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The structure of a standing plane shock wave in a polyatomic gas is investigated on
the basis of kinetic theory, with special interest in gases with large bulk viscosities, such
as CO, gas. The ellipsoidal statistical model for a polyatomic gas is employed. First, the
shock structure is computed numerically for various upstream Mach numbers and for various
(large) values of the ratio of the bulk viscosity to the shear viscosity, and different types of
profiles, such as the double-layer structure consisting of a thin upstream layer with a steep
change and a much thicker downstream layer with a mild change, are obtained. Then, an
asymptotic analysis for large values of the ratio is carried out, and an analytical solution
that describes the different types of profiles obtained by the numerical analysis, such as the
double-layer structure, correctly is obtained.
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I. INTRODUCTION

A shock wave is described as a discontinuous surface, across which the density, the velocity
normal to the surface, and the temperature of a gas exhibit jumps in inviscid gas dynamics. In reality,
however, the shock wave has a structure; that is, physical quantities undergo steep but continuous
changes across a thin layer of a few mean free paths. To describe such a structure, one has to use, in
principle, kinetic theory of gases instead of ordinary gas dynamics.

The structure of a standing plane shock wave is one of the most fundamental problems in kinetic
theory and has been investigated by many authors experimentally [1-3], theoretically [4,5], and
numerically [6,7] (see also, e.g., Refs. [8—13]). In the present study, we consider this classical
problem with special interest in polyatomic gases with large bulk viscosities, such as carbon dioxide
(COy) gas.

Recently, the shock-structure problem was investigated for polyatomic gases on the basis of
extended thermodynamics [ 14—16], and some interesting results were obtained. In Ref. [ 14], relatively
weak shock waves were considered, and it was shown that for CO, gas, macroscopic quantities exhibit
profiles of three different types (types A, B, and C in Refs. [14-16]), depending on the upstream
Mach number, as shown by the schematic density profile in Fig. 1. When the Mach number is very
close to 1, i.e., the shock wave is very weak, the profiles of the density, velocity, and temperature
are almost symmetric with respect to the centers of the respective profiles (type A). When the Mach
number is increased slightly, the profiles become nonsymmetric and exhibit a corner upstream (type
B; the corner is not a real corner but is almost a corner). If the Mach number is increased slightly
more, one obtains profiles with a double-layer structure, consisting of a thin front layer with a steep
change and a thick rear layer over which the quantities slowly approach the downstream equilibrium
values (type C). In the present paper, we borrow the notation types A, B, and C from Ref. [14]. The
type-C profiles have been obtained also for higher Mach numbers (M_ = 1.3, 3, and 5, where M_ is
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FIG. 1. Schematic figure of the profiles of types A, B, and C. The figure is a reproduction of Fig. 1 in
Ref. [14] (courtesy of S. Taniguchi).

the Mach number at upstream infinity) on the basis of the nonlinear extended thermodynamics [16].
The existence of the type-C profiles had been known for a long time [17-19]. The reader is referred
to Refs. [14,16] and references therein.

In Ref. [16], the authors make some effort to validate the nonlinear extended thermodynamics
for polyatomic rarefied gases in strong nonequilibrium conditions. In addition, the macroscopic
equation (with 14 macroscopic variables) used in Ref. [14], which was derived by the extended
thermodynamics in Ref. [20], is shown to be obtained [21] also from the Boltzmann equation,
with a modeling of the internal modes by a single continuous variable [22], by a moment closure.
Nevertheless, it would be important and interesting to confirm the results of Refs. [14,16] directly
from kinetic theory. As mentioned in Refs. [14,16], however, it is not an easy task because of the
extreme complexity of the collision integral of the Boltzmann equation for a polyatomic gas. This
obliges us to introduce phenomenological models at some point in the theory or numerical analysis.
Nevertheless, it is still an interesting problem to see whether type-A, B, and C solutions appear or not
for the CO; gas on the basis of kinetic theory. This was the motivation of our preliminary note [23].

In Ref. [23], we adopted, as the basic equation, the polyatomic version of the ellipsoidal statistical
(ES) model [24], which was proposed in Ref. [25] and was rederived in a systematic way in Ref. [26]
(note that it is different from the model for a polyatomic gas proposed in Ref. [24]). This model
has a simple structure in which the internal degrees of freedom are expressed by an additional
(continuous) energy variable associated with the internal modes. Although it is simple, it satisfies
the basic properties of the Boltzmann equation for a polyatomic gas [25], such as the conservation
laws and the H theorem [27].

It is known that the ratio of the bulk viscosity u, to the viscosity u is quite large for CO,
gas and is of the order of 1000 [28,29]. This large value of the ratio w;/u causes a large shock
thickness, which gives a computational difficulty, in particular, for type-C profiles, since a very large
computational domain as well as a fine grid system inside the thin front layer is required. For this
reason, in our previous paper [23], we considered an artificial CO, gas with a smaller values of the
ratio pp/ 0 (£100), which was called a pseudo-CO, gas. It was shown that the pseudo-CO, gases
with increasing ratio u,/u tended to reproduce the double-layer structure (type C) well.

The present study is a continuation and extension of Ref. [23]. First, we carry out an accurate
numerical computation based on the same ES model for the pseudo-CO, gases with larger values
of the ratio u,/p up to the real CO, gas with u,/u being of the order of 1000 and show that
the solutions corresponding to type-A, B, and C profiles are obtained. Then, we derive a set of
macroscopic equations that describes the thick rear layer in type-C profile (with the help of an
appropriate jump condition corresponding to the thin front layer), as well as entire type-A and B
profiles, by an asymptotic analysis for large u;/u under a slowly varying assumption. It should be
mentioned that the shock-structure problem for a polyatomic gas has been studied in a recent paper
[30] using essentially the same macroscopic equations (with six macroscopic variables), which were
obtained by different approaches, that is, by the extended thermodynamics [31] and by a moment
closure based on kinetic theory [31,32]. Mention should also be made of a recent paper [33] that has
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investigated a shock structure for the CO, gas using the Navier-Stokes equations with accurate CO,
physical properties.

The paper is organized as follows. After this introduction in Sec. I, the problem and assumptions
are described in Sec. II, and the problem is formulated both in dimensional and dimensionless forms
in Sec. III. Section IV is devoted to the description of the numerical method and the result of the
numerical analysis. In Sec. V, the asymptotic analysis for large w;/u is carried out to derive the
set of macroscopic equations, and its solution is compared with the numerical solution. Section VI
contains short concluding remarks. In addition, we summarize the basic properties of the ES model
in Appendix A and provide some materials supplementary to the numerical analysis in Appendix B
and to the asymptotic analysis in Appendix C.

II. PROBLEM AND ASSUMPTIONS

Let us consider a stationary plane shock wave standing in a flow of an ideal polyatomic gas. We
take the X axis of the coordinate system (X, X», X3) perpendicular to the shock wave. The gas
at upstream infinity (X; — —o0) is in an equilibrium state with density p_, flow velocity v_ =
(v—, 0, 0), and temperature 7_, and that at downstream infinity (X; — 00) is in another equilibrium
state with density p, flow velocity vy = (v4, 0, 0), and temperature 7, . We investigate the steady
behavior of the gas under the following assumptions:

(i) The behavior of the gas is described by the ellipsoidal statistical (ES) model of the Boltzmann
equation for a polyatomic gas [25,26].

(i) The problem is spatially one dimensional, so that the physical quantities are independent of
X 2 and X 3.

Let us denote by y the ratio of the specific heats, that is, y = ¢, /c,, where ¢, and ¢, are the
specific heat at constant pressure and that at constant volume, respectively. In this paper, we assume
that ¢, ¢,, and thus y are constant (calorically perfect gas; it is also called polytropic gas in the
literature). Then, y is expressed in terms of the internal degrees of freedom § of a molecule as

y =0+5)/(6+3), (D

where § can be any positive real number (not restricted to an integer). We denote by M_ the Mach
number of the flow at upstream infinity, i.e., M_ = v_//y RT_, where R is the gas constant per
unit mass (R = k/m with the Boltzmann constant £ and the mass of a molecule m). Then, the
Rankine-Hugoniot relations give the following expressions of the downstream quantities o, v,
and 77 in terms of the upstream quantities p_, v_, and 7_ and the upstream Mach number M_ (see
Appendix A 2):

_ r+bDMm2

T -2 -
_(y—=1DM2+2

RERRCERIT7E e
_RyM2 —(y = DIy — DM? +2]

T, = ERTIY T_. (2¢)

Incidentally, the Mach number of the flow at downstream infinity M., i.e., My = vy //Y RT,, is
given as

— M2 +2 72
(y —DM:- + } _ 3)

M = [2yM2 —G -1
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III. FORMULATION OF THE PROBLEM
A. Basic equations

Let us consider a polyatomic gas with internal degrees of freedom 4. Let ¢ be the time variable,
X (or X;) the position vector in the physical space, & (or &;) the molecular velocity, and £ the energy
associated with the internal modes. We denote the number of the gas molecules contained in an
infinitesimal volume d Xd&d& around a point (X, &, &) in the seven-dimensional space consisting
of X, &, and & at time 7 by

%f(t, X, & &)dXdEde. @)

Wecall f(t, X, &, £) the velocity-energy distribution function of the gas molecules. It is governed by
the ES model of the Boltzmann equation for a polyatomic gas [25,26]. In the present time-independent
and spatially one-dimensional case, where f = f(X, &, £), the equation is written in the following
form:

of
120 = 0. 5)
where
0(f) = A(TIPG — 1), (6a)
_ pga/z—l 1 . &
0= B T AR Ty PT5/2) P (‘5@" — T 6 ey - RTrel)’ (©0)
(Myj = 1 = D[(1 = vV)RTS;; + vpij/p]l + ORTS;;, (6¢)
p= / / " facde, (6d)
0
o= 1 / / e pacde. (6¢)
P JJo
Py = / /0 & — v)(E; — v)) fdEdE, 66
_ L [T
= 5x / /O € — o fdEde, (6¢)
2 o0
T = o / /0 € fdEds. (6h)
_ 3T+ 0Tim (61)
346
Trel =0T + (1 - Q)Tint' (6J)

Here, p is the density, v (or v;) =(vy, 0, 0) the flow velocity, p;; the stress tensor, T, the temperature
associated with translational motion, Tj, the temperature associated with the energy of the internal
modes, T the temperature, d§ = d&,d&,d&;, and the domain of integration with respect to & is the
whole space of &. The symbol §;; indicates the Kronecker delta, and v € [—1/2, 1) and 6 € (0, 1] are
the constants that adjust the Prandtl number and the bulk viscosity. In addition, A.(T) is a function
of T such that A.(T)p is the collision frequency of the gas molecules, I'(z) is the gamma function
defined by

'(z) = /ooszfleﬂds, (7)
0
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T is the 3 x 3 positive-definite symmetric matrix whose (Z, j) component is defined by Eq. (6¢), and
det(T) and T~! are, respectively, its determinant and inverse. Here and in what follows, we basically
use the summation convention, i.e., a;b; = Z?:l aib;,aicijb; = Zij:, a;jcijbj, etc. The pressure p
and the heat-flow vector g; are given by

e o (L2
q,»—//o & v,>(2|s ol +6)fd€d§, ©)

where Eq. (8) is the equation of state. It should be noted that in Ref. [25], the variable I, which is
related to our £ as €& = I?/%, is used as an independent variable instead of £. See Appendix A in
Ref. [34] for the relation between the notation in Ref. [25] and that of the present paper.

The vanishing of the collision term Q( f) = 0 is equivalent to the fact that f is the following local
equilibrium distribution:

§/2—1 )
foq pE p<_|s ol 5>. (10)

= QrRT)YARTYPT(G/2) 2RT  RT
In addition, for an arbitrary function g(¢, X, &, £), the following relation holds (see Appendix A):

// ©-Q(g)dEdE =0, (11)
0
where ¢, (r =0, ..., 4) are the collision invariants, i.e.,

po=1 @=& (i=123), gs=1"+¢. (12)

It should also be mentioned that for Eq. (5), the viscosity u, the thermal conductivity «, the Prandtl
number Pr, and the bulk viscosity u;, are obtained as

1 RT yR RT 1 1/5 7
w= , k= s, Pr=——— ==z -v )= 13
1 —v+0v A(T) y —1A(T) 1—v+0v 0\3 Pr
The boundary condition at upstream infinity and that at downstream infinity are given as follows:
p V2 G —v )P +e+8 &
= — — , (X —00), (14
I = GaRT PRI T 6)2) P 2RT. g ) K17 mo (14)
go/2-1 V2 g2 g2 £
o P exp (ST FEHE L) Lo (14b)
(2 RT)3/2(RTL)*2T(8/2) 2RTy RT,

We investigate the shock-wave structure on the basis of the system, Egs. (5), (6), and (14), with
special interest in the case of large u,/u. When u,/pu = oo (i.e., 8 = 0), the Rankine—Hugoniot
relations take a different form, which is derived in Appendix A 3 [Eq. (A20)]. This plays an important
role in the present study.

B. Dimensionless system

In this subsection we introduce dimensionless variables and present our basic system in
dimensionless form. Let us introduce the dimensionless quantities [x;, ¢;, & , f s Q, Ac(f"), 0, U;,
Dijs T[r, Tim, T, Trel, P, i1, which correspond to the original dimensional quantities [X;, &, &, f, G,
ALT), p, vi, pij» Tes Tine, T, Trel, s gi, by the following relations:

xi=Xi/l_, &=&/QRT)'?, E=E/RT_, (f.G)=(f.G)/2p-QRT-)?,
AdT) = AdT)/A(T-), p=p/p—, 0 =vi/QRT)'? pij = pij/p-,
Tv

(T, Tint, T, Tret) = (T T, T, Tee)/ -, P = p/p—. Gi = qi/p—(2QRT-)', (15)
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where p_ = Rp_T_, and I_ = (Z/ﬁ)(ZRT_)l/Z/AC(T_),o_ is the mean free path of the gas
molecules in the equilibrium state at rest with density p_ and temperature 7_. We occasionally
use the bold-faced letters x, ¢, 9, and ¢ for x;, ¢;, 9;, and §;, respectively.

Using these dimensionless quantities, we obtain the following dimensionless form of the ES
model (5):

of 2 . .
cla—f — 200, (16)
X1 g
where
O(f) = A(D)p(G — ), (17a)
5 _ p 58/2—1 N | ~ ¢
g= — é —(@ — 0T D@ —0)— =], 17b
w32[det(M)]'2 1T (8/2) eXp( (6= e =) Trel> (a7
(Mij = A =0 = Tsi; +vpij /Pl +6T8;, (17¢)
,a:// fdéac, (17d)
0
ﬁ,-=1A / / ¢ fdéde, (17¢)
1% 0
by = 2// (& — 8¢, — b)) fdéde, (17
0
~ 2 R A A
7y = 3—// i — oP fdéds, (17g)
14 0
Tt = % / f Ooé’fdédc, (17h)
5p JJo
LaS — 3Tlr“‘(STint7 (171)
346
Trs = 0T + (1 — 0) Ty 7

Here, d¢ = d¢1d > d s, and the domain of integration with respect to £ is the whole space of ¢. The
(dimensionless) pressure p and heat-flow vector §; are given by

p=pT, (18)
G = f fo & — 0)(E — 3P + &) fdéd. (19)

Corresponding to the statement including Eq. (10), O( f ) = 0 is equivalent to the fact that f is
the dimensionless local equilibrium distribution given by

. pEN21 > &
Jog = —= P = exp | — ¢ = | - =) (20)
(wTY}2T3/2T(8/2) T T

In addition, the dimensionless Versiop of the statement containing Eqs. (11) and (12) reads as follows:
For an arbitrary function 2(7, x, ¢, £), the relation

/ /0 $,0(@)dEdg =0 1)
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holds, where @, (r =0, ..., 4) are the dimensionless collision invariants, i.e.,
Q=1 ¢i=¢ (=123, ¢4=[¢+¢E. (22)

The boundary conditions (14) are nondimensionalized as follows:

R £8/2-1 ) .
/= 7320 (8/2) exXp (_[(41 - U*)z + §22 + ESZ] - 6)7 (x; = —00), (23a)
A B8/2—1 52 2 2 ad
f=— p*{(n exp (ST ISFLHTE L) ) @)
(T3 T°r(8/2) T, T,
where
L v_ _y L vy _ y (y = HDM? +2
-= Grry 2 =V 2M = Grryn T \/; G+ hM_ (242)
M2 R 2y M2 —(y — DI(y — )M? 42
b= P (y + HMZ ’T+=£:[y = — (= DIy = DM- +2] (24b)
o-  (y—1DM?+2 T_ (y + 1)2M?

We will investigate Egs. (16) and (23) numerically in Sec. IV and analytically in Sec. V. To
analyze the system, we first specify the internal degrees of freedom § or the ratio of the specific heats
y [cf. Eq. (1)] for the gas under consideration, and then determine the functional form of A.(7") and
the values of v and 6 on the basis of the transport coefficients (13).

From the conservation laws (see Appendix A 2), the following relations hold for any x;:

pO1=0_, pn+2p07 =1+20%, pi=pi=0, (252)
a3+, . . (5+8
g1+ puv + 0y (Tp + vf) = U(T + v2>. (25b)

These relations can be used for the accuracy tests in the numerical analysis.

When p,/p = 0o, the Rankine-Hugoniot relation is given by Eq. (A20), which is different from
Eq. (2). For later convenience, we introduce the dimensionless density p.., flow velocity ¥, and
translational temperature 7., at the downstream condition of the Rankine-Hugoniot relations for
wp/ 0 = oo. That is, because Ty, = Ti— = T- holds in the present problem, Eq. (A20) gives the
following expression of them:

>

N ,0+ 41%3 N U+ 5 qu + 3
ok = T = 5=, Uxx = = - ~ s (263.)
-  M*+3 V2RT_ 6 4M_
. T, SM? — 1)(M? +3
g, = e B0 16};2‘+ ), (26b)
where
i == 27)
T V(RT3

IV. NUMERICAL ANALYSIS
A. Preliminaries

Since we are considering the case where ¥, = 93 = 0, we can assume that the velocity-energy
distribution function f is cylindrically symmetric with respect to ¢; in the ¢ space, that is,

f=F00.8.80, ¢, =@+ (28)
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This form makes some components of p;;, §;, and thus ('T'),- ; trivial in addition to 9, = 93 =0, i.e.,

Po=p=p3=0, G2=4=0, (D= =Mu=0. (29)

Then, we introduce the following marginal velocity distribution functions:

$1(x1, 1) =27 / / o f(x1, 01, 8, )dEE,, (30a)
0 0

$a(x1, 01) =27 / / ¢ fxr, 8 g, E)dEdE,, (30b)
0 0

P3(x1,81) = 27T/ / ¢ f(x1, 01,8y, E)dde,. (30¢)
0 0

If we multiply Eq. (16) with Eq. (28) by 27 (¢,, ¢ 3 , ¢ pé ), integrate the resulting equations from O to

oo with respect to ¢, and &, and rewrite the macroscopic quantities in Eq. (17) in terms of ¢y, ¢»,
and ¢3, then we obtain the following system of equations for ¢, ¢, and ¢;:

0k _ ZAT)A\IJ— ), (k=1,2,3) 31)
gla_xl—ﬁ c( P(k ¢k? — 1,4 s (
where
v, 5 1 a2
A (&1 —01)
Wl =—L | Dn |exp <——> (32a)
Wy ﬁ(T):{z (8/2) T (M
(D=0 =0 =Ty +vpn/pl+ 6T, (32b)
(Moal=(D331 = A = I — Ty + vpar/pl + 6T, (32¢)
o0 1 o0
b= / bl o == / Gide, (324)
pu = 2/ (&1 — 01)*¢1dey,  pol=p] :/ ¢rdiy, (32e)
.2 ™ . R 2 [
fo= / (1 — 0P + dlder, T = — / bdci. (320
P J-— 8p -
= et 0w oF (1 0 (32¢)

3+96

The boundary conditions for Eq. (31) can be obtained from Eq. (23) by the same procedure. The
result is as follows:

(o] 1

0| =) 1 exp(—(¢1 — 0-)%), (x; > —00), (33)
6 | 5/2

[ 61 ] 5 ! — )2

o= 2|7, exp(—w), (x1 = 00). (33b)
5| IOV 601y L+

We will analyze Eqgs. (31), (32), and (33) numeriAcally. It should be noted that the molecular velocity
components ¢, and ¢3 and the energy variable £ have been eliminated in Egs. (31), (32), and (33),
so that we need to handle only two independent variables x; and ¢;.
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Finally, we note that the (dimensionless) heat flow is expressed as

6 = / (€1 — DI — 8171 + o + dldey. (34)

B. Grid system and finite-different scheme

We limit the range of x; to a finiterange —D,, < x; < D), with sufficiently large positive constants
D, and D, (D, < D,)and set the grid points x;, (i = —=N,, — N, +1,...,0,.., N, =1, N,; N, <
Np) in such a way that x_y,) = — D, x) = 0, and x,) = D,. We also limit the range of the
molecular velocity ¢; to a finite range —Z, < 1 < Z, with large positive constants Z, and Z,
and set the grid points {;) (j =0, 1,2, ...,2M — 1,2M) as {o) = —Z, and {om) = Z,. The grid
systems used for the computation are summarized in Appendix B 1.

Then, we denote the values of ¢, and W, (k = 1, 2, 3) and those of the macroscopic quantities at
the grid points at the nth step of iteration by

VLIl = e(xy, ¢))  at the nth iteration (k = 1,2, 3), (352)
W = Wy (xg), &) at the nth iteration (k = 1,2, 3), (35b)
R = h(xg) at the nth iteration, (35¢)

where h = ,5, 131, ﬁ“, ]322, e
We adopt the following finite-difference scheme for Eq. (31):

;(j)v¢]£n+1,i~,j] — B[n,i](\p]E”,i,j] _ ¢][€"+1»i,]'])’ (36)
where
. 2 A .
Bl — A, Ty plmil. 37
N ( )b (37)

and Vd),[c"""j Vindicates the second-order upwind difference for d¢;/0x; defined as follows:

() for ¢¢jy > 0,

( IEn,—Nn+1,_i] _ d)][(n'_ij])/di”+l (l = —Nn —+ l)’
[n,i,j] _ i i—1.i
VO = Ywoldsdig ! — widr g ! (382)
+wad;, di— g ! (—Na +2 <i < Np),
(ii) for Ly < 0,
JN,—1,j n,N,,j .
(=g N (i=N,— D),
[, 71 n,i,j n,i j
VO = ) ot di)™ + wndr,dio)gf (38b)
—wz(di+1,di+2)¢,[(”*’+ N (=N, <i<N,-2).
Here,
d (@.b) 2a + b (@.b) a+b (@.b) a
i = X@) — X@i-1), Wola, = —, wia, =—"0"> wa, =T i~
® — =D, 0 @+b) ab 2 ba + b)

If we express V") as

+ i, jl + lni—=1,j] + o ln,i=2,j]
- o + o ¢ + o ¢ for ¢;y > 0
0%k Ak 2%k ’ )] ’
V(p,E"”"’] =1" ' ' 39)

Lol = It [mit2,]
(PN Y ) + o, , for g <0,
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then, the finite-difference scheme can be written as

[n+1,i,j] RIRTILEN]] [n+1,iF1, ] + [n+1,iF2,j]
(B[n ”"‘C(J)O‘z 0)‘1”Z n B['“]‘I’kn” _§(1>( 11‘1’” T “i,2¢kn l J)- (40)

C. Process of numerical computation

If we assume that the initial state is a local equilibrium, p;; = p,, and ﬁr = f]m = p11/p hold.
We first choose an appropriate initial density distribution 4!/, Then, we determine the initial
distributions of 91, p11, P2, Ttr, and T,m using the above relations and the conservation of mass
and momentum, Eq. (25a), as follows:

ﬁEOJ] — ﬁ_/ﬁ[o,i]’ pAE(i,i] ﬁ[O il _ =142 ( ﬁEO,i])’ T[O i] T”[]? gl A[O t]/ A[0, z] 41)

Suppose that the macroscopic quantities A" (b = p, D1, p11, P2z, Tie» Tine) are known at all the
grid points x(;). Then, the physical quantities at the (n 4 1)th step are obtained by the following
process:

(i) Obtain B™ and W'/ (k = 1,2, 3) at each grid point x, and &,.

[n+1,—N,, ]](k

(ii) Foreach j for which ¢, > 0, obtain ¢,
[n+1,i,j]

1, 2, 3) using the boundary condition at
upstream 1nﬁn1ty and then ¢,
—N,+2,...,Np.

(iii) For each Jj for which ¢(;) < 0, obtain ¢,
¢I£n+l ,i,j]

using the finite-difference scheme successively fori = —N, + 1,

LN Tl (e = 1,2, 3) using the boundary condition

at downstream infinity and then using the finite-difference scheme successively for i =
Ny—1,N,=2,...,—N,.
(iv) For j for which ¢, = 0, let """V = w71 (k = 1,2, 3).
(v) Obtain the macroscopic quantities A" 1] at each grid point x;y by integrating the obtained
,E"H’i‘j ! numerically (using the Simpson rule).

We repeat the above process until the solution converges.

D. Results of numerical analysis
1. Parameter setting

We first explain our parameter setting. In the following, we set the upstream temperature 7_ as
293 K. If we consider upstream Mach numbers M_ = 1.2 to 5, then, the downstream temperature
T, becomes 331 to 1699 K for § =2 (y =7/5), 321 to 1313 K for § =4 (y = 9/7), and 315 to
1092 K for 6 = 6 (y = 11/9). We consider this temperature range.

In the present paper, we concentrate on the CO, gas and present the result only for it though the
computation has also been performed for the N, gas. According to the data about ¢, and y given
in Refs. [35-38], y is not constant but depends on the temperature. Therefore, if we are based on
the relation (1), § should depend on the temperature. From the data in Refs. [35-38] and Eq. (1),
we find that § ~ 4 at 300 K, 5 at 400 K, 6 at 550 K, 7 at 700 K, and 8 at 1000 K. Since the ES
model that we are using has a constant §, the computation will be performed with a fixed value
8 = 4 that corresponds to the upstream temperature. We may also set the values of § according to
the downstream temperature. In order to see the effect of different setting of §, we will also carry out
some computations for other values of §.

The data of the viscosity p and the thermal conductivity « of the CO, gas from Refs. [35-39]
agree reasonably well, so that we take Ref. [35] as our reference. If we try to fit the data of © and «
in Ref. [35] with the least squares method assuming the power-law dependence on the temperature,
we have

w(T) = w293 K) x (T/293K)*3, «(T) = k(293K) x (T /293 K)'%. (42)

However, since the ES model gives a common temperature dependence for u and « [cf. Eq. (13)], we
cannot take into account the different power shown in Eq. (42). Therefore, we make an intermediate
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FIG. 2. Profiles of p, v, and TatM_=5ford=4,Pr=0.761, A. = const, and pu,/p = 100, 200, 500,
1000, and 2000. (a) Profiles for —200 < x; < 3600; (b) profiles for —20 < x; < 100. The red curves indicate
0, the green curves ¥, and the blue curves T. The solid lines indicate the profiles for u,/p = 100, the dashed
lines for w,/u = 200, the dot-dashed lines for w;,/n = 500, the dot-dot-dashed lines for u,/u = 1000, and
the dotted lines for w,/w = 2000. In panel (b), the black dotted lines indicate the profiles of j, ¥, and T for
Mp/p = 00.

choice u1, k o« T, i.e., A.(T) ox T°, which is reasonably good for T < 400 K, except in the last part
of Sec. IVD 2 where the comparison with Ref. [14] is made.

According to Ref. [35], the Prandtl number Pr decreases monotonically with the temperature:
Pr = 0.761 (293 K), 0.745 (373 K), 0.735 (473 K), and 0.720 (973 K). Since Pr of the ES model is
independent of the temperature, we basically fix Pr as Pr = 0.761. This looks reasonable because
the variation of Pr with the temperature is not large. According to Refs. [28,29], the ratio of the bulk
viscosity i1, to the viscosity u is large: /i 2~ 103 to 2 x 10° (Ref. [28], 293 K) and 1, /p = 3922
(Ref. [29], 296.3 K). According to Ref. [29], u;/ 1 decreases rapidly as the temperature increases.
From Fig. 13 in Ref. [29], we obtain the following values: wu;/u =~ 2400 at 400 K, 1000 at 600 K,
600 at 800 K, 400 at 1000 K, and 200 at 1300 K. In the present computation, we vary p,/p from
100 to 2000. It should be mentioned that the effect of the bulk viscosity on nonequilibrium CO, gas
flows has been studied in Ref. [40].

In summary, we assume basically that§ = 4 (y = 9/7), A.(T) = const, Pr = 0.761,and /10 =
100 to 2000 (the computation is also carried out for 10 < u,/u < 100, but the result will not be
shown in the present paper). The parameters v and 6 are chosen accordingly [cf. Eq. (13)]. In the
present paper, we call the gas with these properties the pseudo-CO,gas and regard it as the real CO,
gas when u;, /e = 1000 to 2000.

2. Numerical results

‘We show the results for pseudo-CO, gas with large u;,/u including the real CO, gas (i.e., pseudo-
CO, gas with /e = 1000 to 2000). In the following, we show the profiles of the density p, the flow
velocity v; (the X | component), and the temperatures 7', Ty, and T;, normalized in the conventional
way, that is,

P — p— V] — U4 T—-T_ . T — T- . Tt — T—

5 = 717: 5T=—7 Trz—a T;nz—‘ 43
P o v — vy o1 =g g =g @9

We start with M_ = 5 and decrease M_ down to M_ = 1.05.

(i) Case of M_ = 5: Figure 2 shows the profiles of g, v, and T at M_ =5 for pseudo-CO,
gases with u,/pn = 100, 200, 500, 1000, and 2000. Figure 2(b) is a magnified figure of Fig. 2(a)
in the range —20 < x; (= X;//-) < 100. The red curves indicate g, the green curves v, and the
blue curves T'; the solid lines indicate i, /= 100, the dashed lines u;/u = 200, the dot-dashed
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FIG. 3. Profiles of Ty, Ty, and T at M_ = 5for§ = 4, Pr = 0.761, A, = const, and u1,,/ = 100, 200, 500,
1000, and 2000. (a) Profiles for —200 < x; < 3600, (b) profiles for —20 < x; < 100. The red curves indicate
Ttr, the green curves fim, and the blue curves T'. See the caption of Fig. 2 about the types of lines. In panel (b),
the black dotted lines indicate the profiles of Ty, Ty, and T for w, /L = 00.

lines wup/p = 500, the dot-dot-dashed lines w;/u = 1000, and the dotted lines wu,/u = 2000. In
Fig. 2(b), we also show by the black dotted lines the profiles of g, v, and T when w, /L = o0.
Note that in this case the downstream condition is different from that for finite ©,/u and is given
by the Rankine-Hugoniot relations for u,/u = oo [Eq. (A20) (note that T, = T_ in the present
problem) or (26)]. In this figure and the following Figs. 3-6, x; = 0 is set at the position where the
density is equal to the average of the upstream and downstream values when u, /@ = oo, that is,
0 = (1 + psi)/2 [cf. Eq. (26a)]. The profiles are of type C, consisting of a thin front layer and a thick
rear layer. As w;,/u increases, the thickness of the rear layer increases and reaches over 3000 mean
free paths (I_), whereas the profiles of the thin front layer are not affected by 1,/ and coincide with
the shock profiles for ;/u = oco. This indicates that the thin front layer corresponds to the shock
wave for p,/pu = 00, and the jump caused by this layer is given by the Rankine-Hugoniot relations
for ju,/p = oco. For any large but finite value of u,/u, 3 and T approach 1, and ¥ approaches 0
as x; — 0o. However, for any fixed x;, the values of 3, ¥, and T approach, as /i — oo, the
respective values corresponding to the downstream state of the shock wave for u,/u = oo.

Figure 3 shows the profiles of Ty, Tin, and T' corresponding to Fig. 2. Here, the red curves indicate
Tm the green curves Tim, and the blue curves 7. As in Fig. 2(b), the black dotted lines indicate the
profiles of Ty, Tine, and T for /= oo. The thin front layer gives a significant overshoot of Ty

1000 2000 3000
o
(a)

FIG. 4. Profiles of p;; — p, p»» — p,and —G; at M_ =5 for § =4, Pr = 0.761, A. = const, and w,/pu =
100, 200, 500, 1000, and 2000. (a) Profiles for —200 < x; < 3600; (b) profiles for —20 < x; < 100. The red
curves indicate p;; — p, the green curves p,, — p, and the blue curves —4g;. See the caption of Fig. 2 about
the types of lines. In panel (b), the black dotted lines indicate the profiles of p,; — p, p»» — p, and —§, for
Mp/p = 00.
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FIG. 5. Profiles of p, v, and TatM_=5ford=4,Pr=0.761, A. = const, and pu,/p = 100, 200, 500,
1000, and 2000 in the new coordinate y;. (a) Profiles for —0.2 < y; < 1; (b) profiles for —0.06 < y; < 0.06.
The red curves indicate 3, the green curves ¥ and the blue curves 7. See the caption of Fig. 2 about the types
of lines.

Figure 4 shows the profiles of py; — p, p» — p, and —§;. The §; is nonzero only in the thin front
layer and is not affected by /1, and p1; = p2» holds almost whole range of the thick rear layer.
Here, we introduce the new space coordinate y; whose length scale of variation is [_ /6, i.e.,

= Q/Vmbx = Q2/VT)0(X1/1-), (44)

which is expected to describe the slow variation occurring in the thick rear layer when u,/pu > 1
(6 <« 1). In Fig. 5, we show the profiles of 5, ¥, and T, corresponding to Fig. 2, as the functions of
y1. Figure 5(b) is a magnified figure of Fig. 5(a). As one can see, the curves for u;/u = 100, 200,
500, 1000, and 2000 coincide perfectly in the thick rear layer. Using this new coordinate y;, we will
derive a set of macroscopic equations that can describe the slow relaxation over the thick rear layer
in Sec. V.

Figure 6 shows the effect of the internal degrees of freedom & in the case of M_ = 5 and /0 =
1000. The figure corresponds to Fig. 2, and the red, green, and blue curves indicate g, v, and T,
respectively. In the figure, the solid lines indicate § = 3, the dashed lines § = 4, the dot-dashed lines
& = 5, and the dot-dot-dashed lines § = 8. The difference in § changes the profile of g significantly.

0‘ = ‘5(.)0‘ ‘ 1000 1500 ‘—10‘ = 0 = 10 = ‘20
T T
(a) (b)

FIG. 6. Profiles of p, ¥, and T atM_=5forPr= 0.761, A, = const, u,/ = 1000, and § = 3, 4, 5, and
8. (a) Profiles for —100 < x; < 1800; (b) profiles for —14 < x; < 20. The red curves indicate p, the green
curves ¥, and the blue curves T'. The solid lines indicate the profiles for § = 3, the dashed lines for § = 4, the
dot-dashed lines for § = 5, and the dot-dot-dashed lines for § = 8.
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FIG. 7. Profiles of g, v, and TatM_=12for§ = 4,Pr =0.761, A. = const, and w, /. = 100, 200, 500,
1000, and 2000. (a) Profiles for —1000 < x; < 24 000; (b) profiles for —100 < x; < 2000. The red curves
indicate g, the green curves v, and the blue curves T. The solid lines indicate the profiles for x;, /e = 100, the
dashed lines for w, /0 = 200, the dot-dashed lines for u, /. = 500, the dot-dot-dashed lines for w;, /. = 1000,
and the dotted lines for 1,/ = 2000. In panel (b), the black dotted lines indicate the profiles of 5, ¥, and T
for w,/u = oo.

(ii) Case of M_ = 1.2: In Figs. 7-11, we show the profiles for a smaller upstream Mach number
M_ = 1.2. Figures 7-11 correspond to Figs. 2—6, respectively. In these figures, x; = 0 is set in the
same way as Figs. 2-6. The profile of the density is close to that of the temperature, and the values
of p11 — P, P2 — P, and —g; are small. These profiles are also of type C. However, the jumps due
to the thin front layer is smaller compared with the case of M_ = 5. For p;/p = 2000, the thick
rear layer extends over 20000 mean free paths.

(iii) Case of M_ = 1.138...: This case corresponds to M_ =1, where M_ = v_/+/SRT_/3 is
a parameter playing the role of the upstream Mach number in the Rankine-Hugoniot relations for
wp/ 1 = o0 [Eq. (A20) with Ti,— = T- or (26)]. Figure 12 shows the profiles of g, ¥, and T,and Fig. 13
those of Ty and Ty Figures 12(b) and 13(b) are, respectively, the magnified figures of Figs. 12(a)
and 13(a). In the figures, x; = 0 is set at the position where p = 0.05 (i.e., p = 0.95 4+ 0.050,). The
profiles do not show the double layer structure, but the thickness of the shock increases as w;/u
becomes large, as in the case of M_ =5 and 1.2. Except Ty, the profiles start abruptly from the
upstream uniform state, though the approach of the profiles to the downstream uniform state is slow
and smooth. Therefore, the profiles except for YV"im are not symmetric with respect to the centers
of the respective profiles, and we can say that the profiles in this case are of type B. As we will

~T0000 20000 ) 1000 2000
x1 x
(a) (b)

FIG. 8. Profiles of Ttr, ]v"im, and T at M_ = 1.2 for§ = 4, Pr =0.761, A, = const, and u,/pn = 100, 200,
500, 1000, and 2000. (a) Profiles for —1000 < x; < 24 000, (b) profiles for —100 < x; < 2000. The red curves
indicate 7y, the green curves T, and the blue curves 7. See the caption of Fig. 7 about the types of lines. In
panel (b), the black dotted lines indicate the profiles of Ty, Tine, and T for p,,/u = oo.
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FIG. 9. Profilesof p;; — p, poo — p,and —g; at M_ = 1.2for§ = 4,Pr = 0.761, A, = const,and u,/pu =
100, 200, 500, 1000, and 2000. (a) Profiles for —1000 < x; < 24 000; (b) profiles for —100 < x; < 2000. The
red curves indicate p,; — p, the green curves p, — p, and the blue curves —g,. See the caption of Fig. 7 about
the types of lines. In panel (b), the black dotted lines indicate the profiles of p;; — p, p», — p, and —§; for
Wb/ = 00.

see in Sec. V A, the leading-order asymptotic solution for large u;/u (the slowly varying solution)
gives the profiles that start suddenly from the upstream uniform state and thus exhibit a corner when
M_ = 1. This is the reason why we chose the case M_ = 1 as a typical type-B profile.

(iv) Case of M_ = 1.05: Finally, we show the profiles of /5, ¥, and T for M_ = 1.05 in Fig. 14.
Figure 14(b) is a magnified figure of Fig. 14(a). In the figure, x; = O is set at the position where
o =1/2[i.e.,, p = (1 + p4)/2]. The profiles, which are almost symmetric with respect to the centers
of respective profiles, correspond to type-A profile. The thickness of the shock increases with the
increase of u,/u and reaches over 50000 mean free paths for u,/u = 2000.

In this way, the transition of the profiles from type A to type C at Mach numbers rather close
to 1, which was predicted by the extended thermodynamics [14], is also observed in the present
computation based on the ES model. The data for the numerical analysis, such as the numbers of the
grid points and the accuracy tests, are given in Appendixes B2 and B 3.

In the rest of this subsection, we compare our result with that of Ref. [14]. Here, we reset
the parameters according to this reference. In Ref. [14], ¢,, ¢,, and thus y are functions of T
(thermally perfect gas), whereas in the present ES model, they do not depend on T (calorically

FIG. 10. Profiles of g, v, and TatM_ = 12fors =4,Pr=0.761, A, = const, and u,/pu = 100, 200, 500,
1000, and 2000 in the new coordinate y;. (a) Profiles for —0.5 < y; < 8; (b) profiles for —0.12 < y; < 0.2.
The red curves indicate 5, the green curves ¥, and the blue curves T'. See the caption of Fig. 7 for the types of
lines.
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FIG. 11. Profiles of g, v, and T at M_ = 1.2 for Pr = 0.761, A, = const, up/pn = 1000, and § = 3, 4, and
5. (a) Profiles for —1000 < x; < 12000; (b) profiles for —60 < x; < 240. The red curves indicate p, the green
curves U, and the blue curves T. The solid lines indicate the profiles for 6 = 3, the dashed lines for § = 4, and
the dot-dashed lines for § = 5.

perfect gas). Therefore, it is not possible to make a perfect comparison. Nevertheless, we will try the
best comparison. In Ref. [14], the (shear) viscosity u, the bulk viscosity ©; (v in Ref. [14]), and the
thermal conductivity « are expressed as (Eq. (7) in Ref. [14]),

2 R

W= prs. s = (3 - E)PTH, = (1+2)Rer,. (45)

where 1, T, and 7, are the relaxation times for the dynamic pressure, the shear stress, and the

heat flux, respectively. It is also assumed that u o< 7", up x T", and k & T"c,(T)/R (Eq. (14) in
Ref. [14]). Assuming that y(T) = const = y; in Eq. (15) in Ref. [14], we obtain

po (To\'™ po (To\'™" po (To\'™"
=m0 T2 (22) . e = 15000, T () L 7 = (o0 T2 (22) . (46
n = tn(po, To) . ( T ) s = T5(po, To) . < T ) 74 = T4(00, To) . < T ) (46)

Then, we have the following relations:

—3, pr= P00 Bh

, 47)
R 74(00, To) n

3 ¢

2¢y ts(po, To) M (2 R ) (o, To)
ts(00, To)

0 10000 20000
Ty
(a)

FIG. 12. Profiles of j, U, and T at M_ = 1.138... (]l?, =1) for 6§ =4, Pr =0.761, A. = const, and
wp/ e = 100, 200, 500, 1000, and 2000. (a) Profiles for —2000 < x; < 28 000; (b) profiles for —1000 < x; <
4000. The red curves indicate g, the green curves v, and the blue curves T. The solid lines indicate the profiles
for p,/p = 100, the dashed lines for u, /@ = 200, the dot-dashed lines for wu,/u = 500, the dot-dot-dashed
lines for 1,/ = 1000, and the dotted lines for w1,/ = 2000.
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FIG. 13. Profilesof T, and Ty at M_ = 1.138...(M_ = 1)fors = 4,Pr = 0.761, A, = const, and j15/pt =
100, 200, 500, 1000, and 2000. (a) Profiles for —2000 < x; < 28000; (b) profiles for —1000 < x; < 4000.
The red curves indicate Tm and the green curves Tim. See the caption of Fig. 12 about the types of lines.

In Ref. [14], the following values are used: c¢,/R = 3.45, t5(p0, Tp) = 1.6 X 1079 s, 74(p0, To) =
2.2 x 107 s, and Ty (oo, To) = 2.2 x 107> s, so that we have § = 3.9, Pr = 0.73, and 1,/ = 5.2
103. This leads to the following values of the parameters v and 6 in the ES model: v = —0.3698 . ..
and @ = 9.926. .. x 107°. In addition, since n = 0.935 is assumed in Ref. [14], we let AC = 70065
The comparison is made with this parameter setting.

Figure 15 shows the comparison between Fig. 6 in Ref. [14] and the present computation for
M_ = 1.47. Only the profiles of p, 9, (¥ in the figure), and 7 are compared. These figures are
taken from Fig. 6 in Ref. [14], where the black solid lines indicate the result based on the extended
thermodynamics, the dashed lines that based on the Navier-Stokes Fourier theory, and the circles
in the profile of g the experimental result in Ref. [19] (see the caption of Fig. 6 in Ref. [14]). Our
results are overdrawn by colored lines. Here, X is the coordinate used in Ref. [14], which is related

to our x; as follows:
868+3\"? 868+3\"?
fmx(20F0) T (200 Ty, 48)
T8+5 T T8+5

That is, X has the same length scale as y; introduced in Eq. (44). In the magnified figures, we have
shifted our results slightly to make two results coincide. The figures show very good agreement
between the results based on the extended thermodynamics and our results except that there is a very

LS. e

50000 -10000 0 10000
T Ty

FIG. 14. Profiles of j, ¥, and T at M_ = 1.05 for § = 4, Pr = 0.761, A, = const, and u,/p = 100, 200,
500, 1000, and 2000. (a) Profiles for —40000 < x; < 60000; (b) profiles for —10000 < x; < 10000. The
red curves indicate g, the green curves ¥, and the blue curves T. The solid lines indicate the profiles for
wp/ i = 100, the dashed lines for w;,/u = 200, the dot-dashed lines for 1,/ = 500, the dot-dot-dashed lines

for p;, /e = 1000, and the dotted lines for w,/u = 2000.
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FIG. 15. Comparison between the profiles in Ref. [14] and those in the present computation at M_ = 1.47.
The figure is a reproduction of a part of Fig. 6 in Ref. [14] (courtesy of S. Taniguchi): The solid lines indicate the
result based on the extended thermodynamics, the dashed lines that based on the Navier-Stokes Fourier theory,
and the circles in the profile of p the experimental result in Ref. [19] (see the caption of Fig. 6 in Ref. [14]).
The present result is overdrawn by colored lines: The red line is for 0, the green line for 9, (denoted by © in the
figure according to Ref. [14]), and the blue line for T.

slight difference in the downstream uniform state. This is due to the fact that when y depends on T,
the downstream conditions are not the same as those given by the Rankine-Hugoniot relations (2).

V. ASYMPTOTIC ANALYSIS FOR LARGE u;/n
A. Slowly varying solution and shock profile

The numerical results in Sec. IV D suggest that the thick layer behind the thin layer of type-C
profile for large /0 (i.e., small 8) may be described by a slowly varying solution whose length
scale of variation is of the order 1/6. Although the results are not shown in Sec. IV D, the replot
of the curves in Figs. 12-14 in terms of the variable y; [Eq. (44)] shows that the profiles of each
macroscopic quantity for large w;/u fall on a single curve for respective M_, as the profiles of the
thick rear layer in Figs. 5(a) and 10(a). Therefore, we expect that the slowly varying solution may
also describe the whole profiles of types A and B. In order to obtain the slowly varying solution, we
need to introduce the new space coordinates y; contracted by the small parameter 9, i.e.,

2
i = —0x;. 49
y NG x (49)
If we assume that f = f(y1, £, &), then Eq. (16) becomes
af o a4
9(18—; = A(T)p(G — /). (50)
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We analyze this equation for & < 1 by a Hilbert-type expansion in 6, i.e.,

f=FfO4 fhgy f@g2 4 ... (51)
Correspondingly, the macroscopic quantities g, 0;, p;;, ..., which we denote by h, are expanded as
h=hO i + 56 4. (52)

We leave the details of the analysis in Appendix C, where the three-dimensional version of Eq. (50)
[Eq. (C2)] is analyzed. As the result of the analysis, the macroscopic equations that describe
the leading-order quantities ,6(0), ﬁi(o), Tlﬁo), and Ti;?) of the expansion Eq. (52) are obtained, i.e.,
Egs. (C34a) and (C34b) and two equations out of Eqs. (C34c), (C40), and (C45).

Let us consider the one-dimensional case assuming that 9/dy, = 9/9dy; = 0 and ﬁg)) = ﬁ§0) =0
and omit the superscript (0) for brevity. If we choose Egs. (C34) and (C45) as the governing equations,
these equations reduce to the following system:

d
—(p01) =0, (53a)
dy
d (T
B T (53b)
dy; \ D
d 54 5 .
d—y1<f)1 + ETLr + ETint> = Os (53C)
dTin 3 . s s
D = ——A(Dp(Ty — Tinp), 53d
D D, 373 (T)p(Tyw — Tine) (53d)
where the relation (C41), i.e.,
. 3T, + 8T
T — tr + nl7 (54)
346

has been used except that T is still kept in AC(J:"). YVe note here that (p, 1, f}r, Tim) are equal to
(1, 0_, 1, 1) at upstream infinity and to (9., 04, T+, T) at downstream infinity, and they are related
by the dimensionless Rankine-Hugoniot relations (24) or the original conservation laws

A

T 1 5496 . 54546
Pidy =0, L 420 =—+20_, 02+ T, =9 4+ —, (55)
4 V_ 2 2
which are the dimensionless version of Eq. (A11).
It follows from Eqs. (53a)—(53c) that
T, 5. 8.
por=ci. —+20=cy O+ >Tut T=0c3 (56)
V1 2 2
where ¢y, ¢», and c3 are constants, or
R C1 A N N A 2 5 N 2
p=—, Ty ="01(ca —201), Tin= (03— 50201 +407 ). (57)
Uy 8 2
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The substitution of Eq. (57) into Eq. (53d) with Eq. (54) gives the following equation for 9;:

5 Ao, 3448 . . 545 e
02 = — 0y )m— = —— | A(T)| % — ———— 0 + —— |, 58
U1<16C2 ”1>dy1 3G 1 o) 1 4D ¥~ ST et T T (58a)

A

3+96
In the case of the type-C profile, the slowly varying solution should be applied to the downstream of the
thin front layer, so that ¢y, ¢3, and ¢3 in Eq. (56) are determined from the downstream condition as ¢; =
Py, ey = (T4 /04) + 204, and c3 = D2 T+ (5 +8)/2] 1T,. However, these downstream quantities
are expressed in terms of the upstream quantities by Eq. (55). Therefore, we can express ¢y, ¢;, and
c3 using the upstream quantities as

(07 — c21 + c3). (58b)

1 546
co=0_, cp=—+20_, c3 =02 —I—% (59)

Using these relations and the ratio of specific heats y = (5 + 8)/(3 + 8), we can transform Eq. (58)
as follows:

03(0, — ﬁ])d_yl = T D_A(T)(D- — D)D) — Dy), (60a)
. 1+ 92
T(@) =1+ — D@ —d)( 01 — 5 , (60b)
where ¥, and U, (downstream velocity) are expressed in terms of ¥_ as
5 14202 — D2 +
Dy = ——— v*’ by = w 61)
16  d_ (y + 1o

Let us consider the integration of Eq. (60), with an initial condition 0; = 9y at y; = yg, from
y1 = Yo to co. When 9; < 0, and ¥; € (04, 0_) (note that 0, < ¥_), dv;/dy; is negative from
Eq. (60). This range of ; is not empty because 4 < 0, for y < 5/3 and M_ > 1. This can be
shown easily from the relation

ﬁ*_s( Ly 202 +1  Sy+1 yMZ+1

b, 167 T —DiP+y 8 y (-DM+2
Therefore, if the initial value 9 satisfies g < 9, and ¥y € (D4, _), the solution 0; monotonically
decreases as y; increases and approaches 9., which is an equilibrium point of ©; where d?;/dy,
vanishes. This means that, with an appropriate choice of the initial value 9, the solution of Eq. (60)
is expected to describe the velocity profile in the downstream range y; € [yy, 0o0) of a shock wave.
Once the solution ?; is obtained from Eq. (60), other quantities are obtained from Eq. (57). That is,

(62)

o . 1
p(01) = —, Tu(®)=1+2(D_ — ﬁ1)<01 - = ) (63a)
41 20_
A 8 . R .
Tine(01) = 1+ g(vl = D)D) — D), (63b)

where ¥, is the dimensionless downstream velocity of the shock wave when 8 = 0, which is defined
by Eq. (26a) and is written in terms of 0_ as 0, = (292 4+ 5) /80_. Equation (60) with the initial
condition 71(yg) = 0y can be solved analytically. More specifically, 9, is obtained as the inverse
function of the following function y;(9;):

o 16 / u*(0, — u) 4 64)
— = =% u.
WOTI =300 Sy ATt — ww — 00
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Moreover, the integration can be carried out explicitly for special forms of A (T),suchas A(T) =1,
VT, and T'. The results are given in Appendix D.

Finally, we discuss the possible choices of the initial value 9y and the relation between the resulting
solution 9; [and Eq. (63)] and the profiles of types A, B, and C. Here, we note that M_ < M_ holds
(see the end of Appendix A3):

(i) Caseof M_ <1 < M_:

Since M_ = /6/50_, it follows from Eq. (61) that 9_ < ¥,. Therefore, the admissible range of
the initial value 7y, i.e., Uy < 0, and ¥y € (D4, U_), reduces to just 9y € (4, 0_). That is, we can
take 0y as almost v_, i.e., {9 = O_ — 0. Therefore, the solution ¥, is expected to describe the whole
profile of the velocity. Let us consider this point in more detail. We consider Eq. (64) for a fixed
value of ; in the middle of the profile, 9, < ¥; < ¥_. Then, we have the following estimate:

yi(01) —yo > C (Ul)/ du = Cy(®)[=In(0- — o) + In(d_ —Dy)], (65)

where

Cy(hy) = 16 010 — ) - 0. (66)
3()/ + I)U maXsp, <u<d, [A (T(M))] (UO - v+)

As the initial value 9y approaches the upstream velocity 0_, the coordinate y;(9;), which expresses
the coordinate y; inside the shock profile, diverges to +o00. To locate the shock profile in a more
comfortable range with finite y;, we need to shift the coordinate, or take the initial position yg as —oo
Theoretically, if we assume that ) — ©¥_ at y; — —oo, we obtain the whole profile of 9, changing
from 9_ to 9,4, in a range of finite y;. Correspondmgly, 0 changes from p(9_) = 1 to p(04) = p+,
Ty changes from T.(0_)=1to T[r(v+) = T+, and Tiy changes from T (d) =110 Tlm(v+)
This solution corresponds to the whole profile of type A.

(ii) Caseof M_ = 1:

In this case, it follows from Eq. (61) that 9, = _ = \/5/6. Therefore, the admissible range of
the initial value ¥y is still 9y € (04, U_). However, Eq. (64) reduces to

() o N (67)
— = =X u.
I = 30 0o L, AT @) —o,)

Since the integrand does not have a singularity at u = 0_, the integral takes a finite value at 0y = 0_
for a fixed value of ; in the middle of the profile, 0, < 0; < ?_. This means that y, can be a finite
value, say yo = 0, and the velocity profile locates in a range with finite y,. Therefore, the solution
D1 can describe the whole velocity profile v — 0, in the range y; € [yy, 00). From Eq. (60), we
observe that

_ 3w+, 0
TR A — <o. (68)

di;
dy

This means that the profile of the velocity suddenly start at y; = yo with a finite gradient and
approaches 04 as y; — oo. In other words, the velocity profile exhibits a corner at y; = yy. From

Eq. (63a), it follows that
1 \db
d)’1

Therefore, profiles of p and f}r show the same behavior. However, from Eq. (63b), we have

dp 1 di

dyl Yi=Yo - 0- dy]

>0. (69

Yi=Yo

Yi=Yo

dj‘int
dy

8 R dU]
- E(U _U**) dy1

=0, (70)

Yi=Yo

Yi=Yo
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because 9., = 0_ = +/5/6 [Eq. (26a)]. Therefore, the profile of f}m does not exhibit a corner at
¥1 = Yo. These results are consistent with the numerical solution in Sec. IVD?2 (see Sec. V B). This
solution corresponds to the type-B profile.

(iii) Caseof M_ > 1:

Because 7, < 0_ in this case, the admissible range for the initial value reduces to 0y € (0, Us).
Here, we should note that ¥, < 0,, < 0, holds. Therefore, we can take ?¥,., which is the
dimensionless downstream velocity of the shock wave when 6 = 0 [Eq. (26a)], as the initial value
Do. Then, the solution 9; describes the monotonic decrease from 9. to 0. as y; varies from yy to oo
Correspondlngly, 13} changes from p(Vis) = Pus to p(01) = Py, Y}r changes from Er(v**) =
to Ttr(v+) T+, and Tmt changes from Tmt(v**) =1to Tmt(v+) T+, where Q.. and T** are,
respectively, the values of p and f}r downstream of the shock wave with 6 = 0 [Eq. (26)]. This
corresponds to the thick rear layer of the type-C profile. To be more specific, we replace the thin
front layer with a jump satisfying the Rankine-Hugoniot relations for & = 0 and the thick layer with
the solution corresponding to ¥; obtained here. In this way, we can describe the type-C profile by
the slowly varying solution.

In summary, the slowly varying solution, i.e., 9, obtained from Eq. (64) and the corresponding
0, Ttr, and Tlm in Eq. | (63), can successfully describe the type-A profile when M_ <1< M_, the
type-B profile when M_ = 1,and the type-C profile, with the help of the Rankine-Hugoniot relations
for 6 = 0 [Eq. (26) or (A20) with Ttr, =71 ], when M_ > 1.

In Ref. [30], the shock-wave structure of a polyatomic gas is investigated by a set of macroscopic
equations that is derived by the extended thermodynamics [31] or from the Boltzmann equation
by an appropriate moment closure [31,32] (see also Ref. [30]). In this Boltzmann equation, the
internal modes are modeled by a single continuous variable [22] as in the ES model used here. The
macroscopic equations expressed in terms of the slowly varying variable y; in Eq. (44) are essentially
the same as our equations (53). It should also be mentioned that a system of macroscopic equations
corresponding to a slowly varying kinetic solution has been obtained to describe the structure of
a shock wave in a gas mixture with slow chemical reactions in Ref. [41], where the profiles are
classified according to the parameters.

B. Comparison with numerical results

In this subsection, we compare the slowly varying solution with the numerical solutions.
The pseudo-CO, gas with /= 100 and 1000 gives 6 = 5.00... x 1073 and 5.00... x 1074,
respectively, which are quite small. Therefore, we expect from its derivation that the leading-order
slowly varying solution obtained in Sec. V A describes the shock profile accurately. To confirm this
statement, we consider the case of u;,/u = 100, for which the leading-order solution should be less
accurate than the case of u;/u = 1000, and make some comparisons. In Figs. 16—19 below, x; = 0
is set in the same way as in Figs. 2, 7, 12, and 14, respectively, for the numerical solution. Then,
the profiles obtained by the slowly varying solution is shifted in such a way that the point at which
p = 0.5 coincides with that of the numerical solution.

Figure 16 shows the profiles of 3, ¥, and 7 at M_ =5 and for u,/u = 100. Figure 16(b)
is a magnified figure of Fig. 16(a). The colored lines show the numerical solution obtained in
Sec. IVD2: the red line indicates p, the green line ¥, and the blue line T. The black dot-dashed
line indicates the profile of the thick rear layer obtained on the basis of the Rankine-Hugoniot
relations for p,/u = oo [Eq. (A20) with Tr,— = T_] and the slowly varying solution corresponding
to Eq. (64) in the case of M_ > 1 (see Sec. V A). In Fig. 16(b), the numerical result for u;/u = 0o
is also shown by the black dashed line. As one can see, the slowly varying solution describes
perfectly the profiles in the thick rear layer. Figure 17 shows the profiles at M_ = 1.2 and for
up/m = 100, where the colors and types of the lines are the same as Fig. 16. In this case, the profiles
of the rear layer given by the slowly varying solution deviates slightly from the numerical solution.
However, we can say that the agreement is still good. Figures 16 and 17 correspond to type-C
profile.
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FIG. 16. Comparison between the profiles based on the slowly varying solution and those of numerical
solution. Profiles of g, ¥, and TatM_=5fors = 4,Pr =0.761, A. = const, and u,/p = 100 are shown in
the figure. (a) Profiles for —40 < x; < 200; (b) profiles for —20 < x; < 60. The red line indicates p, the green
line %, and the blue line T of the numerical solution. The black dot-dashed line indicates the corresponding
profiles obtained on the basis of the slowly varying solution. In panel (b), the numerical solution of the ES
model for u,/p = oo is also shown by the black dashed line.

The comparison of the profilesat M_ = 1.138... (M_ = 1)andfor u; /e = 100is made in Fig. 18.
Asin Figs. 16 and 17, Fig. 18(b) is a magnified figure. Note that the scale of ¥ is shown on the right
side in Fig. 18(b). In this case, the slowly varying solution based on Eq. (64) gives a profile that
starts suddenly with a corner, as shown by the dot-dashed lines in Fig. 18(b). We may call this case
strict type B. It agrees with the numerical solution on the whole, though there is a visible difference
in the magnified figure, Fig. 18(b). The numerical solution gives profiles that start smoothly without
a corner. However, as 1,/ becomes large, say 1000, the start of the profiles becomes sharper, and
the difference between the numerical and slowly varying solutions becomes invisible.

Figure 19 shows the comparison of the profiles at M_ = 1.05 and for u; /e = 100. In this case,
the agreement between the numerical and slowly varying solutions is good even in the magnified
Fig. 19(b). This corresponds to type-A profile.

In this subsection, we compared the numerical and slowly varying solutions for the pseudo-CO,
gas with a smaller u,/u, i.e., wp/ 1 = 100, and confirmed the agreement. It should be emphasized
that we have much better agreement for the real CO, gas with w;/u of the order of 1000.

0 500 1000

T

(a)

FIG. 17. Comparison between the profiles based on the slowly varying solution and those of numerical
solution. Profiles of g, v, and TatM_=12fors =4, Pr=0.76l, A, = const, and u,/pu = 100 are shown
in the figure. (a) Profiles for —100 < x; < 1200; (b) profiles for —40 < x; < 200. See the caption of Fig. 16.
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FIG. 18. Comparison between the profiles based on the slowly varying solution and those of numerical
solution. Profilesof 3, ¥, and T at M_ = 1.138... (Zl7L = 1)for§ =4,Pr =0.761, A, = const,and u,/u = 100
are shown in the figure. (a) Profiles for —200 < x; < 1800; (b) profiles for —160 < x; < 160. The red line
indicates g, the green line ¥, and the blue line T of the numerical solution. The black dot-dashed line indicates
the corresponding profiles obtained on the basis of the slowly varying solution.

VI. CONCLUDING REMARKS

In the present study, we investigated the structure of a standing shock wave in a polyatomic gas
with a large bulk viscosity on the basis of the polyatomic version of the ES model for the Boltzmann
equation. It is known that the CO, gas has a large value of the ratio of the bulk viscosity to the viscosity
(up/ 1), which is of the order of 1000. Therefore, we considered a pseudo-CO, gas with the same
properties as the CO, gas except that 1,/ takes arbitrary values and investigated its behavior as
Wp/ 1 increases up to 2000 to understand the properties of the shock profiles when p,/u is large.
The study was motivated by the recent results based on the extended thermodynamics [14—16].

We first carried out direct numerical computations of the ES model and obtained the profiles of
the macroscopic quantities inside the shock wave accurately for the pseudo-CO, gas and the real
CO; gas, i.e., the pseudo-CO, gas with the real value of w;/u (Sec. IV). In this step, we were able
to reproduce the type-A, B, and C profiles defined in Ref. [14] (Fig. 1) at relatively small upstream
Mach numbers (i.e., for small M_ — 1) for the CO, gas. Here, the type-A profile is a profile almost
symmetric with respect to the center for each macroscopic quantities, the type-B profile is the profile
that is nonsymmetric and has a corner upstream, and the type-C profile is the profile consisting of
a thin upstream layer with a sharp change and a thick downstream layer with a slow change. We
obtained the type-C profile also for higher upstream Mach numbers, which is consistent with the
result in Ref. [16] based on the nonlinear extended thermodynamics. In addition, we observed that

2000 0 2000 200 <1000 100 200
T €
(a)

FIG. 19. Comparison between the profiles based on the slowly varying solution and those of numerical
solution. Profiles of g, U, and T at M_ = 1.05 for § = 4, Pr = 0.761, A. = const, and p;,/u = 100 are shown
in the figure. (a) Profiles for —2500 < x; < 3000; (b) profiles for —200 < x; < 200. See the caption of Fig. 18.
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as the ratio p,/p increases, the thin front layer in the type-C profile does not change, whereas the
thickness of the thick rear layer increases indefinitely. In the limit when u;, /. — o0, the shock wave
reduces to the thin upstream layer only and its downstream state approaches a uniform equilibrium
state satisfying the different Rankine-Hugoniot relations [Eq. (A20)] that hold when w;/pu = oo.

Then, motivated by the numerical results, we tried to describe the behavior of the thick rear layer
of the type-C profile by a slowly varying solution of the ES model, the length scale of which is of
the order of w;/u (or the inverse of the parameter 6 appearing in the ES model) (Sec. V). Carrying
out an asymptotic analysis for small 6 (or large /1) using a Hilbert-type expansion, we derived
a simple set of ordinary differential equations for the macroscopic quantities, which can be solved
analytically. We showed that the type-C profile can be described by this slowly varying solution
correctly if its upstream condition is set to be the downstream condition of the Rankine-Hugoniot
relations for i, /(¢ = oo. This is akind of revival of the Bethe-Teller theory [17] discussed in Ref. [14].
In addition, we showed that the slowly varying solution can also describe the entire type-A and B
profiles correctly.

In this study, we assumed that the ratio w;/u is large (1000 to 2000) for the CO, gas according
to the literature [28,29]. However, there are some doubts about it, e.g., Ref. [42]. This discrepancy
should be an important subject to be investigated. Nevertheless, the slowly varying solution derived
here should give a good approximation even if ;/u is much smaller, say, of the order of 10, such
as the hydrogen gas for which u;/u =~ 30 [28,29].

In the present paper, we have restricted ourselves to the structure of the plane shock wave. However,
the macroscopic equations corresponding to the slowly varying solution have been derived for the
general three-dimensional case. Therefore, they can be applied easily to the structure of a curved
shock wave in a polyatomic gas with large bulk viscosity.

Finally, we comment on possible extensions of the present work. The present study is fully
based on the ES model, not on the original Boltzmann equation. However, in order to describe the
complicated process of energy exchange during collisions and relaxation processes, one needs to
introduce some phenomenological models [22,43] even in the Boltzmann equation. Nevertheless,
the extension of the present study to such Boltzmann models would be an important problem to
be tackled. Another possible extension is to investigate the shock-wave structure for a mixture of
polyatomic gases (containing CO,) by the use of a Boltzmann-type model (e.g., Ref. [44]) or a
Bhatnager-Gross-Krook (BGK)-type model (e.g, [45]) for polyatomic gas mixtures. In the present
study, we restricted ourselves to a calorically perfect (or polytropic) gas, for which the specific heat
at constant pressure and that at constant volume are constants. The extension of the present study
to a thermally perfect (or nonpolytropic) gas with the specific heats depending on the temperature
would also be possible if one uses appropriate existing models, such as the Boltzmann-type models
in Ref. [22,44] and the BGK-type models in Ref. [45].
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APPENDIX A: SOME PROPERTIES OF THE ES MODEL
1. Moments of Gaussian

We first calculate moments of the Gaussian (6b). Let us consider the following moments: With
i,j=172,3,

Ilg] = /f Gd&dg, (Ala)
0

023401-25



SHINGO KOSUGE AND KAZUO AOKI

1G] = / / £GdEdE — / / (& — v)GdEAE + v o[G], (Alb)
0 0

14[g]=/ Ooggdé’ds, (Alc)
0

1,161 = f f £,GdEdE = / (& — v)(E; — v)GAEdE + v, LIG] + v IG] — viv; Io[G1.
0 0
(Ald)

If weletx; = (& — vi)/\/i and y = £/RT,, the Gaussian G [Eq. (6b)] is expressed as

py/2-1

= Gy Plde T PRTaT 3)2)

exp(—'xT 'x —y). (A2)

In this subsection, bold-faced letters indicate column vectors; for instance, x is the column vector with
components x1, Xz, and x3, and ' x is its transpose, i.e., ‘x = [x1, x2, x3]. Let us denote the eigenvalues
of T-! by A (i =1, 2, 3), where A > 0 because T is positive definite, and the orthogonal matrix
that diagonalizes T~! by P, i.e.,

"PT-!P = diag [AV, 2@, 1], (A3)
where diag [ ] indicates a diagonal matrix. Then, we have det(T) = [det(T~1)]~' = WDAPA®)~1,

If we introduce the column vector ¢ with components ¢y, ¢3, and ¢3 by x = P¢ and another column
vector z with components z; = (A1)2¢, 7, = AW?)/2¢,, and z3 = (AP)!/2¢3, then we have

3
xT'x ="¢'PT'Pc =) 20 = |z”. (A4)

i=1

Therefore, the Gaussian G and &; — v; are expressed in the following form:

pya/zfl 5
9= oGy PRIy SRR T (A5

3
5 — v = V25 = V2(P)e; = ) /A PPz (ASb)

Jj=1

Let us change the integration variables from (&, &) to (y, z) in Egs. (Al). Then, the domain of
integration becomes from 0 to oo for y and the whole space for z, and the relation d€d& =
2V2R T, (A VA®@28N"12gydz holds, where dz = dzidz,dzs. Thus, we obtain the following
expressions:

_ p = st 2 _
IO[g]_JT3/2F(5/2)//0 Yy exp(=lz|” — y)dydz = p, (Aba)

3 00
LIG] — viIo[G] = 773/%(5/2) > eI Py; f /0 ¥z exp(—Iz)* — y)dydz =0,
j=1

(A6b)
RT, SRT;
LIG] = 372”5;2) // 2 exp(—lzl” — ydydz = p—— 5 3 (Abc)
2p

151G1 — viv; TolG] = Z(P),k<P>,z<x<k>x“>>—”2 / / 12z expl—zl? — dydz
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3 3
=p Y (Pu(P)i(A 20y 25 = p > O T P (P)ji. (A6d)
k=1 k=1
Taking the inverse of 'PT~!P = diag [A\(", A®, A®] and multiplying by P from the left and by ‘P
from the right, we have T = Pdiag [1/21, 1/2®, 1/A®1'P, or (T);; = Zizl()\(k))’l(P)ik(P)jk.
Therefore, the last line of Eq. (A6d) becomes p (T);;.
In summary, we have the following expressions of the moments of the Gaussian:

SRT,

hiG) = p. LIG1=pui. LIGI=p=—", (A7a)
;1G] = p (T)yj + pvyvj.  IulG) = 3(1 — O)pRT; + 36pRT + pvi,  (ATb)

1 344 1
~Iu[G1 + LGl = ——pRT + - pv}. (A7c)

2 2 2

2. Conservation laws
From Egs. (6d)—(6j), the following relations hold:
R Tlm
hlfl=p, LIf1=pv, LIfl=p 5 (A8a)
L;Lf1= pij + pvivj, Iulf]l=3pRT; + pv;, (A8b)
346 1

—hdf}+hU] ———pRT+2pw (A8¢)

Equations (A7) and (A8) immediately show that Eq. (11) holds and verify the fact that Q(f) =
and f = feq are equivalent [see the paragraph containing Eq. (10)].

Multiplying Eq. (5) by 1, §;, and & k2 /2 + £ and integrating the resulting equations with respect to
& from 0 to oo and with respect to & over its whole space, we obtain, from Eq. (11), the following
relations:

a ° a
o || ragas = S-om =0, (A%)

o0 0
—/ §1& fdEdg = 71(1?11‘ + pv1v) =0, (A9b)

0 346 1
X // 51( &7 +5)fd5d§_ o, |:Q1+P1kvk+v1< > P+§,0U;%)}=O- (A9¢)

That is, we obtain the following conservation laws:

pv; = const, pj; + pvjv; = const, (A10a)
3456 1
q1 + pikvk + 01( ) p+ Epv,f) = const. (A10b)

If we apply these relations to the equilibrium states at the upstream and downstream infinities, we
have

p_v_ = pivg, po+p_vd = py+ pul, (Alla)
5435 1 548 1
U(Tp +2,0 v >=v+( > p++§p+vi), (Allb)

from which the Rankine-Hugoniot relations (2) follow.
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3. Caseof § =0

In the case of 0 = 0, i.e., up/ 1 = 00, Eq. (6) gives Tie) = Tint, s0 that Egs. (6b) and (6¢) reduce
respectively to

G = pE! _1 =) (T D& —v) — £ Al2a)
= @r)Pdet (T A(RT ) 2T (3/2) T ( 7 & s =) RTim>’ (Al2
(Mij = (1 = v)RTS;; + vpij/p. (A12b)

In this case, it follows from Eqs. (A7a) and (AS8a) that I4[G] — L[ f] = ffooo E(G — f)dEdE = 0.
Therefore, the relation (11) is replaced by

/ /0 6, 0(g)dEE = 0, (A13)

where ¢, (r =0, ..., 5) are the new collision invariants, i.e.,
po=1, ¢ =& (i=123), ¢s=3IE] ¢5=E. (A14)

Correspondingly, in place of Eq. (A10), the following four conservation laws hold:

pvy = const, py; + pvv; = const, (Al5a)
3 1
(g + previ + vy (EIORTtr + EP”/%) = const, (A15b)
)
(Gin1 + UIE,ORTint = const, (A15¢)
where

1 o0

@i =5 / / (& — v — v fdEdE, (Al6a)
0
(i = / f (& — v)E fdEdE. (A16b)
0

In addition, it is easy to show that the local equilibrium distribution f.q is given by

p58/2—] |£ —U|2 &
— — — , Al7
Jaa = r Ty PRIy T02) P\~ 2RT, T RT (Al7)

instead of Eq. (10).

The form of the local equilibrium distribution in Eq. (A17) indicates that the equilibrium state
at upstream infinity is determined by specifying p_, v_, T;—, and Ti— and that at downstream
infinity by specifying py, v, Ty, and Tip4, where Ty, and Tj,— are the translational and internal
temperatures at upstream infinity, and 7, and T, are those at downstream infinity. That is, we can
impose the following conditions at upstream and downstream infinities:

fe p-ENT oo (LG TV ERE &N
(27 RTy )2 (RTy )T (8/2) 2RT,- Rl )" ’
(A18a)
p £ E —v 2 +EI+E €
/= xR (R T (6/2) P 2RTy, RTy, ) %17
(A18b)
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If we apply Eq. (A15) to upstream and downstream infinities, we have

p—v_ = pivi, p_RTy_ + p_v> = psRTyy + psvi, (Al9a)

5 1 5 5 1 5
v Ep,RTtr, + FP-VZ) = v+ §P+RTtr+ + FP+V% ) (A19b)
) )
U—E/O—RTim— = U+§p+RTinl+° (A19¢)
The first and last equations show that iy~ = Tipr. On the other hand, Eqgs. (A19a) and (A19b) are

the same as Eqs. (Alla) and (Al1lb) with § = 0 (or y = 5/3) if T}, is regarded as the temperature
T . Therefore, the Rankine-Hugoniot relations for & = 0 follow immediately from Eq. (2), that is,

4M? M? +3 (A208)
= =5——pP—, Vg = —=5—V_, a

e T e

(5M2 — 1)(M? +3)
Toy = 161%3 To— Tiner = Tine—, (A20b)
~ 1/2
i i +3\" A200
=|———— s C
T\ sz~
where

% i (A21)

M= ———.
T 5RT+/3

Here, M_ plays the role of the upstream Mach number, so that M_ > lif thereis a standing shock.
It is noted that when T;,_ = T_, M_ < M_ holds because M_/M_ = \/3y/5and y < 5/3.

APPENDIX B: SUPPLEMENTARY DATA FOR NUMERICAL ANALYSIS

Since the profiles of types A, B, and C are very different, we need different grid systems depending
on the types of the profile. In particular, for type C, use should be made of a grid system in x; that
concentrates inside the thin front layer and cover the wide range of the thick rear layer and one in ¢; that
covers the high 7, behind the thin front layer. Because the jump due to the thin front layer corresponds
to the jump given by the Rankine-Hugoniot relations for u;,/u = oo (cf. Secs. IVD2 and V A), we
need to take into account the information about the downstream condition of this Rankine-Hugoniot
relations in the grid systems. For this purpose, we use the dimensionless downstream density p,.,
velocity 9, and temperature T, defined by Eq. (26).

1. Grid systems

For the x; coordinate, the range of which has been limited to —D,, < x; < D,, we use the grid
points x(;, concentrated near x; = 0 based on functions containing pth power and gth power of xi,
ie.,

=" —i + —i ’ = — (i=0,1 N,) (Bla)
X = a , Xy =—xp, (=0,1,...,N,), a
® 14+al| N, N, =0 ©

py+ 2o = Dnl LN 0 E N ’ (i=N,+1,N,+2 N,). (B1b)
-xi = n ’ 1= n ) n LA | .
@ 1+b | N,—N, N, — N, g

This grid system is prepared to capture the type-C profile composed of a thin front layer with a sharp
change and a thick rear layer with slow relaxation: Equation (B1a) is for the thin front layer, and
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Eq. (B1b) is for the thick rear layer. With Eq. (B1), the grid interval d; = x(;) — x(;—1) becomes

D,
d~ —, dy ~d(1 , B2
1 TN, N, 1(1 +ap) (B2a)
D,— D,
dn, 11 ~ N dn, ~ dy,+1(1 + bq). (B2b)

(1 +b)(Np - Nn)’

We first choose D, and D, (>D,). For Eq. (Bla), we determine N, and a based on the minimum
interval d, and the ratio dy, /d) [Eq. (B2a)] and choose the growth rate p. For Eq. (B1b), we determine
N, and b based on the condition dy, 1 ~ dy, and the ratio dy, /dy,+1 [Eq. (B2b)] and choose the
growth rate q.

For the molecular velocity ¢;, whose range has been limited to —Z,, < ¢; < Z,,, we use the grid
points that are suitable for the bimodal distribution based on the upstream equilibrium distribution
(33a) centered at {; = ¥_ and the downstream equilibrium distribution (33b) centered at {; = ¥
(<?0_). More specifically, we use a uniform grid interval for 0, < ¢; < 09— and nonuniform grid
intervals suitable to describe the half-range distribution of Eq. (33a) [or Eq. (33b)] for_ < ¢ < Z,
(or —Z, < &1 < D4). The explicit expression of the grid points ;) is as follows:

é-(j) = i)+ - CE?;W,,*])’ (.] = O9la oo 72Mn)7 (B3a)
N A~ N .] B 2Mn .
Ly = 0y 4 (0. — D)L (= 2M, + 1, ..., 2M, + 2My), (B3b)
2M,
Loy =0-+ {(?721\/1”721\/10)7 (J=2M,+2My+1,...,2M), (B3¢)

where ;) and ¢} are auxiliary grid systems defined below. Equation (B3a) with 2M,, + 1 grid
points is for —Z, < ¢ < 94, Eq. (B3b) with 2M, grid points is for 9, < ¢; < ¥, and Eq. (B3c)
with 2M — 2(M,, + M) grid points is for i_ < ¢; < Z,. The auxiliary system g“(’;) is defined by

& = z [ J +c< L)} (j=0,1,...,2M,), (B4)
71+l 2M, 2M,

with appropriate constants c, r, Z, and M »- This is a grid system for the right half of the shifted
distribution, Eq. (33a) with 9_ = 0, in the limited interval 0 < ¢; < Z and gives the grid interval
8% = ¢y — (i1 as follows:

*

z
1 83 ~ 811 +cr). (B5)

T2+ o, M
We choose the number of the grid points in Eq. (B3¢) [2M — 2(M,, + My)] larger than thatin Eq. (B4),

ie., M — (M, + Mo) = M,. The auxiliary system ¢} is defined by
ZJyt[ J Iy
= , j=0,1,...,2M,), B6
0 1+c[ . +C(2Mn (J ) (B6a)
max(Ty, To), (M- > 1),
=1 " (B6b)
I, (M_<1,

where M,, is chosen to be the minimum integer such that M,, > M »~/ T, and the constants c, r, and
Z are common to ;“(’;.). The 7., in Eq. (B6b) is the downstream value of Ttr for the shock wave with
up/m = 0o, and M_ isthe parameter playing the role of the upstream Mach number for such a shock
wave [see Eq. (26b)]. This is basically a grid system for the right half of the shifted distribution,

Eq. (33b) with 9, = 0, in the limited interval 0 < ¢ < Z+/ T... However, to capture the possible
significant overshoot of 7 in type-C profiles, the choice of t in Eq. (B6b) is introduced (note that
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M_>1 corresponds to type-C profile). This £} is used in Eq. (B3a) after being reflected and shifted.
We choose the number of grid points (i.e., M,, My, and M) in such a way that the minimum and
maximum of the grid intervals in g(’;) are more or less the same as those in g“(’;-’; and that the uniform
interval for ¥4 < ¢; < D_ is approximately the same as the minimum interval in g“(’;) (or C(’;“;).

2. Data for numerical analysis
a. Convergence of iteration

If the computation can be carried out without any error, the shock wave stops somewhere when
the solution has converged. However, because of the small error in the practical computation, the
shock wave exhibits a small shift at each iteration step even after the profile has converged. We obtain
the numerical solution whose shift is small enough compared with the numerical error contained in
the solution.

Let us define the location of the shock wave x; by the point that satisfies

(1 + pr)/2, (M_ > 1, i.e., type C),
p(xs) = {0.954+0.055,, (M_=1,,ie., type B), B7)
(1+ ps)/2, (M_ < 1, ie., type A),
where the expression for M_ =1lis equivalentto ¢ = 0.05. Let & stand for the macroscopic quantities

0, 01, P11, P, f}r, and f}m. If we denote the position of the shock wave at the nth iteration step by
x!"! and the macroscopic quantities 4 at the grid point x; at the nth step by A1, then the relative
position of the grid point x(;) with respect to the shock location is x¢, — x").

The convergence is judged by comparing, at each r steps, A" and L= k=1,2,...).
In this process, we need to compare them at the points whose relative positions with respect to
the shock location are the same. We first obtain x*! from p*"/] by the spline interpolation, and
xl*6=Dril from plk=Dril by the same. Then, we interpolate h*"/1 to obtain the value at the point

Xy — xl&=Drl 4 x[kr1 - which we denote by hlk"il, and compare it with Al*=D"1If the following
inequality
Rkl _ pltk=Dri]

<€, (h=p, 01, pu1s P2y Tes Timo), (B8)
h_ —hy

max
1

holds with a given small €, we judge that the solution has converged. Here, _ and & are the values
of h at upstream infinity and downstream infinity, respectively.

If we judge that the convergence has been attained at the nth step, we shift the solution in such a way
that x!"! becomes 0 and repeat the iteration process with the shifted solution as the initial condition
until the convergence is attained. We repeat this process several times to obtain the solution that
satisfies x; = 0 within the error of the computation.

In all the computations, we have set » = 10 and € = 1078,

b. Data for grid systems in x,

For the grid system in x; defined by Eq. (B1), the parameters a, p, b, and g were set to be
a=3,p=3,b=1, and g =2 for all the computations. Then, the number of grid points N, in
the downstream side is determined by the range of computation D,,, the number of grid points N,
in the upstream side, and the range of computation D, in the downstream side from the condition
dy,+1 ~ dy,.

Depending on M_, we used the grid systems (M1) to (M4) in Table 1. In (M1) and (M2),
N, increases with p,/p (when /g is finite), so that the minimum and maximum intervals are
unchanged: In (M1), N, = 404 (u;/p = 10), 820 (100), and 5320 (1000), and (d1, dw,, dn,) ~
(0.050,0.50, 1.5); and in (M2), N, =404 (up/u =10), 920 (100), and 6320 (1000), and
(d1,dn,,dy,) ~ (0.25,2.5,7.5). On the other hand, in (M4), N, = 520 is kept constant, and the
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TABLE I. Grid systems in x;.

Grid system M_or M_ D, N, D,

M1) M_=5 80 400 max(Suy/m,84)"
M2) M_=12 400 400 max(30u,/11,420)°
(M3) M_=1 max(400,2u, /1) 400 max(40u,/1,420)
(M4) M_ =1.05 100y /11 500 1200/ 14
M1) M_ = 64 320 max(4uy/n,68)
M17) M_=5 80 320 max(Su,/1,84)
M2 M_=1.2 320 320 max(24w,/1,336)
M27) M_=12 400 320 max(30u,/1,420)

*D, = 84 for u,/pu = oo.
®D, = 420 for p;,/p = oco.

grid intervals are proportional to u, /i, so that (dy, dy,, dn,) =~ (0.050up /1, 0.50us /p, 1.50p/ 12).
In (M3), the number of grid points as well as the grid intervals change with u,/u: N, = 404 and
(d1,dy,,dn,) ~(0.25,2.5,6.9) for u,/u =10, N, = 1120 and (di, dy,, dn,) ~ (0.25,2.5,7.5)
for up/pu = 100, and N, = 1920 and (dy, dy,, dn,) ~ (0.0013 s/, 0.012 45 /11, 0.037 11, / 12) for
My /e = 200.

For M_ =5 and 1.2, we also used systems (M1’) and (M2') (Table I) in which the ranges of
computation are 80% of those of (M1) and (M2), respectively, and systems (M1”) and (M2") (Table I)
in which the numbers of grid points are 80% of (M1) and (M2), respectively, for comparison.

¢. Data for grid systems in ¢,

The parameters ¢ and r in the auxiliary system ¢ %) [Eq. (B4)] and £ [Eq. (B6)] were set to be
¢ =3 and r = 3 for all the computation. As described at the end of Appendix B 1, if we give the
width Z and the number of grid points M), in ¢, Mo and M, are determined. We determine M from
the condition

Somy ~ max(d- + Z, 04 + Z/7), (B9)

where 7 is defined by Eq. (B6b). It should be noted that My, M,,, and M depend on § and M_ as well
as Z and M,,.
We used the following two grid systems (Z1) and (Z2):

Z)Z=5 M,=50, (Z2)Z=6, M, =150.

The system (Z1) is for M_ = 5 and (Z2) for M_ < 1.2. In Table II, we show the numbers of grid
points M,,, My, and M together with the minimum and maximum values of the grid interval §;
(=¢(jy — ¢(j-1)) and those of ;) when the internal degrees of freedom § = 4.

For M_ =5 and 1.2, we also used systems (Z1") and (Z2') in which the ranges of computation
are 80% of those of (Z1) and (Z2), respectively, and systems (Z1”) and (Z2") in which the numbers

TABLE II. Data for the grid system in ¢; when the internal degrees of freedom § = 4.

M_ M, M, M (82m,,+1,02m) (&> Samy)
5 132 135 332 (0.012,0.20) (—12.5,13.9)
1.2 _ 157 26 334 (0.0049,0.050) (—5.6,7.1)
1.138... (M. =1) 155 19 325 (0.0048,0.050) (—5.5,7.0)
1.05 152 7 310 (0.0049,0.050) (—5.3,6.9)
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of grid points are 80% of (Z1) and (Z2), respectively, for comparison. That is,
@Z1)Z =4, M,=40, (Z1"YZ=5, M, =40,
(22)Z = 4.8, M, =120, (Z2")Z =6, M, = 120.

3. Accuracy of computation

In this subsection, we denote by 4!/l and (]),Ei’j ! the values of the macroscopic quantities & (h = p,
01, P11, P22, 1.y, T, and their polynomials) and the marginal velocity distribution functions ¢
(k =1, 2, 3) at the grid points after the solution has converged.

a. Comparison of the results based on different grid systems

We carried out computations with different grid systems for M_ = Sand 1.2,8 = 4, and u, /0 =
10, 100, and 1000 and confirmed that the results are close each other. We compare the reference result
of a macroscopic quantity 4! with the result based on a different grid system Al!!. We first shift Al
in such a way that its shock-wave location coincides with that of the solution 4!/ and then interpolate
hl' at the grid points of 21", Denoting the interpolated result by Al anew, we obtain the following D:

h[i] —hﬁf]
T, ) (B10)
- —h4

where the maximum with respect to 4 means the maximum over the six macroscopic quantities p,
D1, P11, P22y Ty, and Tipy.

For M_ = 5, we regard the result based on (M1, Z1) as the reference solution and compare it with
the results based on (M1’, Z1), (M1”, Z1), (M1, Z1’),and (M1, Z1”). The values of D are as follows:
D =24 x 107 for(M1’, Z1),3.5 x 10~* for (M1”, Z1),8.3 x 10~ for (M1, Z1"),and 7.0 x 10~°
for M1, Z1”). For M_ = 1.2, we regard the result based on (M2, Z2) as the reference solution
and compare it with the results based on M2', Z2), M2", Z2), M2, Z2'), and (M2, Z2"). The
values of D are as follows: D = 2.9 x 107 for (M2', Z2), 4.8 x 107> for (M2”, Z2),3.2 x 107°
for (M2, Z2'), and 2.3 x 1077 for (M2, Z2").

D = max (max
i ¢

1

b. Conservation laws and others
In order to check the conservation laws, we compute the following Cy, C,, and C3:
C1 = max |[(pO)" — d_1/0_],
l

Cz = max |[(pu1 +2607)" — (1 +202)] /(1 +202)].

C3 = max|@ —e)/e_|, (B11)

where

” A A A (346, a a2 . _[(5+56 -
e=qi+ pubi + 0| ——p+piy ), e =0 ——+0" ),

and let C = max(Cy, C,, C3).
Next, as a measure of the closeness of the solution to the equilibrium values at the edges of the
ranges of the computation in x;, we compute the following D_ and D, :

D_ = max < max [(h"Y — h_)/(hy — h)|),

h —D,<x»<—0.95D,
D, = R — )/ (hy —h)|). B12
4+ = max (oasa‘fﬁ’@@p I( )/ (hy )I) (B12)

Here, the maximum with respect to % is the same as in Eq. (B10).
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The maximum values of C, D_, and D, over the all computations (for all computations for dif-
ferent 11,/ and 8) are as follows: (C, D_, D) = (3.6 x 107°,1.6 x 1077,4.8 x 107°) for M_ =
5; (C D_,D.)=(9.2x107° ;3.4 x 107 822x107) for M_=1.2; (C,D_,Dy)= (2.8 x
107,29 x 107°,2.8 x 107) for M_=1; and (C, D_,D.)=(2.1x107%8.1 x 107%,5.8 x
10~ 5) for M_ = 1 05.

Finally, we show the magnitude of the marginal velocity distribution function ¢ (k = 1, 2, 3) at
the edges of the computational range in ¢;. Let D, denote

D, = max (|¢['

) (B13)

ForM_=5,D, =42 x 10~ 10 [except(Zl)]and84x 1077 [(Z1)]; for M_ = 1.2, D, =1.1x
10715 [except (Z2)] and 2.2 x 10710 [(Z2')]; and for M_ =1and M_ = 1.05, D, <7.1x 10~ 16,

APPENDIX C: DERIVATION OF THE MACROSCOPIC EQUATIONS

In this Appendix, we consider the case of large ratio u,/u (or small 8) and obtain the slowly
varying solution of Eq. (16) whose length scale of variation is of the order of 1/6. Although
our original problem is spatially one dimensional, we consider the more general spatially three-
dimensional case where f = f(X;, §;,€) or f = f(x,-, iy é) on the basis of the ES model,

é“ of =2
i X; - \/E
in place of Eq. (16). In this case, the parameters p_, 7_, and p_ in Eq. (15) should be interpreted as
the reference density, temperature, and pressure, and Eqgs. (17)—(19) are valid as they stand.

o(f), (C1)

1. Hilbert expansion

Let us introduce a new space coordinates y; = (2/+/7)0x; whose length scale of variation is of
0O(1/0). Then, Eq. (C1) becomes

af . R

0y, = Ac (PG — . (C2)
Assuming that 6 < 1, we expand f as a power series in 6:
f=FfO4 fhg 4 f@g2 4 ... (C3)
Correspondingly, the macroscopic quantities 0, d;, p;j, . . ., which are represented by h, are expanded
as
h=hO 4+ iV 426 4. (C4)

The expressions of A% (k = 0, 1, ...) in terms of f® (I =0, 1, ...) are obtained by a straightforward
calculation in the following form:

p® = / / f®aédr k=0,1,2,...), (C5)
o0 0 o0
PO = [[" 6 vatas, 50" = / | aitatas o o
0 0
Py =2 / / — o) (¢; — 9) fOaéas, (C7a)
Py =2 / / — o) (¢; — o) fVaéag, ..., (C7b)
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A A0 NQ) A0 A0 N ~(1 (1 ~(1 (1 N A0
POTY = (P + p5) + ) /3. pOT" = (B + b + %) /3 = pVTY, ..., (C8)

. 2 R o . 2 RN A A
o1 == [[ " efvata. po1 =2 [[ & f0agar - 501,
0 0

370 4 570
%9 (k=07]’27"')1

0 _

T(O) _ f(())

rel — tint

e (C9)

(C10)

(Clla)

R R R i o 3 Al N
T =10 + (T% D - 14 ") = 19 + — (18" - 7%7"), k=1.2,..). (Cllb)

nt

3+96

Consequently, Ac(f‘) and Q are also expanded, i.e.,

Adl) = AD + Ao + AP0? + ...,
G=004+6D0+6% 1.

0= ()= (D) (),

15(0)5'8/2—1
— " €X
w32([det(HO)2 (1)1 (8/2)

p (—(a —30) AN - o) -

~0)
T;'el 2

PO 21O 79

rel

(C12a)
(C12b)

(C13a)

(C13b)

O 1de™IO TG €8 5O)(F- b
g £ JIT T e ~) = (G- T I)S)(Q - vj'O))

+ oA NP (g - 0P) + (6 — o)A HP.

é
— ], 130
Ty )
(C13d)
(C14)

In Egs. (C13c) and (C14), -T-(k)x (T-H®, and [det(T)]® (k = 0 and 1) are the coefficients of the

expansions of 'T', 'T"l, and det(T):
FoFO 4 F0g 4.
T =@ HO+dH0+---
det(T) = [det(T)]© + [det(T) V6 + - - -,

and are obtained as follows. A
Let us write the (i, j) component of T as

Mij =0 —0)A; +0T8;, Ay =1 —0Tdyj +vpi/p.
Since A;; is expanded as
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with
AP =1 =)0 +vp/p?, (C18a)
1 (1 (1 A(1) A (0) / A N
Ay = A =0TP85 +v(py = 0 [69) /60 (C18b)
the (7, j) components of the coefficients of the expansion of T [Eq. (C15a)] are obtained as follows:
(0 (] Tk (k) 2 (k— (k—1)
A=A, A9y = AL+ (T4 Vs — AY), k=1,2,..). (C19)
Next, we consAider thle relation T1-! = E, where E is the 3 x 3 unit matrix. Substituting the
expansions of T and T-! [Egs. (C15a) and (C15b)] into this relation, we immediately have
TOAHO =g, TOT-HD L TOFT-HO =0, ..., (C20)

where O is the 3 x 3 zero matrix. That is, we have the following relations:
AHO=T@N, THY = - ANTOTOT, L (c21)
Finally, the coefficients of the expansion of det('i') [Eqg. (C15¢)] can be obtained as follows:

[det(T)]” = det(T)lg—o = det(T?), (C22a)
. d det(T)
HD =
[det(T)] 70 oo
Ay A0 TO)3 A0 AD) (T3
=det| TD)y  (TO)y (TO); | +det| (TO)y  (TM)y (TO)y;
Ty Ty (TO)5, Ty (AW, (TO)5

Ay @0y, (TD)y

+det| (TO);  (T@) (T

Ty Ty (T0)3
(C22b)

If we use Egs. (C3), (C4), and (C12) in Eq. (C2) and equate the terms of the same power of 6, we
obtain

fO = GO (C23a)
1 afo
ay;
(C23b)

Equations (C23a) and (C23b) are, respectively, the integral equations for f© and f. The
conservation property (21) indicates that

f f N o (G™ — f™Ya€de =0, n=0,1,2, ..., (C24)
0

holds, where ¢, (r = 0, ..., 4) are the dimensionless collision invariants given in Eq. (22). Equation
(C24) with n = 1 gives the compatibility condition of Eq. (C23b), i.e.,
gj
Gigj
(G2 + &)

o0

9 f(O)

déde = 0. (C25)
3yj

0
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a. Zeroth-order solution
Equations (C13c) and (C23a) and the relations 7 = 7 [Eq. (Cl1a)], (T~H)©@ = (TO)-!

rel — mt

[Eq. (C21)], and [det(T)]©@ = det(T©®) [Eq. (C22a)] give the following f©:

A(0) ga/z—l gA
pO) _ L exp | — (¢ — 0@)[(T© 5O
= - " p G — (T (g5 -
m 32 (det(TO)]2 (1) T5/2) ( ( ) =) 3w )
(C26)
If we calculate ﬁl(,) using Egs. (C26) and (C7a), we have
by = PO =1 = vp 0T s, + v (C27)
Since v # 1, we obtain
By = 6018, (C28)
In consequence, we obtain the following (T®);; and thus f©:
TOy; = 175, (C29)
~(0) 88/2—1 _ 02 5
" pE G — E
fO = — G ovn exp <_( 0 ) <0)> (C30)
(2 T")" (1) T6/2) Ty T

Here, p©, 9 A(O) , T, and Tlfl?) are unknown functions, the equation for which will be derived in

Appendix C2 Equatlon (C30) is the dimensionless local equilibrium distribution for § = 0 [cf.
Eq. (A17)].

b. First-order solution

From Eq. (C23Db), the first-order solution is expressed as

10 f<°>

FO=fOR0 - o (C31)
AT50 o,

From the zeroth-order result and Egs. (C19), (C21), and (C22b), we have the following expressions:

> (1 2 0 1 A(1 1 A(1)
Ty = [T + (7O = TE)]61; + v— 50 Py - P psi ), (C32a)
FHo = _(T(O)) TO, [detHO = (£)? w(TD), (C32b)

where tr(T(") indicates the trace of T("). With these relations, ¥") in Eq. (C14) is transformed into
the following form:

PO wd) TN E e G0 (- i)
50 2T(°) +T<0) 70 "2 + (T + f

o)
0
int int (TtiO)) Tt( )
. SO (D) - N2 .
P 2(4“,- — ;)9 N tr(T(”)[(fk ) §] n T}g)( € 5)

T

P ~0 ~0 ~0 - 0 0 P
PO 7, s L Y 2] TO\RY 2
A(O)

; [ (6 = 8")(5; — )
My, _ = (Dys. .
+ [(T )ij 3tr(T )8; J} (Téo))
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A1) ~(0)) A (1) ~(0)\2
p (¢ —9;)0; W o aong| G—8) 3
= PO Té{)) + Aé()) [T + (T T, )] TéO) )
& §
+ "(0)[Tl£11t) +(T© Téf?)]( =0 2)
int Tint
A(O) A(O)
1 A(1) 1 A(l) (9' )(51 v; )
v f,«nT«» (p ~ 3P %j 7O : (€33)

2. Macroscopic equations

By using Eq. (C30) in the compatibility condition (C25), we obtain the following five equations

containing six functions p©, 9 A(O) T(O) and Tlgf)

a

Z (pO o C34a
5, (p©9;") =0, (C34a)

I (1 040 505050
2 (2p0705,; + 5 —0, (C34b)

Byj 2

3 2 5T 4+ 510
A(O)A(p) ~(0) A(O)A(.O) tr int =0. C34c
_8yj |:,o 0 (o))" + pV0] — ( )

Therefore, we need one more equation to close the system, which will be obtained in the following
process.

In addition to the zeroth-order variables 5@, 9, 7,”, and 73,
contains the first-order variables 5", 8", A(]l) 7", and T.\}). If we calculate 5V and Ai ) using
Egs. (C31), (C33), (CS), and (C6) and takmg Eq. (C25) into account, we obtain the trivial result, i.e.,
p(l) _ p(l) and ¥ A(l) ﬁfl)-

Now, let us calculate 15;1.) from Eq. (C7b), that is,

A<1)_2// —00)(g; — 00) fVaédr

FO)
_2// A(o> g ﬁ§o>)<f<0)q,(1>_ _ ! Ci 9f )dgdg (C35)

the first-order solution f()

AP 507" By

The calculation of the term containing WV is straightforward. The term containing 3 /3y, can be
calculated conveniently as follows. Let ¢; = ¢; — v(o) and write (¢ — Afo))(g i — ﬁ§°>);ka f © /3y as

3 fO 0fO o AfO
CiCily— = CiC;C + v, 7¢cic;
lj;kayk z]ka kljayk
~(0) ~(0)
30" 0 a0
:—(c,cjckf(o))—f- ci ckf(0)+c J ckf(o)+cicj—kf(0)
dyk Ak Yk
@
+f);(<0) gy cif )+, “°> i fO+ 00 —LfO. (C36)
AV

Taking into account the relations

o0 o0 o0
N ” N A N A 1 N
/ /0 i fVdgdg = [ /O ciejofOdéde =0, [ /0 cie; fOdéds = pOT s, (€3
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we can immediately integrate Eq. (C36) to obtain

90® 90 5p®
cic; {k + 8ij
(1),

dyj i Oy
As the result, Eq. (C35) leads to the following expression of p;;

ad A
dEdI; PO, (O)( + 0 5PV T8 (€39)
k

N 1 N N
Al A 1 0 A 0
A = (PO 4 FOT)s + OO 70,

17O (90® 00 g 1o >
1—v A9\ 9y, ayi dye

- pOT)s;. (€39

1—v AAEO)I@(O) 3yk P tr ) i ( )

In this way, we obtain the expression of p A( Y in terms of p") and T(l) and the zeroth-order quantities
Next, let us calculate Té ) from Eq. (C8), i.e., ﬁ(o)f“é” + p(l)T(O) (1/3)[3,((}{) If we calculate p p

by contracting Eq. (C39) and using it in this relation, the term p© Tél) + ,o(l)TéO) is canceled, and
we are left with the following relation:

BT(O) R R R 2. aA(O)
pOLE 405070 _ F0) _ 230 %% (C40)
dyk 3 dyk
where use has been made of Eq. (C34a). Because of the relations
~(0) ~(0)
A(O) A (T(O)) 70 — M’ (C41)

3496
Eq. (C40) is an equation containing only the zeroth-order quantities 5©, f)lfo), féo) ,and Tig). Therefore,
it can be the equation to be added to Eq. (C34) to form a closed set.
Finally, we calculate 7Y from Eq. (C9),i.e.,

nt

1 dfO
POTY 4 pOFO = = // EfValar = = // <f(o)\y<1> A<0>A(0)§ 8fy )dé’d;
c P k

(C42)

Again, the calculation of the term containing WV is straightforward. From the fact that
the term £ (3 f©@/dy;) can be transformed into E(dci f©/dye) + (D ,(f))f(o)/ayk) and that
[I5s Eci fOd€de =0 and s EfOaédr = (8/2)p 0T hold, we immediately have

nt

nt

£(0)
/ egk f dgd;_ yk( 0" pOT). (C43)

Then, Eq. (C42) becomes

1 8 (0) N

A(0) (1 0 A(1) (0 l A (0 (0

int int int

which gives, with the help of Eq. (C34a)

A(O)a mt _ A(O)

Yk

From Eq. (C41), this is also an equation containing 5, 8\, 7", and 7, which can be another
candidate of the equation to be added to Eq. (C34) to form a closed set.

Here, we should note the fact that we can recover Eq. (C34c) by adding Eq. (C40) x3p©
and Eq. (C45) x8p9. Therefore, only two equations out of Eqgs. (C34c), (C40), and (C45) are
independent.
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In summary, the zeroth-order quantities 5@, 9, 7, and 7, are governed by Egs. (C34a) and
(C34b) and two equations out of Egs. (C34c), (C40) and (C45). This scheme should also work in the
higher order. For instance, from the compatibility condition for the equation for @, we obtain the
counterparts of Eq. (C34) for the first-order variables ph, f)i(]), f}il), and YA"“(]I[) Then, by calculating
ft?) and f"lft) with f®, we derive the two counterparts of Eqs. (C40) and (C45) for the first-order
variables. We use the counterparts of Eqs. (C34a) and (C34b) and choose two from the counterparts
of Egs. (C34c), (C40), and (C45) to have a closed set for 5, 8", 7", and T;\}).

It should be remarked that Eqs. (C34) and (C40) [or (C45)] are essentially the same as the
macroscopic equations for six macroscopic variables derived in [31,32] if the slowly varying variables
corresponding to y; [Eq. (49)] are used in the latter equations. These equations, which are not restricted
to slowly varying solutions, are obtained by the theory of extended thermodynamics [31] or by an
appropriate moment closure based on kinetic theory [31,32]. On the other hand, Egs. (C34) and (C40)
[or (C45)], which are restricted to slowly varying solutions, are derived without any moment-closure
assumption. We should also mention that the macroscopic equations for six macroscopic variables
have been extended to the case of a thermally perfect (or nonpolytropic) gas for which the specific
heats at constant pressure and at constant volume are both temperature dependent [46].

APPENDIX D: INTEGRAL IN EQ. (64)

In this Appendix, we summarize the explicit form of the indefinite integral of the integral in
Eq. (64) for A(T) = 1, T, and V'T.
Case of A(T) = 1:

2
(D —u) 1, N .
— = 7 du=—-u’+ Au+ Bln(d_ —u) + Cln(u — ), (Dla)
(- —u)(u —0y) 2
A2 rn ~ AD
V2 (V- — Uy 05 (0y — 0
A=0_+0, -0, B= 1( _ ), C= t( f) (D1b)
U_—U+ U_—U+

Case of A(T)=T

206, —
_1)/A u”(Dy — u) du
T(u)(d- —u)u — D)

. . 2 2 D u—a
=Aln(d- —u)+ Bln(u — )+ Cln((u —a)  + B )+Etan 5 (D2a)
PP S (D2b)

T
N RPN N RN
A= Av_(vA- )  B=— Av+(vj 04) ’ (D2¢)
(0- — 00— — @) + B?] (0= — 0Dy — @) + B2]
1 ) ) < A B )
C=-(1—-A-B), D=(@ +8)| —+ — ) +2C. (D2d)
2 - Dy

Case of A (T) = VT

2(”* —u)
VV—lf
VA T(u (- —uw)(u — v+)

=A(n|t —tay| —In|t —ta_)+ B(n|t —tz.| —In|t —t_|) + C(n|t + 1| —In|t — 1))
1 1
+ﬂ<— - —) (D3a)
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Vu—a)Y+p2-p 8 1 1

t = B} = ZUx, = - ’ D3b
u—ao * 5v p y—1 492 ( )
1 /(% 2 2 1 /o 2 2
tar = ——[-B V(- —a)" + B°], 15+ =< [-B£V({@+—a)+ 8], (D3c)
- —o iy —o

A 82(0_ — 9, e 02(0, — 0) | 30

(0- — 04/ (0- —a)* + B2 (0- — 01/ (04 —a)* + B2

3

C=0_+17;+ gﬁ*. (D3e)
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