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This paper presents a theoretical study of circulation of streamwise vortices that are
generated by a hypermixer strut in a supersonic flow. By taking account of the spanwise
velocity, the circulation based on the streamwise vorticity is derived from an inviscid flow
around the strut. The theoretical circulations are in agreement with the values obtained
from three-dimensional numerical simulations for small slope angles at a Mach number of
2.48. Therefore, the proposed circulation formula can contribute to designing struts, in that
it depends only on the strut configuration and inflow conditions. This study also finds that
the linear relations between circulation and angle is broken by separated flows on the slope
wall with increasing angle and the maximum value in circulation is expressed as a product
of the mainstream velocity and the height of the strut.
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I. INTRODUCTION

The main issue in the field of supersonic combustion ramjet propulsion is to address effective
fuel-oxidizer mixing in the engine over the short time scale of combustion [1]. To enhance mixing in
supersonic flows, the use of axial vorticities, i.e., streamwise vortices, is extremely effective [2–4].
Moreover, vortex breakdown induced by an interaction between streamwise vortices and shock
waves has a large effect on mixing and combustion [5–7]. The fundamental physics underpinning
streamwise (axial) vortices is important because those vortices are intimately linked with instabilities
and turbulent transitions. Previous work has demonstrated that flows with streamwise vortices are
more unstable than those without axial vorticity. Those results are related to the fact that a crop
of unstable streamwise vortices and their interactions result in a breakdown in the process of
turbulent transition, as observed for low-speed flows; however, the results indicate the effectiveness
of streamwise vortices at high-speed flows (see, for example, [8]). Furthermore, a streamwise vortex
can entrain the surrounding air; the presence of strong axial vorticity has the benefit of greater mixing
power. The entraining efficiency of streamwise vortices was also shown to be high in round jets [9].

However, with regard to the production of axial vorticities, it is difficult to produce a large swirl
number, i.e., a vortex with large circulation, in supersonic flows. Thus, it is necessary to devise a
way to generate streamwise vortices with loss reduction and without a complex generator for the
swirl components. To decrease the loss, some strut-type injectors using a ramp device have been
proposed for supersonic mixing problems [10–14]. Each strut injector has a feature designed to form
streamwise vortices in the center of the mainstream (see Fig. 1), such as lobed struts [10], struts
with parts parallel to the flow [11–13], and single-wedge lobed struts [14]. Moreover, it has been
demonstrated that the streamwise vortices generated by those kinds of injectors play a large role in
supersonic combustion at a Mach number of 2.5 [15–17].

The circulation of a streamwise vortex is a crucial indicator of the entrainment rate; therefore,
the present investigation takes particular note of the formation process of the vortex. Although it
is expected that the circulation generated from ramp devices depends on the height and the slope
of the strut, few studies have ever investigated the relation between the circulation and slope of
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FIG. 1. Schematic of a streamwise vortex induced by a hypermixer strut.

the strut despite the importance of this relation. If circulations could be estimated with ease and
accuracy, it would be more convenient to design strut injectors. In practice, a theoretical basis for
the circulation estimation is required, particularly under high-enthalpy flow conditions [15] at the
time of supersonic combustion.

In this paper the relation between the circulation of a streamwise vortex generated by a hypermixer
strut and the slope of the strut is investigated under a high-enthalpy flow. As part of the approach, the
circulation is deduced from a theoretically derived formula based on inviscid supersonic flows. The
formula is validated as per the values obtained from three-dimensional (3D) numerical simulations.

II. STRUT INJECTORS TO INDUCE STREAMWISE VORTICES

Figure 2 shows the strut injector for inducing streamwise vortices in supersonic flows that is
studied here; it is the same as the one commonly used in the literatures [11,12,15–18]. This strut
comprises the leading edge of a symmetry wedge with a half-apex angle of 5.7◦, the parallel pylon
part, and the trailing edge that has asymmetrical up and down slopes, which alternate in the span
direction; the width of the slope is D = 11 mm, the height of the strut is H = 10 mm, and the
slope angle is θ (in degrees). Note that the length of the trailing edge XS = H/ tan θ decreases
with increasing θ . This strut is also excellent for drag because under the assumption of an inviscid
flow, the drag coefficient [19] caused by shock waves is 0.0174 at the mainstream Mach number
M∞ = 2.48 and the loss of total pressure is approximately 1% due to the shockwave.

FIG. 2. (a) Schematic of a hypermixer strut, also shown from (b) the side view and (c) the rear view.
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III. NUMERICAL FORMULATIONS

A. Governing equations

The governing equations are the 3D, unsteady, compressible Navier-Stokes equations in general
coordinates ξi (i = 1 − 3) and are given as follows:
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where Q is a vector of conservative variables and Fi and Fv i contain the convective and viscous
fluxes, respectively. The Jacobian J transforms the coordinate system from physical space to
computational space, J−1∂ξi/∂xk are the derivatives for the coordinate conversion, i.e., the metrics,
and Ui are the velocity components at the cell interface in general coordinates. Further, ρ is the
density, ui are the velocity components in Cartesian coordinates, e is the total energy, p is the static
pressure, τij is the viscous stress tensor, and qi is the conductive heat flux. In these expressions,
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+ 1
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where T is the static temperature and R is the gas constant. The viscosity μ and the thermal
conductivity κ are calculated according to Sutherland’s law

μ(T ) = μ∞

(
T

T∞

)3/2
T∞ + ϑ

T + ϑ
, (5)

κ(T ) = μ(T )Cp

Pr
, Cp = γ

γ − 1
R, (6)

where μ∞ = 3.64 × 10−5 Pa s, ϑ = 110.4 K, R = 287 J/kg K, and the Prandtl number is Pr = 0.72
for air.

B. Numerical methods and computing conditions

The purpose of this study is to capture a large-scale structure (streamwise vortex) in a complex flow
field including shock waves rather than estimating quantitative small scales in their fully developed
states. In that regard, the large-scale vortical structures are resolved on a sufficient number of grids
based on the relation between the circulations obtained from these simulations and the total number
of grid points listed in Table I.
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TABLE I. Normalized circulation and grid points.

Total grid points Normalized circulation

739500 0.865
2068500 0.754

15470000 0.703

The numerical method used here is a kind of shock-capturing scheme. The convective flux terms
are evaluated using a third-order total variation diminishing scheme [20]. The viscous flux terms
are calculated to second-order accuracy using a central difference method. The temporal integration
adopts a lower and upper alternating direction implicit method. Turbulence models are not used
because the models may have harmful effects on static pressure at a vortex’s center [21] and on the
circulation, which are both important in this study. Laminar simulations (as strict conditions) have
an advantage in the design of strut injectors for inducing streamwise vortices, because laminar states
on the strut wall provide an easy opportunity to generate separated flows compared with turbulent
states, which are robust over separation. Thus, if separation does not occur under laminar conditions,
it will not occur under turbulent conditions. It is intended that a streamwise vortex can be formed
using strut injectors without problems.

The computational domain has a shape corresponding to that of the supersonic combustion test
[15], which was performed at the Japan Aerospace Exploration Agency, as shown in Fig. 3. The
strut is located in the center of the wind tunnel, which is 50 mm in height (with an expansion angle
of 1.72◦ in the downstream direction). Figure 4 shows a lateral view of the mesh: the vertical section
[Fig. 4(a)] and in the vicinity of the intersection of the slopes [Fig. 4(b)]. The mesh around the
strut was formed by solving the elliptic partial differential equation with regard to orthogonality,
343 × 282 × 160, in parts, 197 × 210 × 50. Note that the X-coordinate origin is the trailing edge
of the strut; the coordinate axes are described in Fig. 2(a). For the spanwise direction, the domain
consists of the length from half of the down ramp to half of the up ramp, i.e., a streamwise vortex is
included, based on the symmetry shown in Fig. 2(c).

The inflow is fixed to the values listed in Table II (high-enthalpy flow conditions [15] for the
combustion test) and the outflow condition is extrapolated to zeroth order. The slip condition is
assumed on the up and down walls of the wind tunnel. As described above, a symmetric boundary
condition is applied to the X-Y boundary surfaces in the span direction. The boundary of the strut
wall is considered to have unsteady, adiabatic, and nonslip conditions. To verify the theoretical
circulation of the streamwise vortices derived in Sec. V, numerical simulations are conducted for
eight values of the slope angle θ at a Mach number of 2.48.

C. Comparison between the present simulations and cold flow measurements

To compare with measurements, a flow field around a strut with a slope angle of 22◦ is calculated
at M∞ = 2.45. Another wind tunnel is used here; its measurement area is 80 × 80 mm2 and the

TABLE II. Inflow conditions (vitiated airstream).

Inflow condition Value

Mach number M∞ = 2.48
velocity U∞ = 1836 m/s
density ρ∞ = 0.137 kg/m3

static pressure p∞ = 0.058 MPa
static temperature T∞ = 1329 K
ratio of specific heat γ = 1.28
unit Reynolds number Reunit = 6.9 × 106 m−1
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FIG. 3. Configuration of the computational domain.

experimental conditions are listed in Table III. At X = 22 and 35 mm, the measurements are subject
to the effect of reflected separation shock waves due to interactions between shock waves occurring
from the leading edge of the strut and boundary layers on the wind tunnel. Since it is hard to
resolve the boundary-layer separation at the wall owing to the interaction with the shockwave, i.e.,
shock-wave–boundary-layer interaction [22], in terms of the calculated load, the numerical boundary
condition at the wind tunnel walls is used as a slip wall; thus, the state of shock waves reflected on
the walls differs in the experiments and must have slightly shifted. Figure 5 shows a comparison of
the simulation and measurement results for the streamwise mass flux ρ U (kg/m2 s) at X = 10, 22,
and 35 mm. The qualitative profiles nearly match with the measurements and these comparisons are
also quantitatively matched at X = 10 mm, where the reflected shock waves do not impinge on the
streamwise vortex.

IV. NUMERICAL RESULTS AND DISCUSSION

A. Streamwise vortices obtained from 3D numerical simulations

First, streamwise vortices are discussed based on the numerical results. Figure 6 shows the results
of the numerical simulation at θ = 36◦: Figure 6(a) shows the contours of the schlieren images at
Z = 0 mm of the cross plane of the up and down slopes through the center of a streamwise vortex;
Fig. 6(b) shows the contours of the images at Z = D/2 = 5.5 mm of the middle surface of the up
slope; Fig. 6(c) shows the isosurface of the second invariant of the velocity gradient tensor [23],
which is often used to visualize vortical structures; and Fig. 6(d) shows the axial vorticity contours
in several surfaces perpendicular to the mainstream between X = −10 and 40 mm. In Figs. 6(c)
and 6(d) positive and negative axial vorticities are rendered in red and blue, respectively.

This paragraph outlines the streamwise vortex formation induced by the strut set in the supersonic
flows. Figure 6(a) shows that a streamwise vortical structure is sharply etched behind the strut.
Moreover, Fig. 6(b) shows that separation occurs at the lower end of the strut, where the expansion
waves are present. In Figs. 6(a) and 6(b) the two shock waves emitted from the leading edge of

FIG. 4. Lateral view of configuration of the mesh: (a) vertical section and (b) vicinity of the intersection of
slopes.
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TABLE III. Inflow conditions in a cold flow experiment.

Inflow condition Value

Mach number M∞ = 2.45
velocity U∞ = 562 m/s
density ρ∞ = 0.170 kg/m3

static pressure p∞ = 6.409 kPa
static temperature T∞ = 130.9 K
ratio of specific heat γ = 1.4
unit Reynolds number Reunit = 1.058 × 107 m−1

the strut are reflected at the wind tunnel and the parallel part of the strut. Figure 6(c) shows that
a large-scale vortical structure, i.e., a streamwise vortex, is formed by the strut and a double-shear
layer occurs at each trailing edge, i.e., at the top and bottom surfaces of the slope. Figure 6(d),
which shows the vertical planes in the stream, also confirms that a streamwise vortex with positive
vorticity results from the vorticity streaming through the top surface of the slope. This process is
consistent with what is depicted in Fig. 6(c). Additionally, it is found that the positive and negative
vorticities in the shear layers are caught up in a streamwise vortex bent by its own rolling effect.
Although the result differs from the literature [11] for a small slope angle θ = 10◦, the same vortical
structure was experimentally observed in ramp-based vortex generators [13]. Notice that negative
vorticities caused by the separation appear around the positive vorticity. The helicity is approximated
as h ≈ u1ω1 when u1 is larger than other velocity components. If the streamwise vorticity is locally
negative ω1 < 0, then the helicity h < 0, provided u1 is positive, so that a sufficient condition for
linear instability is satisfied [24]. Thus, the presence of negative vorticity may be related to the
helicity instability over X = 10 mm where the streamwise vortex has been formed. This has an
important consequence for mixing.

The separation occurs because of a pressure rise in the direction of the main flow [25]. However,
it is difficult to predict how large an adverse pressure gradient has to be to generate a separated
flow on the slope [26], particularly because it depends on the 3D boundary layer. Figure 7 shows
the contours of shear stress on the strut wall at θ = 15◦ and 45◦. This shear stress τηξ is defined as
the component along a flow acting on the vertical surface of the wall; η = ξ2 and ξ = ξ1 in general
coordinates. The separation region is rendered in blue (negative shear stress). It is found that flows
on the parallel parts of the strut separate because of the reflected shockwave. For obvious reasons,
when θ = 15◦, no separation occurs on the slope, whereas at θ = 45◦, the flow is separated there. To
check the separation, the maximum and minimum values of the X component of the velocity in the
Y -Z cross section are shown in Fig. 8. When θ = 22◦, the velocity u1/U∞ is positive over the range
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FIG. 5. Comparison of simulation results with cold flow experiments [the streamwise mass flux
ρ U (kg/m2 s)] for a slope angle of 22◦ at M∞ = 2.45: (a) X = 10 mm, (b) X = 22 mm, and (c) X = 35 mm.
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FIG. 6. Numerical simulation results for the generation process of a supersonic streamwise vortex behind
a hypermixer strut with a slope angle of θ = 36◦ at M∞ = 2.48. Side views of schlieren images are shown for
(a) Z = 0 mm and (b) Z = 5.5 mm. Also shown are (c) the isosurface of the second invariant of the velocity
gradient tensor and (d) contours of the axial vorticity in a plane perpendicular to flow; positive and negative
axial vorticities are rendered in red and blue, respectively.

−1 < X/XS < 0 and when θ = 36◦ and 45◦, both the minimum velocities are negative over the
range −1 < X/XS < 0. These represent reverse flows at the slope, i.e., the separations occur there.

B. Circulation properties of the streamwise vortex

Circulations of streamwise vortices generated by the strut are conserved except in the case of
impinging shock waves at a high Reynolds number (Kelvin’s circulation theorem). As mentioned
in Sec. III B, this study did not use turbulent models that are susceptible to swirl and separation

FIG. 7. Contours of shear stress on the strut wall: (a) θ = 15◦ and (b) θ = 45◦. Separation and nonseparation
are rendered in blue (negative shear stress) and red (positive shear stress), respectively.
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FIG. 8. Maximum and minimum values of the streamwise velocity u1 as a function of X/XS and X/H :
(a) θ = 22◦, (b) θ = 36◦, and (c) θ = 45◦.

(e.g., one of the issues is that circulations are not preserved in swirling flows). The circulation of the
streamwise vorticity ω1 is calculated by the following equation:


 =
∫

A

ω1dA, (7)

where A is the cross-sectional area in a plane perpendicular to the inflow. Figure 9 shows the
streamwise variations in circulations [Figs. 9(a) and 9(b)] and the relation between circulation and
slope angle [Figs. 9(c) and 9(d)]. The horizontal axis X in Figs. 9(a) and 9(b) is normalized by
XS (X < 0) and H (X � 0), respectively. In Fig. 9(a) each circulation obtains an almost uniform
value at X > 10 mm, where the streamwise vortex formation has closed. Each enstrophy has no
extremum downstream [27] and the minimum value of the streamwise velocity in Fig. 8 also remain
unchanged there. Therefore, the formation of the streamwise vortex is not influenced by impinging
the reflected shock waves with the deflection. In the present study, the fact that the shock waves
have no impact on the vortex is consistent with the result presented in Ref. [7] based on the Mach
number and shock angle. The generated circulation has the largest value at θ = 22◦. The angle of
the maximum circulation is close to that of the lobed strut at M∞ = 2.0 [10].

To understand the generated circulation in detail, the circulations are divided according to the
sign of their vorticity (positive or negative) 
 = 
+ + 
−, as shown in Fig. 9(b). The positive
circulation increases with angle until θ = 22◦. When θ is large, a negative circulation is formed
at the slope, −1 < X/XS < 0. The symbols in Figs. 9(c) and 9(d) represent circulations that are
spatially averaged from X = 10 to 50 mm using time-averaged data. Their vertical axes 
 are
normalized by U∞H . In Fig. 9(c) the positive circulations 
+ are nearly identical at θ = 22◦–36◦,
while 
+ decreases when the angle becomes larger than θ = 36◦, i.e., θ = 45◦ and 55◦, owing to
separation at the slope wall. Note that the circulation for large θ may reduce the accuracy of the
value with regard to the resolution of strong separation. However, as described later, the qualitative
assertion that the positive circulation decreases when θ is sufficiently large seems to be reasonable.
Based on the results shown in Fig. 9(c), Fig. 9(d) shows that the relation between circulation and
slope angle is classified into three domains. For case A, 
 is proportional to θ . Although separation
at the slope wall occurs in both cases B and C, those cases are found to differ in the formation
pattern of the streamwise vortices and the tendency of 
+. Therefore, it is important to interpret the
streamwise vortex in terms of positive and negative circulations.

The features of the formation of streamwise vortices are summarized as follows. In domain A, for
a small slope angle, vortices are generated via flow to the low-pressure region on the slope from the
high-pressure region on the top surface, as shown in Figs. 10(a). Thus, the formed circulation value
is decided. In other words, it means that the spanwise velocity in circulation cannot be disregarded.
In domain B, although the negative circulation caused by separation increases with increasing slope
angle, the positive circulation is nearly unchanged and the formation pattern is similar to that in
domain A. However, if the angle is in domain C, the formation process differs from that of the small
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FIG. 9. Streamwise variations in circulations (a) 
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.

angle. The large separation weakens the circulations that are caused by flow from the parallel part,
as shown in Fig. 10(b). The reason is that the deflected flow at the corner of the beginning of the
slope, which is caused by strong separation, causes the net angle to be small. Therefore, the positive
circulation decreases. Subsequently, the axial vorticity component (which occurs when separation
shear layers float on the separation region) becomes dominant compared to the vorticity caused by
the spanwise flow (which is dominant when the slope angle is small). Thus, in this domain, the total
circulation weakens as the angle increases. It is expected that the formed axial vorticities become

(a) (b)

+
+

+

+
separation

weak vorticity

separation

FIG. 10. Schematic of the formation process of streamwise vortices induced by a strut (a) when the angle
θ is small (without separation) and (b) when the angle θ is large (with separation).
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close to those formed by a based-type strut [15], wherein the rear wall is normal to the stream and
the mixing property is low.

C. Mixing transition of streamwise vortices

In the design of a mixer strut, the circulation might provide a useful index of turbulent mixing. At
a Mach number of 2.5, the flow fluctuation spectra that indicate transition to a developing turbulent
flow were measured in streamwise vortices induced by a strut with an alternating asymmetric wedge
[12]. Further, the states were satisfied with Re
 = 
/ν∞ = 9.2 × 104, where ν∞ is the kinematic
viscosity. Dimotakis [28] proposed a mixing transition based on the fact that a leading Reynolds
number has to be above a certain value to produce 3D vortical structures essential for the maintenance
of turbulent mixing. The transition condition to develop a turbulent flow is that the Reynolds number
must be above (1–2) × 104, which is derived from various incompressible turbulent flows. (For the
Richtmyer-Meshkov instability flow, the definition of Reynolds number is based on the large-scale
vortical structure circulation and the Re
 is used.) According to the threshold, it is interesting to note
that the streamwise vortices formed from this strut hold the potential of producing turbulent fields. To
identify with this, it is necessary to simulate a counterrotating pair streamwise vortices [29,30] gener-
ated from the struts. This valuable turbulence problem remains to be clarified in compressible flows.

V. FORMULA FOR EVALUATING THE CIRCULATION OF STREAMWISE VORTICES

A. Estimation of circulations

Flows are laminar on the apex angle of the leading edge and the parallel part in a hypermixing
strut at a Mach number of 2.5 [12] and separation-free along the wall surface if the slope angle θ

is small. Therefore, it is expected that the circulations of streamwise vortices induced by the strut
injector depend on θ , provided H is fixed. Assuming that a flow field is inviscid, the apex angle of
the strut is small and the strut is parallel to the flow, the flow on the parallel part is the same as the
inflow conditions listed in Table II. In this way, the equations in this section estimate the circulation
of the streamwise vortex formed by the up and down ramps at the rear of the strut.

Figures 11(a) and 11(b) show a conceptual diagram of the flow field around the rear of a strut. The
expressions in regions I, II, and III are denoted by subscripted variables ∞, SL, and III, respectively.
Note that region IV is the same as region I, based on the inviscid assumption. The integral path and
velocity components V and W required to estimate the circulation are shown in Fig. 11(c). First, the
Prandtl-Meyer function, which is used across expansion waves between regions I and II, is given by

ν(Mi) =
√

γ + 1

γ − 1
tan−1

√
γ − 1

γ + 1

(
M2

i − 1
) − tan−1

√
M2

i − 1, (8)
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FIG. 11. Conceptual diagram of an inviscid supersonic flow around a hypermixer strut: (a) side view,
(b) rear view, and (c) an integral path of the circulation.
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where Mi is the local Mach number and γ is the ratio of the specific heats. Further, MSL is iteratively
calculated using both Eq. (8) and the expression ν(MSL) = ν(M∞) + θ . The speed of sound cSL is

cSL =
√

γ
pSL

ρSL

. (9)

As the change from region I to II is isentropic, the pressure pSL and the density ρSL in region II are

pSL = p∞

(
1 + γ−1

2 M2
∞

1 + γ−1
2 M2

SL

)γ /(γ−1)

, (10)

ρSL = ρ∞

(
1 + γ−1

2 M2
∞

1 + γ−1
2 M2

SL

)1/(γ−1)

, (11)

respectively. Since the velocity in the vertical direction V depends on the velocity vector and angle
in region II, an expression for V can be determined from Eqs. (8)–(11) and is given as follows:

V = USL sin θ = MSLcSL sin θ, (12)

where USL is the velocity in the stream direction in region II. Supposing that the velocity in the span
direction W is caused by the difference in pressure between regions II and IV, as shown in Fig. 11(b),
Eqs. (13) and (14) are obtained using the same solution as was used in the shock tube problem [31]:

W = 2c∞
γ − 1

[
1 −

(
p′

p∞

)(γ−1)/2γ
]
, (13)

p′

p∞
=

⎧⎨
⎩1 − γ − 1

2γ

cSL

c∞

[(
p′

pSL

) − 1
]

√
1 + γ+1

2γ

[(
p′

pSL

) − 1
]
⎫⎬
⎭

2γ /(γ−1)

, (14)

where p′ denotes a pressure that goes down through expansion waves from region IV and is iteratively
calculated in Eq. (14) and then W is obtained from Eq. (13). Thus, if the path of the line integral in
Fig. 11(c) is set, the circulation 
th is obtained:


th = 2

(
V H + W

D

2

)
. (15)

Equation (15) indicates that the circulation depends on the inflow conditions and strut configuration
(i.e., inflow Mach number and a strut’s height, width, and slope angle). Furthermore, when θ � 1
and using an expansion in terms of θ , the following relations are satisfied:

pSL

p∞
� 1 − γM2

∞√
M2∞ − 1

θ, (16)

p′

pSL

� 1 + c∞
c∞ + cSL

γM2
∞√

M2∞ − 1
θ. (17)

Therefore, approximating Eqs. (12)–(14) on the condition that the slope angle is sufficiently small,
V and W can be rewritten as follows:

V � MSLcSLθ, (18)

W � c∞cSL

c∞ + cSL

M2
∞√

M2∞ − 1
θ. (19)
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FIG. 12. Relation between the circulation and the slope angle: Circulation values were obtained from
numerical simulations (red closed circles); also shown are the theoretical lines of 
th (black solid line) and

th,linear (blue dashed line), based on the present formulas, and the conventional estimations 
old,1 (green dotted
line) and 
old,2 (pink solid line).

Equations (18) and (19) almost linearly depend on θ . By substituting these into Eq. (15), the
circulation 
th,linear is given as follows:


th,linear = Kθ, (20)

K = 2MSLcSLH + c∞cSL

c∞ + cSL

M2
∞√

M2∞ − 1
D, (21)

where K is a constant.

B. Relation between circulation and slope angle

Until now, by neglecting the spanwise flow, the circulation of streamwise vorticity based on a
velocity slip in the vertical direction has been simply estimated using the following equation [11,18]:


old,1 = 2V H = 2USLH sin θ. (22)

This is nearly the same as 
old,2 = 2U∞H tan θ used for a lobed-mixer strut [10], where U∞ is the
velocity of the mainstream and takes no account of the spanwise velocity W . The estimate offered
by Eq. (22) does not agree with circulations generated in experiments [13–15] and simulations [18]
with strut injectors. Therefore, the conventional equation is unsatisfactory in terms of accuracy and
is also not validated for large angles, i.e., strong circulations.

Figure 12 illustrates a comparison between the circulation values obtained from numerical
simulations and those obtained from the theoretical formulas in Sec. V. As mentioned above,
the conventional equation (22) underestimates the circulations. For the case where the slope angle is
small, the theoretical line given by Eq. (15) is consistent with the numerical values. Additionally, the
approximate equation (20) is also similar to Eq. (15). Therefore, the circulation is readily evaluated in
domain A without separation. Also, the numerical results suggest that 
max ≈ U∞H and the height
of the strut H might be comparable to the integral length scale of the elliptic streamwise vortices
formed without separation. Thus, it is extremely important to express the circulation as 
/U∞H . In
previous studies, 
/U∞H was 0.274 [14], 0.32 [13], and 0.35 [11] for a slope angle of 10◦ and 0.54
for the high-angle lobed mixer [10] at 22◦. Since these values fall into the linear region in Fig. 12,
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the devices from the literature can increase the circulation value by increasing the angle. It follows
that the formula derived in this study is useful for designing of strut injectors.

VI. CONCLUSION

This study proposed theoretically derived circulations for supersonic streamwise vortices induced
by strut injectors. In terms of strut design, it is important to consider the advantage of supersonic
laminar flows in the sense that if the flow has turbulence on the wall of strut, then the desired
circulation value is robustly generated by the strut, because the state is resistant to separated flows.
For the case where the slope angle of the strut is small, the circulation of a streamwise vortex
that is evaluated from an inviscid flow around the strut is proportional to the strut’s slope angle.
However, the linear relation between the circulation and the angle is broken by separation on the
slope wall as the angle increases. Subsequently, the author realized that the circulation takes a
downward turn owing to the negative vorticities that originated from that separation. In the linear
region, the theoretical results are validated using 3D numerical simulations and the maximum value
for the circulation is suggested to be expressed as a product of the mainstream velocity and the
height of the strut in the present strut. Accordingly, the proposed formula can contribute to strut
design, wherein the circulation solely depends on the strut configuration and inflow conditions.

From a mixing perspective, to generate the breakdown of streamwise vortices and cause speedy
turbulent transitions, the presence of negative vorticity becomes a key element [32–35]. In domain
A, negative circulation was rarely achieved. In domain C, although the negative circulation was
large, the positive circulation was small; hence, the net circulation was weak, i.e., the entrainment
rate was low. If the separation was strong during the vortex formation stage, streamwise vortices
with large circulation could not be generated, e.g., θ = 45◦ and 55◦. However, at θ = 36◦ in domain
B, both the positive and negative circulations were relatively large and the formed vortex had a
state of enwinding negative vorticities around a positive vorticity, as shown in Fig. 6(d). This result
provides a favorable small-scale structure for mixing enhancement [33,34]. Therefore, it is important
to consider the mixing powers in terms of the positive and negative vorticities.
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