66,68], we can
express the slip coefficient c} as c§ = (3/10) fir (1 + 0.5a)(Pr/2), where fi; is a parameter depending
on the types of gases and set to be f, = 2.17 ~ 2.31 for N, and f; = 2 for CO; in Ref. [66]. This
means that in contrast to our result, the values of ¢} depends on the types of gases. However, the
dependence is not large, and for N, with f; = 2.17, the above formula gives ¢} = 0.281785 (« =
0.2), 0.307402 (@ = 0.4), 0.333019 (@ = 0.6), 0.358636 (« = 0.8), and 0.384253 (« = 1). These
values are close to our ¢} in Table II. According to Refs. [67,68], ¢}/ may be expressed as ¢}/ =
(VT /DI +5)/(8 + DI — @)/ + 0.17]. This formula gives, for instance, ¢}’ = 9.48115 (a =
0.2),4.31149 (a = 0.4),2.58827 (@ = 0.6), 1.72667 (o = 0.8), and 1.20970 (o = 1) for Ny, which
are close to our ¢}/ in Table IV.

Chapman-Enskog solution has been obtained for many model equations including the Boltzmann-
type model [69]. Therefore, by following the line of the present analysis, the slip boundary conditions
for the compressible Navier-Stokes equations can be established for different model equations. The
first-order Chapman-Enskog solutions of correct models should have essentially the same form,
since they should give the correct compressible Navier-Stokes equations. Therefore, the basic form
of the slip boundary conditions derived from different models should be the same as Eq. (124) or
(139). However, the Chapman-Enskog solutions of different models have different dependence on
the variables, which may be continuous or discrete, associated with the internal modes, so that the
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values of the slip coefficients naturally depend on the models. Although the numerical values shown
in the preceding paragraph show weak model dependence, these examples are too few to lead to a
conclusion. A comprehensive investigation of the dependence of the slip boundary conditions on
model equations would be an important and interesting problem.
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APPENDIX A: OUTLINE OF THE DERIVATION OF EQS. (55) AND (56)

If we substitute Eq. (49) into Eq. (18) and consider the fact that fCE satisfies the same Eq. (18),
we have

3 7o A1) 1. . o
" 8“_ + O Rp) = —[0(fer + fi) = O(few)l, (A1)
where Eq. (52) has been used on the left-hand side. To calculate the right-hand side, we need some

preparations.

If we use Eq. (50) with Eq. (53) in Eq. (19¢) and recall that heg are h appeared in Sec. IVB
without the subscrlpt CE, we obtain the following expansion of T evaluated with / = for, which is
denoted by T|;_ e

(Tlizh,),; = A + €B)ij + O Ry, (A2)
where
(A = (1 — 9)[(1 — )i + vl;;jj| +678; = (Tisie,),- (A3a)
A (1) Lo . A A (1)
B)ij =1 =6)| (1 =T x6;; + vz Pxij — Dij 5 + 60T '5ij, (A3b)

and 'T'| h=he indicates T evaluated with # = szE. Note that p, p;;, f}r, and T in Eq. (A3) are the

Chapman-Enskog macroscopic quantities. Then, the inverse and the determinant of Tl fizh,, are
expressed as

(TL:.); = ADy = (AT'BA™) € + O(Rye?), (Ad)
det Tl;_;, = D + DVe + O(Ry€?), (A5)
where
D = &;x(A)1i(A); (A3 = det Tz, (A6a)
DY = &1 [(B)1;(A)2; (A)sx + (A)1:(B)aj (A + (A)1;(A)2; (B)arl, (A6b)

and ¢;  is the Eddington epsilon. With these expressions, the argument of the exponential function
inG [Eqg. (19b)], evaluated with h= fzmt, can be expressed as

A

—1& = @ (T )18 = P01 = =PO+PVe+ ORySe), (A

rel )tot
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where

PO = (6 = 0)A (¢ = 0) = 7 (A8a)

rel
1 1 f(l) 5
PO = (& — 0i)ATBAT (g5 — 9)) + [ — 0By ) + i) (@5 — 9)]ATy + + 36 (A8D)

rel

and 9; and T} are the Chapman-Enskog macroscopic quantities. In the remainder in Eq. (A7), S
indicates an appropriate function of ¢ and £ that decays fast enough when multiplied by a rapidly
decaymg function of ¢ and &. Therefore, the Gaussian G [Eq. (19b)] evaluated with h = hml =
heg + hg can be expanded in the following form:

Glii, =GV +GVe + O(RseM), (A9)
where
g0 = ‘im EP exp [ =& — d)(A™ (g5 — 0, ). a0
732/ DOTT(6/2) Tra
A(1) (1) (1)
PK 1D 8 Tk 1)

G = gO - — ek | pM ], (A10Db)

p2DO 27,

Since Ty = T + T} + O(R,€2), we have A (Ti) = A(T) + AL(T)T,e + O(R,€?). Using
these expansions and pyr = p + ﬁg)e + O(Ry€?), in Q(ﬁot) = Q(fCE + fK) and taking account
of the fact that O(fcg) = O(e f©), we obtain the following expression of the term in the square
brackets in Eq. (Al):

O(fer + f) — O(fce) = A(T) p GV — fi))e + O(R €. (Al1)

Now we derive the expression of G that is correct within the error of O(R s€?). Since fog =
FO + 0(e), we have the following:

(A);; = T8;; + OCe), (Al2a)
(A™h; =T7'8; + 0(e), (A12b)
(B)ij = Tdki; + O(Rye), (Al20)
(AT'BAY; = T72(B);; + O(Rye) = T7'dyij + O(Rye), (A12d)
where
dyij = [(1 e)TéQ T;f])]s,, (1= [f‘zf - (% + T%))&]}. (A13)

These relations give the following expressions of D© DM and PD:

DO =T34+ 0(e), (Al4a)

DY = T3dy;; + O(Rye), (A14b)
D . ~(1) _ (1)

PO _ Lﬁ)d ki + ZUK"(C"T L2 f°“<g + O(R,S€). (Al4c)
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Using these expressions in Eq. (A10b) and noting that GO = FO 4 O(e feg), we have the following
expression of G,

A(1) (1) N A (1) N (1)
2 1 8 T, (& = 0i)(&j — D)) Ui (Gk— ) | Tk o
M — £O 'OL_ —dwii— — relK J J dreii 2 Kk relKg O(R
g f |: ,6 ) Kii ) ]f; + = Kij + T + f‘Z + O( fe)
=0+ O(Rye), (A15)

where g}i” is defined in Eq. (56a). Equations (A1), (A11), and (A15) lead to Egs. (55) and (56).

APPENDIX B: DATA AND ACCURACY FOR NUMERICAL COMPUTATION

As mentioned in Sec. VB4, the computation of the problems for (¢p!/, c!7) and (¢p}/, c}) were
carried out on the basis of the coupled equations for reduced distribution functions (G!!, H!") and
those for (G4, H1"), respectively. The scheme, the method to determine the unknown constants
¢!’ and ¢!, and the grid points used here are essentially the same as those in Ref. [33]. However,
since we do not need to compute the collision integral of the Boltzmann equation as Ref. [33], the
scheme is much simpler, and the primary grid system for the molecular velocity used for capturing
the collision integral in Ref. [33] is unnecessary here. To be more specific, the actual computation was
performed in the variables (y, o, ¢), where 0 = ¢, /¢, instead of the original variables (y, &,, ¢). Note
that (y, o, ¢) in the present paper correspond to (7, i, {) in Ref. [33], so that when the reader refers
to Ref. [33], the symbols y and o should be changed to n and wu, respectively. In the computation,
the range of y and ¢ were, respectively, restricted to 0 < y < d and 0 < ¢ < Z with suitably large
constants d and Z, and these ranges, as well as the range of o (—1 < o < 1), were divided into
small intervals by the grid points distributed nonuniformly. The distributions of the grid points and
the values of d and Z are given in Appendix B in Ref. [33] [see Egs. (B.1), (B.2), and (B.3) and
Table B.3 there]. For nitrogen (N;), methanol (CH3OH), and water vapor (H,O), we used the grid
systems S1, S2, and S3 defined in Appendix B in Ref. [33] and S4, whose grid points are double of
those of S1, for the space variable y. As for (o, ¢), we used M1, M2,..., and M7 in Ref. [33] for the
same gases [note that we used the secondary grid system for the molecular velocity, i.e., grid points
MY (j = 2Ny, ...,2Ny) and €® (k =0, ...,2N;) in Ref. [33] for o and ¢, respectively]. For
pseudo-CO, gases CO,(n) (n = 5, 10, 20, and 50), we used the systems with wider range (i.e., larger
d) and more grid points for y to handle the thicker Knudsen layer for these gases, especially for
CO,(20) and CO,(50).

Our standard grid system is (S1, M1) for the gases except CO,(n) and (S5, M1) for these gases,
where S5 is a system for y with the same grid intervals as S1 and a larger d. The numerical results
shown in Tables IIT and IV and in Figs. 3—10 are based on these standard grid systems. The system S1
has d = 44.46 and 251 grid points with the minimum and maximum grid intervals being 7.3 x 10~/
(at y =0) and 0.69 (at y = d), and the system S5 has d = 64.16 and 269 grid points with the
minimum and maximum grid intervals being 7.3 x 1077 (at y = 0) and 1.78 (at y = d). The system
M1 has a complex structure for the purpose of an easy control of the distribution of the grid points
near 0 = 0 and ¢ = 0 (see Egs. (B.2) and (B.3) in Ref. [33]). It has Z = 5 and 449 grid points for
o and 161 grid points for ¢. The minimum and maximum grid intervals are 2.4 x 1070 (at ¢ = 0)
and 0.025 (at 0 = £1) for o and 5.1 x 107'% (at { = 0) and 0.12 (at { = Z) for ¢.

Our accuracy check consists of the following:

(i) We have checked the accuracy of the results using different combinations of the grid systems
for the accommodation coefficient « = 0.2, 0.5, and 1 in the case of N,, CH3;0H, and H,O and for
o = 1 in the case of CO,(n). For instance, we have confirmed that the numerical values shown for
these values of « in Tables III and IV are accurate up to the last digit.

(ii) We have checked if the values of |G!/|, |H!"|, |G}!|, and |H}!| are small enough at the
outer edges of the computational domain, i.e., y =d and { = Z for « = 0.2, 0.5, and 1. We
have confirmed that max,_4|G!’|/max|G.|, max,—z|G.'|/max|G!!|, max,_,|H!'|/max|H!"|,
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and max,—z|H!'|/max|H!"| (x = v, T) are less than 1.6 x 10~° for N, CH;0H, and H,O, where
max without a subscript means the maximum in the computational domain. We have also confirmed
that max;—z|G1!|/max|G!!| and max,_z|H!!|/max|H!!| (x = v, T) are less than 1.5 x 10~° for
COx(n) (n =5, 10, 20, and 50). However, max,_;|G!!|/max|G!’| and max,_q|H!'|/max|H!"|
(k = v, T) become worse for CO,(n) as n increases. To be more precise, max,—s|GL! | /max|G!!|
and max,—,| H!"|/max|H!! | are less than 3.8 x 1071 for CO5(5), less than 8.8 x 10~° for CO,(10),
less than 8.4 x 10~ for CO,(20), and less than 7.0 x 10~* for CO,(50). That is, the decay of |G
and |HK’ I\ for large y becomes slow for CO,(n) as n increases. This is the reason why we were not
able to solve the problem for (¢!, c!”) for CO,(n) with n greater than 50.

(iii)) The scheme used in the present computation is not conservative in the sense that the
conservation of mass, momentum, and energy is not imposed artificially on the scheme. Therefore,
whether the conservation laws are satisfied accurately or not provides a good measure of accuracy.
The conservation of mass, momentum, and energy in the following form holds:

I[F]=I1_[F]+ I.[F]=0, (B1)
where
I[F]=/CanC, 1-[F]=/ tFdg, 1+[F]=/ tFdg, (B2)
£ <0 >0

and F = G!! for the mass conservation, F = ¢,G!! for the momentum conservation, and F =
¢*GH 4+ (8/2)H]!! for the energy conservation (k = v, T). We have checked how accurately
the conservation laws are fulfilled for « = 0.2, 0.5, and 1. The numerical solutions show that
max, |I[F]|/ max, [I_[F]| with the three F's listed above is less than 2.7 x 1073 for N,, CH;OH, and
H,O; max, |I[F]|/ max, |I_[F]| with the same Fsis less than 3.4 x 1073 for CO,»(5) and CO,(10);
max, [I[F]|/ max, |[I_[F]| with F = G!" and F = ¢>G!" + (§/2)H}! is less than 2.6 x 107>, but
max, |I[F]|/ max, |[I_[F]| with FF = ;‘nGél is only less than 2.5 x 10~* for CO,(20) and CO,(50).

APPENDIX C: OUTLINE OF THE DERIVATION OF EQ. (131)
Equation (130a) can be written in terms of w,{ [Eq. (106b)] as

1 o 2
Ye(y)= m/. yle 5 de,, (CH

with k = v, T. Therefore, the first equations of Eqs. (131a) and (131b) follow immediately from
Egs. (121) and (122).

In order to derive the second equations of Egs. (131a) and (131b), we introduce the additional
reduced velocity distribution functions o, and A/:

go/2-1

I'(6/2)
55/2—1

! _L/w/m/m 2 4 22! 222 & €48
he(vsn) = 5~ N (€24 80) L. 6n. 8. E)e NN dédgde,.  (C3)

efdédeds,  (C2)

12 [ [ [, A 2 2
ok’(y,cn)=;5/ / /0 E(e2+ D)ol (v gn 0. E)e 5

If we derive the equations and boundary conditions for o,/ and A/ by taking the appropriate moments
of Egs. (99) and (100) and compare the results with the problems for ¢! [Eq. (109) with Egs. (111)
and (112)] and for w} [Eqg. (115)], we find the following relations:

vl (C4a)

v

vy +rr, (C4b)

o A
A

o

1
v
I
T

N~ S~
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where

_ Jae s (g > 0),
"= {o (& < 0). ©)

The function H, (y) defined by Eq. (130g) can be written in terms of ¥/, o/, and A/ in the following
form:

1 . 546
H(y) = 5<(c§ +¢2) [;3 +(E2+H)+E- L]¢£>

2
1 o0 , 5496 ;6 ;] e
= — - — — 2\ Sdg,. C6
v (635wt e o
On the other hand, we can derive the following relation for the BGK model,
1 = 2 SN\ I -2
Hggk (y) :m . &y — E wKBGK + ZAKBGK e ndiy, (ChH
and can find that
)‘zI;BGK = WUIBGKv (C8a)
Mpok = Yok + 17T (C8b)

By comparing Eq. (C6) [with Eq. (C4)] and Eq. (C7) [with Eq. (C8)] and by making use of Egs. (121)
and (122), we obtain the second equations of Eqs. (131a) and (131b).
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