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Effects of nonuniform viscosity on ciliary locomotion
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The effect of nonuniform viscosity on the swimming velocity of a free swimmer at zero
Reynolds number is examined. Using the generalized reciprocal relation for Stokes flow with
nonuniform viscosity, we formulate the locomotion problem in a fluid medium with spatially
varying viscosity. Assuming the limit of small variation in the viscosity of the fluid as a result
of nonuniform distribution of nutrients around a swimmer, we derive a perturbation model
to calculate the changes in the swimming performance of a spherical swimmer as a result
of position-dependent viscosity. The swimmer is chosen to be a spherical squirmer with a
steady tangential motion on its surface modeling ciliary motion. The nutrient concentration
around the body is described by an advection-diffusion equation. The roles of the surface
stroke pattern, the specific relationship between the nutrient and viscosity, and the Péclet
number of the nutrient in the locomotion velocity of the squirmer are investigated. Our
results show that for a pure treadmill stroke, the velocity change is maximum at the limit of
zero Péclet number and monotonically decreases toward zero at very high Péclet number.
When higher surface stroke modes are present, larger modification in swimming velocity is
captured at high Péclet number where two mechanisms of thinning the nutrient boundary
layer and appearance of new stagnation points along the surface of squirmer are found to
be the primary reasons behind the swimming velocity modifications. It is observed that the
presence of nonuniform viscosity allows for optimal swimming speed to be achieved with
stroke combinations other than pure treadmill.
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I. INTRODUCTION

Many cellular microorganisms, both prokaryotic and eukaryotic, use some types of self-propulsion
mechanisms to move through their surrounding environment [1–4]. In most cases, the viscous stress
is the dominant locomotive force in microorganism swimming and inertial effects are negligible
[4–6]. Therefore, for microorganisms to propel themselves through the surrounding environment,
they use non-time-reversible types of motion [7]. The nonreversible swimming kinematics are usually
associated with wavylike beating motion of flexible slender appendages attached to the surface of a
microorganism, known as either flagella or cilia, depending on their length relative to the size of the
organism. While many microorganisms have a small number of very long flagella, such as eukaryotic
flagella in mammalian spermatozoa [1,8–10], other organisms, such as Paramecium, possess many
shorter ciliates over the cell surface to create the required thrust for locomotion [1]. The latter mode
of swimming is called ciliary locomotion.

As a microorganism swims, it creates flow features that could affect the transport of nutrients near
its surface [11–14]. In particular, the metabolism of many microorganisms relies on the absorption
of other molecules, cells, or particles at their surfaces which, for convenience in this paper, are all
referred to as a nutrient [15]. A nutrient, which could be low-weight molecules, dissolved gases,
complex proteins, or even heat, are transported by diffusion and advection processes of the flow
which themselves are caused by the motion of single or multiple organisms, or even external factors.
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There is a strong correlation between the transport of nutrients and swimming kinematics used
by microorganisms, which is a vital feature in survival of large microorganisms [1,16]. The relative
importance of advection versus diffusion mechanisms in the transport of nutrients around a swimmer
is characterized by the nutrient Péclet number [12–14]. At small Péclet number, diffusion is dominant
and therefore the nutrient concentration is anticipated to be homogeneous. At high Péclet number, the
advection transport from the flow that is created by the motion of the swimmer surface is dominant.
In this case, the nutrient concentration changes rapidly in the radial direction across a thin boundary
layer near the surface of a microorganism.

The rate of nutrient intake at the surface of a swimmer not only affects the growth and reproduction
rate of a microorganism [17–19], it can also modify the swimming speed of the organism or even
enables an originally nonmotile system to start moving [20]. The depletion of certain chemical agents
from the surface of a microorganism or cell can also modify the material properties of fluid near
the body by varying its effective viscosity and/or viscoelasticity; experimentalists have primarily
used two compounds, methyl cellulose and Foxin, to systematically change the bulk viscosity of
a medium [21,22]. These are long-chain polymers and, while not being digestible, do suggest that
other long-chained nutrients, such as complex sugars and proteins, could have a similar effect on bulk
viscosity. Here we assume that a nutrient-dependent bulk viscosity can be extended to a theoretical
pointwise-dependence.

This model of swimming has been explored for microrobots and has been successfully employed in
different bioinspired applications [23]. For example, an artificial, miniaturized, chemically powered
body can react chemically to the surrounding flow and creates asymmetric chemical agent distribution
around the swimmer that causes a finite-amplitude fluid velocity near the surface of the body and
consequently allows the body to propel itself in its surrounding environment. This mode of swimming,
which is essentially caused by the slip boundary condition on the surface of a body, is known as
phoretic swimming [24,25]. A similar situation is also observed for a spherical chemical droplet
at the interface of two media where an asymmetric distribution of a chemical agent at the contact
line of the droplet and the interface leads to a net Marangoni force on the droplet and results in a
finite swimming velocity of this force-free body [26–29]. A similar Marangoni force has been seen
for solid bodies that are asymmetrically heated [30–33]. All of these locomotion modes have an
origin in the changes in the fluid boundary conditions at the surface of a swimmer. This leads to
the question of what would happen when a nutrient modifies the properties of near-body fluid, even
though the fluid boundary conditions at the surface of the swimmer are unaffected? There have been
several recent experimental [34,35] and theoretical [36–40] studies into how swimming efficiency
is affected by non-Newtonian flows with shear-dependent viscosities. Non-Newtonian fluid models
have the added benefit of taking into account more realistic physics, including both memory effects
due to the fluid elasticity and the fluid viscosity modification due to the shear stress, at the cost
of increasing the model complexity. Nganguia et al. [39] suggested that there is an optimal shear
rate for swimmers with the squirmer model of locomotion at which the swimming efficiency can
be substantially enhanced in fluids with shear-thinning viscosities compared with the Newtonian
case. The swimming performance in non-Newtonian fluids highly depends on the ratio between
the fluid relaxation and flow characteristic time scales, known as the Deborah number, as well as
other interconnecting effects such as self-propulsion modes [37,38]. As a model problem, in this
study, a straightforward case of a Newtonian fluid with nutrition-dependent viscosity is assumed to
investigate the effect of nutrient consumption on the swimming velocity.

The distribution of nutrients around a cell can change extracellular plasma viscosity or viscoelas-
ticity directly or indirectly. While a bacteria suspension has been shown experimentally to decrease
a fluid’s net bulk viscosity [41], the manipulation of local nutrient gradients by two specific bacteria
will help illustrate a primary mechanism of this type of microorganism’s motility. H. pylori is an
ulcer-causing flagellar microorganism that lives in the highly acidic environment of human stomachs.
It has been found that this organism moves through the thick gel-like environment by releasing urease,
a substance which increases the pH of the gastric mucus fluid. This benefits the motility of H. pylori
by changing the local fluid properties around its surface and modifies the force acting on the cell
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body [42]. Recent theoretical work has been done to determine the environmental constraints for H.
pylori’s motility [43]. Synechococcus is a cyanobacteria that obtains its nutrients through oxygenic
photosynthesis. Although it has no flagella or cilia, it is mysteriously able to swim through liquid
suspensions [44,45]. It is still an open question as to how it generates propulsion; many studies
have been done to examine possible swimming modes [46,47], and experimental studies have ruled
some out, such as electrophoresis [48]. However, one hypothesis is that modification of near-surface
nutrient concentration is the reason behind their swimming abilities. We are thus motivated to study
the potential connection between the local changes in the nutrient concentration and its effect on
the locomotion speed of a free swimmer with potential applications for developing next generation,
efficient, artificial biomimetic microswimmers [49]. In this mode of locomotion, the absorption of
nutrients on the surface of a cell results in reduction of their concentrations and in turn modifies the
pointwise viscosity of fluid near the surface of the swimmer. The purpose of the present paper is
to investigate this mechanism and determine to what extent the viscosity change around a mobile
microorganism affects the swimming performance of the body.

We employ the generalized Lorentz reciprocal theorem [50] to relate the problem with nonuniform
viscosity to the counterpart problem with uniform viscosity. Using a reciprocal theorem is a popular
technique which has been successfully used in other fluids problems [51,52]. By solving for the
nutrient concentration in an advection-diffusion process around a free swimmer inside a fluid with
uniform viscosity [12,13], we quantify the changes in the swimming velocity of the body when it
moves in a fluid domain with nonuniform viscosity. To obtain the fluid velocity and stress, we also
need to model the Stokes flow near the swimmer. This problem is primarily affected by viscous effects
and the locomotion performance of the system only depends on the sequence of shapes used by the
swimmer and not on the rate of shape changes [4,5]. Solving for rate-independent flow field around
a general free-swimming cell is challenging, especially when the swimmer shape is complex with
many appendages like flagella or cilia. Different techniques have been proposed to study these kinds
of systems. The most common are the boundary element method [53], simplified techniques like
regularized Stokeslets [54], slender boundary theory [4,55], or the use of fundamental singularities
[56] to impose boundary conditions on the surface of a swimmer. Because they consider general
shapes, these methods are inherently complicated to implement and generally are computationally
expensive. One may use an alternative approach and approximate the geometry of a swimmer
with a simplified canonical shape and solve the Stokes equation exactly in the uniform viscosity
domain. This approach allows exploring the effects of a wide range of controlling parameters on
the hydrodynamics of force-free bodies at the limit of zero-Reynolds-number flow. This approach
has been used successfully to study different mechanisms related to the hydrodynamics of ciliated
swimmers [57,58].

In this study we employ the latter approach and focus on the spherical squirming swimmer for
which the exact solution for uniform viscosity Stokes flow is available and has been used in previous
studies [59–62]. The mathematical model of a spherical squirmer can be considered as a simplified
representation of ciliated microorganisms [57,58] and is routinely used to study individual and
collective dynamics of these microorganisms. Here we decompose the stroke motion at the surface
of a spherical swimmer into swimming and nonswimming modes and explore how each stroke mode
affects the swimming velocity through modification of near-field viscosity as a result of nutrient
uptake at the surface.

The rest of the paper is organized as follows. In the next section we define the physical problem
and present the mathematical formulation, including the governing equations and the mathematical
solutions, and define the key characteristic quantities for the analysis. The results are then presented
and conclusions are drawn.

II. MATHEMATICAL FORMULATION

The swimmer is assumed to be a spherical ciliate at a very small Reynolds number Re =
ρUR/μ ∼ 0, where U is the characteristic velocity, R is the radius of the swimmer, and ρ and
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FIG. 1. Sketch of translational U and rotational � terms for our canonical shape.

μ are, respectively, the mass density and dynamic viscosity of the surrounding fluid. The surface
of the swimmer moves with a given velocity us measured from a body-fixed coordinate system. At
very small Reynolds number, the fluid velocity field u is approximated by the Stokes equations

∇ · σ = ∇ · (−p I + 2μE) = 0, ∇ · u = 0, (1)

where E = 1
2 (∇u + ∇u�) is the rate-of-deformation tensor, σ is the Newtonian stress tensor, and μ

is the spatially varying viscosity. In addition, the boundary conditions at the surface of body and far
field are, respectively,

u = us + (U + � × x) at r = R, u → 0 as r → ∞, (2)

where U = (Ux,Uy,Uz) and � = (�x,�y,�z) are the transitional and rotational velocities of a
swimmer and are determined through imposing the free-swimming boundary conditions on the
surface of the swimmer (see Fig. 1)∫

S

τ ds = 0,

∫
S

x × τ ds = 0,

where τ = n · σ is the traction on the boundary, and n is the unit normal vector to the surface of the
swimmer S, and x is the position vector.

We assume that the swimmer is placed in a nutrient solution with far-field concentration of C0.
We follow previous studies by Magar et al. [12] and Michelin and Lauga [13] and assume that the
nutrient is completely absorbed at the surface of the swimmer, i.e., C = 0 at r = R. The distribution
of C is further assumed to be governed by the steady advection-diffusion equation

u · ∇C = κ∇2C, C = 0 at r = R, C → C0 as r → ∞, (3)

where κ is the nutrient diffusion coefficient and u is the fluid velocity found by Stokes equations (1)
and (2).

The viscosity of extracellular plasma is assumed to be nonuniform and directly related to the
pointwise nutrient concentration in the flow according to

μ = μ0 + kμ0

(
C0 − C

C0

)ξ

, (4)

where k and ξ are dimensionless coefficients characterizing the nature of viscosity change for different
types of nutrients. Qualitatively, k > 0 is for the cases in which the reduction of a nutrient increases the
viscosity, like in the case of heat absorption by a swimmer, and k < 0 is for the situation in which the
reduction of a nutrient decreases the viscosity, as is the case of glucose and proteins. The exponential
form is for our desire to qualitatively capture experimentally determined nutrient-dependent bulk
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viscosity, seen best in Fig. 1 of [22]. Assuming that the change in the fluid viscosity is small, we
can define k = ε with the assumption that ε � 1 and use ε for the scale separation in perturbation
analyses described in Sec. II A. Equation (4) then can be rewritten as

μ(x) = μ0 + εμ1(x), μ1(x) = μ0

(
C0 − C(x)

C0

)ξ

. (5)

The changes in the swimming speed of an organism are related to the distribution of nonuniform
viscosity μ1 through the reciprocal theorem as explained in Sec. II A.

A. Generalized reciprocal theorem for Stokes flow

In order to calculate the swimming velocity of an organism, a generalized reciprocal theorem
(GRT) is utilized to relate the current problem to a similar problem with the same geometry but
uniform viscosity. The derivation for viscous flow follows straightforwardly from [50], so details are
left to Appendix A. The integral form of the GRT is∫∫

S

μU · τ ′ds +
∫∫

S

μ� · (x × τ ′)ds +
∫∫

S

μus · τ ′ds = −
∫∫∫

V

∇μ · σ ′ · u dv, (6)

where the prime denotes fields in our auxiliary constant viscosity domain, which for our spherical
swimmer will be defined later in Eqs. (11) and (12). From Eq. (5) we can expand all velocity fields
in Eq. (6) in a regular perturbation series, e.g., u = ∑

m εmum, and obtain the O(ε0) term∫∫
S

μ0U0 · τ ′ds +
∫∫

S

μ0�0 · (x × τ ′)ds +
∫∫

S

μ0us · τ ′ds = 0. (7)

Knowing that μ0, U0, and �0 are constants, Eq. (7) simplifies to

U0 · F′ + �0 · T′ = −
∫∫

S

us · τ ′ds, (8)

where F′ = ∫∫
S
τ ′ds is the total force acting on the swimmer and T′ = ∫∫

S
x × τ ′ds is the resultant

fluid dynamic torque on the body. The relation is a classical problem solved originally by Stone and
Samuel [63]. In a similar way, we can write the O(ε1) relation as∫∫

S

μ0U1 · τ ′ds +
∫∫

S

μ0�1 · (x × τ ′)ds +
∫∫

S

μ1U0 · τ ′ds +
∫∫

S

μ1�0 · (x × τ ′)ds

+
∫∫

S

μ1us · τ ′ds = −
∫∫∫

V

∇μ1 · σ ′ · u0dv. (9)

Since μ1 is constant on S from Eqs. (3) and (5), the summation of the last three terms on the left-hand
side of Eq. (9) is zero from Eq. (7) and therefore Eq. (10) can be transformed to

U1 · F′ + �1 · T′ = −
∫∫∫

V

∇μ1

μ0
· σ ′ · u0dv. (10)

The above derivation is valid for Stokes flow with nutrient-dependent viscosity in any geometry.
The next step for the current problem is to define an auxiliary Stokes problem and solve for (U0,�0)
and (U1,�1) using Eqs. (8) and (10). Since in this paper we are interested in axisymmetric motion
of a spherical squirmer, we set �0 = �1 = 0 and choose a translational motion of a sphere of radius
R with the velocity of U′ along the x axis in a fluid with constant viscosity of μ0 and no surface
deformation as an auxiliary flow problem. The solution of this classical problem is well known and
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its velocity fields in the body-centered coordinate system can be written as

u′
i = 1

4
R

[
3
δij

r
+ 3

xixj

r3
+ R2

(
δij

r3
− 3xixj

r5

)]
U ′

j , (11)

σ ′
ij = −3

2
μ0R

[
3
xixjxk

r5
+ R2

(
δij xk + δjkxi + δkixj

r5
− 5

xixjxk

r7

)]
U ′

k, (12)

which results in F′ = −6πμ0RU′ and T′ = 0. This allows the simplification of Eqs. (8) and (10)
into

U0 = − 1

4πR2

∫∫
S

usdS, (13)

U1 · F′ = −
∫∫∫

V

∇μ1

μ0
· σ ′ · u0dv. (14)

Equation (13) is the zeroth-order swimming velocity which only depends on the stroke pattern used by
a swimmer. Similarly, the first-order change of the swimming velocity is given by Eq. (14). However,
to calculate the right-hand side of Eq. (14), we should remember that μ1 = μ1(C), so the nutrient field
is required in the fluid domain around the swimmer. A related point to consider is that Eq. (10) only
provides the first-order correction to the swimming velocity while ignoring higher-order effects.
In particular, the O(ε1) changes of the flow field causes up to O(ε1) modification in the nutrient
field, which then induces up to an O(ε2) correction to μ in Eq. (5). Thus, for the limit of small
viscosity changes on the order of ε, we only need to include the one-way coupling between the
nutrient concentration and the flow field in order to calculate the first-order velocity correction and
disregard the higher-order effects caused by the changes of the nutrient field as a result of modified
flow velocities. Toward this, we use the squirmer model to solve for the fluid domain and nutrient
distribution around a swimmer. The formulation and numerical procedure are explained in Sec. II B.

The resultant flow equations are nondimensionalized using the radius of the swimmer R as the
length scale and

√
RQ/μ0 as the time scale where Q = − ∫∫

S
us · τ ′ds is the rate of work performed

by the swimmer against the surrounding fluid with uniform constant viscosity. Hereafter, we consider
nondimensional forms of our equations and use the same notation for the nondimensional quantities
as their dimensional counterparts.

B. Model of squirming motion of a sphere

In the squirming model, we consider the body-fixed coordinate system with the origin at the center
of a sphere. The swimmer is considered to have a translational motion U = (−Ux,0,0) pointing
towards the negative side of the x axis. A spherical coordinate system is employed to describe the
flow field using r and γ = cos(θ ) for radial and polar coordinates, respectively, where θ is the angle
between the r vector and the positive direction of the x axis. The surface of the swimmer is located
at r = 1 and its velocity is purely tangential, i.e., us = us

θeθ . We can fully characterize us
θ using a

Legendre polynomial series [12,13,57] as

us
θ (γ ) =

∞∑
n=1

βnKn(γ ), (15)

where Kn(γ ) =
√

3
n(n+1)

√
1 − γ 2P ′

n(γ ), with Pn being the Legendre polynomial of order n. Here

βn specifies the contribution of the mode n in the swimming stroke. From the previously explained
nondimensionalization procedure based on the rate of energy dissipation [13,57], βn is normalized
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such that it satisfies

2

3
β2

1 +
∞∑

n=2

β2
n = 1. (16)

When the viscosity of fluid is constant, the first mode with n = 1 defines the swimming velocity and

it is possible to show that β1 =
√

3
2U . Other modes are not swimming modes and only contribute to

local flow features near the body. Previous studies have shown that the maximum propulsion speed
by a swimmer inside uniform viscosity fluid for a constant energy expenditure occurs when the
surface velocity of the swimmer is made of only the first stroke mode (βn = δ1,n).

Since the Stokes problem is linear, the flow field can also be generated by a superposition of
solutions of different swimming modes. This allows the stream function ψ of the flow to be defined
as

ψ(r,γ ) =
∞∑

n=1

βn�n(r,γ ), (17)

where

�n(r,γ ) = 1 − γ 2

√
n(n + 1)/3

P ′
n(γ )φn(r), (18)

φn(r) =
{

1−r3

3r
if n = 1

1
2

(
1
rn − 1

rn−1

)
if n > 1.

(19)

The fluid velocity can then be computed from

v = − 1

r2

∂ψ

∂γ
er − 1

r
√

1 − γ 2

∂ψ

∂r
eθ , (20)

where v is the fluid velocity measured from the body-fixed coordinate system and is related to the
actual fluid velocity through u = v − Uex .

Defining the nondimensional nutrient deficit as c = C0−C
C0

, the nondimensional form of Eq. (3) in
a spherical coordinate system is

1

Pe

[
∂

∂r

(
r2 ∂c

∂r

)
+ ∂

∂γ

(
(1 − γ 2)

∂c

∂γ

)]
=

∞∑
n=1

βn

[
∂�

∂r

∂c

∂γ
− ∂c

∂r

∂�

∂γ

]
, (21)

with the near- and far-field boundary conditions of

c(1,γ ) = 1, c(∞,γ ) = 0. (22)

In Eq. (21), Pe = 1
κ

√
QR/12πμ0 is the Péclet number which compares the advective and diffusive

transport rates at the surface of the swimmer. Equations (21) and (22) are used to calculate the
effects of each mode of the stroke, e.g., βi , on the nutrient concentration. To solve for c, we follow
the method previously proposed in [64] and subsequently used in [12,13] and rewrite c with its
Legendre polynomial series expansion in the γ direction as

c(r,γ ) =
∞∑

j=1

cj (r)Pj (γ ). (23)
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This results in a coupled linear system of equations for different Legendre polynomial terms. The
resultant equation for the coefficient of the Pj term in Eq. (23) can be written explicitly as

Pe
∞∑

n=1

∞∑
m=0

βn

[
Aj (m,n)

dcm

dr
ψn + Bj (m,n)cm

dψn

dr

]
= d

dr

(
r2 dcj

dr

)
− j (j + 1)cj , (24)

with the boundary conditions

cj (1) = δj1, cj (∞) = 0. (25)

The coupling coefficients Aj (m,n) and Bj (m,n) can be calculated by utilizing the recurrence
properties of Legendre polynomials and are given in Appendix B.

The finite-difference method is employed to discretize Eq. (24) in the radial direction. To achieve
higher grid density near the body, a stretched grid in the r direction is used through mapping a
uniformly spaced Nr grid in ζ (1 � ζ � ζmax) to the radial direction with r = eζ . Our numerical
sensitivity tests show that Nr = 700 and ζmax = 10 are sufficient to accurately capture the thin
boundary layer of c at the surface of the swimmer at the highest tested Pe (here limited to Pe = 600)
and also reduce the effects of domain truncation at the far-field at the limit of very small Pe number.

The Legendre polynomial series in Eqs. (23) and (24) is truncated after j = J and only the first
J modes of the Legendre polynomial are retained. Our sensitivity analyses show that J = 400 is
sufficient to accurately resolve the concentration field in the azimuthal direction in the most sensitive
cases with very high Péclet number. In addition, we also assume that the squirming motion of the
surface of the swimmer can be described by the first 12 Legendre polynomials and therefore the
summation in Eq. (15) is truncated at N = 12.

III. RESULTS

The methodology described in the preceding section is employed to calculate the change in the
swimming velocity of the squirmer for different Pe and ξ as a result of surface motion with a
combination of stroke mode shapes βi . To quantify the effects of viscosity change on the swimming
velocity of a microorganism, we define cm(r,γ ) = ξcξ−1

U0F ′ ∇c · σ ′ · u0 to be the kernel of Eq. (14)
(e.g., U1/U0 = − ∫

V
cm dv), which physically represents to what extent spatially varying nutrient

concentration around the swimmer affects the swimming velocity. We will go into detail about the
effects of the nutrient gradient and Pe for the pure treadmill case and then describe how multiple
swim strokes together affect the swimming performance in different environments.

A. Pure treadmill motion with βi =
√

3
2 δ1i

In Figs. 2(a)–2(d) the concentration fields of c and cm are shown for four values of Pe (0.02,

1, 50, and 500, respectively) around a swimmer with pure treadmill stroke βi =
√

3
2δ1i , the

√
3/2

needed to keep the overall power expended normalized. When Pe is very low [Fig. 2(a)], the nutrient
concentration is isotropic and decays similarly in the r direction at every γ value, which results in a
very weak asymmetry between the front and back of the swimmer. The contour plot of cm has two
primary areas with large values, a very confined region at the side of the swimmer where cm shows its
maximum values and thus has a negative effect on the first-order swimming velocity change U1/U0,
and two very similar and relatively larger regions, around |γ | � 0.8, where cm attains its minimum
value and therefore increases U1/U0.

At higher Pe [starting with Pe = 1 in Fig. 2(b)], the front-back symmetry breaks, resulting in a
larger region with negative cm to appear in the front of the organism rather than its back. At the
same time, as the concentration boundary layer near the side of the swimmer becomes thinner, a
region with large positive cm value appears. The overall effect is an increase in U1/U0 compared to
smaller-Pe-number problems.
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FIG. 2. Contour plots of nutrient concentration c and its effect cm on U1/U0 around a spherical swimmer
with the pure treadmill squirming surface motion (βi = √

3/2δ1i) for (a) Pe = 0.02 and U1/U0 = 0.084,
(b) Pe = 1 and U1/U0 = 0.102, (c) Pe = 50 and U1/U0 = 0.073, and (d) Pe = 500 and U1/U0 = 0.032. The
dashed lines are the streamlines for each case.

As Pe increases [Figs. 2(c) and 2(d)], stronger angular asymmetry appears in the nutrient
concentration around the squirmer where the boundary layer of nutrient becomes thin in front of
the swimmer and a confined wake emerges behind the squirmer. Figures 2(b)–2(d) show that the
region with a large positive value of cm at the side of the organism is stronger in the case of Pe = 50
compared to higher and lower Péclet numbers of Pe = 500 and 1. The reduction in thickness of
the nutrient boundary layer at the side of the squirmer is the reason for the reduction in U1/U0 at
Pe = 500 compared to Pe = 50. Moreover, the most dominant region with negative values of cm

shifts from the front of the swimmer at Pe = 1 to the back at Pe = 50 and 500. At very high Pe, here
Pe = 500, this region appears to become smaller and primarily concentrated in a thin boundary layer
near the surface of the swimmer except very close to γ = −1, where the boundary layer depletes
into the wake behind the swimmer.

The results of Fig. 2 suggest that there is a range of Pe with maximum influence on the swimming
velocity. To better understand the effects of the parameters on the swimming velocity of the squirmer,
the contour plot of U1/U0 of a swimmer with a pure treadmill surface stroke is shown in Fig. 3 for
10−3 � Pe � 600 and 0.25 � ξ � 4. In addition, the asymptotic values of U1/U0 at Pe 
 1 and
Pe � 1 are also shown with dashed and dash-dotted lines, respectively. The analytical asymptotic
formulations of U1/U0 are calculated from the behavior of (21) at very large and very small Péclet
numbers, as discussed in Appendixes C and D. Overall, very good agreement is found between
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FIG. 3. Dependence of the first-order swimming velocity of the squirmer U1/U0 on log10(Pe) and ξ for

the pure treadmill motion βi =
√

3
2 δi1. Dashed contour lines are the asymptotic results for Pe 
 1. Similarly,

dash-dotted contour lines correspond to the asymptotic results for very low Pe.

the numerical results and the asymptotic values at extreme values of Pe, which also validates the
numerical method.

From Fig. 3 it can be seen that for the tested ranges of ξ and Pe values, U1/U0 is positive and,
depending on the sign of ε or equivalently the nature of viscosity change with nutrient concentration,
the swimming performance of the squirmer always monotonically increases or decreases with the
changes in the viscosity. The maximum value of U1/U0 of more than 0.12 occurs at small Pe and
large ξ . For Pe < 0.1, the change in the swimming speed is almost independent of Pe and only
depends on ξ ; this contrasts greatly with the high-Pe regime, where U1/U0 is primarily a function
of Pe and monotonically approaches 0 with increasing Pe. This implies that under similar condition,
smaller microorganisms are more affected by the changes in the viscosity due to the rate of nutrient
consumption than larger microorganisms. However, as will be discussed later, the effect of viscosity
change on U1/U0 at high-Pe values is highly dependent on the surface stroke pattern, especially if
other stroke modes besides the pure treadmill motion are present in the surface motion.

B. Changes in the swimming velocity for different Pe

In this section we explore the effect of Péclet number on the swimming velocity of an organism
when the surface velocity consists of two modes: the treadmill mode and one of the higher stroke
modes. We only consider the first three higher stroke modes as previous literature has suggested that
swimming microorganisms can reasonably be approximated with only the first couple of modes [13].

First it is assumed that the surface motion only consists of the treadmill and the second, third, or
fourth stroke mode. While the responses of β2/β1 = −1 and 1 [in Figs. 4(a) and 4(d), respectively]
are very similar at low Pe, the case of β2/β1 = −1 has a local maximum at Pe ∼ O(1), while such
feature is not present in the case of β2/β1 = 1. Additionally, the asymptotic value of U1/U0 at very
small Pe numbers approaches zero when β2/β1 = 1 and reaches a finite negative value of −0.05
when β2/β1 = −1. The cases of β3,4/β1 = ∓1 [Figs. 4(b) and 4(e)] show similar behavior, however
the peak appears now for the positive ratio at slightly higher Pe. The results shows that the nature
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FIG. 4. Dependence of the relative swimming velocity change on the Péclet number for different ξ when
the tangential velocity of the organism surface consists of β1 and βi , i = 2,3,4: (a) and (d) β2

β1
= ∓1, (b) and

(e) β3
β1

= ∓1, and (c) and (f) β4
β1

= ∓1.

of the change of U1 with Pe numbers is highly dependent on the few first squirmer modes; this is in
contrast to the higher stroke modes, e.g., Figs. 4(c) and 4(f), where the responses are similar to what
has been observed in Fig. 2 for the pure treadmill motion.

The contour plots of c and cm for β2/β1 = 1, β3/β1 = 1, and β4/β1 = 1 near the observed peaks
at a Péclet number of Pe = 50 are shown in Figs. 5(a), 5(b), and 5(c), respectively. It can be seen that

FIG. 5. Distributions of nutrient concentration (top row) and its distributed effect on U1/U0 (bottom row)
around the spherical swimmer with (a) β2/β1 = 1 and U1/U0 = −0.01, (b) β3/β1 = 1 and U1/U0 = 0.074,
and (c) β4/β1 = 1 and U1/U0 = 0.033 at Pe = 50 and ξ = 1. The streamlines for each surface stroke are shown
in the first row of figures.
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FIG. 6. Similar to Fig. 5 except that Pe = 500 and (a) U1/U0 = −0.042, (b) U1/U0 = 0.033, and (c)
U1/U0 = −0.012.

the distribution of c around the swimmer shows a large dependence on the stroke modes used by the
squirmer, causing the cm contour plot to differ between stroke cases. In particular, the β2/β1 = 1
case shown in Fig. 5(a) has a larger region on top and anterior of the swimmer with positive cm

and the negative regions of cm are in a small region behind the swimmer and a much larger region
in front of the swimmer. At β3/β1 = 1, shown in Fig. 5(b), because of the symmetric motion of
the swimmer surface and nearly symmetric distribution of c with respect to the y axis except near
γ = ±1, the contour of cm around the swimmer is symmetric. In this case, negative regions grow
in size and result in a larger increase of U1/U0 than in the similar case at low Pe. From Fig. 5(c)
it can be seen that in the case of β4/β1 = 1 the dominant negative region of cm switches from the
back of the swimmer to its front at γ ∼ 0.6 and the region with positive cm increases in both size
and magnitude, resulting in small U1/U0.

At very high Pe, Pe = 500 in Fig. 6, the main contribution of the c distribution only concentrates
at the boundary layer of the swimmer and the largest value of cm, either positive or negative,
happens along the surface of the swimmer. The exception is at isolated stagnation points along the
surface motion where the nutrient boundary layer separates. The stagnation points are placed near
the back of the squirmer where a larger region with small magnitude of negative cm bursts from
the surface and stretches into the wake. The effective consequence of an increase in the strength of
the region with positive cm and detachment of the region with negative cm from the surface of the
swimmer (where σ ′ has a larger value) is a reduction in U1/U0 compared to the smaller Pe regime
of Pe = 50.

C. Changes in the swimming velocity for coupled βi

In this section we study how the surface stroke pattern affects the swimming velocity of the
squirmer. As we have discussed in the preceding section, the surface stroke pattern is an important
factor when Pe � 1 and thus in this section we choose three representative Pe numbers of 1, 20, and
500 and focus only on the dependence of U1/U0 on the surface stroke pattern when the squirmer
uses the treadmill motion and one of the second to fourth surface modes.

The dependence of U1/U0 on |βi |/β1 (i is a mode number between 2 and 4) at Pe = 1 is shown
in Figs. 7(a)–7(c). Here, except for |β2|/β1, the results of positive and negative βi/β1 (shown with
closed and open symbols, respectively) of other cases are almost identical. In these cases, each ξ

curve reaches its constant asymptotic limit of U1/U0 at a small ratio of the modes and decays rapidly
between |βi |/β1 = 0.2 and 10 to become almost zero at higher mode ratios. The region where the
curves show their most rapid decay is almost independent of ξ and only depends on the ratio of
the higher stroke mode to the treadmill mode. In all cases, U1/U0 increases with the increase of
the ξ exponent at small |βi |/β1 ratios. The exceptional behavior happens at |β2|/β1 � 1, where the
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FIG. 7. Dependence of the relative swimming velocity change on the ratio of (a) |β2|/β1, (b) |β3|/β1, and
(c) |β4|/β1 for different ξ coefficient at Pe = 1; (d) |β2|/β1, (e) |β3|/β1, and (f) |β4|/β1 for different ξ coefficient
at Pe = 20; and (g) |β2|/β1, (h) |β3|/β1, and (i) |β4|/β1 for different ξ coefficient at Pe = 500. In each figure,
the surface motion consists of the first and only one of the higher stroke modes. The open symbols are for
βi/β1 < 0 and closed symbols are for βi/β1 > 0. Note the varying scales of the vertical axis.

negative value of β2 results in a small local rise in U1/U0 around β2/β1 = −1. Also for this case it
is found that the swimmer has a nearly maximum U1/U0 unless the amplitude of the second stroke
mode becomes larger than the first mode, β2 � −β1.
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FIG. 8. Changes of the first-order swimming velocity U1/U0 in (a) the β2-β3 plane and (b) the β2-β4 plane,
assuming Pe = 400. Here β1 is calculated from 2

3 β2
1 + ∑

i 
=1 β2
i = 1. It is assumed that ξ = 1.

When we vary the |βi |/β1 ratios over a wide range, we see that, in general, pure treadmill-
dominated (|βi |/β1 � 1) motions give the best swimming performance. However, most interestingly,
in certain cases there is a peak maximum for equal ratios, notably for β2/β1 = O(1) and Pe = 20.
This peak increases as the rate of nutrient change dampens near the cell surface (as opposed to a rapid
change with high ξ ). An interpretation of this is the need for a boundary layer to generate a front-back
asymmetry along the organism. If the boundary layer is large or nonexistent (Pe � 1) then there
is no front-back asymmetry in viscosity to generate a propulsive force, and if the boundary later is
too small (Pe 
 1) then no stroke effect is able to propagate in the fluid far enough to substantially
affect the swimming velocity. However, it should be noted that for the vast majority of cases, the
swimming performance monotonically decreases as |βi |/β1 is increased. This lends further evidence
towards pure treadmill strokes being optimal.

At Péclet number of Pe = 20, shown in Figs. 7(d)–7(f), the U1/U0 curves show larger variations
with both positive and negative values. In particular, the curves of a positive ratio of the stroke
mode in Fig. 7(d) have minimum values at β2/β1 � 10. In contrast, the negative β2/β1 curves show
a localized increase in U1/U0 at β2/β1 = −0.3 for all ξ values before they decrease rapidly to
U1/U0 � 0 at β2/β1 < −10. For the case of |β3|/β1 
= 0 shown in Fig. 7(e), the trend is reversed
and the positions of extrema shift slightly compared to Fig. 7(d). Nonetheless, the changes in U1/U0

for the combination of the first and third modes are smaller than what has been observed for the
combination of the first and second surface stroke modes. Also U1/U0 curves of higher surface
stroke modes, |β4|/β1 in Fig. 7(f), show minor sensitives to the sign of the surface stroke mode.

At high Péclet number of Pe = 500, U1/U0 shows great sensitivity to the magnitude and sign of
βi/β1 for all test cases [Figs. 7(g)–7(i)]. Moreover, the smallest U1/U0 is observed in all cases at
|βi |/β1 � 3 for either positive or negative higher stroke modes.

Finally, to see the effects of surface motion with more than two stroke modes, in Fig. 8 the changes
of U1/U0 within the β2-β3, β2-β4, β2-β5, and β3-β5 planes are plotted. In each case, the boundary of
search space and the value of β1 are from the constraint of the invariant consumed energy [Eq. (16)].
Moreover, here we choose ξ = 1 and Pe = 400. The (0,0) node in each plane corresponds to the pure
treadmill mode, which previously had been shown to be both the optimal swimming and optimal
feeding scenario [13]. It is observed that the maximum U1/U0 does not correspond to the pure
treadmill surface stroke and happens for a finite amplitude of higher modes. In particular, when the
horizontal axis is β2, the position of the maximum U1/U0 shifts to the negative side of the x axis,
and when the horizontal axis is β3, it moves to the positive side, which is very similar to the trend
observed in Fig. 7 when the surface motion consists of only two stroke modes. The place of the
maximum U1/U0 with respect to the vertical axis depends on the sequence of higher modes. If they
are entirely even modes (e.g., β2,β4, . . .) or merely odd modes (e.g., β3,β5, . . .), the maximum of
U1/U0 corresponds to the case in which both modes have the same sign, but if one of the higher modes
is odd and the other is even, the maximum of U1/U0 occurs when the modes have opposite signs. The
maximum value of U1/U0 for these cases is larger and reaches 0.044 compared to U1/U0 = 0.035
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FIG. 9. Distributions of nutrient concentration (top row) and its distributed effect on U1/U0 (bottom row)
for the maximum observed values in Fig. 7 assuming Pe = 400 and ξ = 1: (a) point (−0.296,0.402) in the
β2-β3 plane for U1/U0 = 0.0487, (b) point (−0.307,−0.282) in the β2-β4 plane for U1/U0 = 0.0456, (c) point
(−0.356,0.255) in the β2-β5 plane for U1/U0 = 0.044, and (d) point (0.491,0.310) in the β3-β5 plane for
U1/U0 = 0.0487.

in the case with pure treadmill motion. This is evidence for more optimal swimming strokes than
just pure treadmill when a nonuniform viscosity environment is considered.

The streamlines and concentration contours of cases corresponding to the maximum U1/U0

observed in Fig. 8 are shown in Fig. 9. The combination of the surface stroke modes in these cases
makes the constructive cm (cm < 0) stronger at the front and back of the swimmer, mainly by
increasing the radial gradient of c in those spots. At the same time, the optimal combination of the
modes marginally decreases the strength and extent of the destructive cm (cm > 0). The unique
feature observed for all optimal combinations of higher modes is that the boundary layer stays
connected and higher surface stroke modes only marginally modulate the boundary layer of the pure
treadmill stroke without inducing any new stagnation point along the surface of the swimmer.

The minimum U1/U0 of the cases shown in Fig. 8 is less than −0.081 with the minimum observed
value of U1/U0 = −0.097 corresponding to surface motion of β1 = 0.454, β2 = 0.869, and β3 =
−0.328. It is found that the regions with a negative U1/U0 value are narrow in the radial direction
and elongated in the angular direction.

The contour plots of c and cm for the cases with minimum U1/U0 are shown in Fig. 10, where
the boundary layer modifies substantially with new stagnation points appearing along the surface of
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FIG. 10. Distributions of nutrient concentration (top) and its distributed effect on U1/U0 (bottom) for the
minimum observed values in Fig. 7 assuming Pe = 400 and ξ = 1: (a) point (0.869,−0.328) in the β2-β3

plane for U1/U0 = −0.097, (b) point (0.881,−0.276) in the β2-β4 plane for U1/U0 = −0.090, (c) point
(0.898,−0.1353) in the β2-β5 plane for U1/U0 = −0.083, and (d) point (−0.920,−0.044) in the β3-β5 plane
for U1/U0 = −0.081.

the swimmer. It reduces the size and strength of the regions with negative cm and enlarges regions
with positive cm toward the front of the swimmer. By comparing the nutrient concentration contours
of the cases with the maximum and minimum U1/U0, respectively, in Figs. 9 and 10, we can see
that the changes in the surface stroke modes only marginally enhance the regions with negative cm

compared to the pure treadmill case by thinning the boundary layer at the front and back of the
swimmer (γ > 0.4 or γ < −0.6). The results show that the inclusion of higher modes in the surface
motion of the swimmer serves an efficient local control mechanism to induce optimal stagnation
points along the surface of the swimmer and enlarge the regions with a constructive cm value.

IV. CONCLUSION

In this study we explored the effects of nonuniform viscosity around a steady spherical squirmer on
its swimming performance. The swimming stroke pattern of the squirmer surface was mathematically
modeled as a series of Legendre polynomials which are normalized such that the total power
expenditure by the swimmer is kept constant. An advection-diffusion equation was solved to
determine the concentration of a nutrient around the squirmer and, through the relation between
nutrient concentration and fluid viscosity, the pointwise viscosity was calculated. Finally, changes
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in the swimming velocity of the squirmer in a fluid with nonuniform viscosity were related to the
locomotion of the same body inside a fluid with constant viscosity.

It was shown that for the pure treadmill stroke, the first-order velocity change as a re-
sult of the nonuniform viscosity U1/U0 is finite and decreasing toward zero with increasing
nutrient Péclet number. The numerical results were checked with the asymptotic analytical
results at the limits of very large and very small Péclet numbers and good agreement was
found.

When the surface motion of the squirmer is composed of higher strokes modes in addition to the
pure treadmill stroke, negative U1/U0 is observed. In this situation, the change of the viscosity can
cause either a decrease or an increase in the swimming velocity depending on both Péclet number and
the nature of the relation between the nutrient concentration and viscosity change in the fluid. At high
Péclet number, the appearance of the stagnation points along the surface of the squirmer as a result
of higher stroke modes is found to reduce U1/U0. On the other hand, the presence of higher stroke
modes can result in a thinner boundary layer in the front and back of the swimmer and an increase of
U1/U0, especially along the intermediate surface between the tip of the swimmer and a limit point
where the boundary layer separates the surface and depletes into a thin sheet behind the swimmer.
At very small Péclet number, the diffusion process is dominant and the nutrient concentration is
homogenized around the swimmer. Therefore, at low Pe any change in the surface stroke pattern
does not result in substantial variation of U1/U0 due to the diffusion-dominated process smoothing
out any effect of the boundary conditions.

There are several interesting observations to note from Fig. 4. First, for each stroke coupling, a
peak, if it exists, occurs around Pe = O(1), after which the swimming performance monotonically
decreases. This suggests that swimmers would prefer an environment that balances diffusion and
advection processes and would possibly seek such an environment in order to maximize swimming
performance. Second, not all stroke couples displayed this peak in performance, suggesting that
the mode of swimming does matter. However, we note that for the parameter ranges observed the
peak performance of coupled modes does not exceed the maxima for corresponding ξ for a pure
treadmill stroke. This suggests that, for small variations in viscosity, the peak performance is still
obtained by the pure treadmill stroke but it important to note that it no longer becomes a unique
stroke combination that yields this peak performance.

The focus of this study was to investigate how the nonuniform change of viscosity around a
microorganism can modify the swimming speed of a spherical squirmer with a steady surface stroke
pattern. However, for a real fluid environment there is a coupling between the nutrient concentration
and fluid field, whereas in the present study we only investigated the one-way influence of nutrient
concentration on swimming velocity using the constant-viscosity stokes solution. This coupling could
lead to larger effects which we have not been observed in the present study due to our assumption
of a small dependence of the nutrient on viscosity. An investigation of this question using numerical
techniques to model the Stokes flow around a sphere with nonuniform viscosity is beyond the scope
of the present work. Also, the surface motion of a real swimmer consists of periodic strokes and
further research is needed to understand the mechanism of viscosity change around an unsteady
swimmer and how it affects the mean swimming velocity. It would also be interesting to study
how the changes in the flow viscosity affect feeding performance of a swimmer, as in the uniform
velocity case it has been shown that a pure treadmill stroke is optimal [13]. Moreover, quantification
of this effect on other types of swimming modes that are routinely used by microorganisms is left
for future work. Finally, in certain situations such as blood coagulation, the nonuniform viscosity
is caused by the change in the rheology of the fluid or creation of multiscale elastic networks close
to the surface of moving cells. The change of the viscosity near the body can be accompanied by
changes in the viscoelasticity of the fluid as well as the changes in viscosity in shear-dependent
non-Newtonian fluids. Further studies are required to fully understand this problem and determine
whether modification of the nutrient gradient to create a phoresis effect is a viable swimming
mechanism.
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APPENDIX A: DERIVATION OF THE GENERALIZED RECIPROCAL THEOREM

To obtain the GRT relating our two domains, we follow previous results [50] and project the stress
tensor of variable-viscosity flow onto an auxiliary Stokes flow with a constant viscosity of μ′ around
the same swimmer and use the incompressibility condition to obtain

∇ · (u′ · σ ) = 2μ∇u′ : E + u′ · ∇ · σ , (A1)

where a prime denotes the constant-viscosity field. Similarly, by interchanging the roles of two flow
fields, the projection of the stress tensor of the auxiliary flow on the fluid velocity of the actual flow
can be written as

∇ · (u · σ ′) = 2μ′∇u : E′ + u · ∇ · σ ′. (A2)

We can use the symmetry and zero trace of the rate of deformation tensor and write

∇u′ : E = ∇u : E′ = 1

μ
∇u′ : σ = 1

μ′ ∇u : σ ′, (A3)

and after subtracting Eq. (A2) from Eq. (A1), we can substitute Eq. (A3) and impose Eq. (1) for both
actual and auxiliary flows to obtain

∇ · (u′ · σ − u · σ ′) = μ − μ′

μ′ ∇u : σ ′. (A4)

Multiplying through by μ′ and using the identity u · A · v = (u ⊗ v) : A for any vectors u and v and
tensor A, where ⊗ is the outer product, we can cancel one term to give

μ′(σ : ∇u′) = μ(σ ′ : ∇u) (A5)

or, equivalently,

μ′(∇ · σ · u′) = μ(∇ · σ ′ · u), (A6)

where we have dropped the outer product symbol for notational convenience, i.e., ∇ ⊗ u ≡ ∇u.
Now applying the common identity ∇ · (gf) = g∇ · f + ∇g · f for an arbitrary scalar function g and
vector function f , Eq. (A6)can be further simplified to

∇ · (μ′u′ · σ − μu · σ ′) = −∇μ · σ ′ · u. (A7)

By integration of Eq. (A7) over the fluid domain V and applying divergence theorem, the integral
form of Eq. (A7) can be expressed as∫∫

S

(μ′u′ · τ − μu · τ ′)ds =
∫∫∫

V

∇μ · σ ′ · u dv, (A8)

where for a free-swimming organism the first term on the left-hand side of Eq. (A8) is zero and the
equation becomes ∫∫

S

μu · τ ′ds = −
∫∫∫

V

∇μ · σ ′ · u dv, (A9)

and with the substitution of Eq. (2) into Eq. (A9) we obtain∫∫
S

μU · τ ′ds +
∫∫

S

μ� · (x × τ ′)ds +
∫∫

S

μus · τ ′ds = −
∫∫∫

V

∇μ · σ ′ · u dv. (A10)

It is the velocity fields in this equation that are expanded in a perturbation series to obtain the O(ε0)
and O(ε1) results.
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APPENDIX B: DEFINITIONS OF Ai (m,n) AND Bi (m,n)

The coefficients of Ai(m,n) and Bi(m,n) in Eq. (24) are defined by the relations

Ai(m,n) = (2i + 1)
2n + 1

2

∫ 1

−1
PiPmPndγ, (B1)

Bi(m,n) = (2i + 1)
2n + 1

2n(n + 1)

∫ 1

−1
(1 − γ 2)PiP

′
mP ′

ndγ, (B2)

where both Ai(m,n) and Bi(m,n) can be computed efficiently using their recursive relations as
explained in [13].

APPENDIX C: ASYMPTOTIC FORMULATION OF THE CHANGES OF THE SWIMMING
VELOCITY AT Pe � 1

The asymptotic behavior of U1/U0 of a swimmer with the pure treadmill surface stroke at the limit
of very low Pe is derived using the matched asymptotic expansion technique as explained previously
by Michelin and Lauga [13]. To summarize, the domain is separated into near-field and far-field
parts which overlap over a matching region. In the near-field r = O(1), we can expand c(r,γ ) as a
truncated power expansion of Pe around a swimmer,

c(r,γ ) = c0(r,γ ) + Pec1(r,γ ) + Pe2c2(r,γ ) + O(Pe3). (C1)

The near-field expansion of c(r,γ ) satisfies advection-diffusion equation (21) as well as the Dirichlet
boundary condition of c = 1 on the swimmer surface, which can be expressed explicitly as

1

r2

[
∂

∂r

(
r2 ∂c

∂r

)
+ ∂

∂γ

(
(1 − γ 2)

∂c

∂γ

)]
= −Pe

[
γ

(
1 − 1

r3

)
∂c

∂r
+ 1 − γ 2

r

(
1 + 1

2r3

)
∂c

∂γ

]

with c = 1 at r = 1. (C2)

Similarly, the solution of the far field can be written as a boundary-layer solution derived from
(21) with the change of variable of ρ = (Pe)r along with the far-field boundary condition of c → 0
for ρ → ∞ and subsequently expanded as a regular perturbation series. By matching the power
representations of c in near-field and far-field subdomains over the region of Pe−2/3 � r � Pe−1,
one can obtain the final solution of c(r,γ ) in the region of r � Pe−1 as

c(r,γ ) = 1

r
+

2∑
p=1

Pep

p∑
q=0

cq
p(r)Pq(γ ), (C3)

where c
q
p are given in [13].

A similar procedure can be taken to calculate the series expansion of c(ρ,γ ) in the far field. Since
the volume integral in Eq. (14) primarily depends on the c(ρ,γ ) distribution in the near field and the
effect of its distribution in the far field is negligible, the near-field solution is only used to examine
the change in the summing velocity. For further details, refer to [13]. Here, by substituting Eq. (C3)
in Eq. (5) and using Eq. (14), we can find analytical expressions of U1/U0, which for ξ = 1.0 and
2.0 are

U1

U0
=

{
0.083 + 0.042 Pe − 0.05 Pe2 + O(Pe3) if ξ = 1

0.11 + 0.031 Pe − 0.067 Pe2 + O(Pe3) if ξ = 2.
(C4)

APPENDIX D: ASYMPTOTIC FORMULATION OF THE SWIMMING VELOCITY AT Pe � 1

When the Pe is high, the nutrient concentrates in a thin boundary layer along the surface of
a squirmer and a boundary-layer formulation can be used to described its distribution around the
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swimmer [12,13]. Since the tangential velocity of the swimmer surface is O(1), the boundary-layer
thickness changes as

√
Pe as a result of mass transfer of a nutrient in the radial and tangential

directions. To estimate the boundary-layer thickness, we define

Y =
√

Pe(r − 1). (D1)

Substituting Eq. (D1) in Eq. (21) and retaining only the dominant terms with the leading order of
1/

√
Pe, the boundary-layer equation can be expressed as

∂2c

∂Y 2
= Y

(√
1 − γ 2

dus
θ

dγ
− γ√

1 − γ 2
us

θ

)
∂c

∂Y
−

√
1 − γ 2us

θ

∂c

∂γ
. (D2)

Assuming only treadmill motion (i.e., βi = 0 if i 
= 1), the surface velocity is us
θ (γ ) =

√
3
2β1

√
1 − γ 2

and Eq. (D2) can be further simplified to

∂2c

∂Y 2
= −

√
3

2
β1

[
2γ Y

∂c

∂Y
+ (1 − γ 2)

∂c

∂γ

]
. (D3)

By defining a similarity variable ζ = Y/g(γ ) (Y is the scaled coordinate along r and g(γ )
represents the change of boundary-layer thickness along γ ), we can transform the partial differential
equation (D3) to an ordinary differential equation with respect to ζ as

∂2c

∂ζ 2
−

√
3

2
β1

[
2γg2 + 1 − γ 2

2
(g2)′

]
∂c

∂ζ
= 0. (D4)

The self-similar solution that is also compatible with the boundary conditions (22) can be obtained
only if g(γ ) satisfies

2γg2 + 1 − γ 2

2
(g2)′ = −2

√
2

3
β1, (D5)

which results in the following expression for c:

c(Y,γ ) = erfc

(
Y

g(γ )

)
. (D6)

Taking into account that the boundary-layer thickness is finite at the front point γ = 1, the solution
of g(γ ) can be computed from Eq. (D5) and expressed as

g(γ ) = 2√
3
√

3
2β1

√
γ + 2

γ + 1
. (D7)

Finally, with the substitution of Eq. (D6) in Eq. (5) and using the result to calculate the integral (14),
the asymptotic value of U1/U0 at the limit of high Péclet number can be computed. At very high
Péclet number, it can be shown that limPe→∞ U1/U0 = 0 for all ξ values.
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