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We study experimentally the collision between a sphere falling through a viscous fluid
and a solid plate below. It is known that there is a well-defined threshold Stokes number
above which the sphere rebounds from such a collision. Our experiment tests for direct
contact between the colliding bodies and, contrary to prior theoretical predictions, shows
that solid-on-solid contact occurs even for Stokes numbers just above the threshold for
rebounding. The dissipation is fluid dominated, though details of the contact mechanics
depend on the surface and bulk properties of the solids. Our experiments and a model
calculation indicate that mechanical contact between the two colliding objects is generic
and will occur for any realistic surface roughness.
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I. INTRODUCTION

One of the celebrated triumphs of fluid mechanics is Reynolds’ explanation of how a sheared
viscous fluid generates sufficient pressure to separate the moving rotors in a journal bearing [1].
Yet a spoon clangs against the side of a cup as we stir a fluid. The circumstances under which
collisions between solid particles occur in viscous fluids are relevant to many phenomena such as
sedimentation, filtration, suspension flows, smoke, and fog formation by aerosols.

In this article we consider the simple situation of a sphere falling towards a plane in a viscous fluid.
Balls rebound when bounced on the floor. However, if the air is replaced by a highly viscous fluid
a ball can settle without bouncing. We ask whether solid-on-solid impact occurs during bouncing
collisions and more generally whether solid dissipation plays a role in determining the transition
from bouncing to settling.

The collision between two smooth spheres was studied by Davis et al. [2] within an elastohydro-
dynamic calculation. Working within the lubrication approximation, they suggested that pressure in
the thin fluid film between the spheres is large enough to elastically deform them. The stored elastic
strain energy is released as kinetic energy, causing rebound of the particles without solid-on-solid
contact. This idea must be reconciled with our everyday experience with acoustic emission and dents
when solids collide within fluids.

It is now recognized [2—6] that the Stokes number St controls the dynamics of such a collision. It
compares a particle’s inertia to viscous forces and is defined as
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FIG. 1. (a) Schematic diagram of the experimental setup. The voltage is measured across a resistor R; of
220 k€2. (b) Sphere approaching a plane, where r and z are the radial and vertical directions, D = 2R is the
diameter of the sphere, g is the acceleration due to gravity, and h(r,?) is the time-dependent distance between
the sphere and the bottom wall.

where U, D, p,, and Re are, respectively, the velocity, diameter, density, and Reynolds number
of the sphere and py and p are the density and dynamic viscosity of the fluid, respectively.
Elastohydrodynamic lubrication theory [2] predicts a critical Stokes number St., below which a
collision between smooth spheres does not result in a bounce.

Experiments on sphere-wall collisions [3—7] find that bouncing dynamics do indeed collapse when
plotted as a function of St and that there is a transition from bouncing to settling at St, ranging from
about 8 to 15. These experiments measure by video imaging the coefficient of restitution, which is
the ratio of the velocity just after impact to the velocity just before impact. There is only a modest
variation of St. with material [4,6], e.g., Gondret et al. [4] found similar St. for teflon (Young’s
modulus £ = 0.5 GPa) and tungsten carbide (E = 534 GPa).

Surface roughness can play a role when the separation between the solids becomes comparable
to roughness. Davis [7,8] accounted for this theoretically by implementing an inelastic collision at a
cutoff distance set by the roughness. Joseph et al. [5] used spheres with well-characterized roughness
and argued that the scatter in their data could be explained by surface roughness. Short-range forces
such as van der Waals forces could conceivably play a role close to contact, but are not considered
in these pictures of bouncing.

Whether contact occurs during rebound is still not established. It is difficult with video techniques
to resolve contact dynamics spatially or temporally. In our experiments we directly address the
existence and influence of solid-on-solid contact using an electrical setup to investigate kinematics
very close to the moment of impact.

II. EXPERIMENT

We dropped stainless steel spheres on a stainless steel plate of 10 x 10 x 1 cm? thickness through
silicone oil of dynamic viscosity p = (346 £ 20) cSt and density p; = 970 kg/m?. As shown in
Fig. 1(a), a voltage was applied between the plate and the sphere. When the sphere makes or breaks
electrical contact with the plate, the circuit closes or opens [9]. The current through the resistor was
sampled by a digital oscilloscope (Tektronics DPO 4054B) at a rate of 1-5 MHz. Both dc and ac
voltage sources were used in the experiments.
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FIG. 2. Probability density P (&) of roughness of spheres as measured with a contact profilometer. To obtain
the roughness &, the path traced by profilometer as a function of distance has been subtracted from the gross
curvature of the sphere. The inset shows typical profiles £(s) of roughness as a function of the position s along
the surface, for all three spheres used.

An electromagnet mounted on a micrometer translation stage released spheres from different
initial heights, allowing us to vary the incoming velocity and the Stokes number. The release heights
ranged from 1 mm to 70 mm and were determined to an accuracy of 20 um, corresponding to a
maximum error of 2% at the lowest height. In each case, the nominal St was determined from the
velocity U computed at the height of the plate’s surface in the absence of the plate. For this, we
solved the equation of motion of the ball under gravity, buoyancy, and viscous drag [Fig. 1(b)] using
an empirical formula [10] applicable to our experimental range of Reynolds number (Re = 5.7-32),

dUu
psVE = (ps — ps)Vg — 3ruDU(1 + 0.15 Re"%7), )

where V is the volume of the sphere. The resulting Stokes numbers ranged from 5 to 28 with a
maximum error of 6.5% at the largest St (including contributions from the temperature dependence
of the viscosity and the precision of the release height).

We used two types of spheres. One was as-purchased stainless steel ball bearings with density p; =
7630 kg/m? in two diameters D = 16 and 12 mm. The second type of sphere, with D = 15.4 mm,
was produced by etching the 16-mm balls with HNO3 in a 1:3 aqueous solution for 10 min. We
measured surface topography with a Dektak contact profilometer and extracted position-dependent
roughness from the difference £ between the measured height and the best-fit spherical profile (see
Fig. 2). The as-purchased spheres had smooth patches with low rms roughness around ~0.025 um
interspersed with widely separated pits (of typical height 1-2 um) and mounds (of typical height
0.25 pm), with lateral size ~10 um. These numbers varied slightly between individual spheres.
The etched spheres had larger but more uniform roughness with an rms value ~0.4 um but several
larger peaks of the order of 1-2 um (more details are in Appendix A). The typical lateral scale of
the roughness was ~100 um.

II1. RESULTS

In Fig. 3 we show examples of the collision obtained by applying both ac [Figs. 3(a), 3(c), and
3(d)] and dc voltages [Fig. 3(b)] between plate and sphere. At very low Stokes number St = 5.8
[Fig. 3(a)], we observe no bounces. The first electrical contact persists for all time. At larger values
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FIG. 3. Voltage versus time graphs for increasing St with ac and dc voltages. (a) At St = 5.8 with an ac
applied voltage, no bounce occurs, but electrical contact is made in a finite time. This is the generic behavior for
St < St.. (b) At St = 7.1 and (c) at St = 6.7 with dc and ac voltages, respectively, we see a collision, and then
a period of no contact, followed by permanent contact. The contact has much lower resistance than the series
resistance, i.e., R, < R;. This is the generic behavior for St > St.. For St > St., we also see the case shown in
(d) where there is a high-resistance contact (R, is of the same order as R;) (more details are in Appendix B).

of St, as shown in Figs. 3(b) and 3(c), the ball makes metallic contact for a finite contact time §7.
It then breaks contact and is in the fluid for a flight time 7 before settling into permanent electrical
contact. There is a clear separation of scale between the contact time 67, (tens of microseconds) and
the flight time 7F (tens of milliseconds). Contact can sometimes be noisy [as seen at late times in
Fig. 3(b)], presumably due to rolling or rocking of the sphere. Such differential motions have been
studied for a sphere in a rotating cylinder [11,12]. Finally, we see instances, as shown in Fig. 3(d),
where the contact resistance R. between the ball and the plate is comparable to the external series
resistance Rj.

To test if electrical forces play a role in contact mechanics, we compared our results with high-
frequency ac (100-500 kHz) to results with a dc voltage and made measurements as a function of the
amplitude of the applied voltage. We chose silicone oil as the working fluid due to its high dielectric
breakdown voltage (greater than 40 MV /m). There appears to be no systematic effect of the amplitude
or frequency of the ac voltage or the choice of ac or dc voltage on the occurrence of contact, the
duration of contact, and the intervals between bounces at a given St (as detailed in Appendix B). We
thus conclude that our results are not due to dielectric breakdown. All observed contacts are resistive,
that is, with no phase shift between the applied and measured voltages. However, we do point out
that the relative frequency of low- versus high-resistance contacts can be affected by many factors
such as the impurity content of the oil, aging of the surface electrical properties, and the topography
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FIG. 4. Contact fraction ¢, contact time 87, and flight time 7 vs Stokes number for the 15.4-mm etched
ball and 16-mm and 12-mm unetched balls. Here we report data only for low-resistance contacts (R, < Ry) as
in Figs. 3(b) and 3(c), however the trends are unaffected if we include more resistive contacts (see Appendix B)
as in Fig. 3(d). Error bars are the standard deviation of measurements in (a) and standard error of measurements
in (b) and (c) taken at fixed St. Wherever the error bars are not visible, errors are smaller than the symbol size.

of the sphere following repeated collisions. To achieve consistent results, we report data taken under
a set of fixed conditions.

The major qualitative result in Fig. 3 is that the ball makes direct mechanical contact with the
plate during the bounce, in contrast to expectations based on elastohydrodynamic theory [2]. Next
we explore the nature of that contact.

We define the contact fraction ¢ as the fraction of experiments at a particular Stokes number
in which the sphere made a low-resistance contact with the plate’s surface during the bounce, i.e.,
collisions as shown in Figs. 3(b) and 3(c). The value of ¢ rises sharply from zero above a critical
Stokes number St., which is the same for all three types of spheres we used. Thus solid-on-solid
contact occurs even just above the threshold of bouncing. The value of St. ~ 6.2 &£ 0.5 that marks the
transition to bouncing with mechanical contact is consistent with the bouncing transition observed
in previous experiments [3—5]. We refer to ¢ as the contact fraction, even though it is actually
a lower bound on the contact fraction, in that high-resistance events are not included. Including
high-resistance events (as shown in Fig. 9, Appendix B) does not change any qualitative trends.

In Fig. 4(b) we show data for the duration of contact §7,. The contact time §7, decreases as
the Stokes number is increased above St.. The relatively small change of §7, is consistent with
calculations for a Hertzian elastic impact [13] which predict a very weak dependence of contact time
on velocity 8T, o< (U Re)~'/3, where R is the effective radius at the point of contact. For perfectly
smooth spheres, R.sf = R, whereas R.g will be smaller when a bump on the sphere is presented to
the plane. Contact times for the etched spheres are slightly longer than those for the unetched spheres
(which have very similar contact times for both sizes of sphere). Roughness at the point of contact,
rather than the sphere radius, possibly sets the relevant curvature at impact and influences the contact
time (see Appendix C). In Fig. 4(c) we show the duration between the bounce and the next collision,
which we refer to as the flight time Tr. This is a measure of the kinetic energy with which the ball
rebounds from the plate. As expected, this is an increasing function of St — St.. Furthermore, there
is little or no variation with the type of sphere used, as opposed to the data for §7;.. This implies that
the details of the solid contact may not affect the total dissipation, as elaborated below.

Thus far, we have discussed mean values of the contact duration and flight times, averaged
over experimental trials at fixed St. However, the distribution of §7,. and T reveals the source of
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FIG. 5. Flight time vs contact time for D = 16 mm unetched and 12-mm and 15.4-mm etched balls. Notice
the increase in the scatter at lower St.

dissipation. In Fig. 5 we plot Tr versus 87, for St varying from just above St. to about St = 28. In
most cases, we find a broad distribution of contact times varying by up to an order of magnitude,
at a fixed value of St. Presumably this reflects the variation in the local topography of the sphere.
We however find much smaller variability in the flight time, particularly at larger St. Thus the total
dissipation in the sphere-wall encounter, as reflected by the flight time, is not strongly affected by
the duration of solid-on-solid contact. This indicates that despite solid contact, the bulk of kinetic
energy is lost to fluid dissipation.

At the largest Stokes numbers a different trend sets in, most clearly observed in the etched
spheres: The contact time 7, becomes narrowly distributed. We suggest that at large impact speeds,
the effective radius of the Hertzian contact increases and averages over the roughness of the etched
sphere (see Appendix C). Thus collisions at different locations become similar in their contact
mechanics and no longer depend on local roughness. We anticipate another regime, such as in a ball
bouncing in air, at even higher St where the dissipation becomes solid dominated, but we do not
observe that regime. At the largest St, we observe plastic deformation in the form of pitting at the
point of impact (more details are in Appendix C).

While the data make a clear case for solid-on-solid contact in all the spheres used, the St
dependence of the details of the bounce appear to be influenced by the surface quality of the sphere.
This leads one to question whether our conclusions are valid for spheres that are even smoother than
the ball bearings employed here. The following calculation is illuminating in this regard.

IV. LUBRICATION APPROXIMATION

We write the equation of motion for a smooth rigid sphere approaching a plane under the lubrication
approximation [2]. The vertical distance between ball and plate, hy = h(0,¢), varies as

psVio = (p, — pp)Vg — 3muDho(1 4 0.15Re*%) — F,, (3)

where Re is defined by the instantaneous velocity of the sphere /g [see Fig. 1(a)] and F »» denotes
the upward pressure force exerted by the fluid layer. As in Eq. (2), we use an empirical formula for
the viscous drag in the absence of a bottom plate. The horizontal force balance between pressure
gradient and viscous forces is given by

ap 3%u,
— +
or ’ az2

=0, “4)
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FIG. 6. Velocity h versus height hq of a rigid smooth sphere approaching a rigid plane calculated from the
equation of motion (3). The results shown are for a steel sphere of diameter 15.4 mm, dropped from different
heights, yielding the labeled nominal values of St. The solid curves are obtained by using Eqgs. (4) and (5) to get
the net pressure force and then numerically solving Eq. (3). The curves for various Stokes numbers cross a given
height with different velocities; a typical example is shown by the vertical dash-dotted line at zy = 100 nm.
At this height, the velocity for the curve labeled St = 12.25 is three orders of magnitude higher than those
for the curves shown for lower St. This implies that even for extremely smooth surfaces, a physical contact
will occur prior to bouncing for a high enough Stokes number. The dashed curves at St = 25.8 and St = 5.4
are obtained by approximating the sphere as a paraboloid near r = 0 to compare with previous calculations in
DSH86 = Ref. [2] that use this approximation.

where p(r,t) is the pressure. The radial velocity of the fluid u, squeezing out between the plate and
the sphere is assumed to have a parabolic profile [14]. To obtain the net pressure force F,, we solve
Eq. (4) using the relation for surface profile of a sphere

h(r,t) = ho(t) + R — vV R?> — r2, (5)

where r = R is the the radius of the sphere. Equation (3) is numerically solved to obtain A as a
function of % and is shown by solid curves in Fig. 6. In the calculation, we follow previous work
by Davis [2], except that they had made the further assumption that the region near r = 0 may be
modeled as a paraboloid rather than a sphere. The approximation of a paraboloid allows for analytic
solutions, as shown by the dashed curves in Fig. 6, that are quantitatively close to our numerical
solutions for a sphere.

Even within these approximate treatments, where p diverges as ko — 0, the velocity of approach
is significant at a roughness cutoff scale as small as 1 nm, for large enough St. Thus the calculation
indicates that contact occurs even when the spheres are atomically smooth.

The lubrication approximation ignores vertical flows and radial gradients. However, for this
geometry, near contact, both these assumptions can be violated as the radial velocity vanishes and
radial gradients can be large. As this is the region closest to the bottom surface, further quantitative
comparison with experiments will require going beyond elastohydrodynamic lubrication theory.
However, direct solid contact is likely to be a general feature, even close to the threshold of bouncing.
In this regime, the dissipation remains dominated by fluid mechanics, while the duration of the contact
is largely controlled by surface and bulk properties of the solids. Even though solid dissipation does
not play a prominent role, the presence of solid-to-solid contact is of great significance in contexts
such as wear, charge transfer, or chemical reactivity of solids in suspension.
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FIG. 7. A fit for the 15.4-mm etched sphere on the path traced by the profilometer as a function of position
along a line on the sphere’s surface is shown in red. The fit gives us the global curvature of the path and the local
roughness of the sphere is obtained by subtracting the surface profile from this fit. The roughness & is shown in
blue in the inset.
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APPENDIX A: ROUGHNESS

The roughness profile of the spheres used was measured with a diamond-tip Dektak contact
profilometer with lateral resolution of 0.5 um and vertical range of 65.5 um. The vertical resolution
of the profilometer is approximately equal to 1 nm. The profilometer tip travels along a path of
length ~0.4 mm along the surface of the sphere. We fit a circle to the height along the path traced
by profilometer. This yields the global radius of curvature along this path as shown in Fig. 7. The
deviations from this fit give the local roughness & of the topography of the surfaces. As can be seen
from the statistics of £ given in Table I, the etched 15.4-mm sphere’s surface was found to be most
rough, as discussed in Sec. II. It is also the least heterogeneous, with relatively uniform roughness
across the surface.

The plate roughness was measured using optical profilometry. The rms roughness of the plate
was found to be around 0.29 um and the average of the maxima of peak to valley height from 12
random samples of the plate was observed to be 3.2 um.

TABLE I. Roughness values.

D (mm) rms (m) Maximum positive deviation (pm) Maximum negative deviation («m)
12 0.25 1.1 —1.78

16 0.22 0.68 —1.77

15.4 0.5 1.66 —14

044302-8



SOLID-ON-SOLID CONTACT IN A SPHERE-WALL ...

T T T T T T T T T T

0.08-(2) St=19.7,D = 16mm 0.06t- (b) St=19.7,D = 16mm 1

50mV at 100kHz oak 50mV at 100kHz i
S
(0]
o
ol
3
s

Low resistance High resistance
] contact -0.04f- contact 1
0.06} -0.06}- -
T30 N85 140 145 150 155 160 133 134 135 36 37
Time (ms) ime (ms)

0.06} (C) ' \" — Odtput voltage' 4 0.06 'Output volltage

—— Input voltage - 50mV

0.04 0.04
2 002 S 002
(1) )
(=)
£ 000 & 000
5 =
> o
-0.02F > -0.02
-0.04 -0.04
-0.06} No phase shift 4 -0.08F No phase shift 1
1 1 1 1 1 1 &
129.950 129.975 130.000 130.025 135.23 135.24 135.25 135.26 135.27
Time (ms) Time (ms)

FIG. 8. (a) Low-resistance contact and (b) high-resistance contact at 50 mV, 100 kHz, and St = 19.7.
(c) and (d) are the zoomed-in versions of contacts shown in (a) and (b), respectively. The voltage shown in
black is measured by a digital oscilloscope across a 220-k€2 resistor. In (a) and (c) the output voltage is equal
to the source voltage (shown in red) of 50 mV, suggesting that there is no voltage drop across the contact and
the contact has very low resistance. However, in (b) and (d) the output voltage is lower than the source voltage,
suggesting that some contacts obtained during the experiments have high resistance. Notice the zero phase shift
in both cases.

APPENDIX B: EFFECT OF ELECTRICAL FORCES

In order to verify that electrical forces do not play any role in the mechanics of contact, we
compared our results for a fixed Stokes number St at different ac voltages and frequency. We did
not find any systematic dependence in duration of contact or flight time with applied voltage or
frequency. Results obtained with dc measurements were found to be similar to ac measurements.

We used the same circuit as discussed before [Fig. 1(a)]. The output voltage was measured across
a 220-k2 resistor R,. This meant that if the contact resistance R, is very low all the voltage drop
would occur across R;. This indeed was observed in a majority of the experiments. An example
is shown in Fig. 8(a) and a zoomed-in version of this contact is visible in Fig. 8(c). The output
voltage (shown in black) is equal to an applied voltage of 50 mV (shown in red), suggesting that no
voltage drop occurs across contact. Such contacts will be called low-resistance contacts. In the rest
of the experiments we observed a significant voltage drop occurring across the contact. Hence, the
voltage measured across the oscilloscope is less than the applied voltage, as is visible in Figs. 8(b)
and 8(d). This suggests that R, is of the same order as R; in these cases. Such contacts were termed
high-resistance contacts. The measurements shown in Fig. 8 were taken at St = 19.7 and 100 kHz for
a 16-mm sphere. Contacts were found to be purely resistive, as can be seen from the fact that there is
zero phase difference between the applied voltage and output voltage across R; in Figs. 8(c) and 8(d).
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FIG. 9. There appears to be no systematic effect of the electrical voltage on (b) the duration of contact or
(c) the intervals between bounces. This experiment was carried out at 300 kHz for St = 19.7. (a) The total
measured contact fraction remains close to one. The fraction of low-resistance contacts (black squares) is lower.
Error bars are the standard deviation of measurements in (a) and standard error of measurements in (b) and (c)
taken at fixed Stokes numbers. Wherever the error bars are not visible, errors are smaller than the symbol size.

In Fig. 9 we show measurements as a function of the amplitude of the applied ac voltage for the
same Stokes number as above (St = 19.7) and D = 16 mm. The applied ac voltage was varied from
50 mV to 10 V. The fraction of low-resistance contact (R, << R;) was found to be lower than unity,
implying that high-resistance contact occurs in some of the trials. When high-resistance contacts are
also included, the contact percentage becomes one and does not vary with applied voltage. We point
out that the fraction of high-resistance contacts is variable and can be affected by many factors such
as the impurity content of the oil, and aging of the surface electrical properties and topography of
the sphere following repeated collisions.

As is evident from Fig. 9, no systematic dependence of contact time [Fig. 9(b)] and flight time
[Fig. 9(c)] on electrical voltage was observed. This suggests that electrical forces do not play a role in
the dynamics of the collision. In particular, there is no observed change in the nature of the electrical
signal, arguing that dielectric breakdown of silicone oil does not occur during the collision process.
The literature value of the breakdown voltage is high but finite (greater than 40 MV /m), so perhaps
breakdown is avoided due to the very short timescales of interaction. We thus infer that the values
of contact time, flight time, and contact fraction reported in this article are independent of voltage
applied.

The dependence on frequency (50-1000 kHz) of applied voltage was also studied and is shown
in Fig. 10. No systematic trend in duration of contact, flight time, and contact fraction was observed.
Figure 10 shows that there is no significant change in flight time with frequency. As mentioned
before, the contact fraction, when both low-resistance contacts and high-resistance contacts were
included, was found to be close to one for all values of applied frequencies at St > St..

APPENDIX C: HERTZIAN CALCULATION

For a perfect normal collision between two smooth, perfectly elastic spheres of radii R;, masses
m;, Young’s modulus E;, and Poisson ratio o; (i = 1,2), the closest approach of the spheres during
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FIG. 10. Variation in flight time with frequency. No systematic trend was observed and the contact fraction
was found to be equal to one for all values of frequencies.

mechanical contact can be calculated by Hertzian theory [13] and is given by

m 2/5
b:( °ff) w3, (C1)

k

where b is the maximum overlap of the spheres (b is equal to the distance between the centers of
the sphere subtracted from R; + R;) and v is the relative velocity between the spheres just before
contact. Here m.y is the reduced mass of the spheres and is given by

1 1 1

=—+— (C2)
Meff mj my

and k is the effective modulus of the spheres, given by

4 Ri{R
k= — [ 172 (C3)
SD)V R+ R
where
3/1—¢c? 1—o2
Dy =~ Ly 2. C4
) 4< E, + E ) (4

In our setup, one of the spheres has been replaced by a plate, so 1/R, = 0 and 1/m, = 0.

For a smooth sphere of diameter 15.4 mm, the depth of the contact formed due to collision of
the sphere with the plate for an impact velocity corresponding to St = 28 is approximately equal to
13.5 um. The radius of the contact area is then given by

a = /2Rb. (C5)

This gives the diameter of the contact area = 2a ~ 900 um. Of course, due to lubrication forces, the
actual impact velocity will be much lower, so these calculations considerably overpredict the size of
the crater made.

A different possibility is that instead of the radius of the sphere setting the geometry of the
collision, the local radius of curvature set by the roughness of the sphere is the relevant radius. If the
characteristic height of bumps is ¢ and the characteristic lateral size is /, the local radius of curvature
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FIG. 11. Craters visible inside the marked circle. The size of the crater on the plate is around 700 wm for
St = 28.

will be given by

1 (1Y
Reff = Z(z) . (C6)

For g =1 um and / = 100 um, R = 900 pum. If we use this radius in the Hertzian calculation
for collision, we get the depth and radius of the contact area to be approximately equal to 20 and
200 pm, respectively.

At the largest Stokes numbers, we see that the sphere’s impact on the plate leaves small craters
(Fig. 11) approximately equal to 700 pum, thus the Hertzian calculation must be replaced by a
calculation involving material plasticity. Finally, we recall that all these estimates have used the
Stokes number computed without wall effects, thus the actual impact velocity will be lower. These
estimates therefore overpredict the size of the region of contact.
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