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Optical tweezers accomplished with fast (100 ps) particle tracking are employed to
determine the frequency (1-1000 Hz) dependence of the electrophoretic mobility u of
a single colloid in an external oscillating electric (ac) field. The colloid under study is
held in a microfluidic channel filled with monovalent or divalent salt (KCl and CaCl,)
solutions of varying concentrations (10~ to 10~ molar), and its response to an external
ac field is measured. A pronounced steplike frequency dependence of the single colloid
electrophoretic mobility (SCE-u) is observed with a plateau on the low-frequency side
(1-100 Hz) and a corner frequency, f,, which shifts with increasing concentration of the
salt solution. The results are explained by considering the characteristic time needed for
polarizing the electric double layer surrounding the colloidal particle under study.
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I. INTRODUCTION

The motion of a colloidal particle driven by an oscillating (ac) electric field has numerous
applications in the self-assembly of particles [1-4] and for microfluidic devices [1,3,5,6]. Although
it is widely used, its detailed mechanism is not well understood. The mobility of a colloidal particle,
U, is given [7] as

v e¢
W=g= (D
where ¢ and 7 are the permittivity and the dynamic viscosity of the liquid surrounding the colloid,
respectively, v the drift velocity of the colloid, E the strength of electric field, and ¢ the zeta potential.
The particle mobility under the influence of an ac electric field is determined by the dielectric
properties of the charged colloid surrounded by a double layer of counterions [8]. Its induced effective
dipole moment is given by the relative permittivity of the particle and the electrolyte solution.

At high frequencies (typically MHz), the dispersion is characterized by the Maxwell-Wagner-
O’Konski theory [8].Classic models were proposed for the electrophoretic mobility of a colloidal
particle [9,10] and further developed in subsequent studies [11,12]. These models successfully
predict the decrease of the mobility at high frequencies [10]. Zhou et al. theoretically showed that
the mobility of a colloidal particle displays a frequency dependence on an external electric field [13]
inducing a polarization of the counterion double layer [14,15]. Considering the weak oscillating field
as a small perturbation for the electrostatic field, the double layer is slightly distorted. This causes
a frequency dependence of the mobility of the spherical particle as shown by Ohshima [16,17].
The mobility reduction of the colloidal particle was theoretically predicted [18] and experimentally
observed at ~107 Hz [5].

At lower frequencies (kHz), Murtsokin and coworkers firstly suggested that polarizing the double
layer results in an electro-osmotic flow [19,20]. Bazant and Squires further proposed the concept of
induced-charge electro-osmosis (ICEO) to illustrate the flow resulting from the motion of the induced
charge cloud surrounding the particle [6,21]. The broken symmetry of ICEO leads to the induced-
charge electrophoresis, which drives the particle to move [6,21,22]. Grosse and Delgado classified
the increase of the colloidal permittivity at frequencies in the kHz range as «-dispersion. It is caused
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by counterion polarization, i.e., the concentration of ions increases near the surface of the particle.
Then the ion motion in the double layer driven by the electric field produces the osmotic flow [8].

Optical tweezers have been employed in several “single-particle” experiments to study the
electrophoretic mobility of (1) highly isolated charged [23] and (2) of electrostatically interacting
colloidal spheres [24]; furthermore (3) they have been used as ultrasensitive tools to determine the
effective charge of single particles [25] or to measure (4) the electrokinetic interactions and flow
properties within microstructures [26]. Semenov et al. carried out experiments on the electrophoretic
mobility and charge inversion of isolated colloidal particles [27-29]. To the best of our knowledge,
the low-frequency (<1 kHz) electrophoretic response has not been systematically studied in single
colloidal particle experiments.

II. MATERIALS AND METHODS

A. Materials

Spherical polystyrene (PS) particles (Microparticles GmbH, Berlin, Germany, diameter: 2.23 +
0.05 pum; polydispersity index: 0.05) in a 4% stock solution are used. Salt solutions are diluted by
deionized water (Millipore water, pH : 5.8; conductivity: 5 ©S/m). The pH value is found to be
stable during the measurement. The measurements are performed in aqueous solutions (pH : 5.8)
of KCl and CaCl,.

B. Microfluidic cell

To perform our single colloid experiments we use a microfluidic flow cell consisting of a channel
with rectangular cross-section (height 1 mm, width 0.3 mm) connecting two reservoirs (Fig. 1).
The cell is made out of a micro-machined poly-methyl-met-acrylate spacer, enclosed between a
microscope slide (thickness 1 mm) and a coverslip (thickness 160 pm) at the top and the bottom,
respectively, and sealed by UV-sensitive glue. Platinum electrodes are inserted into the two reservoirs.
The particle is located either at the center (“A”) of the cross section of the channel or outside of the
electrodes (“B”).
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FIG. 1. Scheme of the experimental setup. The electrophoretic response of a single particle (diameter:
2.23 pum) and the electroosmotic response of the surrounding medium are measured separately by placing the
identical colloid in positions A and B, respectively. The ac oscillating electric field is applied to the colloid
under study using platinum electrodes which are inserted into the reservoirs. For the colloid in position A, both
the electrophoretic and the electroosmotic responses are superimposed, while in position B, no electric field is
present and hence only the electroosmotic effect is observed. The inlet and outlet of the channel (width: 0.3 mm,
height: 1 mm) are kept open to avoid any changes in the pressure inside the channel. The particle motion is
traced by using an epifluorescence microscope equipped with a high-speed (10 000 frames/s) CMOS camera.
Using a LED flash, the zero value of the external electric field is indicated in the sequence of the images.

104306-2



FREQUENCY DEPENDENCE OF THE ELECTROPHORETIC ...

C. Optical tweezers

Optical tweezers (OT) are an effective tool to study the electrophoresis of a single colloidal
particle under the influence of an external oscillating electric field [27,28,30]. The amplitude of
electrophoretic responses of different colloids displays reproducibility with an averaged standard
deviation of o = 1.6 nm [29]. The single particle is trapped by a focused A = 1064 nm laser beam.
This can be well approximated as a particle in a harmonic potential. Being proportional to the beam
power, the force constant is 0.04 pN nm~! with the laser power of 0.2 W. The particle displacement
is measured by a CMOS high-speed camera (10 000 fps) using diffraction pattern analysis [31]. The
spatial resolution is &2 nm, corresponding to a resolution in force of ~160fN. The zero value of
the external ac electric field is indicated by a LED flash, which is recorded by the CMOS camera
monitoring the movement of the colloid under study.

D. Measuring the electrophoretic mobility

To acquire the electrophoretic mobility p of a particle, the bead is placed with the OT either
at the position A or B, respectively. This corresponds to the measurements of the total complex
electrokinetic response of the particle and the separate electroosmotic effect of the surrounding
medium, respectively (Fig. 1). The amplitude (A,) and the phase (¢, ) of the particle oscillations are
given by

A% = Age™'% + Ape™ 2)

where A,, A, and @, , ¢, are the amplitudes and phases measured at positions A and B, respectively.
A, and ¢, can be described by an overdamped harmonic oscillator model [31]

nE w
A= ——+——— @, = arctan— €)]

w1+ (a)/a)c)z’ W

where w and w, are the frequency of the external electric field and the cutoff frequency of optical
trap, respectively, and u the electrophoretic mobility. Thus the mobility can be determined from the
slope of the amplitude versus ac field strength. As we showed previously, the electrophoretic and
the electroosmotic responses display a linear dependence on the strength of the external ac field, the
latter being much weaker, and its phases are nearly independent on the strength of the external ac
field [27-29]. To ensure that the particle motion caused by electrophoretic effects is not suppressed
or distorted by the stall forces of the optical trap, we estimate the ratio between electrical and optical
forces to be lower than 3% (see the Appendix). Based on this, restoring forces originating from the
OT can be neglected in the analysis of the electrophoretic mobility .

E. Developing a theoretical model to describe the experimental data

In order to describe the frequency dependence of the electrophoretic mobility @, we are now
developing a theoretical model by considering the continuous formation and disintegration of double
layer resulting from the direction reversal of the low-frequency ac field. Thus, here we study on the
dynamic process of ions forming a double layer. First we consider an ion moving with the velocity
v; in the suspension. According to Stokes’ law, the friction force enacting on the ion is [32]

fa=vru 4

with the friction coefficient y = 6z nr; (r;, ion radius).

Since a colloidal particle carries negative charge, the cations are accumulated near its surface.
The motion of an ion is accelerated under the influence of an electric field until the electric force
acting on the ion is balanced by the friction force, i.e., the ion reaches its maximum velocity vy,

yvo = 0.707¢E &)
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where e is the elementary charge. In electric engineering, as the time averaged value is adopted for
the ac electric field, the root mean square (rms) value is used [33], i.e., E//2 = 0.707E, where E is
the peak value of the field strength. Thus the maximum velocity (corresponding to the time averaged
ac electric field) of the ion is

vg = 0.707¢E/y. (6)

Manning pointed out that, counterions condense to form a polyion under the influence of an
external electric field [15,34]. This is considered to occur near the surface carrying a high amount
of charge [17]. More ions are accumulated in the double layer as the voltage is increased. For a high
packing density, a condensed layer of ions is formed near the particle surface [35]. The double layer
consists of both a compact and a diffuse layer [36].

We assume a charging zone (CZ) near a particle in the polarizing process. As the ions are
accumulating, an osmotic pressure is produced with the direction pointing from the charging zone
to the bulk suspension as [37]

P() = nkBT (7)

in whichn = n.;-n;, n., and n, are the ion number density of the charging zone and bulk suspension,
respectively, and kg7 is the thermal energy. This equation is an approximation from equation
Py =nkgT(1 4+ Byn + ---) (Bs, the second virial coefficient) [38], as in the present work Byn= ~
1073 « 1 holds.

Once the osmotic force acts on the ion, it can balance the effect of the external electric force,

Pos; = 0.707¢E (8)
in which s; = 7rr? is the projection area of an ion along the direction of osmotic pressure. At a
certain point, the velocity of the ion damps to zero due to the friction force f;. Thus the number

density of ions reaches the saturation number density,

0.707¢E
ng = ———

9
kBTS,‘ ( )

As an ion driven by the electric field is approaching the charging zone, the osmotic force enacting
on the ion is exponentially increased as

F, = nykgTsje P (10)

where ) is an exponential coefficient, / the initial distance between the ion and the charging zone,
x the displacement of the ion. Since the osmotic force acting on the ion increases with increasing
displacement, its velocity is damped when moving towards the charging zone:

v = e P (11)

where § is a damping coefficient. For the ion moving under the influence of the external electric
field, its energy change with respect to the initial state (x = 0) is

: : —Bil—x) Lo, 1,
0.707eEl — yvdx — sin(x)kgTe ™ dx = Emv - Emv0 (12)
0 0
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where m is the ion mass. The quantity of the left side of the above mentioned equation is far larger
than that of the right side,’

! 1
0.707eEl—/ yvoe P dx—/ sin(X)kgTe P9 dx ~ 0. (13)
0 0

As the ion is driven towards the charging zone, the increasing osmotic force leads to the damping
of the ion velocity. Thus its velocity is gradually decreasing from the initial value vy. Applying
Newton’s second law, the equation of motion is

F; =0.707¢E — f; — F, = ma (14)

where Fj is the damping force and a the acceleration of the ion.
When an ion is moving towards the charging zone, the osmotic force acting on the ion increases
with the time as

F,=ny(l — e POkpTs; (15)
where $’ is a constant. The momentum change of the ion from the initial state is
t t;
0.707¢Et; — / yvdt — / n(l — e PYkpTs; dt = mv — muy (16)
0 0
Similarly, it has®
t t
0.707¢Et —/ yvdt —/ ng(1 — e POkpTs; dt ~ 0. (17)
0 0
After the calculation of Equation (17) (see the Appendix), one obtains for the charging time ¢;
1.582y6
= (18)
S,‘nka T

The dynamical charging process can be represented as

Q_ t
E‘/o Jdi (19)

in which J = env [v given by Eq. (A4) in the Appendix] is the ion charge flux; S = nr; is the
projection area of a colloidal particle (r, colloidal particle radius) along the electric field direction
and Q the colloid charge. Substituting the formula of J into Eq. (19), and performing the integration,
delivers

Q0 = nrlenyuot; (1 — ¢ ). (20)

The surface charge density, g, is given by the standard Poisson-Boltzmann model as [39]

z
g = 2,/2akBTnbsinh(L§>. Q1)

2kgT

! As the ions in the volume (I x unit area) are driven into a charging thickness 8, ithas [ = n,8/n;. Thus eEl can
be calculated from the § values in Table 1. The work done by the electric field (0.707¢El) ranges from ~10726
to ~1072* J for the different concentrations used in the present work. With an initial (maximum) kinetic energy
of the ion of mvy?/2 = 8.5 x 1073 J, one finds 0.707¢ El > muv,?/2. Since the values of the other terms in left
side of Eq. (12) are comparable to 0.707¢El, with v < vy, it has Eq. (13).

2For typical values of #; from ~107° to ~1072s, 0.707eEt; ranges from ~1072? to ~10~"¥ kg - m - s~'. With
mvy = 3.3 x 107¥kg - m-s7!,0.707eEt; > mv, holds. Due to v < vy, it has Eq. (17).
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Ze Ze Ze

Equation (21) can be written as gy = «/2ekBTnb(eZ*‘T:"' —37”7{") ~ «/2£k3TnbeﬂTg"' (with
cations driven by the electric field considered here). As the effective area of the colloid, that is
interacting with the electric field, follows from the Derjaguin approximation (see the Appendix)

[40], its charge quantity can be considered as Q = nrﬁ«/ZskB Tnpe®s7 . Therefore the expression
for the zeta potential reads as

¢ 2kpT ! (0] 22)
= n .
Ze nrf,«/ZskBTnb
Substituting Eq. (22) into Eq. (1), delivers the electrophoretic mobility as
2kgT
=BT 0 (23)

n )
H Zen nr%«/ZskB Tny

By analyzing Eq. (20) by its time dependence, two different regimes can be distinguished. As
t — oo (corresponding to f — 0), the mobility of the colloid can be considered to correspond to
the condition under a direct current (dc) electric field, hence Eq. (20) turns into

Qdc = nrienbvoti. 24)

For a unit area with the charging time #;, n,/ ions have been driven into the charging zone by
the electric field. The cations in the charging zone further accumulate near the negative charged
surface of the colloidal particle and form a condensed layer. Thus the area density of the charge of
the double layer is n,l. The length /, is determined by the charge quantity in the double layer, thus /
is the characteristic parameter of the system, being related with #; through Eqgs. (13) and (17). When
the charge quantity Q, in Eq. (23) is given by the Qq4. under the influence of a dc field in Eq. (24),
the mobility of a colloidal particle is constant.

However, if + — 0 (corresponding to f — o0) the colloid response is caused by an ac electric
field with frequency f, in which the polarizing zone can be fully developed if ¢; > # [41]. In this
limit, the charge Q is given by Eq. (20) and allows us to predict the reduction in the electrophoretic
mobility. Additionally, it was pointed out that forming the polarizing zone is analogue to charging a
RC circuit [6,41-44] with a double-layer “capacitor” [6,36,43,44]. This is described by

0.(t) = Qo(1 —e7) (25)

where Q.(¢) is the time dependent charge, Qy is the charge for t+ — oo, and t is the time constant
of the system. Substituting Eq. (24) into Eq. (20), delivers

0(t) = Que(1 — €7 7). (26)

In contrast, for an ac electrical field it is known that using only #; in Eq. (20) leads to an
underestimation of the charge Q. In this case the time constant of the system in Eq. (20) consists of
the charging time (#;) and the time (z;) for developing a more condensed CZ zone. As indicated by
Bazant et al., counterions near the charged surface turn into a crowded state under the influence of
the electric field [45]. Therefore, the whole process can be understood as follows: ions are driven
into the charging zone and finally accumulate to form the condensed charge zone, hence the time
t;(=t; + t;) has to be taken instead of #; in Eq. (20). By replacing the time #; with ¢; and substituting
Egs. (18) and (20) into Eq. (23) one finds for the mobility

2kpTe 0.252¢*E$ fe
= In : 3 1 f )
Zen | (eny)s (kyT)3r?

w 27)

where f, is the corner frequency corresponding to the characteristic time constant #;, f the frequency
of the ac electric field. § is the charging thickness with the saturation number density, n,, defined by
Eq. (9).
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FIG. 2. Frequency dependence of the single-particle electrophoretic mobility in KCI solution of varying
concentrations as indicated. The solid lines are fits with the proposed model [see Eq. (27)]. In the low-frequency
range (f < 100 Hz) u stays almost constant. After exceeding a certain frequency ( f., black arrows, Table I),
the electrophoretic mobility decreases. Error bars indicate the standard deviation of the data.

III. RESULTS AND DISCUSSION

In order to validate the proposed model we measure the electrophoretic mobility 1 in dependence
of an alternating electrical field with frequency f, in solutions with ion valance and ion concentration
(Figs. 2 and 3), respectively.

For the particle motion driven by the ac electric field in KCl solution, the electrophoretic mobility
w of the particle stays almost constant for frequencies below 100 Hz, resulting in a flat platform.
After exceeding a distinct corner frequency f., u starts to decrease. In common sense, f, refers
to a boundary in the frequency response of the system, at which the characteristic parameter of
the system begins to reduce [46]. Here we denote the corner frequency as a frequency at which
mobility reduction starts, as indicated by the arrows in Figs. 2 and 3. As the KCI concentration is
increased from 10~* to 10! M, f. significantly grows, whereas the plateau value of the particle
mobility decreases from ~14.8 x 1078 to ~3.2 x 1078 m?/Vs. The increase of f, is based on the
fact that for high salt concentrations the time needed for charging the polarizing zone is shortened.
As we observed previously, the phase angle of particle motion remains almost unchanged with
increasing KCl concentration (107*—10"'M) and ac frequency (1-1000 Hz) [29]. The observed
absolute values for particle mobility at the plateau in Fig. 2 are close to values reported in other

Mobility p [108m?/Vs]

1 10 100 1000
f[Hz]

FIG. 3. Frequency dependence of the single-particle electrophoretic mobility in CaCl, solution of varying

concentration as indicated. The solid lines are fits with the proposed model [see Eq. (27)]. We observe the same
trend as for KCI. Error bars indicate the standard deviation of the data.
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TABLE I. The parameters § and f, are obtained fitting the data in Figs. 2 and 3 using Eq. (27).

Solvent Parameter 107*M 103 M 102M 10°'M
KCl S (nm) 197 +£4 389+8 295+6 342 +7
f. Hz) 30+1 32+2 100 £ 5 350+ 17
CaCl S (nm) 82+2 T8 +£2 109 +£2 207 +£4
ah f. Hz) 80+4 160+ 8 280+ 14 400 £+ 20

studies, e.g., investigating the mobility of PS particles under a dc electric field: 5.6 x 1078 m?/(sV)
in 1072MKBr [47] and 5.9 x 1078 m?/(sV) in 1072 M KCl [48].

For the single-particle electrophoretic mobility in a divalent salt (CaCl,) solution of varying
concentration, the results are similar with those in KCI solution (Fig. 3). However, for the same
concentration, the particle mobility in the CaCl, solution is lower than that in the KCl solution. As
the CaCl, concentration is growing from 10~* to 10~! M, the particle mobility corresponding to the
low-frequency platform (<100 Hz) decreases from ~6.8 x 1078 to ~1.8 x 1078 m?/Vs, whereas
the corner frequency f,, rises to several hundred Hertz (Fig. 3, black arrows, Table I). These are
consistent with other studies: Kahl ez al. observed that the mobility of a charged microsphere trapped
in an optical tweezer decays under ac field at 400 Hz [26], and Ma et al. experimentally found that
the mobility of polystyrene dimer decreases from 300 Hz [49]. The phase angle of particle motion
keeps a constant value at low frequency (1 ~ 40Hz) and increases slightly afterwards at higher
frequencies (data not shown).

We now use Eq. (27) to fit the experimental results.? Figures 2 and 3 show that both experimental
results and theoretical predictions display the mobility reduction of a colloid in an ac electric
field with increasing frequency. Additionally, by substituting Egs. (18) and (24) into Eq. (22), we
can derive further characteristic system parameter such as charging thickness § (Table I) and zeta
potentials ¢ (Fig. 4).

For salt concentrations between 107* M and 107! M, ¢ ranges from 41 mV to 190 mV (KCI)
and from 22 mV to 87 mV (CaCl,), respectively. Figure 4 shows a tendency that the zeta potential
¢ decreases with both concentrations of KCI and CaCl, increasing, which agrees with the result
reported before [45]. Moreover, the zeta potential ¢ of divalent salt of CaCl, is lower than that of
monovalent salt of KCI, which is also consistent with the fact that the higher valency electrolytes
more effectively screen the electric potential than that of the lower one [39]. From Fig. 4 and
Eq. (1), the mobility of colloidal particle decays with the salt concentration and electrolyte valency
increasing, which agrees with the mobility change shown in Figs. 2 and 3.

The obtained ¢ values are in the same order of magnitude as they were observed by other
electrokinetic measurements for colloidal particles: 130 mV in 1.6 x 10~*M KCI [50], 100 mV in
103 M KClI [51], and 30 mV in 2 x 10~2M CaCl, + Ca(OH), [52]. Despite deviations of up to
40%, the agreement of our ¢ values and those published in literature is reasonable by considering
different experimental conditions.

However, for frequencies below 100 Hz the fits in Figs. 2 and 3 slightly underestimate our
experimental data. This may be attributed to the following reasons: the very low frequencies of the
plateau are located in a transient frequency regime between the dc electric field and the ac one.
Although the feature of ac field dominates the particle mobility but that of the dc field also plays a

3Since the experiments are conducted under the electric field in a range from 1 V/cm to 18 V/cm, here we
choose the median value 9.5 V/cm for fitting the experimental data. Varying the voltage in the above range
does not affect the mobility: using the continuity equation for ions, n,/ = n;é and combining it with Egs. (7)
and (8) results in E§ = mr;%kgTn,l/0.707e. Because all parameters on the right side of equation are constant,
E§ keeps constant. Thus from Eq. (27) the mobility is unchanged.
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FIG. 4. Zeta potential ¢ calculated from Eq. (22) [and Egs. (18) and (24)] for the monovalent salt KCI (pink
squares) and the divalent salt CaCl, (blue circles). As can be seen, ¢ decreases with increasing salt concentration
for both salts. The error bars for KCI and CaCl, solutions are 0.51 mV and £0.25 mV, respectively, represented
by the error bars enclosed in the (circle or square) symbols.

perturbative role. The theoretical model in the present work mainly captures the characteristics of
particle mobility in the ac one, but the diminutive feature of dc electric field is ignored, thus the fits
do not precisely coincide with the plateau at the low-frequency side.

In addition, at low frequencies electrode polarization occurs which is not considered in our
theoretical model. In order to estimate the impact of such effects, we calculate the dimensionless
number wL /D« (with w = 27 f frequency, L the distance between the electrodes, D the diffusion
coefficient of the ions, and 1/« the Debye length). Only when this number is larger than about 5,
electrode polarization can be neglected (see the Appendix). For a given salt concentration, this gives
the minimum frequency below which electrode polarization has to be considered. As can be seen
from Table II, electrode polarization becomes important for frequencies (<100 Hz), providing an
explanation why our model underestimates the data in this frequency range.

IV. SUMMARY

A setup based on optical tweezers is employed to carry out electrophoretic measurements with
isolated single colloids (single colloid electrophoresis) being held in a microfluidic channel. Colloid
mobility dependence is studied with the various parameters, such as strength (1-15 V/cm) and
frequency (1 Hz to 1000 Hz) of the external ac field, ion concentration (10~* to 10~ M), and ionic
valence (KCI and CaCl,) of the solution. A pronounced frequency dependence is observed for the

TABLEII. Salt-dependent frequency below which the dimensionless number wL/Dk becomes smaller than
5 and thus electrode polarization effects have to be considered.

c(M) oL/ Dk for Na™ and CI~ ions (Hz) wL/ Dk for Ca’>* ions (Hz)
10~ <2 <3
1073 <5 <7
1072 <24 <30
107! <44 <61
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electrophoretic mobility © with a plateau on the low-frequency side (f < 100Hz) and a steplike
decline at a corner frequency f,.

The current theory successfully predicts multiple aspects of the experimental results: (1) the
frequency dependence of the colloidal mobility; (2) the plateau on the low-frequency side; (3) a
steplike decline at the corner frequency f.; (4) the mobility decreasing with salt concentration
increasing; (5) the low-frequency plateau extended with increasing salt concentration to the higher
frequencies; (6) the colloidal mobility decreasing as the valence of salt (KCI, CaCl,) increases. The
results can be quantitatively comprehended considering the time dependence of charging the electric
double layer covering the colloid under study.
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APPENDIX

We calculate the electrical force using F = g E = Zpryoe E, where Zpyyo is the effective colloid
surface charge (average values for KCl and CaCl, taken from Ref. [53]; Table I) and E the electric
field (values taken from Ref. [29]; Fig. 2.). The stall force of the optical tweezers is determined by
Hook’s law: Fgsi = kAx, with k being the trap stiffness and Ax the displacement of the colloid
from its equilibrium position caused by the electrical field (values taken from Ref. [29]; Fig. 2).
The ratio between Fs,y/ Fe is approximately 2% for KCI1 and 3% for CaCl, showing that effects
originating from the optical tweezers on the electrophoretic motion of the bead can be neglected.

Now we derive the relation among the forces acting on the ion. Supposing only the initial
friction force acting on the potassium ion with the velocity vy, the time for reducing the momentum
of the ion to zero is 1y = 750 =% =2.6 x 1075, As t; (~1073 to ~107%s) is much larger
than ¢, the actual damping force Fy acting on the ion is much smaller than the initial friction force,
% A %f ~107!2 — 107°. Thus, from Egs. (5) and (14), we have 0.707 ¢E > F (=ma). In Eq. (14)
fa and F, are the forces with the comparable magnitude of 0.707¢E, and thus we get

0.707¢E ~ f; + F,. (A1)

Therefore, the external forces enacted on the ion are approximately balanced. In the process of
the ion approaching the charging zone with decreasing velocity, Eq. (4) indicates that the friction
force ( f;) is decreasing. In contrast, the osmotic force is increasing. As indicated by Egs. (4), (10),
and (11), fy x e P* F, oc e P10 = ¢=Pilphix = CePr* | in which C = ¢ P! is a constant, and S
and B; are damping and growth coefficients for f and F,, respectively. To meet the condition of
force balance in Eq. (A1), the decreasing amount of f; should be equal to the increasing amount of
F,. Thus one finds 8; ~ B. From Eq. (13), one obtains

1 I
0.707eEl —/ yvoe P dx —/ sin(X)kgTe P9 dx = 0. (A2)
0 0

As the number of ions is kept constant, ions within the displacement length x (corresponding
to the volume: x-unit area) contribute to those in a charging thickness § (corresponding to the
volume: §-unit area), thus nyx = n(x)5. Substituting n(x) and Eqs (5), (7), and (8) into Eq. (A2),
and performing the integration, one obtains

Bl — 1?4+ (Bl — De P = 0. (A3)
Thus gl = 1. The damping of the ion velocity with time can be represented as

v = vge P! (A4)
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where B’ is a damping coefficient. As the ion displacement [ [Eq. (11)] corresponds to the time ¢;, it
has to obey the boundary condition: e #! = ¢=#"_ Thus f't; = pl = 1,ie., p/ = tl

With [ = foi vdt, B/ = %, ng = npl /6 and Egs. (5), (7), and (8), one obtains ¢; [Eq. (18)] from
Eq. (17).

Derjaguin approximation is widely used to calculate the interaction energy acting on a spherical
surface [40]. In Derjaguin approximation, the spherical surface is considered to consist of a series
of infinite small area dS. As the normal (n) of dS possesses an angle to the external field E, dS
corresponds to the effective area dS’ (its normal n’ parallel to E) interacting with E. The whole
effective interaction area in an external field is constituted of a series of infinite small areas like d §’.
Thus the effective area of the half spherical surface of colloidal particle in the field E is 772.

In order to estimate the effect of electrode polarization, we calculate the dimensionless number
oL/ Dk, with w = 27 f being the frequency and 1/« the Debye length. The ion diffusion constant
D can be determined by using Fick’s first law [54]:

_ /,LkBT
 Ze

D , (AS5)

with w is the ion mobility at room temperature at an electrical field strength of 1 V/m, kgT
the thermal energy, and Ze the charge of the ion. Equation (AS5) results in the following ion
diffusion coefficients: Dg = 1.95 x 107" m?/s, Dcat = 7.92 x 10719m? /s, and D¢ = 2.03 x
10~° m?/s [55]. L is the distance between the electrodes and is given by L = 40 mm. ForwL/Dk < 5
electrode polarization has to be considered. The respective threshold frequencies can be found in
Table II.
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