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A microscale lubrication flow of a gas between rotating eccentric circular cylinders is
studied on the basis of kinetic theory. The dimensionless curvature, defined as the mean
clearance divided by the radius of the inner cylinder, is small, the circumferential speeds of
the cylinders are small, and the Knudsen number based on the mean clearance is arbitrary.
The Boltzmann equation is studied analytically using the slowly varying approximation.
A macroscopic lubrication equation is derived, extending the author’s previous work
[J. Fluid Mech. 974, A13 (2023)] to include rotation of both cylinders. A direct numerical
analysis using the Bhatnagar—Gross—Krook—Welander kinetic model of the Boltzmann
equation is conducted to provide a reference solution evaluating the lubrication equation.
Two typical problems are examined: (i) comparing the flow of a rotating inner cylinder
with that of a rotating outer cylinder at the same speed, and (ii) simultaneous rotation of
both cylinders in opposite directions at the same speed. In (i), the difference in the eccentric
force between the two flows is small at small Knudsen numbers but becomes significant
as the Knudsen number increases. In (ii), the eccentric force nearly vanishes at small
Knudsen numbers because of the cancellation of the wedge action due to the opposing
rotation; however, considerable eccentric force emerges as the Knudsen number increases.
The lubrication equation clarifies these phenomena, attributing them to noncontinuum and
curvature effects.

DOI: 10.1103/PhysRevFluids.10.024201

I. INTRODUCTION

Fluid-film lubrication is an important application of fluid dynamics in all technologies involving
bodies in relative motion. For lubrication of macroscopic scale, the basic equation known as the
Reynolds lubrication equation has been derived from the Navier—Stokes equation [1,2]. However,
when the clearance between the bodies is so small that comparable with the mean free path of
the gas, lubrication theory based on continuum fluid dynamics is no longer applicable. In such
cases, analysis based on kinetic theory is necessary [3]. Theory of microscale lubrication has been
studied extensively on the basis of kinetic theory [3—11]. In the 1980s, a generalized lubrication
equation that is applicable to an arbitrary Knudsen number was derived [6], where the Knudsen
number is defined as the mean free path divided by a reference clearance. A more systematic
derivation in given in Ref. [3]. Recently, some attempts have been made to extend the analysis
to a system in which an arbitrary temperature difference is present [12—14].
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In our previous paper [11], the present author studied a microscale lubrication of a gas between
eccentric circular cylinders based on kinetic theory. This is a realistic model of lubrication be-
tween a spindle and a bearing in micro-electro-mechanical systems (MEMS). The dimensionless
curvature c, defined as the mean clearance divided by the radius of the inner cylinder, was small,
and the Knudsen number was arbitrary. The Boltzmann equation has been analytically studied
using the slowly varying approximation [3]. One of the important findings in Ref. [11] is that,
when the Knudsen number is large, the lubrication performance is affected by the small curvature
not by O(c) but rather by O(+/c). The reason for this phenomenon is as follows. Suppose that
the inner cylinder rotates and the outer one is at rest. When the Knudsen number is so large that
intermolecular collisions are negligible, the momentum of the gas molecules at an arbitrary point is
composed of the momentum that those molecules had when departing one of the cylinders. On the
average, the molecules departing from the rotating inner cylinder will have larger circumferential
momentum than those departing from the outer cylinder at rest. The key is that, due to the curvature,
the number of molecules arriving from the inner cylinder will be smaller than that from the outer
cylinder by an amount proportional to /c [10,11]. Therefore, the circumferential momentum in the
gas is reduced due to the curvature by O(./c). According to lubrication theory, the rise in the gas
pressure resulting from the wedge action is proportional to the macroscopic flow velocity induced
by the surface motion, i.e., this circumferential momentum. Consequently, the increase in the gas
pressure is affected by the curvature by O(4/c). If we treat a term (say, the curvature term) associated
with the curvilinear coordinate as a higher order term in the slowly varying analysis, then the
characteristics of the Boltzmann equation will be altered; consequently the difference in the numbers
of arriving molecules discussed above will not be evaluated correctly. As a result, a solution so
obtained will not approximate the true solution of the Boltzmann equation when the Knudsen
number is large. This fact was pointed out and demonstrated in Refs. [10,11]. In Refs. [10,11],
an improved lubrication equation was derived through an analysis that correctly evaluates the
characteristics of the Boltzmann equation, and its solution was shown to approximate the solution
of the Boltzmann equation over the whole range of the Knudsen number.

In Ref. [11], the inner cylinder was rotating and the outer cylinder was at rest. We now consider
the opposite flow, in which the outer cylinder rotates and the inner cylinder is at rest. In this
case, when the dimensionless curvature c is small, according to continuum lubrication theory, the
difference between the two flows is small and at most of O(c). However, when the Knudsen number
is large, noting that the number of molecules arriving from the rotating cylinder will now be greater
than that from the other cylinder at rest, the difference in the lubrication performance between the
two flows may be of O(/c) and thus nonnegligible. Note that this phenomenon is not a matter of
centrifugal force but is due to noncontinuum effect of molecules arriving from the boundary without
collisions.

In this paper, we study a microscale lubrication flow of a gas between eccentric circular cylinders
on the basis of kinetic theory. This is an extension of Ref. [11] in that the outer cylinder may now
also rotate, and the effect of rotation of this cylinder is studied. The dimensionless curvature is
small, the Mach number of the circumferential speed of rotation is small, and the Knudsen number
is arbitrary. The Boltzmann equation is analyzed using the slowly varying approximation. A macro-
scopic lubrication equation which is an extension of Ref. [11] is derived. To assess this, a direct
numerical analysis of the Bhatnagar—Gross—Krook—Welander (BGKW) model of the Boltzmann
equation [15,16] is also conducted to provide a reference solution. The main goals of this paper
are as follows. First, we study the difference between the two flows: one in which only the inner
cylinder rotates, and the other in which only the outer cylinder rotates at the same circumferential
velocity. We show that a considerable difference in the lubrication performance arises between the
two flows when the Knudsen number is large. Second, we study the case of simultaneous rotation,
in which both cylinders rotate at the same speed but in opposite directions. According to continuum
lubrication theory, the wedge action should almost cancel out due to the opposing rotation, and
thus the lubrication force should be at most of O(c). We show that a considerable lubrication force
occurs when the Knudsen number is large. Third, we demonstrate that the solution of our lubrication
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FIG. 1. Schematic of the system. (a) Schematic view of the annulus and (b) the bipolar coordinate system
(n, x) in the dimensionless space.

equation approximates the reference solution over the entire range of the Knudsen number. We
also demonstrate that the other lubrication equation, derived from the primitive analysis in which
the small curvature term is treated as a higher-order term, produces a solution that qualitatively
contradicts the reference solution when the Knudsen number is large.

II. PROBLEM AND BASIC EQUATIONS
A. Problem

Consider a gas in the annulus between eccentric circular cylinders as shown in Fig. 1(a). The
radius of the inner cylinder is r,, that of the outer cylinder is r,, and the distance between the two
axes is e.. The inner and outer cylinders rotate at constant circumferential velocities v,,, and vy,
respectively. The v, and v, are positive when the rotation is counterclockwise. For brevity, we
refer to “inner rotation” when only the inner cylinder rotates, and “outer rotation” when only the
outer cylinder rotates. The temperature of the cylinders is a constant 7y. The dimensionless curvature
c is defined by ¢ = (r, — r,)/r4. The rarefaction parameter k is defined by k = (/7 /2)¢/(rp — 14),
where ¢ is the mean free path of the gas in the equilibrium state at rest with the average density
po of the gas and the temperature Tp; we call k the Knudsen number for simplicity. Let ¢ be small,
and let the circumferential velocities v,,, and v,,;, of the rotations also be small. The eccentricity
e = e./(r, — r,) is arbitrary, but it is not close to unity. To be specific,

BRI = e = G ot = bwy =, 1=e =00, ()
where u,,, and u,, are constants of the order of unity, and R is the specific gas constant, i.e.,
the Boltzmann constant divided by the mass of a molecule. The second and third relations in
Eq. (1) imply that the Mach number based on the circumferential velocities v,,, oOr v, is of the
same order as c. The Knudsen number k& is arbitrary. We study the time-independent and axially
uniform behavior of the gas on the basis of the Boltzmann equation. We also assume that the gas
molecules undergo diffuse reflection on the surfaces of the cylinders. Incidentally, an example of
the parameters c, €, and k of an actual microbearing is ¢ = 0.001, ¢ = 0.8, and k = 0.06 [17].

ck 1,

B. Basic equation

The dimensionless variables
X; &

&= W 2

Xi=—07,
'y —Fa
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are introduced for the spatial rectangular coordinates X; and the molecular velocity ;. The dimen-
sionless molecular velocity ¢; is also denoted by ¢. The dimensionless variable f for the velocity
distribution function f is defined as

f

L= @RI P <)

In the following analysis, we use the bipolar coordinate system (1, x, &, {y, {;), as shown in
Fig. 1(b), defined by

asinhn asin
=0 = X )
coshn —cos x coshn —cos x
=1¢nen+Exey + Gep, (5
where
| _ g2 1/2
a= (cg)—l[(l —82)<1 te+—g czﬂ . (6)

The scale factor &, defined as h = [(3x,/9n)> + (3x2/91n)*1/? = [(dx1/dx)* + (8x2/d x)*1'/?, is
given by
he—9% @
coshn — cos x
The values of  and x lie in the ranges n, < n < np and 0 < x < 27, where n, and n,, are negative
constants

ca
n, = —arcsinhca, 1n, = —arcsinh1 ps Ng < np < 0. (8)
c

In Eq. (5), e, and e, are unit vectors in the x; — x, plane normal to the curves n = const and
X = const, respectively, and e, = e, xe, . Note that ca = ¢~'(1 — ¢%)!/? + O(c) from Eq. (6).

The dimensionless Boltzmann equation that governs fn, x, ¢y, £y, ¢;) in the time-independent
state for the axially uniform case is written as [18]

63f (& df 1 0k oh\( df  Of) 1 s
h 877+ I oy +h2<§x8n fnax)(fxaé,n 57789) —kJ(f,f). 9)

Here, J (-, -) is the dimensionless collision integral defined by

<~

~ 1 ~ ~ ~ ~ R
(o= / / FERE) + FEORE) — FEIRE) — F©R(E,)IBIAL,

where e is a unit vector, dS2(e) is the solid-angle element in the direction of e, and d¢, =
dZp«dgydezs. The B is a function of |e - (¢, — ¢)|/|¢, — ¢| and |¢, — ¢, and its functional form
is determined by the molecular model. In Eq. (10), the arguments of the spatial variables 1 and x
are common, and they are omitted for simplicity. The integration in Eq. (10) is carried out over the
all direction of e and the entire space of ¢. In what follows, the range of integration with respect to
¢ is its whole space unless otherwise stated.

The diffuse-reflection boundary condition on the inner cylinder is given by

r 2

f=a7"6.exp (=0 — @ = Dwa)* —¢2) (=14, &y > 0),

6a= 247 & fde (= no). (11)

¢y <0
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The boundary condition on the outer cylinder is given by

f=m"6,exp (=62 — (& — 0up)* — ¢2) (1=, &y < 0),

6y =247 gofde,  (n=mp). (12)

£,>0

The periodic conditions with respect to x are given by

F0,0,80, 80,80 = F1. 27,8, 84, &) (5 > 0), (13)
F, 27,80, 84, 6D = F(1,0,8, 84, &) (& < 0). (14)

Note that the boundary condition, including the periodic condition, must be imposed on the molec-
ular velocities pointing into the interior of the domain of interest. Finally, the average gas density
po is defined by [ dX\dX, [ fd§ = 7w (r} — r2)po, where the spatial integration is conducted over
the annular region in Fig. 1(a). In terms of the dimensionless quantities, this equation yields

2 K N 2 c
2 _ b
/0 dy /r; dnh /fd;‘_ - (1+2>. (15)

The macroscopic variables of the gas, i.e., the density p, the flow velocity v; (i = n, x), the
temperature 7', the pressure p, and the stress tensor p;; (i =1, x;j =n, x), are defined by the
moments of the velocity distribution function f. The dimensionless variables p = p/pg, D; =
vi/ QRTY)'2, T = T /Ty, p = p/po. where py = RpoTy, and p;; = p;;/po are given by the moments
of the dimensionless distribution function f as

p= /fdc, (162)
b = % / Gfdg (= x.n), (16b)
= o [ 6= 00+ 0,0+ e, (160)
p=nT, (16d)

2/(41 D — 00fAE =11, 23] =1, ). (16¢)

Integrating the Boltzmann Eq. (9) over the entire space of ¢,, ¢, , and ¢,, we obtain the continuity
equation:

dhpd, N dhpo,
an ax

The rectangular components (Fj, F>) of the force and the torque N acting on the inner cylinder
per unit depth are given by

=0. (17)

1 (F . 21 Dyy €0s0 — Py Sin 6 nd _ 8

PoTa <F2> B _/o (ﬁnn sin® + p,y c0s9>c x (= na), (18)
N 2

pors _/0 Pynchdx (1 =na), (19)

where 6 is the angle shown in Fig. 1(b), which is defined by
coshncos y — 1 — sinh 7 si
cosh = NEBX T 2 g = SRNIRX (20)
coshn — cos x coshn —cos x

N > 0 when the torque is counterclockwise in Fig. 1(a).
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The boundary-value problem given by Egs. (9)-(15) is characterized by the following five
dimensionless parameters

Ty — Py ec R Vwa R Vb NZ )1
vwa:—l/zs UWb:—l/z’ k=— — (21)
(ZRT()) (2RT()) 2 rp Iq

- ’

9
Ya r'p — Tq

We study this problem under the condition (1).

C. Some transformations

For convenience of the analysis, we introduce the change of independent variables from 7, ¢,
and ¢, toy, £,, and 6; as follows [21]:

N="na+ @ —na)y, &y =7¢6pc080;, &y =¢,sin0;, (22)

where 0 <y<1,0<¢, <oo, and —7m <6, < 7. The y in the first relation is the stretched
coordinate for 1. In terms of the new variables y, ¢,, 6;, x, and ¢, the boundary-value problem
Egs. (9)—(15) is rewritten as follows. The Boltzmann equation is

g“pcoséga_f_’_cgpsin@( af af

R PN
— —c,G— = —J(f, f), 23
yH dy H oy Y = ¥'VD (&
where
H— ch— — sinh n, , G:—sinhnsin9?+sinxcos9¢7 y:nb—na‘ 24)
coshn — cos x —sinh n, c

In Eq. (24) and in what follows, 1 should be understood as 1(y), as in Eq. (22). Note that H, G, and
y are of O(1). The boundary conditions Eqs. (11)—(14) and the subsidiary condition Eq. (15) are
transformed into

f = 6.E exp (2cuyal, sinf, — c*ul,) (v =0, cosé, > 0), (25)
f = 6pE exp (2cuwb§p sinf, — czuijh) (y =1, cost; <0), (26)

6, = =27 / / / ¢7 cos 0, fdz,d0,d. (v = 0),
cos 0 <0

6y, =27 / / / ¢ cos O, fdg,do,ds.  (y=1),
cos 0, >0
[0.0.80.0.. ) = f(r.2m. 8,0, 8) (6, > 0), 27)

f()% 27, Q?»Qé'vé‘z):f(y! 0, é‘p’el’ é‘z) (9;' < 0), (28)

2 1 . 271 c
2 — —
/0 dx /0 dyH / / ¢ fdcpafcdc. = ~% (14 3). (29)

where E =32 exp(—;j—;}). Hereafter, we wuse the convention that f(n(y), x>

80(8p,0¢), £ (8, 0;), ;) is simply written as f(y,x,%,@;,{z) because no confusion will
arise. The ranges of integration with respect to ¢,,6;, and ¢, are, respectively, 0 < ¢, < oo,
—m <6, <m,and —00 < ¢, < oo unless otherwise stated.
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The macroscopic variables are

ﬁ=[/gﬁw@m, (30a)
b, = % / / ¢7 cos 0 fd,df,dg., (30b)
b, = % / / ¢] sin 6, fdg,d6,dz., (30c)

& 3 a2 : a2 274
T = 3 / / / £o[(gp co86; — D) + (£, 8in 6, — Dy)* + 7] fdE,d0,dE, (30d)

p=pT, (30e)
Py =2 / f £,(Z, cos b, — b,)* fdz,d6,de., (30f)
Dun = Pox = 2/// £p (&, €08 B — y)(L sin 6, — D) fde,d6,de. (30g)

Changing the variable 5 into y using Eq. (22), integrating Eq. (17) with respect to y from O to 1,

and applying the boundary condition Eq. (25) or (26), we obtain the mass conservation equation
d 1

— | Hpv,dy=0. 31
ay J, Poady €2))

III. ANALYSIS

A. Preliminary remarks

In this section, we analytically study the boundary-value problem (23)—(29) for a small dimen-
sionless curvature ¢ using the slowly varying approximation [3]. This analysis is a straightforward
extension of that in Ref. [11] to the present case in which the outer cylinder may also rotate. Thus,
only a brief outline is presented here, and more detail is given in Appendix A.

We seek the solution as a power-series expansion in c:

f=Ffo+foc+--. (32)

Note that the second and third terms in Eq. (23) are multiplied by the small factor c¢. Thus,
substituting the expansion (32) into the boundary-value problem (23)—(29) and formally arranging
the terms will yield a series of boundary-value problems for a spatially one-dimensional (1D)
Boltzmann equation in which only the derivative /9y is involved; other derivatives /96, and /9 x
appear as higher-order inhomogeneous terms. Although this approach may appear feasible, the
solution obtained fails to approximate that of the Boltzmann equation when the Knudsen number is
sufficiently large that ck? >> 1. The reason for this discrepancy is explained in the second paragraph
in Sec. I. Some examples will be presented in Sec. V, and the further discussion on this primitive
approach is left to Sec. III D. In Refs. [10,11], therefore, it was suggested that the third term in
Eq. (23), which is specific to the curvilinear coordinate system and may be referred to as the
curvature term, should be treated together with the first term regardless of c¢. To be specific, we
define the derivative operator
cosf, d  csinhnsing, 0

D, = - 2. 33
e yH 3y sinhn, 96, (33)

In terms of D/,

the Boltzmann Eq. (23) is written as

;pDécf‘\_FCé—p sinxc0s9<ﬂ+cg’p sinf; 9f _

1. A 4
=J(f, f)- 34
sinh 7, 00, H 0x k . 34
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Here, the second term on the left-hand side is excluded from D/, f so that D, preserves the parity
in 6,. This is permissible because the shape of the characteristics is crucial around 6, = £ /2 [11]
and the excluded term vanishes at 6, = &7 /2.

The expansion (32) is substituted into Egs. (25)—(29) and (34), and the terms are arranged
assuming

D,.f =D..fiy + Diefiyc + -+ Dicfimy = Ofim) (m=0,1,---). (35)

In this way, the projection of the characteristics of Eq. (34) onto the 6,-y plane is preserved. This
method was verified to work well over the entire range of the Knudsen number [10,11].

B. Generalized lubrication equation

Following the procedure in Appendix A, the solution up to f = f(o) + f(l)c is written as

o 1 dp k
fOo. x, 0 =ﬁ(0)E{1 + C|:A—&¢P<y, & —, X>
Py dx Po

k k C(l)
FupaPca| ¥, & — x| + s Pco| ¥ & — x )| +— |- (36)
PO PO P

in terms of the undetermined functions p«)(x) and C()(x), where ¢ is an abbreviation for
(&5, 6, ¢2). The leading-order solution is a Maxwellian at rest. The first-order solution is a linear
combination of the three fundamental flow problems defined, respectively, by Egs. (A15) and (A 16),
Egs. (A17) and (A18), and Egs. (A19) and (A20). Here, ®p(y, ;;IE, x ) is the solution of a flow
between the eccentric cylinders at rest induced by a pressure gradient; this flow may be referred
to as the generalized Poiseuille flow. The ®c,(y, ;;12, x) and ¢y (y, {;IE, x) are the solutions of
flows between these cylinders induced by a rotation of the inner or the outer cylinder, respectively;
these may be referred to as the generalized Couette flows for inner and outer rotation, respectively.
The functions ®p and P, are identical with ®p,. and P, in Ref. [11], respectively. The k is
the parameter that stands for k/pg), which is called the local Knudsen number accounting for the
variation of the mean free path due to the finite pressure variation. The p g, is the leading term of the
expansion p = py + p)c + - - - of the pressure p corresponding to Eq. (32), which is an unknown
function of x to be determined later. Once p (o) is known, the solution is given by Eq. (36) leaving
C(1y undetermined which is determined in the next order analysis, see Appendix B in Ref. [11].

The unknown p o) is determined by conservation of mass. Substituting Eq. (36) into Eq. (30c)
and then into Eq. (31), we obtain

d k dpo) . k . k
—|mp —, x + uwaPoymca| — X | + vwprPoymes| —-.x )| =0. 37
dx P dx P P

Here, mp(k, x), mca(k, x), and mcy,(k, x) are defined by Eq. (A23) in Appendix A as integrals of
Pp, Oc,, and Py, respectively. They are called the flow-rate coefficient of generalized Poiseuille
flow and those of Couette flows for inner and outer rotation, respectively. Here, mp and mc, are,
respectively, identical with mp,. and mc,. in Ref. [11]. The solution is constructed as follows. First,
let the boundary-value problems (A15)—(A20) be solved for a so wide range of k that a database of
the functions mp, mc,, and mc, be known. Then, p(o) is determined by the ordinary differential
Eq. (37) subject to Eq. (29) and the periodic condition (see Appendix B in [11]). Substituting
Dy into Eq. (36), the distribution function f is obtained. Substituting (36) into (30a)—(30g),
the macroscopic variables are obtained. For example, the component d, of the flow velocity,
the components of the stress tensor, and the pressure p up to the nontrivial leading orders are
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given by
. 1 dp, k k k T
by =c| % up| y; —, x | + twattca| Yy —> X | + twpttco| ¥s —. x ) |, (38)
Py dx 120) Do P _
P = P = Do) (39)
. dpo k . k . k T
Dyn = C[ ( )Sp<y; -—, x) + uwap(mSCa(y; ~ ,x> + uwbP(O)SCb<,Y§ -—, x) . (40)
dx P0) Py Py J

where the functions up(y; k, X)s uca(y; k, x), and ucy(y; k, x ) are the normalized flow velocities cor-
responding to ®p, O¢,, and Py, respectively, defined by Eq. (A21), and the functions Sp(y; k, X),
Sca(vik, x), and Scp(y;k, x) are normalized shear stresses defined by Eq. (A22). Substituting
Egs. (39) and (40) into Eq. (18), the eccentric force is obtained. In this construction of the solution,
Eq. (37) plays the role of determining the pressure distribution p). In this sense, Eq. (37) may be
referred to as a generalized lubrication equation. The difference from Ref. [11] is the term containing
mcp, Which is the contribution from the rotation of the outer cylinder. Equations (A15)—(A20) are
boundary-value problems of the spatially 1D Boltzmann equations. Therefore, to solve them is
an extremely easier task [11] than solving the full boundary-value problem (23)—(29). Further,
by making the database of the functions mp, mc,, and mc, beforehand, Eq. (37) is absolutely an
ordinary differential equation that can be solved as easily as the conventional 1D Reynolds equation.

Equation (37) is similar to the spatially 1D Reynolds equation derived from the Navier—Stokes
equation. The difference is that the factors comprised of the viscosity and the clearance in the
latter are replaced by the functions mp, mc,, and mcy,. Thus, the noncontinuum effects arise through
these functions. Therefore, it is natural to examine the properties of these functions prior to actual
numerical analyses. This is undertaken in the next subsection. The Reynolds equation derived from
the Navier—Stokes equation is given in Appendix B for self-containedness.

C. Flow-rate coefficients

In this subsection, we present the flow-rate coefficients and examine their properties. The
function mp for the generalized Poiseuille flow is omitted here, because it has been presented in
Ref. [11]. Functions mc, and mcy, for the BGKW kinetic model are presented in Fig. 2 as functions
of the local Knudsen number k and the longitudinal coordinate x . The main goal of this subsection is
to examine the difference between mc, and mcy,. This difference is small when k is small. However, it
becomes significant as k increases. The function mcy, for the outer rotation is greater. The difference
also increases with the dimensionless curvature c.

FIG. 2. Flow rate coefficients mc, and mc, [Eq. (A23)] as functions of k and x (BGKW model, & = 0.5).
(a) ¢ = 0.025 and (b) ¢ = 0.1. Solid line for mc, (inner rotation) and dotted line for mc, (outer rotation). These
functions are symmetric with respectto x = .
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FIG. 3. Schematics of trajectories of collisionless molecules and the range of the direction of the molecular
velocities arriving from the rotating cylinder. (a) Inner rotation and (b) outer rotation. The shaded area
represents the directional range of molecular velocities arriving from the rotating cylinder. The thick arc in
panel (b) indicates the directional range of the molecular velocities traveling from the outer cylinder to the
outer cylinder, which is of O(/c).

We shall physically examine how the difference mc, — mc, behaves as the Knudsen number
increases. According to the Navier—Stokes solution (B37) in Appendix B, the difference mcp —
mc, is of O(c), and it should remain so as long as k < 1. Now consider the opposite limit of
large Knudsen number such that ck? > 1 so that the intermolecular collision is negligible. Figure 3
shows schematics of the trajectories of collisionless molecules arriving at a point in the gas from the
rotating cylinder, and the shaded area represents the range of direction of these molecular velocities.
Here, ck? > 1 means that intermolecular collisions are negligible even for the longest molecular
path tangential to the inner cylinder [10,11]. Clearly, the range for the inner rotation [Fig. 3(a)]
is narrower than that for the outer rotation [Fig. 3(b)]. The difference, indicated by the thick arc
in Fig. 3(b), corresponds to the molecules traveling from the outer cylinder to the outer cylinder,
which is proportional to /c [11]. Molecules departing from the rotating cylinder will have larger
circumferential momentum on average than those departing from the cylinder at rest. Thus, the
circumferential momentum carried by the molecules for inner rotation will be smaller than that
for outer rotation by an amount proportional to /c. For this reason, the difference mcyp, — mc, in
the flow rates increases from O(c) to O(+/c) with an increase in the Knudsen number. In fact,
mcp — mca = O(4/c) for the infinite Knudsen number k = oo, see Eq. (A33) in Appendix A. This
feature is explicitly confirmed in Fig. 4, in which the difference mcy, — mc, at x = 0 is plotted as a
function of ¢ for various k values. When k = 0.1 or 1, ck? remains small, and accordingly mcy — mc,
remains O(c). However, when k = 10, ck? varies from 0.01 to 20. Accordingly, we can observe that
the difference mc, — mc, undergoes a transition from O(c) to O(4/c). In this discussion, eccentricity

Mcy, = My

FIG. 4. The difference mcp, — mc, in the flow-rate coefficients of generalized Couette flows between outer
and inner rotations as a function of the dimensionless curvature ¢ for k = 0.1, 1, and 10 (BGKW model,
& = 0.5, x = 0). Dotted line represents ¢ and dash-dotted line represents 10'/2¢!/2,
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is inessential. Incidentally, the limit ¢ — 0 (coaxial case) was discussed in Appendix C in Ref. [11].
According to it, the 4/c-dependence holds even in the coaxial case. However, the coaxial case yields
a circumferentially uniform flow and thus no lubrication effect occurs, so this case is practically
insignificant.

From Fig. 2, we can also observe that, as k increases, mcy, for the outer rotation increases, whereas
mg, for the inner rotation decreases. This property can be understood as follows. From the linearity
of the boundary-value problems Eqgs. (A17) and (A18) and Egs. (A19) and (A20) in Appendix A,
the sum ®¢p, + ¢, represents the solution of the flow in which both cylinders simultaneously
rotate at the same unit circumferential velocity. The solution is nearly a rigid-body rotation because
¢ < 1. Because the rigid-body rotation is the equilibrium solution of the Boltzmann equation for an
arbitrary Knudsen number, we can expect

ucp +uca =1+ 0(c) (41)

for all k, where uc, and ucy, are the normalized flow velocities appearing in Eq. (38). Equation (41)
actually holds for the Navier—Stokes solution [Eq. (B38)] and for the free-molecular solution
[Eq. (A32)]; it is also numerically confirmed for 0.1 < k& < 10. Accordingly, the sum mcy, + mc,
of the flow rates (A23) is independent of k neglecting the terms of O(c). On the other hand, from
Fig. 4, the difference mcy, — mc, increases from O(c) to O(4/c) as k increases. Noting that \/c > ¢,
mcp, must increase and mc, must decrease.

The properties of the flow-rate coefficients presented above play key roles in the remainder of
this paper. A simple database of the functions mc, and mgy, is provided in Appendix C, and the
numerical data necessary for this database are available from Ref. [19].

D. Without curvature term model

Before closing this section, we briefly revisit the primitive analysis discussed in Sec. IIT A, i.e.,
treating the curvature term c¢,Go f /00, in Eq. (23) as a higher-order term. The analysis in this
approach is quite similar to that in Sec. III B; the only difference is that the operator D/ in Eq. (23)
is replaced solely by the first term (y H)~! cos 6,9/3y. Further details of the analysis are given in
Appendix D. Consequently, a lubrication equation is derived as

d [ woc ( k ) dﬁ(o) + A woc < k ) + N woC ( k >:| 0 (42)
- |m > X UwaP0)M, o X UwbP(0)M, ~ o X =Y
dy P Po) dy wat’(0)"ca h0) wb(0)M'ch ho

which is of the same form as Eq. (37). The only difference is that the flow-rate coefficients mp,
mca, and mcy, in Eq. (37) are replaced by mp®®, m¥°, and m{° which are defined in Appendix D.
Therefore, the difference in the solution arises only through these flow-rate coefficients. For brevity,
Eq. (42) is referred to as the without curvature term (WOC) model.

The flow-rate coefficients exhibit the following prominent features. First, m& and m{y° are
identical:

mEe = m. 43)

Equation (43) is derived in Appendix D. This property arises because treating the curvature term
as a higher-order term alters the characteristics of the Boltzmann equation (and so the trajectories
shown in Fig. 3), and hence the numbers of molecules arriving from each cylinder are no longer
distinguishable. Another feature of the WOC model is that m{y° and m° are independent of k,ie.,

e _ ey _, (44)

ok ok

Equation (44) is also derived in Appendix D. The WOC model was discussed in Ref. [11] for
the special case in which the my° term was absent. Thus, the relations (43) and (44) are new
findings of the present study. From the property (43), for example, we immediately find that the
solution p(g of Eq. (42) for the inner rotation is identical with that for the outer rotation provided
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that the circumferential velocity is the same. These properties are clearly inconsistent with those
shown in Figs. 2 and 4 in Sec. I[II C. As a result, the WOC model (42) provides solutions that are
inconsistent with those of Eq. (37). To establish which of them is correct, it is rational to compare
the results with that of the direct numerical solution of the Boltzmann equation. To this end, a
direct numerical analysis of the boundary-value problem (23)—(29) using a finite-difference method
is conducted to provide the reference solution for the assessment. The numerical method used for
this reference solution is presented in Sec. IV. The assessment against this reference solution is
presented in Sec. V.

IV. DIRECT NUMERICAL ANALYSIS

A. Numerical method

This section describes the direct numerical analysis of the boundary-value problem (23)—(29).
In the numerical analysis, we assume that the gas is governed by the BGKW kinetic equation.
Specifically, the collision integral is given by

I H=plfe— D,
PNRY) : PNV 2
exp (_(Q,cos@; by) +(75p sinf; — b,) +§Z)’

A

fe = (45)

b
T

where p, ¥, ¥, and T are given by Egs. (30a)-(30d). The mean free path £ of the BGKW model is
related to the viscosity g of the gas according to [3]

VI m
2 (2RTy)'/2
where y, is a constant determined by the molecular model, e.g., y; = 1 for the BGKW model.

The method of numerical analysis is the same as that presented in Ref. [11], and it is thus outlined
only briefly here. First, the following marginal distribution functions are introduced [20]:

Mo =1 (46)

gr = f fdg., hp=2 / ¢ fde.. (47)

Multiplying both sides of Egs. (23)—(28) by 1 or 2{12 and integrating over —o0 < {, < 00, we
obtain a reduced boundary-value problem for g, and A, in the four-dimensional space y, x, ¢,,
and 6, i.e., the fifth variable ¢, is eliminated. Second, the semi-infinite range 0 < ¢, < 00 is
replaced by the finite range 0 < ¢, < {p, where ¢p is a constant such that the distribution functions
gr and hy are sufficiently small around ¢, = {p. Third, rectangular mesh points are arranged
in the finite four-dimensional domain 0 <y < 1,0 < x <27,0< ¢, < ¢p, and —m < 0, < 7.
The boundary-value problem (23)—(29) is then discretized and solved numerically using a finite-
difference method.

Because the inner cylinder is convex, the distribution function f of the gas is discontinuous [3]
across a surface in the three-dimensional phase space of y, 6;, and x. So we employ the hybrid
scheme combining characteristic coordinate and finite difference methods devised in Ref. [21].
One of the features of the present problem is that the BGKW equation is written in a bipolar
coordinate system. Owing to this, the numerical analysis is considerably more complicated than
that in Refs. [10] and [21]. Details of the numerical analysis, along with difficulties arising from the
bipolar coordinates and their remedies, are provided in Ref. [11].

B. Computational conditions and accuracy tests

The computational conditions are as follows. For the y coordinate, N, + 1 mesh points are
arranged nonuniformly in the interval 0 <y < 1, where N, = 100. The minimum mesh size is
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FIG. 5. Profile of the dimensionless flow velocity ¥, at the cross section x = 7 (¢ = 0.025, & = 0.5). (a)
k = 0.1 and (b) k£ = 10. Solid lines (—) for the outer rotation v,, = 0, ¥,,, = 0.1; dashed lines (- -) for the
inner rotation 9,, = 0.1, 9,,, = 0. D, is plotted as a function of y for the inner rotation whereas plotted as a
function of 1 — y for the outer rotation. Thin blue lines for the direct numerical solution and thick black lines
for the solution of the lubrication model (37) and (38). Blue and black lines are indistinguishable.

0.0021 at y =0 and y = 1, and the maximum size is 0.0125 on the interval 0.1 <y < 0.9. For
X» Ny + 1 mesh points are arranged uniformly in the interval 0 < x < 27, where N, = 200. For ¢,,
N, + 1 mesh points are arranged uniformly in the interval 0 < ¢, < ¢p, where N, = 40 and {p = 5.
For 6;, N, + 1 mesh points are arranged uniformly in the interval —m < 6, < 7, where N, = 400.

The results of accuracy tests are as follows:

(1) Conservation law. According to Eq. (31), the dimensionless mass-flow rate fol Hpb,dy is
theoretically independent of y. Thus, the uniformity of this quantity serves as a measure of the
accuracy. The variation in the mass-flow rate using the present computational scheme over 0 < x <
27 is less than 1.8% when v, = 0, 0, = 0.1, or less than 14% when v,,, = —0.1, v, = 0.1. In
the latter case, due to the opposing rotation d,,, = — 1y, the net mass flow rate is so small that even
very small error is magnified.

(2) Dependence on the mesh system. To test the accuracy, in addition to the production run P with
(Ny, Ny, Ny, N,) = (100, 200, 40, 400), we conducted recomputations using a coarser mesh system
A with (N, Ny, Ny, Ny) = (50, 100, 32, 200), and the coarsest system B with (Ny, Ny, N,, N,) =
(24, 50, 32, 100). First, by examining the differences among the three runs, i.e., P-A and P-B for a
few samples, the convergence speed is estimated. Then, the error in the production run P is estimated
from the difference P—A. From this test, it is estimated that the numerical error in the dimensionless
normal stress pp, over 0 < x < 2w aty = 0 is less than 0.18% when 9,,, = 0, D, = 0.1, or less
than 0.42% when —,,, = D, = 0.1, and that the numerical error in the flow velocity 9, over
0 <y < 1 at the cross-section x = 0 is less than 0.05% when ?,,, = 0, 0, = 0.1, or less than
0.28% when —1,,, = 0y, = 0.1. Furthermore, the numerical error in the magnitude (F12 + Fzz)l/ 2
of the eccentric force (18) is estimated to be less than 0.21% when v,,, = 0, D,,, = 0.1, or less than
1.4% when —0,,, = Dy = 0.1.

V. RESULTS AND DISCUSSION
A. Outer rotation vs inner rotation

We first examine the difference between the two flows of the outer and inner rotations, i.e.,
one flow in which only the outer cylinder rotates, and the other in which only the inner cylinder
rotates at the same circumferential velocity. The dimensionless flow velocity D, at the cross section
x = m is presented in Fig. 5. The goal of this presentation is to verify the discussion regarding the
circumferential momentum of the gas induced by the motion of the boundary in Fig. 3. We choose
the cross section y = m because the pressure gradient, which is another source of the flow, is small
there, see the next paragraph. The solid lines represent the results for outer rotation, and the dashed
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FIG. 6. Distribution of the dimensionless pressure p on the inner cylinder I: outer rotation vs inner rotation

(c =0.025, =0.5,y =0). (a) k = 0.1 and (b) k = 10. See the caption of Fig. 5 for the meaning of the lines.

Thin dotted line (- - -) for the solution of Eq. (42), for which results for outer and inner rotations coincide.

lines represent those for inner rotation. For the outer rotation, 9, is plotted as a function of 1 —y (a
mirror image with respect to y = 1/2), because a direct comparison would be less meaningful due
to the difference in the moving boundary. The thin blue lines represent the direct numerical solution
of the boundary-value problem (23)—(29), which is the reference solution, and the thick black lines
represent the solution of the lubrication model (37) and (38). The results of inner rotation for ¢ =
0.025 are newly computed in this paper. When the Knudsen number is small [Fig. 5(a)], the results
for the inner and outer rotations are almost indistinguishable. When the Knudsen number is large
[Fig. 5(b)], in contrast, considerable difference is observed. The outer rotation (solid line) yields
a larger flow velocity, i.e., a larger circumferential momentum in the gas. Note that the difference
in the bulk gas is approximately 20%, and this is of the order of /¢ (= 0.158) much larger than
¢ (= 0.025). These results support the discussion regarding Fig. 3 in Sec. III C. The solutions of
the lubrication model (37) and (38) are in excellent agreement with the reference solution for both
small and large Knudsen numbers.

The pressure distribution along the channel is presented in Fig. 6 as a function of the longitudinal
coordinate x. The meanings of the lines in the figure are the same as those in Fig. 5. The dotted line
represents the solution of the WOC model (42), for which the results for the outer and inner rotations
coincide. We begin by examining the results on the basis of the direct numerical solution (thin blue
lines). The pressure rises over the interval 0 < x < 7 because the flow is converging there, and so
the maximum of the pressure is attained at slightly ahead of x = w. When the Knudsen number
is small [Fig. 6(a)], the pressure distributions of the two flows are almost indistinguishable. When
the Knudsen number is large [Fig. 6(b)], however, considerable difference is observed. The outer
rotation (solid line) yields the greater pressure variation. This behavior can be easily understood
by considering the lubrication Eq. (37). According to Eq. (37), the source of the pressure gradient
dpy/dy is the second and third terms in the square brackets, which represent the wedge action,
i.e., the effect of the surface motion pushing the gas into the converging channel. The second term is
absent for the outer rotation (9,,, = 0) and the third term is absent for the inner rotation (9, = 0).
As we saw in Fig. 2, the coefficient mcy, is significantly greater than mc, when k is large, leading
to a greater pressure gradient for the outer rotation. In this explanation, we implicitly assumed that
the variation of the pressure p from unity is not so large; note that the coefficients m,, etc., are
influenced by the pressure variation through the first argument k/p o). This remark is omitted in the
following discussion. We now compare the solutions of the lubrication Eqgs. (37) and (42) with the
reference solution. The solution of Eq. (37) agrees perfectly with the reference solution for both
small and large Knudsen numbers. The solution of (42) agrees well when k = 0.1, but it does not
when k = 10. As noted in Sec. I[IID, Eq. (42) yields identical solutions for the inner and outer
rotations. This claim clearly contradicts the reference solution.
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FIG. 7. Eccentric force (18) acting on the inner cylinder as a function of the Knudsen number I: outer
rotation vs inner rotation (¢ = 0.5). (a) Magnitude F and (b) the direction ¥ [Eq. (48)]. Closed symbols
and the solid lines for the outer rotation v,,, = 0, ¥,,, = 0.1; open symbols and the dashed lines for the inner
rotation v, = 0.1, D,, = 0. Symbols for the direct numerical solution; thick black lines for the solution of
Eqgs. (37) and (40); thin red lines for the Navier—Stokes solution with slip [Eqs. (B25) and (B28)]. Thin dotted
and fine dotted lines, respectively, for the outer and inner rotation solutions of the WOC model (42) and (DS).
The dash-dotted lines in panel (a) are asymptotes of the direct numerical solutions as k — oo.

We now examine the eccentric force acting on the inner cylinder. Let the magnitude F and the
direction ¥ of the eccentric force (18) be defined by

Fi=Fcostdr, F,=—Fsindr. (48)

The directions 9y = 0 and 9F = 7 /2 correspond, respectively, to X; and —X, directions in Fig. 1(a).
The magnitude F and the direction ¥y are presented in Figs. 7(a) and 7(b), respectively. The
closed symbols and solid lines represent the results for the outer rotation, and the open symbols
and dashed lines represent those for the inner rotation. Symbols represent the direct numerical
(reference) solution, and the thick lines represent the solution of the lubrication model (37) and
(40). The thin dotted and fine dotted lines represent the solutions of the WOC model (42) and
(D8) for the outer and inner rotations, respectively. We focus on the magnitude F [Fig. 7(a)].
The results for the outer and inner rotations are very close for small Knudsen numbers, but the
difference becomes evident as the Knudsen number increases, as expected from Fig. 6. The outer
rotation yields the greater eccentric force. For the inner rotation (open symbols), the magnitude
F reaches the maximum at approximately k = 1, and it decreases with a further increase in k. In
contrast, for the outer rotation (closed symbols), the increase or decrease in the magnitude F' is
more delicate. This Knudsen-number dependence of the eccentric force can also be explained by
the lubrication Eq. (37). According to Eq. (37), the pressure gradient dpgy/dy is, roughly speaking,
determined by the relative magnitudes of the two factors: the coefficient mp(< 0) multiplied by
dp(0)/dx and the sum of the second and third terms (wedge-action terms). First, consider the inner
rotation, in which only the u,, term of the wedge action is present. The coefficient —mp of the
generalized Poiseuille flow reaches the minimum (Knudsen minimum) at approximately k = 1 and
increases with k thereafter [11]. The coefficient mc, decreases monotonically with an increase in k
as shown in Fig. 2. Therefore, the pressure gradient and thus the eccentric force must decrease with
an increase in the Knudsen number beyond unity. Second, consider the outer rotation, in which the
Uy term is present in Eq. (37). In this case, both mcp and —mp increase with k, so the dependence
of the pressure gradient and thus the eccentric force on the Knudsen number is more delicate and is
determined by the relative rate of growth of the two factors. According to the reference solution,
is nearly constant for a large k. F for k = oo is slightly greater than that at k = 10 when ¢ = 0.1,
whereas slightly smaller when ¢ = 0.025.

Let us examine the performance of the lubrication model (37) and (40) and the WOC model (42)
and (D8). The results of the former (thick solid and dashed lines) agree perfectly with the reference
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FIG. 8. Torque (19) acting on the inner cylinder as a function of the Knudsen number I: outer rotation vs
inner rotation (¢ = 0.025, ¢ = 0.5). See the caption of Fig. 7. The dash-dotted lines are asymptotes of the direct
numerical solutions as k — oo, where the results for inner and outer rotation are almost indistinguishable.

solution over the entire range of the Knudsen number. The solution of the WOC model (thin dotted
and fine dotted lines) does not agree with the reference solution except at small Knudsen numbers.
Moreover, the difference between the outer and inner rotations is too small, which is a consequence
of the coincidence in the pressure (Fig. 6). Therefore, both Figs. 6 and 7 provide clear examples that
the WOC model does not work even qualitatively at large Knudsen numbers.

Finally, the torque N [Eq. (19)] acting on the inner cylinder is presented in Fig. 8. The torque
depends on the dimensionless curvature ¢ only slightly [11], so only the case of ¢ = 0.025 is
presented. The torque is a monotonically increasing function of the Knudsen number k. The result
for the outer rotation is close to that of the inner rotation over the whole range of k. In contrast to
Fig. 7, the difference between outer and inner rotations does not increase with an increase in k. This
may be understood as follows. The torque (19) is determined by the shear stress p,,. According to
the analysis in Sec. III, the shear stress (40) is composed of the two parts: one that is proportional
to the pressure gradient dp)/dx and the other proportional to the rotation speeds of the cylinders.
The numerical solution of Eq. (40) shows that the contribution of the former is small compared with
the latter. Thus, the difference in the pressure gradient appeared in Fig. 6 does not affect the shear
stress much. The solution of Eq. (40) agrees with the reference solution very well.

B. Simultaneous rotation of the cylinders in opposite directions

Next, we study a flow in which the two cylinders rotate simultaneously at the same circumferen-
tial speed but in opposite directions, i.e., U, = —Uyp. Note that this flow is not a superposition
of the two flows in Sec. V A; it is a nonlinear problem due to a finite pressure variation. The
pressure distribution is presented in Fig. 9 as a function of x. When the Knudsen number is
small [Fig. 9(a)], the pressure variation is very small. This result is expected because the flow-rate
coefficients are so close [mc, — mc, = O(c)] that the wedge action, i.e., the second and third
terms in the square brackets in Eq. (37), almost cancels out. When the Knudsen number is large
[Fig. 9(b)], considerable pressure variation occurs. This nonsmall pressure variation arises because
the cancellation of mcy, — mc, no longer occurs for a large Knudsen number, as shown in Fig. 2.
The solution of Eq. (37) agrees well with the reference solution for a large Knudsen number, but a
nonnegligible disagreement is observed for a small Knudsen number [Fig. 9(a)]. This disagreement
appears because the variation in the pressure is so small that the numerical error in the reference
solution is no longer negligible; note that Fig. 9(a) is vertically magnified from Fig. 9(b). The
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FIG. 9. Distribution of the dimensionless pressure p on the inner cylinder II: simultaneous rotation in
opposite directions (¢ = 0.025, & = 0.5, =0y, = Vyp = 0.1,y =0). (a) k =0.1 and (b) k = 10. Thin blue
lines for the direct numerical solution; thick black lines for the solution of Eq. (37). Dotted line for the solution
of Eq. (42), for which p = const = 1.

pressure gradient of WOC model (42) vanishes identically due to Eq. (43), irrespective of the
Knudsen number.

The eccentric force acting on the inner cylinder is presented in Fig. 10 as a function of the
Knudsen number k. As expected from Fig. 9, the magnitude F is small for a small k, but it grows
considerably as k increases. A key feature in Fig. 10(a) is that F' is almost independent of the
dimensionless curvature ¢ when k < 1, whereas it increases with a decrease in ¢ when k > 1. To
analyze this ¢ dependence of the solution, we write the lubrication equation (37) in terms of 7, to
avoid using uy,,(= Vyp/c):

d dp -
(w29 4 =) o )

— )
dx dy + VubP(0)

When k so is small that ck? < 1, mcy, — mea = O(c), as seen in Fig. 4. Thus, the second term in
the parentheses in Eq. (49) is almost independent of ¢, so also is the eccentric force. (Note that mp
depends on ¢ only weakly [11].) In contrast, when k is so large that ck? > 1, mcy — mcy = 0(/¢),
meaning that the second term in the parentheses is of O(1/4/c), and it thus increases with a decrease
in ¢ keeping ¥, constant, to raise the pressure gradient. In Fig. 10(b), the direction ¥f of the
eccentric force is close to 7w /2 when k is small. When £ is small, as we saw in Fig. 9(a), the pressure
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FIG. 10. Eccentric force (18) acting on the inner cylinder as a function of the Knudsen number II: simulta-
neous rotation in opposite directions (¢ = 0.5, —0,, = Dy, = 0.1). (a) Magnitude F' and (b) the direction 9
[Eq. (48)]. Symbols for the direct numerical solution; thick black lines for the solution of Egs. (37) and (40);
thin red lines for the Navier—Stokes solution with slip [Eqgs. (B25) and (B28)]. Thin dotted line in panel (a) for
the solutions of Egs. (42) and (DS8), whose dependence on c¢ is almost indistinguishable. The dash-dotted lines
in panel (a) are asymptotes of the direct numerical solutions as k — oo; from the top, ¢ = 0.025, 0.05, and 0.1.
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FIG. 11. Torque (19) acting on the inner cylinder as a function of the Knudsen number II: simultaneous
rotation in opposite directions (¢ = 0.025, ¢ = 0.5, —d,,, = Dy = 0.1). See the caption of Fig. 10.

variation is so small that the flow problem may be linearized. In the linearized system, we can show
[22] that the pressure p — 1 is antisymmetric [see Fig. 9(a)] and the shear stress p,, is symmetric
with respect to x = m under the present symmetric configuration h(n, x) = h(n,2m — x) of the
channel. Consequently, from Eq. (18), F; vanishes to yield ¥ = /2.

The performance of the lubrication model (37) and (40) and the WOC model (42) and (DS) is
now examined. As for the magnitude F in Fig. 10(a), the solution of the former (solid line) agrees
very well with the reference solution over the entire range of the Knudsen number k. As for the
direction 9 in Fig. 10(b), however, a nonnegligible disagreement is observed around £ = 0.1. In
view of the agreement with the Navier—Stokes solution (thin red line), the solution of Egs. (37)
and (40) should be correct. This disagreement is attributed to the inevitable numerical errors in
the direct numerical solution. When k < 1, as shown in Fig. 10(a), the eccentric force is close to
zero. Therefore, even a very small error in F; or F, can lead to a nonnegligible error in ¢ due to the
relation tan 9 = —F,/F; =~ 0/0. In other words, the solution of the lubrication model (37) and (40)
serves to compensate for the direct numerical solution when the latter is difficult to conduct. The
WOC model (dotted line) yields F = O(c) regardless of k. This occurs because the pressure gradient
dpy/dyx vanishes identically (see Fig. 9), and thus only the terms multiplied by u,,, and u,,;, in the
shear stress (D8) contribute to the eccentric force. Therefore, the WOC model is absolutely of no
use for studying the present flow. We emphasize that all the poor performance of the WOC model
presented in this section arises from the only one procedure in the slowly varying analysis that the
apparently small curvature term c¢,G9 f /90, in the Boltzmann equation is treated as a higher-order
term.

Finally, the torque N acting on the inner cylinder is presented in Fig. 11, where N > 0. The
magnitude of the torque is approximately twice of that in Fig. 8, because the opposing rotation
strengthens rather reduces the torque. The overall characteristic is similar to that in Fig. 8. The
result of Eq. (40) agrees with the reference solution very well.

Before closing this section, we discuss the relation of the present study to our previous study
[14], in which the effect of heating the cylinders on the eccentric force in the same setting as Fig. 1
(but vy, = 0) was discussed. One of the important findings was that the impact of heating either of
the cylinders is small at small Knudsen numbers, but becomes significant as the Knudsen number
increases. Specifically, heating the inner cylinder reduces the eccentric force, whereas heating
the outer cylinder enhances it. The mechanism behind this phenomenon is somewhat similar to
that elucidated in the present study. That is, the transfer of circumferential momentum carried by
collisionless molecules from the rotating inner cylinder decreases with heating the inner cylinder
and increases with heating the outer cylinder. However, there is a crucial difference from the present
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study. In Ref. [14], this reduction or enhancement was caused by a decrease or increase in the density
of the gas near the rotating cylinder due to heating, and the curvature was not a significant factor. In
the present study, as emphasized, the curvature is decisively essential.

VI. CONCLUSION

In this paper, we studied a microscale lubrication flow of a gas between eccentric circular
cylinders on the basis of kinetic theory. This study extends the work reported in Ref. [11] by allowing
for rotation of the outer cylinder. The dimensionless curvature ¢ was small and the Knudsen number
was arbitrary. The Boltzmann equation was studied analytically using an improved slowly varying
approximation. A generalized lubrication equation, which is an extension of that in Ref. [11], was
derived. To assess the accuracy of this equation, a direct numerical analysis of the BGKW model of
the Boltzmann equation was also conducted to provide the reference solution. The main conclusions
are as follows.

(i) Comparison of outer and inner rotation flows at the same circumferential velocity. When
the Knudsen number is small, there is almost no difference between the two flows. However, as
the Knudsen number increases, significant differences emerge. The outer rotation yields a greater
eccentric force acting on the inner cylinder.

(i1) Simultaneous rotation of the cylinders in opposite directions. When the Knudsen number
is small, the eccentric force almost vanishes due to the cancellation of the wedge action as a
consequence of the opposing rotations. As the Knudsen number increases, this cancellation dimin-
ishes, leading to a finite eccentric force. For small Knudsen numbers, the eccentric force is almost
independent of the dimensionless curvature ¢, whereas it increases with a decrease in ¢ for large
Knudsen numbers. These phenomena, as well as that in the first item above, are caused by the fact
that the difference between the two flow-rate coefficients of Couette flows for the outer and inner
rotations in the slowly varying solution undergoes a transition from O(c) to O(+/c) as the Knudsen
number increases. This is genuinely a noncontinuum effect due to the curvature of the surfaces.

(iii) The solution of the generalized lubrication equation agrees excellently with the reference
solution over the whole range of the Knudsen number. In contrast, the WOC model produces
solutions that qualitatively contradict the reference solution when the Knudsen number is large.
This poor performance of the WOC model originates from the only procedure in the slowly varying
analysis that the small curvature term in the Boltzmann equation was treated as a higher order term.
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APPENDIX A: DETAILS OF THE ANALYSIS

The boundary-value problem that governs the leading-order solution f(o) is given by

oA 1.~ 4

$pDecfi0) = %J(f(oy foy)s (A1)
fioy =6a0E  (y =0, cosb, > 0), (A2)
fioy =6w0E (y=1, cosb, <0), (A3)
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Ga(0) = —2ﬁ/// ¢, cos 0, f10)dg,d0,dZ. (v =0),
cos 0, <0

vy = 24/ /// ¢, c0s0; fioyd¢,dfcd, (v = 1),
cos ;>0

2 1 . 27_[
/ dy / dyH? / / / ¢ fi0ydg,d6,de, = > (A4)
0 0

A solution is an equilibrium state at rest:
Joy=CokE, (A5)

where C(g) can be an arbitrary function of x as long as (A4) is satisfied. Here, C is identified
with the leading term p o) of the expansion p = p(g) + pyc + - - - of the pressure p, so we hereafter
write po) for Cg). Similarly, 6a0) = 6s0) = C0) = Pr0)-

The boundary-value problem for the first-order solution f(l) is a linear and inhomogeneous one
given by

s 2.4 4 ¢, sin6; 3 fio)
D = ZJfp, —2e 2 O A6
$pDecfi) T (fooy, 1)) H oy (A6)
fay = Baaty + 2uwaP0)t, SiNOE (v =0, cos, > 0), (A7)
foy = Gty + 2uuwppoyC, sin)E (v =1, cosb; < 0), (A8)

Ga(1y = —Zﬁ/// ¢7 cos Oy f1)dg,d0.dg.  (y = 0),
cos 0 <0

Gp1) = 2\/;/// ¢7 cos O f1ydg,do.ds. (v =1),
cos ;>0

2 1
/ dy / dyH? / / ¢ foiyd,dd,dg, = % (A9)
0 0

The curvature term ¢, sin x cos 6, (sinh n,)~'d fi0)/86, , which ought to appear as an inhomogeneous
term, vanishes because the leading-order solution (A5) is independent of 6,. The solution f is
sought as a sum f(l) = A(el")en + f("gd of even ( f(elv)e“) and odd ( f(‘ﬁd) functions with respect to 6;.
Because the operator D, preserves the parity in 6;, the problem is decomposed into separate sets

A

of the boundary-value problems for f7" and f("gd. A solution of the former is a Maxwellian at
rest [11]:

A

fEen = C)E, (A10)

where C(y) is an arbitrary function of x subject to Eq. (A9).
The odd function f$3¢ can be reduced to a simpler problem by putting /¢ = fio)¢. to yield

P psinf, 1 dp)
D ¢ =—L(p)— — , All
$pDec® k (¢) H  po dy (A11)
¢ = 2uyqlpsind, (y=0,cos6; > 0), (A12)
¢ =2uypl,sind;, (y=1,cosf, <0), (A13)
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where L£(-) is the linearized collision operator defined by EL(¢) = 2J(E, E¢). Because of the
linearity, the solution is given by

1 dp) k k
¢(y9 Xv;):A__CDP Y, ;’A_vx +uwaq>Ca y9;’,\_7x
Py dx 1Z0) 120

k
+ uwaDCb (yv ;9 ~ X)v (Al4)
Po)

where ¢ is an abbreviation for (¢,,0;,¢;). The functions Pp(y, ;;IE, x), Pca(y, g';l},)(), and
®cy(y, &3k, x) are the solutions of the following boundary-value problems: for ®p (generalized
Poiseuille flow),

{,DL . Pp — %ﬁ(d)P) = _g“ps[i{—neg’ (A15)
®Pp=0 (y=0, cosfy >0andy =1, cosé, <0), (A16)
for @, (Couette flow for inner rotation),

£yl Pea — %ﬁ(CDCa) =0, (A17)
Dy =2¢,sin0; (y=0, cosf; >0), Pc, =0 (y=1, cosf; <0), (A18)

and for ®¢y, (Couette flow for outer rotation),
¢pD ey — %ﬁ((DCb) =0, (A19)
b, =0 (y =0, cosf; >0), Pcp=2¢,sinf; (y=1, cosf, <0). (A20)

Note that the solution of Eqs. (A19) and (A20) is not simply the mirror image of that of Eqs. (A17)
and (A18) with respect to y = 1/2 because the operator D, depends on y explicitly through H(y, x)
and sinh n; see Eq. (33). From Egs. (A5), (A10), and (A14), the solution (36) is obtained.

The normalized flow velocities up, uc,, and ucy are defined by

wiiko 0 = [[[ 2 sinos s 6k 0BG M0cde. @ =R CacorChy  (A21)
Similarly, the normalized shear stresses Sp, Sca, and Scp, are defined by
Sy(yik, x) =2 / / ¢, cos Oy sin 0, Dy (y, &:k, x)EdL,d0,ds.  (J =P, Ca, or Cb). (A22)

The flow-rate coefficients mp, mc,, and mcy, are defined by

1
mJ(];aX)ZV[ Huy(y;k, x)dy (J =P, Ca, or Cb). (A23)
0

Incidentally, for the BGKW kinetic model, the linearized collision integral is

E((D) = // K(C, C*)@(C*)Cp*E*de*dQ;*dfz* -,

3
K(§7 g*) =1 + Zé‘pé‘p* 005(9; - 0{*) + 2§z§z* (;. + { - _> <§,0* + é"r* - E)v (A24)

where E, = 7732 exp(— g“ — {Z*) The data presented in Figs. 2 and 4 are computed by sub-
stituting Eq. (A24) into Eqs (A15)—-(A20) and solving numerically using a finite-difference
method [11].
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For the infinite Knudsen number (k = 00), the solutions ®¢, and P, are given by

. cosh n,—cos
rgm@m#mfnw<®WML a2s)

0 [16:1 > O, I,

Ca —

Cb = : COS. —COS
2¢, sin 6 SSLEEL {16 > O (n, x)],
where
hn —
O, x) = Arcsin<w>, (A27)
coshn, — cos x
in terms of the original variable 5. Therefore,
1 cosh n, — cos x
uca = |5 — AN ) | (A28)
2 coshn — cos x
1 cosh 7, — cos x
uch =5+ A X | ————— (A29)
2 coshn — cos x
where
/2 — 0, x)+sin20(n, x)/2
A, x) = - . (A30)
From Egs. (A28) and (A29), we find
ucy — Uca = 0(/¢), (A31)
ucy + uca = 1+ O(c), (A32)

because 1, — 1, = O(c) [see Eq. (8)] and A = O(y/c) (see below). Multiplying both sides of
Eq. (A31) by yH and integrating with respect to y, we obtain

mey — mcy = O(/<). (A33)

To derive A = O(,/c), we used cos(nr/2 — ®) =sin® =1 —cqy + --- from Eq. (A27) where
q = —y sinhn,/(coshn, —cos x) = O(1), and hence 7 /2 — ® = (2cqy)1/2 + .-

APPENDIX B: REYNOLDS EQUATION BASED ON THE NAVIER-STOKES EQUATION

In this Appendix, the Reynolds equation is derived from the Navier—Stokes equation and the slip
boundary condition. In this Appendix, we follow an approach that is more familiar in continuum
tribology. To this end, we use the following dimensionless flow velocities:

vy Uy B1)
Uy = —, Uy = —,
LA £
where v,, = max(|vyql, |vwsl), in place of 9, and ¥,, because u, = O(1) is convenient in this
analysis. We assume that the gas temperature is uniform because Eq. (36) yields 7 = 1, then the
viscosity of the gas is also uniform. We study the solution under the condition
KLk, by =0(), (B2)

where ,, = v,,/(2RTy)"/? is a quantity of the order of the Mach number. The Reynolds number Re

is, from Eq. (46),

. PoVw (Fp — Fa) . 20y,
o nk’

Our goal is to derive a Reynolds equation that is correct up to O(c).

Re

thus ¢ < Re « 1. (B3)
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The dimensionless Navier—Stokes equation in the bipolar coordinate system in Fig. 1(b) is
given by

A(HP AHP
( pun)+cy (H puy)

3y oy =0, (B4)
o L Bt Dy sk o sy
yH 9y H dy sinhn, * sinh 7,
_ L 9p A 1 c dHu & dHu, 4 jdiva ®5)
© 202yHdy Re| Hax\yH?> dy H? 3y 3yH 93y |
a a sin sinh
A(ﬁﬁ RO LY S nuxun>
yH 0y H oy sinh 1, sinh 1,
c 0p n 1 1 9 1 0Hu, ¢ 0Hu, 4 9adivu (B6)
= — —_— —_— —_— —_—— C— s
202Hdx Re| yH dy\yH? dy H? dy 3H dy
s i 1 <1 OHu, BHMX) -
p=p divu=—|(— c—2).
H>\y oy Ix

The factor (2135))’1 appears in the pressure-gradient terms in Egs. (B5) and (B6) because we use
the dimensionless pressure p = p/po here rather than p/(pov2 ). The slip boundary conditions are
given by

k ko Ouy  Dyg

- == =0 =0), B8
R 77 TR P e
k ky 0 v
w— S-Sy =0 (=), (BY)
pyHy, 3y 0y
where ky is the slip coefficient [3] which depends on the molecular model, e.g., ko = —1.016 for

the BGKW equation and the diffuse-reflection boundary condition, and H, and H, are H at y =
0 and y = 1, respectively. The dimensionless pressure p, which is unknown, enters the boundary
conditions (B8) and (B9) because the mean free path varies significantly due to the finite pressure
variation. The normal and shear components of the stress are given by

202/ 2 9 i 2
5 ”w(_ﬂ 2c S0X ux——divu), (B10)

P =P~ Re yH 9y csinh Na 3
202 (1 du, ¢ du, sin x sinh n
Re A

Dyn = — B11
Pxn vH oy ' Hax Csinhnp, " Csinhn, " (B11)

From the boundary conditions (B8) and (B9), we find u, = O(1). Substituting this into the
continuity equation (B4), we obtain

cy [ 0(Hpuy)
= — — " X dy = O(c). B12
Uy Hp /(; dx y (c) (B12)

Thus, diva = O(c). Multiplying both sides of Eq. (B5) by c, and noting that (sinh 7,)~! sinh  and
(sinh 7,)~! sin x are of O(1), we obtain
cRe dp

—— — = O(cRe). B13
757 5y = O(cRe) (B13)

w

That is, cRe(Zf)i)’1 p is independent of y up to O(c). However, by neglecting the terms of O(cRe)
in Eq. (B6), we obtain

1 8( 1 8Hux>_ cRe dp (B14)

yHay\yH> 9y ) 20 Hdyx
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This equation can be further simplified by using dH/dy = O(cH) and neglecting the term of O(c?),
to yield

3%u, _ cyiRe y?H pk dp

— . BI15
dy? 202y kpdy (B15)

Equation (B15) and the boundary conditions (B8) and (B9) constitute the linear and inhomogeneous

boundary-value problem to determine u, that is correct up to O(c). Because of the linearity, the
solution is given by

cyiRek dp k Dwa s k Db 1 k
= 37 S5 3= B16
Uy 2v2}pdxpyﬁx+ MCayﬁx 5 ypx (B16)
Here, ugs(y,k X)), ug: (y,k x), and ug; (y,k x ) are solutions of the following linear boundary-value
problems: for up (y,k X)(Pmseullle flow),

32 ns 2
T _ Yy (B17)
dy nk
au;lf v OU
= Ba =0 =0, up +5B 3 =0 (=1, (B18)
for us, (v; k, x ) (Couette flow for inner rotation),
82uCa
=0, (B19)
8y2
oug, oug,
ucy, — Ba =1 (y=0), ue,+B =0 (=1, (B20)
dy dy
and for ug (v; k, x ) (Couette flow for outer rotation),
32qu
=0, (B21)
ay?
U, 3”&
ugy — ﬁa =0 (=0), uc,+ph =1 (=1, (B22)
where
—kok —kok
Bu= ——, Bp=—0. (B23)
VHa VHb

As in Sec. III B, the solution (B16) is undetermined unless p(yx ) is known.

The dimensionless pressure p is determined by the mass conservation Eq. (31), which can also
be obtained by evaluating Eq. (B12) at y = 1 and multiplying by 9,,. From Eqs. (B16) and (B3), we
obtain , (= D,u,) as

A 1 dp ns< k ) Uwa ns ( k > wb ns < k ):|
v, =cl——up|y:=, x|+ uc | v =, x +—u V=, X (B24)
X [p dy P b C: b Cb b
Substituting Eq. (B24) into Eq. (31), we obtain
d k dp k . k
o [m?f(I—a, x)a + uwamea(ﬁ, x) + uwbpmésb<l—3, x)} =0, (B25)

where mp’ s(k, xX), mga(k X ), and mg; (k x ) are defined by

m = y/ Hu}*dy (J=P, Ca,orCb). (B26)
0
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Equation (B25) is the Reynolds equation derived from the Navier—Stokes equation and the slip
boundary condition. Equation (B25) is of the same form as Eq. (37) in Sec. III B except that the
flow-rate coefficients mp, mc,, and mcy, in the latter are replaced by mp’, m,, and mg; , respectively.
The process to construct the solution is similar to that in Sec. III B. The flow-rate coefficients in
Eq. (B25) contain p through the first argument k/p, which originates from the k/p dependence of
the slip factors in Eqgs. (B8) and (B9). The components of the stress that are correct up to O(c) are

Dyy = D, (B27)

p y; A X uwap y; A% X wb , R X s
X dX P p Ca Cb

where S3°(y; k, x), S& (s k, x), and S& s k, x) are to be given by Eqs. (B32) and (B33) below.

Our final task is to solve Egs. (B17)—(B22) to obtain the coefficients mp®, m¢,, and mg; . Because
we are interested in the solution that is correct up to O(c), the Taylor expansion H = H,(1 + cyH,y)
of the scale factor H may be used. Then, Eqs. (B17)—(B22) are integrated analytically to yield

o _VoHof 1425 2 J/Ha[ 1438, - 3“
e = 2V1/E{1+ﬂu+ﬂb(y+'8a) yte 3 1+/3a+/3b(y+ﬂa) Yy (B29)
o 1HA =y

_ , B30
ST Bt By (B30
. Ba+y
o PaT) B31
" B+ By B3
H,[ 142 Hyf 143
sos =Y [—Jr b oyt <—+ Py —3y2>:|, (B32)
2H ]+:3a+,3b 3 1+/3a+/3b
ns ns y]/; 1
s = S I (B33)

T T YH T+ Bt By
where B, and 8, are defined by Eq. (B23). Substituting Eqs. (B29)—(B31) into Egs. (B26), we obtain
s — V3H? 1+ 4B, + 4B + 128, + cyHa(1 + 3Ba + 585 + 128.55)

P = . (B34)
12)/1]( 1+ lga + /317
mhs — J/Ha I+ 2,3b ( CVHa 1+ 3,3b> (B35)
T2 14+ B 3 1+28)

H, 1+28, H,2+38,
iy = Ve 1% A <1 YHa2 3P ) (B36)

2 1+8.+8 3 1428,

The nonslip solution is obtained by putting 8, = 8, = 0.
From Egs. (B35) and (B36), we find
H,)? 1468,

mey, — me, = (Ml 140 (B37)

6 1+:3u+,3b

neglecting the terms of O(c?), that is, the difference in the flow-rate coefficients of Couette flows
between the outer and inner rotations is of O(c). From Eqs. (B30) and (B31) we find

udy, +ug, =1, (B38)

that is, the sum of the normalized flow velocities u¢, and ug, of the two Couette flows is unity when

neglecting the terms of O(c?). Equations (B37) and (B38) play important roles in Secs. III B and V.
APPENDIX C: DATABASE OF THE FUNCTIONS mc, AND mc;,

A simple database of the functions mc,(k, x) and mcy(k, x) [Eq. (A23)] is provided here. This

database is based on Chebyshev interpolation for two independent variables k£ and y, and is a
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TABLE 1. Coefficients Ccypy and Ceppy in Eq. (C1) for ¢ = 0.025 and ¢ = 0.5 (BGKW model).

0.06290 0.01257 0.00165  —0.00126  —0.00047  —0.00008 0.00002
0.01649 0.00538 0.00076 ~ —0.00052  —0.00022  —0.00004 0.00000
—0.00285 0.00079 0.00016  —0.00006  —0.00005  —0.00001 0.00000
—0.00334  —0.00062  —0.00004 0.00007 0.00001 0.00000 0.00000
—0.00048  —0.00047  —0.00006 0.00005 0.00002 0.00000 0.00000
0.00048  —0.00005  —0.00002 0.00000 0.00001 0.00000 0.00000
0.00027 0.00011 0.00000  —0.00001 0.00000 0.00000 0.00000

m n=0 1 2 3 4 5 6
Ceamn 0 —0.94788 0.60092 0.06891 —0.06200  —0.01941 —0.00291 0.00049

1 —0.07354  —0.01801 —0.00281 0.00166 0.00076 0.00018 —0.00001

2 —0.02127  —0.00808 —0.00135 0.00071 0.00037 0.00009 0.00000

3 0.00210  —0.00148 —0.00033 0.00011 0.00009 0.00002 0.00001

4 0.00384 0.00072 0.00005 —0.00008  —0.00002 0.00000 0.00000

5 0.00084 0.00067 0.00009 —0.00007 —0.00003 0.00000 0.00000

6 —0.00044 0.00012 0.00004  —0.00001 —0.00001 0.00000 0.00000

7 —0.00033 —0.00012 0.00000 0.00001 0.00000 0.00000 0.00000
Ccomn 0 —0.83728 0.62540 0.07279  —0.06423 —0.02045 —0.00318 0.00050

1

2

3

4

5

6

7

straightforward application of that in Ref. [13]. The formula for my(k, x) (J = Ca or Cb) that is
valid in the domain 0.05 < £ < 20 and 0 < x < 2 is given by

Np—1N,—1
my(k, x) = exp [Z > ClmTu(AIOT,Qlx /7 — 1] — 1)} (J =Caor Cb), (C1)

m=0 n=0

where A = 1/(In20). The N,, and N, are constants that are chosen appropriately, and Cy,,, are
constants determined by ¢ and ¢, and a choice of N, and N,. For ¢ = 0.025 and ¢ = 0.5, for
example, N,, = 8, N, = 7, and the values of Ccyy, and Ceyyy, are presented in Table 1. Values for
other ¢ and ¢ are available from Ref. [19]. Equation (C1) is also applicable to the function mp
provided that the coefficients Cp,,;, in Ref. [19] is used and that the right-hand side is multiplied
by —1. The functions 7,(-)’s are the Chebyshev polynomials defined by Ty(z) = 1, T1(¢t) = ¢, and
T,(t) =2tT,_(t) — T,—2(t) (n = 2,3, ---). A comparison with the results of direct calculations of
Eq. (A23) shows that the approximation error of Eq. (C1) using Table I is uniformly less than 0.1%
in the domain 0.05 < k <20 and 0 < x < 27.

APPENDIX D: DERIVATION OF THE WOC MODEL

In this Appendix, the WOC model of the lubrication equation is derived. The derivation is quite
similar to both that in Appendix A and that in Appendix E in Ref. [11], and so it is outlined only
briefly here. The basic equations are Eqs. (23)—(29). Now Eq. (34) is replaced by the original form
(23) without using D;,.. The solution f is sought in the form of the power-series expansion (32), in
which the second and third terms on the left-hand side of Eq. (23) are now treated as higher-order
terms because of the small factor c.

Substituting the expansion (32) into Egs. (23)—(29) and formally arranging terms of the same
order in ¢, the boundary-value problem for the leading-order solution fg) is

¢, cos O, 3oy 1.,
— = , , D1
JH oy T (fo0), f0)) (D)
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together with Eqs. (A2)—(A4). The only difference from Appendix A is that the operator D, is
replaced by its first term (yH)™' cos 6,9/dy alone. A solution f(o) is an equilibrium state (AS5) at
rest.

The boundary-value problem for the first-order solution f;, is

¢, cos O, 8f(l) _

2.5 4 ¢, sin 6, 3 f0)
= ZJ(fo), 22 % 0
CH oy & (Joy fy)

: D2
H oy (D2)

together with Egs. (A7)—(A9). Once more, the only difference froIn Appendix A is that the operator
D, is replaced by its first term alone. The curvature term £,Gd f(9)/30;, which ought to appear as
an inhomogeneous term, vanishes because the leading-order solution (A5) is independent of ;. The
solution f(l) can be sought following a quite similar way to that in Appendix A, from which we
obtain

. A 1 dpoy . k
f(y»X7§):p(0)E{l+c|:" _()®P06<ys;;%»x>

Py dx
k k C
+uwa®8§c<y, & —, x) + uwb®8§°< L 85—, x) + ﬂ] } (D3)
P) P©) P©)

which is the counterpart of Eq. (36). The functions ®F°(y, ;;IE, x), P, ;;IE, Xx), and
DLy, &k, x) are the solutions of the same boundary-value problems as Egs. (A15)—(A16),
Egs. (A17)-(A18), and Egs. (A19)-(A20), respectively, except that the operator D is replaced
by its first term alone. For example, for @£ (Couette flow for inner rotation),

{pcosf, ADTT 1
yH 3y &k
OL =2¢,sin0; (y =0, cosf, >0), P =0(y=1, cosb, <0), (D5)

L(Dg), (D4)

and for ®X° (Couette flow for outer rotation),

0y DX 1
é‘/) cos ¢ Cb — :E(Qggc)’ (D6)
yH dy k
PR =0(=0, cosf, >0), P& =2¢,sinb, (y =1,cos0; <0). (D7)

Substituting the distribution function (D3) into Eq. (30c) and then into Eq. (31), we obtain the
Reynolds-type Eq. (42), which is the counterpart of Eq. (37). The flow-rate coefficients mp°¢, mg>c,
and mgp° are given by Eqgs. (A21) and (A23) in which &5 (J = P, Ca, or Cb) is replaced by ®7°°.
The macroscopic variables are obtained in a similar manner to that in Appendix A. For example,
the components of the stress are p,, = p and

. dpo k . k . k
DPyn = C[ ¢ )SEV“(y; — x) + UnaP0)SELS (y; —, x) + uuwpD0)SCy (y; -—, x)] (D8)
dx P0) PO Py

where S§°¢ is given by Eq. (A22) in which ®p is replaced by ®3°°, and so on.
Finally, Egs. (43) and (44) are derived. To this end, we change the variables (¢,, 0;, ¢;) to the
original variables (¢,, ¢y, {;) by Eq. (22) and y to Y defined by

1
dY =yHdy, Y =0 aty=0, lef yHdy. DY)
0

Here, Y and Y; depend on yx through H. The boundary-value problem (D4) and (D5) and that (D6)
and (D7) are transformed into, respectively,
1

wOoC
9PE” _ 1 qpeey, (D10)

& Y k
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W _2r, (¥ =0,2,>0), =0 (Y=Y, <0), (D11)
and
dore 1 .
—=2 = _L(D¥* D12
w0 (Y =0,¢ <0), ON=2, (Y=Y, >0). (D13)

Regarding Y as the spatial variable, each problem is equivalent to that of plane Couette flow between
the parallel planes (0 < Y < Y}) in which either of the walls moves at the unit speed. As is well
known, the flow rate is equal to Y;/2, i.e.,

Y) Y 1
/ dy / L OLCEdE = / dy / ¢ OLEdE = EYI' (D14)
0 0
Using Eqgs. (D9) and (22), we find
mEs = mi’ = 1vy. (D15)

Thus, Eq. (43) is derived. Furthermore, Y, is independent of k by definition (D9), and so m{y° and

mdp¢ are independent of k, to yield Eq. (44). Relation (D15) is numerically confirmed. Similar to

Eq. (D15), we can also show that S&¢ = —Sp°.
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