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Attenuation behavior of thermoacoustic combustion instability analyzed
by a complex-network- and synchronization-based approach
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We conduct an experimental study of the attenuation behavior of thermoacoustic combustion instability
from the viewpoints of complex networks and synchronization. The spatiotemporally phase-synchronized state
between the vertexes in weighted networks near an injector rim is notably degenerated as thermoacoustic
combustion instability is suppressed by a steady air jet issued from the injector rim. The synchronization index
clearly captures the attenuation of the mutual coupling between pressure and heat release rate fluctuations. The
decrease in the periodicity of noisy-periodic oscillations in a flow velocity field significantly affects the mutual
coupling, resulting in the suppression of thermoacoustic combustion instability.
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I. INTRODUCTION

The recent sophisticated methodologies of time series anal-
ysis based on the theories of dynamical systems and com-
plex networks have made progress toward an in-depth under-
standing and interpretation of complex combustion dynamics.
These methodologies are becoming increasingly important
for the treatment of a large variety of unstable combustion
phenomena including flame front instability driven by buoy-
ancy or swirl interaction [1], radiative heat loss [2], and
turbulent fire [3,4]. Thermoacoustic combustion instability,
which is self-sustaining and undesirable instability in practical
combustion systems, arises as a result of the strong interaction
among hydrodynamics, acoustic waves, and heat release rate
fluctuations [5,6]. The highly nonlinear dynamic behavior
of the transition from stable combustion to thermoacoustic
combustion instability and vice versa is a subject currently
being focused on by the combustion community, which has
adopted potential methodologies based on complex networks
to extract the hidden nature in complex combustion states
[7]. The Indian Institute of Technology Madras group has
presented two important experimental studies [8,9] of a ther-
moacoustic combustion system consisting of a bluff-body-
type turbulent combustor as follows: (1) the importance of the
visibility graph [10] constructed from pressure fluctuations for
the early detection of the onset of thermoacoustic combustion
instability, involving the link between the scale-free nature
and fractality during combustion noise [8], and (2) the role of
a large-scale wake structure on the physical mechanism lead-
ing to thermoacoustic combustion instability using a spatial
network constructed from flow velocity fluctuations [9]. Our
recent experimental studies using a complex-network-based
approach (the visibility graph [10], ε-recurrence networks
[11], and turbulence networks [12]) have clarified the possi-
ble presence of scale-free and small-world structures during
thermoacoustic combustion instability in a swirl-stabilized

*Corresponding author: gotoda@rs.tus.ac.jp

turbulent combustor, and we proposed a new detector of a
precursor of thermoacoustic combustion instability [13–15].
On another front, the modeling of thermoacoustic combustion
systems through synchronization theory has recently received
attention [16–18]. The Kuramoto model [19], which describes
the synchronized state in coupled oscillators, plays a vital
role in understanding the mutual coupling between pressure
and heat release rate fluctuations during thermoacoustic com-
bustion instability in a bluff-body-type turbulent combustor
[17]. Godavarthi et al. [20] have reported that networks con-
structed from both joint- and cross-recurrence plots are useful
for detecting the generalized synchronization state between
pressure and heat release rate fluctuations. On the basis of a
study by Mondal et al. [17], a recent computational study [21]
has shown the availability of the Kuramoto order parameter to
capture a precursor of thermoacoustic combustion instability
in a rocket model combustor.

Our primary interest in this study is to understand the
attenuation behavior of thermoacoustic combustion instability
in relation to combustion control from the viewpoints of com-
plex networks and synchronization. Various passive and active
control methods to suppress thermoacoustic combustion insta-
bility have been extensively introduced (their strategies have
been summarized in some review papers [22,23]). The key
point for suppressing thermoacoustic combustion instability is
to alter the flame–vortex interaction so as to reduce the mutual
coupling between pressure and heat release rate fluctuations
inside the combustor. Secondary air injection into flame front
is a potentially useful method of suppressing thermoacoustic
combustion instability [24–28]. Similarly to previous studies
[24–28], we adopt a steady secondary air injection system
in this study. The objective of this study is to elucidate how
the steady injection of a secondary air jet into the flame base
alters the dynamic behavior of thermoacoustic combustion
instability using advanced analytical methods based on the
theories of complex networks and synchronization. As an
important and fundamental case study related to thermoa-
coustic combustion instability in a gas-turbine combustor,
we deal with the combustion dynamics in a laboratory-scale
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FIG. 1. Schematic of our experimental system.

swirl-stabilized turbulent combustor. In this study, we first
compute the synchronization parameter [29] in terms of com-
plex networks. We next propose a measure, the synchroniza-
tion index, to capture the mutual coupling between pressure
and heat release rate fluctuations. This measure represents
the correlation between the phase synchronization parameter
and the joint probability of recurrence plots constructed from
two different phase spaces. Finally, we investigate the spatial
distribution of the vertex strength in weighted networks con-
structed from a flow velocity field. This paper is structured as
follows. We briefly describe the experimental system in Sec. II
and the mathematical framework of our analytical methods in
Sec. III. The results and discussion are given in Sec. IV, and
we present a summary in Sec. V.

II. EXPERIMENTS

Figure 1 shows a schematic of our experimental system.
The combustion rig is identical to that used in a previous
study [15] except for an axial swirler. We consider a steady
injection of a secondary air jet as an actuator to suppress
thermoacoustic combustion instability. The axial swirler with
the injector, which has a vane angle of 40◦ relative to the inlet
premixture stream, is installed as a flame holder at the inlet
of the combustion chamber. The injection angle of the injector
is 30◦, and the injector contains eight holes with a diameter of
0.6 mm. A methane-main air mixture is used as the premix-
ture. The inlet main air at 300 K is supplied to the combustion
chamber at a volume flow rate (mean axial flow velocity
at the inlet of the combustion chamber) of 152.4 liters/min
(6.0 m/s). The swirl number [15] of the premixture is 0.70.
The initial equivalence ratio of the fuel-main air premixture φ

without issuing the steady secondary air is set to 0.81 because
it is under this condition that well-developed thermoacoustic
combustion instability is formed. The steady air percentage
Xa, defined as the ratio of the secondary air flow rate to the
main air flow rate, is varied from 0 to 8.0%.

In this study, we simultaneously measure the pressure fluc-
tuations p′ and OH∗ chemiluminescence emission intensity
fluctuations I ′

OH∗ . Note that the OH∗ chemiluminescence emis-
sion intensity is an important physical quantity that indicates

the heat release rate in the study of the dynamical behavior
of thermoacoustic combustion instability. p′ is obtained using
a pressure transducer (JTEKT Products, PD104K-10 kPa),
which is placed at a distance of 20 mm from the inlet on
the wall of the combustion chamber, while I ′

OH∗ is obtained
using a high-speed camera (Photron, FASTCAM SA-Z) with
an image intensifier (Hamamatsu Photonics, C9548-03). An
OH band-pass filter (ASAHI SPECTRA Co., MZ0310) with a
bandwidth of ±2 nm centered at a wavelength of λ = 310 nm
is set before the camera lens. The actual size of each image is
100 mm×100 mm with a resolution of 512×512 pixels. The
sampling frequency of both p′ and I ′

OH∗ is 6 kHz. Similarly to
a previous study [15], we obtain the spatiotemporal evolution
of the flow velocity field during thermoacoustic combustion
instability subjected to steady secondary air injection using
a high-speed particle image velocimetry (PIV) system. De-
tails of the PIV system have been reported in Ref. [15].
As in our previous study [15], the entire flow field during
thermoacoustic combustion instability subjected to steady
secondary air injection predominately consists of three stable
recirculation zones: an inner recirculation flow zone (IRZ),
an outer recirculation flow zone (ORZ) in the dump region,
and a recirculation flow zone in the wake of the center-body
(RZ). These recirculation flows allow the entire flame to be
maintained, with the roll up of the flame caused by vortical
structures stemming from the convective interaction in the
shear layer between the IRZ and the ORZ.

III. MATHEMATICAL FRAMEWORK
OF ANALYTICAL METHODS

In the following subsections, we briefly describe the central
ideas behind the mathematics of the methodologies based on
the theories of complex networks and synchronization.

A. Synchronization parameter

The synchronization parameter [29,30] enables us to mea-
sure the synchronized state in complex networks. We apply
the synchronization parameter rl to the second-order moment
of OH∗ chemiluminescence emission intensity fluctuations
W ′

OH∗ [= 〈|I ′
OH∗ (x) − 〈I ′

OH∗ (x)〉|2〉, where 〈·〉 denotes the mean
over I ′

OH∗ with respect to the x direction at a constant z; see
Fig. 2]. To estimate rl , we construct weighted networks, where
the nodes are each grid at location z, while the edges between
the nodes are the products of the connecting strength wi j and
phase synchronization parameter ri j values.

The determinism of cross-recurrence plots (CRPs) [31]
quantifies the similarity of dynamic behavior between
two trajectories in the same phase space. We estimate the
determinism Dr as wi j in this study. For the construction
of CRPs, the temporal evolutions of W ′

OH∗,i on grid i
and W ′

OH∗, j on grid j are first simultaneously embedded
into identical d-dimensional phase spaces as WOH∗ ,i(t ) =
[W ′

OH∗,i(t ),W ′
OH∗,i(t + τ ), . . . ,W ′

OH∗,i(t + (d − 1)τ )] and
WOH∗ , j (t ) = [W ′

OH∗, j (t ),W ′
OH∗, j (t + τ ), . . . ,W ′

OH∗, j (t + (d −
1)τ )], where τ is the embedding delay time. The
cross-recurrence matrix C is defined as

Cm,n = �(ε − ||WOH∗ ,i(tm) − WOH∗ , j (tn)||), (1)
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FIG. 2. (A) Instantaneous OH∗ chemiluminescence emission
intensity image and (B) the extracted temporal evolution of the
second-order moment of OH∗ chemiluminescence emission intensity
fluctuations W ′

OH∗ during thermoacoustic combustion instability at (a)
z = 20 mm and (b) z = 40 mm.

where � is the Heaviside function, ε is the threshold, || · ||
is the Euclidean norm, and m and n are arbitrary point in
the trajectories in d-dimensional phase space. Dr signifies the
time distance τ ′ from the main diagonal line and is computed
separately for each diagonal line parallel to the main diagonal
line (m = n) as follows:

Dr (τ ′) =
∑N−τ ′

l=lmin
lPτ ′ (l )∑N−τ ′

l=1 lPτ ′ (l )
. (2)

Here, N is the number of phase space vectors, Pτ ′ (l ) is
the frequency distribution of length l of each diagonal line
parallel to the main diagonal line, and lmin is the shortest
allowable diagonal line length (= 5). We set ε so as to satisfy

a recurrence rate of Rr (=
∑

m,n Cm,n

N2 ) = 0.05 and τ ′ is set to the
value for which Dr takes a maximum.

The phase synchronization parameter ri j , which quanti-
fies the degree of phase synchronization between W ′

OH∗,i and
W ′

OH∗, j , is defined as

ri j =
∣∣∣∣ lim
�t→∞

1

�t

∫
t
ei[θi (t ′ )−θ j (t ′ )] dt ′

∣∣∣∣, (3)

where �t is the time interval, and θi(t ′) and θ j (t ′) are instanta-
neous phases of W ′

OH∗,i and W ′
OH∗, j , respectively, obtained by

the Hilbert transformation [32]. Here, ri j takes a value from
0 to 1, and ri j = 1 corresponds to the phase synchronization.

We define the adjacency matrix as

Ai j =
{
wi j ri j i 	= j
0 i = j

. (4)

The value of rl , corresponding to the average value of nodes
in weighted networks, is obtained as

rl = 1

2Nl

∑
i

∑
j

wi j ri j, (5)

where Nl is the number of edges, rl ranges from 0 to 1, and
rl = 1 corresponds to a completely synchronized state. The
node strength s is given as si = ∑

j wi j ri j .

B. Synchronization index

We propose a parameter, the synchronization index, to
detect the significant changes in mutual coupling between
pressure and heat release rate fluctuations. It considers the
phase synchronization parameter and the joint probability of
recurrence plots [31] constructed from two different phase
spaces. The phase synchronization parameter rpq is defined
as

rpq =
∣∣∣∣ lim
�t→∞

1

�t

∫
t
ei[θp(t ′ )−θq (t ′ )] dt ′

∣∣∣∣, (6)

where θp(t ′) and θq(t ′) are the instantaneous phases of p′ and
W ′

OH∗ , respectively, to quantify the degree of phase synchro-
nization between p′ and W ′

OH∗ . To estimate the joint probabil-
ity of recurrence plots, Jr , we construct the joint recurrence
matrix J as

Jm,n = �(ε − ||p(tm) − p(tn)||)
×�(ε − ||WOH∗ (tm) − WOH∗ (tn)||), (7)

where p(t ) = [p′(t ), p′(t + τ ), . . . , p′(t + (d − 1)τ )] and
WOH∗ (t ) = [W ′

OH∗ (t ),W ′
OH∗ (t + τ ), . . . ,W ′

OH∗ (t + (d − 1)τ )]
are d-dimensional phase space vectors of p′ and W ′

OH∗ ,
respectively. Jr , representing the ratio of common parts in
each recurrence plot, is obtained as

Jr = M − Rr

1 − Rr
, (8)

M =
1

N2

∑N
m,n Jm,n

Rr
. (9)

Jr ranges from 0 to 1, where Jr = 1 corresponds to the state
of general synchronization. The synchronization index SI is
defined as

SI = Jr × rpq. (10)

SI increases with the strength of the mutual coupling between
pressure and heat release rate fluctuations. A recent experi-
mental study [33] using a swirl-stabilized turbulent combustor
has shown the presence of period-doubling bifurcation dur-
ing thermoacoustic combustion oscillations. Note that in our
preliminary test using a nonlinear dynamical system [34,35]
that produced period-doubling bifurcation, we confirmed the
validity of the synchronization index through comparison with
the computed SI and Jr .

IV. RESULTS AND DISCUSSION

Figure 3 shows the power spectrum distribution of the
sound pressure level ps and the standard deviation of pressure
fluctuations p′

rms in terms of the secondary air percentage Xa at
equivalence ratio φ = 0.81. p′

rms monotonically decreases with
increasing Xa. It abruptly decreases to approximately 0.01 kPa
at Xa of 6.5%. Thermoacoustic combustion instability with a
dominant frequency of approximately 170 Hz, which corre-
sponds to the 1/4 acoustic mode in the longitudinal direction
of the combustor, is observed in the power spectrum at Xa �
6.0%. The amplitudes of thermoacoustic combustion instabil-
ity are significantly reduced while retaining slight periodicity.
When Xa exceeds 6.5%, the dominant peak of the pressure
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rms as a function of Xa.

spectrum nearly disappears, and the spectrum consists of a
broad frequency band with small-amplitude fluctuations. A
secondary air injection of 6.5% allows the formation of ther-
moacoustic combustion instability to be markedly suppressed.

Figure 4 shows the spatial distributions of the vertex
strength s and synchronization parameter rl in the weighted
networks constructed from the second-order moment of OH∗

chemiluminescence emission intensity fluctuations W ′
OH∗ as

functions of Xa and vertical location z. We observe high
s in the region 5 mm � z � 45 mm at Xa = 0%. The
range of high s remains nearly unchanged at Xa � 4.0% and
abruptly vanishes at Xa � 6.5%. A similar trend is observed
in rl . Gómez-Gardẽnes et al. [29] reported that the phase-
synchronized state expands as rl is increased. On this basis,
it is presumed that strongly correlated vertexes during ther-
moacoustic combustion instability are formed in the region
from near the injector rim to the shear layer between the
IRZ and the ORZ, identifying the formation of a spatiotem-
porally phase-synchronized state. An important observation
here is the gradual decrease in s at z = 14 mm near the
flame base. This indicates that steady secondary air injection
acting on the oscillating flame base, causing a change in the
convective vortical structures, results in the disappearance of
the spatiotemporal phase synchronization. The suppression of
thermoacoustic combustion instability is associated with the
disappearance of the spatiotemporal phase synchronization.

The spatial distribution of the synchronization index SI be-
tween pressure fluctuations p′ and the second-order moment
of OH∗ chemiluminescence intensity fluctuations W ′

OH∗ is
shown in Fig. 5 as functions of Xa and z. At Xa = 0%, SI

takes a high value in the range of 10 mm � z � 40 mm,
revealing the driving regime of thermoacoustic combustion
instability. Note that in our preliminary test, the region of
high SI corresponds to that with a strongly positive pseudo-
Rayleigh index. SI gradually decreases when Xa exceeds
approximately 3.0% and abruptly becomes almost zero at
Xa � 6.5%. This means that a significant unbounded interac-
tion between p′ and W ′

OH∗ occurs at Xa � 6.5%. These results
show that the synchronization index proposed in this study
enables us to successfully capture the gradual attenuation of
thermoacoustic combustion instability, extracting the driving
region of thermoacoustic combustion instability. Note that in
our preliminary test, the spatial distribution of Jr as a function
of Xa and z does not sufficiently correspond to that of the
Rayleigh index, which means that the joint probability of
recurrence is not always sufficient for dealing with the inter-
action between pressure and heat release rate fluctuations. It
is also important to emphasize that the synchronization index
ranges from zero to unity. The Rayleigh index is sensitive to
the amplitudes of pressure and heat release rate fluctuations,
and does not range from zero to unity. In these contexts,
the synchronization index is more suitable for treating the
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interaction between pressure and heat release rate fluctuations
than the Rayleigh index and the joint probability of recur-
rence.

Figure 6 shows the spatial distribution of s and the varia-
tions in rl for flow velocity fluctuations u′ at Xa = 0 and 4.0%.
Here, s at Xa = 0% takes high values at the wake of the center
body. It significantly decreases when Xa is 4.0%. We observe a
slight decrease in rl with increasing Xa, indicating a decrease
in the strength of the spatiotemporally phase-synchronized
state in the flow velocity field. The spatial distribution of s
for the reconstructed flow velocity fluctuations obtained by
the detail coefficient of the discrete wavelet transformation
[36,37], representing the near-dominant frequencies of ther-
moacoustic combustion instability, is shown in Fig. 7 for
different Xa values. As in a previous study [37], we use the
wavelet multiresolution technique in this study. Here, s at
Xa = 0% takes high values in both the wake of the center body
and the flame base. It significantly decreases with increasing
Xa, showing clear degeneration of the spatiotemporally phase-
synchronized state in the flow velocity field.

Our recent study [15] using the multiscale complexity-
entropy causality plane has shown that noisy periodic oscilla-
tions appear in local flow velocity fluctuations along a stream-
line from near the injector rim to the shear layer between the
IRZ and the ORZ during thermoacoustic combustion instabil-
ity. We here examine the dynamic behavior of a flow velocity
field subjected to secondary air injection by estimating the
spatial distribution of the permutation entropy Hp and the
Jensen–Shannon statistical complexity CJS in terms of the
embedding delay time τ (see Ref. [15] for details of the
computation of both measures). Note that CJS is defined as
the product of Hp and QJS , where QJS is the disequilibrium
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of the probability distribution in the permutation patterns, and
the dynamical states can be classified in relation to the degree
of complexity into noisy periodic oscillations, noisy chaos,
and stochastic fluctuations on the basis of the shape of the
simultaneous distributions of Hp and CJS as a function of
τ . Variations in Hp and CJS of the second-order moment of
flow velocity fluctuations W ′

u are shown in Fig. 8 as functions
of τ and z at Xa = 0% and 4.0%. Here, W ′

u = 〈|u′(x) −
〈u′(x)〉|2〉, u′ = (u′

x
2 + u′

z
2)1/2, and u′

x(u′
z ) is the flow velocity
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CJS for W ′
u at z = 14 mm, corresponding to the flame base,

periodically change in terms of τ , corresponding to the main
period of thermoacoustic combustion instability. On the basis
of a previous study [15], the dynamic behavior of the flow
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velocity field near the flame base represents noisy periodic
oscillations equivalent to the dynamics of a stochastically
driven van der Pol oscillator. When Xa exceeds 4.0%, the
periodic local maximum (minimum) of Hp (CJS) starts to
disappear during steady secondary air injection. This clearly
shows that secondary air injection reduces the formation
of noisy periodic oscillations in the flow velocity field. Hp

near the flame base takes high values when Xa is 4.0%,
which means that the randomness of the dynamic behavior
is increased by secondary air injection. The formation of a
stabilized flame due to the impingement of a high-momentum
air jet allows the periodicity of thermoacoustic combustion
instability to degenerate. This accentuates the irregular com-
ponent with a small magnitude inherently included in flow
velocity fluctuations, resulting in the appearance of distribu-
tions with high permutation entropy near the flame base under
steady secondary air injection. The temporal evolution of the
average value of the second invariant of the velocity gradient
tensor Q̄[= 〈 1

2 (|	|2 − |S|2)〉, where 	 = ∂ux
∂z − ∂uz

∂x and S =
∂ux
∂z + ∂uz

∂x ], with respect to x is shown in Fig. 9 in terms of
z at Xa = 0% and 4.0%. Q̄ periodically takes high positive
values with time at 5 mm � z � 35 mm, corresponding to the
region from near the injector rim to the shear layer between
the IRZ and the ORZ. However, the region with the periodic
formation of a high Q̄ becomes narrow when Xa is 4.0%,
showing the suppression of the generation of periodically
convecting vortices downstream. In addition to a finding re-
ported by Sato et al. [26], on the basis of the results obtained
from the multiscale complexity–entropy causality plane and
the spatiotemporal changes in the second invariant of the
velocity gradient tensor, the periodicity of noisy periodic os-
cillations forming the spatiotemporally phase-synchronized
state in the flow velocity field starts to be lost as Xa

substantially increases. The degeneration of the periodicity
due to the interaction between the high-momentum air jet
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and the vortices shed from the injector rim and the possible
local dilution of the premixture in the flame base weakens
the mutual coupling between pressure and heat release rate
fluctuations, resulting in the attenuation of thermoacoustic
combustion instability. In this study, we have analyzed the
attenuation behavior of thermoacoustic combustion instability
subjected to steady secondary air injection from the view-
points of complex networks and synchronization. The ob-
tained findings are expected to help understand the suppres-
sion process of combustion instability related to combustion
control in thermoacoustic systems.

V. SUMMARY

We have experimentally studied the attenuation behav-
ior of thermoacoustic combustion instability in a swirl-
stabilized turbulent combustor using a complex-network- and
synchronization-based approach. The spatiotemporally phase-
synchronized state between the vertexes in weighted networks
near an injector rim is notably degenerated as thermoacoustic

combustion instability is suppressed by a steady air jet issued
from the injector rim. This is reasonably identified using
the synchronization parameter. The synchronization index
proposed in this study clearly captures the attenuation of
the mutual coupling between pressure and heat release rate
fluctuations in thermoacoustic combustion instability. The
periodicity of noisy periodic oscillations in a flow velocity
field is lost by the strong impingement of a steady secondary
air jet into the flame base. The decrease in the periodicity
significantly affects the mutual coupling, resulting in the
suppression of thermoacoustic combustion instability.
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