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We study the axisymmetric response of a complete spherical shell under homogeneous compressive pressure
p to an additional point force. For a pressure p below the classical critical buckling pressure p., indentation
by a point force does not lead to spontaneous buckling but an energy barrier has to be overcome. The states
at the maximum of the energy barrier represent a subcritical branch of unstable stationary points, which are
the transition states to a snap-through buckled state. Starting from nonlinear shallow shell theory, we obtain a
closed analytical expression for the energy barrier height, which facilitates its effective numerical evaluation as a
function of pressure by continuation techniques. We find a clear crossover between two regimes: For p/p, < 1
the postbuckling barrier state is a mirror-inverted Pogorelov dimple, and for (1 — p/p.) < 1 the barrier state
is a shallow dimple with indentations smaller than shell thickness and exhibits extended oscillations, which
are well described by linear response. We find systematic expansions of the nonlinear shallow shell equations
about the Pogorelov mirror-inverted dimple for p/p. < 1 and the linear response state for (1 — p/p.) < 1,
which enable us to derive asymptotic analytical results for the energy barrier landscape in both regimes. Upon
approaching the buckling bifurcation at p, from below, we find a softening of an ideal spherical shell. The
stiffness for the linear response to point forces vanishes oc (1 — p/p.)'/?; the buckling energy barrier vanishes o
(1 — p/p.)*'?; and the shell indentation in the barrier state vanishes o< (1 — p/p.)"/?. This makes shells sensitive
to imperfections which can strongly reduce p. in an avoided buckling bifurcation. We find the same softening
scaling in the vicinity of the reduced critical buckling pressure also in the presence of imperfections. We can also
show that the effect of axisymmetric imperfections on the buckling instability is identical to the effect of a point
force that is preindenting the shell. In the Pogorelov limit, the energy barrier maximum diverges o (p/p.)~>
and the corresponding indentation diverges o (p/p.)~%. Numerical prefactors for proportionalities both in the
softening and the Pogorelov regime are calculated analytically. This also enables us to obtain results for the
critical unbuckling pressure and the Maxwell pressure.
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I. INTRODUCTION

When a complete spherical elastic shell is put under ho-
mogeneous mechanical compressive pressure, the spherical
shape remains stable over a considerable pressure range un-
til it finally collapses at the critical buckling pressure p..
This pressure has been known for over one hundred years
since the work of Zoelly [1] and buckling is an ubiquitous
mode of failure for curved thin-walled shells with significant
implications for all engineering applications [2]. Buckling
represents a hysteretic bifurcation analogously to a hysteretic
first-order transition in a thermodynamic system because the
buckled state is already metastable below p. [3]. Therefore,
the shell can be “pushed” into a buckled state containing a
single axisymmetric dimple already below p. by applying an
additional localized point force. A threshold force is required
to create a stable dimple, and the required threshold value
increases for decreasing p further below p.. This corresponds
to an energy barrier that has to be overcome by applying
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the additional point force before the spherical shell buckles.
This energy barrier has been subject of a number of recent
studies both for spherical [4-10] and cylindrical [8,10,11]
shells. Obviously, it is an important feature that governs
the mechanical stability of spherical shell structures slightly
below the buckling threshold with respect to localized point
forces, but also with respect to thermal fluctuations [9,12].
It also plays a prominent role for the buckling behavior of a
shell containing inhomogeneities or imperfections in the form
of “frozen-in” normal displacements in the rest state of the
shell [13-15] or soft spots [16]; both are problems that we
will also revisit. The energy barrier represents also an impor-
tant feature of an spherical shell from a general theoretical
point of view as the barrier vanishes upon approaching the
buckling bifurcation and how it vanishes characterizes the
critical behavior of the buckling bifurcation. In the mechanics
literature, the unstable barrier state is often referred to as
postbuckling state [14], as the shell already contains a dimple;
the catastrophic nature of the buckling instability is reflected
in a decreasing pressure p < p. of the barrier state, which
leads to a snap-through buckling [3,17]. Many quantitative
analytical results on buckling of spherical shells are based on
the Pogorelov theory, where the dimple is approximated as a
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mirror-inverted spherical cap-shaped indentation [18]. Here,
we present a rigorous quantitative approach on the energy
barrier based on systematic expansions of nonlinear shallow
shell theory. Expanding about the Pogorelov mirror-inverted
dimple, we find analytical results for the energy barrier in
the Pogorelov limit p/p. < 1. This extends recent work of
Gomez et al. on the Pogorelov indentation in the absence of
pressure [19] and is conceptually similar to the boundary layer
approach of Evkin er al. [5,20,21]. We also derive analytical
results for the “critical” regime of pressures close to p. by an
expansion about the linear response state for (1 — p/p.) < 1.
This enables us to characterize the softening of the capsule
close to the critical pressure.

Elastic shells are thin-walled elastic structures with a
curved reference shape. Bending energy penalizes deviations
in curvature from the spontaneous curvature of the reference
shape, and two-dimensional elastic energy penalizes stretch-
ing and shear deformations of the quasi-two-dimensional solid
shell with respect to the reference shape, in which the capsule
is stress free. Examples for elastic shells shells range from the
micro- to the macroscale. On the microscale, artificial micro-
capsules enclosing a liquid [22-25] can be described as elastic
shells. On the macroscale, all thin-walled spherical structures
in mechanical engineering (vessels, domelike structures, egg
shells [26]) provide examples. Red blood cells [27-30] and
shells of viruses [31,32] have elastic properties similar to
continuum elastic shells but there are important differences,
for example, regarding the reference shape and crystallinity.
Here, we consider elastic shells with a spherical reference
shape with radius Ry. For red blood cells, the rest shape is,
however, not spherical but an oblate spheroid [29,30]. Because
a sphere has minimal area for a given volume, any deforma-
tion of the spherical rest shape involves stretching, whereas
red blood cells are known to undergo shape transformations at
(even locally) conserved area [27-30]. Viruses are crystalline
spherical shells consisting of discrete protein building blocks.
Any triangulation of a sphere must contain at least 12 fivefold
disclinations. Continuum shell theory cannot account for such
defects, which give rise to faceted equilibrium shapes of large
viruses, while sufficiently small viruses remain spherical [31].
The faceted equilibrium shape of large viruses is an impor-
tant difference to spherical shells. In contrast to quasi-two-
dimensional elastic shells, vesicles are quasi-two-dimensional
fluid membranes made from lipid bilayers. Vesicles also have
a bending and stretching energy but lack a shear energy
because of their fluidity. They show a distinct deformation
behavior as compared to elastic capsules [33]. In particular,
their response to additional point forces is different because of
the lack of an elastic reference state. For vesicles, additional
point forces lead to tube formation [34,35] rather than the for-
mation of a dimple; such tubes can also be stabilized by actin
protrusions [36]. Only in its gel phase can a vesicle acquire a
shear modulus and exhibit elastic features similar to an elastic
shell. Also, biological cells have an elastic cortex which can
be modeled as an elastic shell if it is sufficiently thin [37]. If
the cortex spans the entire cell, the cell should be treated as a
solid elastic sphere [37,38]. Moreover, active motor-induced
stresses can modify the actin cortex elasticity [39].

If the capsule material can be viewed as a thin shell of
thickness 4 (< Ry) made from an isotropic and homogeneous

elastic material with bulk Young’s modulus E, the shell has
a bending modulus « o Eh* but a two-dimensional Young’s
modulus Y o« Eh [40,41]. Therefore, bending deformations
are energetically preferred over stretching or shear deforma-
tions for thin shells, as long as Ry > (k/Y)/? «c h. As a
result, spherical elastic shells or capsules are very resistant
to compressive forces because there are no isometric, stretch-
and shear-avoiding deformations of a sphere. Only above the
critical pressure p. does a perfect spherical shell become
unstable and buckling occurs [40,42].

At p., the buckling instability is triggered by a short-
wavelength mode, which spreads over the whole sphere
and leads to many small-amplitude dimples appearing on
the sphere, as can be found in a linear stability analy-
sis [13,14,16]. After this mode has developed, the shell can
further lower its energy by increasing the amplitude, and
nonlinearities in the elastic theory finally lead to coalescence
of small dimples into a single dimple in the buckled energy
minimum [9]. Following Pogorelov [18], the final dimple can
be viewed as an approximative inverted spherical cap whose
sharp edge at the rim is rounded to avoid infinite bending
energies. Such a rounded spherical cap is an approximative
isometry of the spherical rest shape. For a fixed mechanical
pressure p > p., the dimple will actually snap through and
grow until opposite sides are in contact, whereas for osmotic
pressure control or even volume control, a stable dimple shape
is reached before opposite sides come into contact [3,17]. A
deep dimple can also assume a polygonal shape in a secondary
buckling transition [43—45].

Understanding the critical properties of the buckling insta-
bility is important both from a structural mechanics perspec-
tive for macroscopic spherical shells and for many applica-
tions of spherical microcapsules. For ideal spherical shells,
the classical buckling pressure p, is known exactly. For a shell
with rest radius R, bending rigidity «, two-dimensional (2D)
Young’s modulus Y, one finds [1,42,46]

VY Eh? Y
pc=4 K :4 :4

R? RJ/120-12) Ry
The second equality applies for thin shells of thickness 2 made
from an isotropic elastic material with bulk Young modulus
E and Poisson ratio v, where x = EA*/12(1 —v?) and ¥ =
Eh [46]. We also introduced the Foppl-von Karman number

2 2
y = YR _ 12(1 — v2)<&> , 2
K h

which is an inverse dimensionless bending rigidity. The ideal
critical pressure p, is, however, not reached in experiments on
macroscopic shells, because imperfections reduce the buck-
ling pressure significantly [13,14].

Buckling represents a hysteretic bifurcation analogous to
a hysteretic first-order transition in a thermodynamic system;
metastable buckled states and a corresponding unstable transi-
tion state appear already subcritically for p < p. [3,5,7,9,17].
The buckled state with a single axisymmetric dimple be-
comes energetically favorable already for p > p.;, above the
so-called Maxwell pressure, which can be obtained from a
Maxwell construction of equal energies [3,5,7,17] resulting
in a parameter dependence p.; ~ p.y~'/* [17]. As a result,

y 2 )
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FIG. 1. Numerical results for the shape of a buckled spherical
shell with y = 5000 and rest radius R, in the postbuckling barrier
state for pressures p/p. = 0.2 (a) and p/p. = 0.5 (b) according to
nonlinear shallow shell equations (only the relevant part of the sphere
is shown). The red arrow indicates the normal displacement z at the
pole, which is also the direction of the applied point force. The blue
ring indicates the width pp of the barrier state.

there is a rather wide pressure window p, > p > p.|, where
buckling is energetically possible but an energy barrier has to
be overcome; the barrier state is an unstable transition state.
One way to probe the energy barrier is by application of
an additional point force, which “pushes” the shell into the
buckled state [4-8,10]; see Fig. 1. If the dimple is created
by a point force, it is axisymmetric about the force axis. We
exclusively study the axisymmetric situation in this paper.
SURFACE EVOLVER simulations have shown, however, that the
axisymmetric dimple is also the relevant barrier state if the
dimple is not forced into an axisymmetric shape by a point
force [9].

Below the Maxwell pressure, there is also a critical unbuck-
ling pressurepcy, ~ 3pc1/4, below which no stable buckled
shape exists and which has the same parameter dependence as
Pt [3,5,16,47]. This pressure is also called minimum buckling
load in the literature [14,48]. This gives the following general
bifurcation scenario: Buckled states and the unstable barrier
transition state appear in a bifurcation at p = p.,. In the range
Peu < P < pe, three stationary shapes are present: Spherical
and buckled states are (meta)stable and separated by the
unstable barrier state. At p = p., the barrier state and the
spherical state vanish in a second bifurcation.

Whereas the value of the critical buckling pressure p. is
known analytically, many aspects of the buckling bifurcation
are unexplored, in particular with respect to the buckling
energy barrier. One example is the properties of the subcritical
axisymmetric barrier state for p close to p.. They characterize
the bifurcation at p. but have, so far, not been explored
systematically. A systematic numerical and analytical inves-
tigation in this regime is the focus of the present paper. Most
of the known results for the barrier state and the energy barrier
height have been derived in the limit p < p., either from
numerical work starting from energy minimization [6,7,9]
or based on the Pogorelov energy scaling of the buckled
state, which is only valid for relatively deep mirror-buckled
indentations at p < p.. The scaling of the energy barrier
height Eg o (p/p.)~> and the depth of the barrier inden-
tation zz o (p/p.)~2 can be derived using this Pogorelov
scaling [9,16,17]. In the Pogorelov approach, numerical pref-
actors in the scaling results can be obtained from only an

approximative variational energy minimization for the round-
ing of the sharp edge of inverted spherical cap shapes. Further
progress has been made by Evkin and coworkers using a more
systematic boundary layer formulation in shallow shell theory
but still relying on variational energy minimization [5,20,21].

In this paper, we start from the force equilibrium for
axisymmetric states and use the nonlinear shallow shell equa-
tions to systematically derive properties of the buckling en-
ergy barrier. First, we will present numerical results based
on an exact and explicit expression for the energy barrier in
axisymmetric nonlinear shallow shell theory. Then we will
focus both on the Pogorelov limit p < p., where we system-
atically expand about a mirror-symmetric barrier state with a
deep indentation, and on the limit of compressive pressures
below but close to p., where the barrier state is a very shallow
dimple such that we can systematically expand about Reissner
solutions of the linearized shallow shell theory. In both limits,
we derive the exact asymptotic behavior including numerical
prefactors. This enables us to obtain a complete picture of the
buckling energy landscape in both limits and shed light on the
critical properties of the buckling bifurcation.

In numerical calculations, application of a point force
allows us to slowly push the shell into a buckled state, to
explore thereby the buckling energy landscape, to detect the
barrier state as the unstable force-free transition state, and to
quantify the energy of the barrier state by measuring the work
performed by the point force until the barrier is reached. Point
forces are, however, also an important experimental tool to test
shells [4]. Of particular interest in applications is the initial
linear response of a shell to point forces because many me-
chanical compression techniques (plate compression [49,50]
or compression by microscopy tips [50,51]) are equivalent
to point force indentation in the initial small displacement
regime. We provide an expression for the linear stiffness of
the elastic shell, which is valid for the entire pressure range
and extends results for pressurized capsules with stretching
pressures [52] to compressive pressures up to the critical
buckling pressure. Knowledge of the linearized stiffness can
be used for measuring elastic capsule properties and capsule
pressure [52].

Within the same framework of nonlinear shallow shell
equations, we finally consider the effect of axisymmetric
imperfections within the systematic expansion for shallow
indentations. This allows us to explore how softening of the
shell close to p. makes shells sensitive to imperfections and
results in an avoided buckling bifurcation. We compare the
effect of a point force that is preindenting the shell with
the effects of axisymmetric imperfections on the buckling
instability and find striking similarities.

II. NONLINEAR SHALLOW SHELL THEORY

We employ nonlinear shallow shell theory for a thin spher-
ical shell with equilibrium radius Ry [41,46], which is subject
to a homogeneous compressive pressure p and an additional
indenting point force F normal to the surface (see Fig. 1).
We focus on isotropic elastic materials; isotropic Hookean
elasticity can describe the deformation behavior of most arti-
ficial microcapsules rather well [53]. Using polar coordinates
r and ¢ on the two-dimensional reference plane over which
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shallow shell configurations are parametrized with the point
force acting at the pole, shallow shell theory gives two coupled
equations for the normal displacement w(r, ¢) (negative for
inward displacement) and the Airy stress function ®(r, ¢).
For axisymmetric states, as they are enforced by the point
force, these functions become independent of ¢, and we have
two equations for w(r) and the negative derivative of the Airy
stress function ¥ (r) = —®’(r), which have been derived and
are described in detail in the literature [13,16,19,46,52] [see
also Egs. (87) and (88) in Appendix B with w; = 0],

L 11 1 F 8(r)
KVt —Z0,(rp) — ~0,(Pdw) = —p— -2 (3)
Ry r r 27 r
Lo Lo | = Zow— L@wy @)
—ro,| —0, = —o0w — —(0,w
y o roY Ro 2
(with V2... = (19,) + 3?)... = 18,r9,...). Positive p corre-

sponds to a compressive pressure, a positive F' corresponds
to a compressive point force, and the point force acts at
r = 0. The first equation, (3), is the force balance in vertical
direction, and the second equation, (4), is the (integrated)
compatibility of strains. The in-plane stresses are obtained as
049 = ¥’ and o, = ¥ /r. We assume thin shells h/Ry < 1
and shallow shells, i.e., small slopes |w’| <« 1 [46], in the
above equations.

Equations (3) and (4) have to be solved with boundary
conditions w(00) = w’(c0) = 0 and ¥ (00) = 0 (or ¥'(00) =
0) for r - oo; at r =0, we require a given indentation
w(0) < 0, w’'(0) = 0 corresponding to the absence of kinks
and lim,_,o(r¢'(r)) — v¥(0) = O corresponding to vanishing
radial in-plane displacement to avoid tearing the shell. We
prescribe the indentation w(0) < 0 at the origin, solve Eq. (3)
in the domain r > 0 where F' = 0, and calculate the necessary
force F to induce this indentation only afterward from an
integrated version of Eq. (3) [19,52].

In the absence of a point force, the pressure p puts the shell
into a uniformly pre-compressed state with w(r) = wy <
0 and ¥ (r) = Yo(r) = —pRor/2 corresponding to stresses
0y = Oy = 09 = —pRy/2. We consider changes with re-
spect to this precompressed state and substitute w(r) — wq +
w(r) and ¥ (r) — Yo(r) + ¥ (r), such that Eq. (3) becomes

kViw + 0,(ryr) —ogVw o-(Yo,w)
Ry r r

__Fn
2 or )

while Eq. (4) remains unchanged. The boundary conditions
for w(r) and ¥ (r) are unchanged by this substitution, and we
define the indentation depth z (z > 0) at the pole with respect
to the precompressed state; i.e., we require w(0) = —z <0
at r = 0 after substitution. The additional term +o0, V2w in
Eq. (5) induces a tendency of the precompressed state for
oscillating w fluctuations as it is the variation of an effective
energy —%00 / d’r(Vw)?, which is lowered by oscillating
w modes. This is the driving force for the classical insta-
bility with respect to oscillatory w modes at the buckling
pressure p..

We introduce dimensionless quantities

w w/(K/Y)l/z, pEF/(KR%/Y)lM, ©

v

i.e., we measure normal displacements w (and indentations z
at the pole) in units of (k/Y)"/? = Ryy~"/2 = hk=2, which is,
apart from factors of k = [12(1 — v2)]'/4, the shell thickness
h (the dimensionless radius is thus Ry = y'/?), radial dis-
tances in units of the elastic length scale Iy = (kR3/Y)!/* =
Roy~'* = (hRy)'*k~" (the radial scale on which bending
and stretching energy are balanced), which is also the unstable
wave length at the buckling transition at p. [13], normal
forces in units of x /Ry = YRyy !, and energies in units of
27 (k3 /YR3)!/? = 2 YR2y=3/2. The dimensionless shallow
shell Egs. (5) and (4) become

v/ (YR E = E2m (YRS

1 . P L. - F 8(p)
Vi 4+~ 25V — —8,(Yd, ) =————2,
o o) A N ) =

@)
9 1a U) | = pd,a 13'2 8
POy ; p(;Ol/f) =p pw_i( pw) ®)

with Vf)... = %3/)(,03/)...), and F = Fy/YRy. We compare
to other nondimensionalization schemes of the problem in
Table I in Appendix C. Shallow shell theory is applicable as
long as 9,w < 1 [46], which implies 9, < y1/* in dimen-

sionless quantities.

A. Exact analytical results

Because w(p) decays exponentially for p > 1, we can
obtain

Y ~—F2np for p— oo 9)

from integrating (7) over a circle of radius p — oo on both
sides, [ dpp..., resulting in py|§ ~ p¥ = — 4 [52]. Equa-
tion (9) also follows from force balance in the point force
direction [19].

From the shallow shell Egs. (7) and (8), two exact relations
can be obtained. Multiplying by p and integrating from p to
infinity on both sides of Eq. (7) and using (9) at infinity gives
the first relation

_ R P p .. F
— p3,(Vo) — p¥ + Y0, — 2;papw == (10)

Dividing by p and integrating from p to infinity on both
sides of Eq. (8), multiplying by p and integrating from O to
infinity on both sides, and using (9) at infinity and one partial
integration on the right-hand side give the second relation
F " dppi " dpp Lo, 0y 11
2n‘f0 ppw+/0 pp7@0F. (D
Both of these equations can be employed to determine the
point force F for a given indentation z and thus the force-
indentation relation F' = F(zZ) numerically.
The force-indentation relation can be integrated to obtain
the indentation energy Eina as a function of the indentation
depth, Eina(Z) = 5= [, F(2)dZ. We note that this is the total
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TABLE I. Units for nondimensionalization and dimensionless quantities.

Here Gomez et al. [19] Hutchinson et al. [4,7] Evkin et al. [5,21]
Norm. displacement unit (k/Y)V? = Ryy~'/? Awg = V12hk™?
= hk? h — h(1 — v2)" 12
Norm. displacement w = wk?/h W = wk2 Aw/Awg = £g(5, &)
=—w//12
Indentation depth Z=-w, A=-W|,_y=2k2 £ = Aw/Awgl,_y =7/V12 e =1z/4
Pressure p/pe p=0 p/pe = f(§) 4= p/pc
Radial distance unit (KR2JY)V* = Ryy~1/4
= (hRy)" 2k~ (hRo)!" 1214 (hRy) 2
Radial distance p = rk/(hRy)'/? PGomer = pk~! 5~ p/121/4
Indentation volume AV =27 [[“dppw - AV =247 h(£)
Force unit YRy/y =« /Ry
= (YR /Ry YR /R, 277/ Ro [4]
Force F F=Fk* Frtarthelor = F /27 [4] 0=F/12n

Energy unit e=2m(c /YR

Barrier energy

W, = 1p.AV.Ch/Ry = 48¢

= 967'[(/(3/YR(2))1/2

Ur = 3(p/pe)*pe AV,

C=—¥3
(1—v) 1—v2
P = E
W/W, = Ep/48 E = Wiz(l—u)
= q(&) — f(§InE) A2 = 4k>Ry/h

energy difference with respect to the precompressed spherical
state (at pressure p) if an additional indentation of depth z
is generated (by applying a point force F). At the barrier
state, the indentation energy has a maximum as a function
of the indentation Z. If we call the indentation in the barrier
state Zp (see Fig. 1), it fulfills dE;,q/0%(z3) = 0 or F(zg) = 0.
We introduce the barrier energy as energy difference between
barrier state and the precompressed spherical state, Ep =
Eina(Zp). Vice versa, the force-indentation relation F' = F ()
is obtained from the energy Einq(Z) by minimizing the tilted
indentation energy landscape Ej,q(z) — FZ/2m. The slope of
the energy landscape Ej,q(Z) at Z gives the necessary point
force F'/2m to achieve an indentation Z. A pushing compres-
sive point force is necessary to achieve indentations where the
energy landscape is increasing; at the maximum in the barrier
state a force-free unstable equilibrium is achieved; at indenta-
tions where the energy landscape decreases, the shell can only
be stabilized by a pulling point force. Figure 2 summarizes
important features of a schematic buckling energy landscape.
The energy barrier, i.e., the difference in total energy
AE = AE; + AE, + pAV (the sum of stretching, bending,
and mechanical pressure work) between barrier state and the
precompressed spherical state is given by the simple, explicit
formula
i _ 1>
Eg = AEy = _Z/o dp¥(3,w)’, (12)
where ¥ and W are solutions of the shallow shell Egs. (7)
and (8) for F = 0. Equation (12) is derived in Appendix A.
This result allows direct numerical access to the value of the
energy barrier. Moreover, it will allow us to obtain analytical
results both for the critical behavior of the energy barrier
close to p, i.e., for shallow barriers with small indentations

Z < 1) and for p > p,, i.e., for barrier states with deep inden-
tations zZ > 1, which are mirror-inverted Pogorelov dimples.
Equation (12) actually gives a positive energy because there
is mainly compressive hoop stress ( < 0) in the regions
where (8,)11))2 > ( is large, i.e., at the rim of the indentation.
For a Pogorelov dimple, this is exactly the inner rim of the
Pogorelov ridge [44,45] [see also Fig. 4(c)].

The terms in the second exact relation (11) are directly
related to the dimensionless volume change by indentation,
AV = AV/(kRy/Y), and the dimensionless area change by

Eina
A
Ep
FmaX/QW
0 — ]

ZB

zZ1

FIG. 2. Schematic energy landscape Ej,q as a function of inden-
tation depth z. The indentation at the energy barrier maximum is Zg,
the height of the energy barrier is Ez. At depth Z;, unindented and
indented state have equal energies.
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indentation, AA = AA/(«/Y),
A_VNZJT/ dppw < 0, (13)
0

_ o0 1
AA ~ 2n/ dpp[za) + E(a,,w)z], (14)
0

where we work in shallow shell approximation, i.e., assuming
w/R < d,w < 1 or wy~'? « d,wy~"* « 1. Therefore,
relation (11) is equivalent to a relation

-F = —aE—l_"d = lﬂ (15)

0z 2
for the area change by point force indentation. This implies
that the area is decreased (AA < 0) by a compressive point
force indentation or an increasing indentation energy up to
the barrier, whereas it is increased (AA > 0) for a decreasing
indentation energy. It also shows that the force-indentation
relation F(z) = 0E;j,q/0z(z) directly gives the area change
AA(Z) = —F(Z)/2 as a function of indentation. Right at the
barrier state with F =0, the area change by indentation
exactly vanishes,
9Eina
0z

The mirror-inverted Pogorelov dimple exactly fulfills this
requirement by definition but this result not only holds in
the Pogorelov limit p/p. <« 1 but for all pressures p. In
particular, it also holds close to p., where the barrier state
does not resemble a Pogorelov dimple but becomes shallow
and oscillatory. At the maximal point force Fp,, which has
to be applied to overcome the energy barrier and which is
the characteristic maximal point force for structural stability
below p, (see Fig. 2), the shell area is minimal, and —Fp, =
%AAmin-

After nondimensionalization (6), the shallow shell Egs. (7)
and (8) only depend on the parameters p/p. and F, which is
a function of the indentation depth z. Therefore, properties of
the barrier state that can be directly obtained from solution
of the dimensionless shallow shell equations, such as the di-
mensionless indentation zZz will only depend on p/p.. Because
the dimensionless energy barrier Eg can also be expressed
directly by solutions of the shallow shell equations at FF = 0
via Eq. (12), also Ep will only depend on p/p.; see our main
results (33) and (53) below. In particular, £z does not depend
on the Poisson number v in shallow shell theory.

0=—

1
(zZp) = EAA(ZB)- (16)

B. Numerical method

We solve the nonlinear shell theory boundary prob-
lem (7) and (8) numerically on a finite domain ppi, < p <
Pmax (Pmin = 107>, pmax = 5000) using the MATLAB routine
bvp4c with boundary conditions @W(omax) = W' (Pmax) = 0
and V' (Pmax) = — ¥ (Pmax )/ Pmax at “infinity””; the last condi-
tion is crucial to enforce the correct asymptotics ¥ oc 1/p [see
Eq. (9)]. At “p =07, we use Pmin¥’ (Pmin) — V¥ (Pmin) = 0
for vanishing radial in-plane displacement (with v = 1/3),
W' (pmin) = 0, and a prescribed indentation depth W (om) =
—Zz < 0 instead of the point force, which is absent in the
domain p > 0[19,52].

Inserting the numerical solution into Egs. (10) (which
holds pointwise for each p but is used after averaging over
all p) or (11) gives the value of the force F for the pre-
scribed indentation depth z, which allows us to scan the
force-indentation relation F' = F(z) by gradually increasing
z. Knowledge of the entire force-indentation relation F(Z)
enables us to calculate the energy barrier by numerical inte-
gration Ep = 5 [” F(%)dZ up to the barrier indentation Zp
where the force vanishes, F(zz) = 0.

While calculation of the entire force-indentation rela-
tion and numerical integration up to the barrier state where
F(Zg) =0 is an intuitive approach, there is a much more
efficient way to numerically calculate the energy barrier: The
exact result (12) can be employed to evaluate the energy
barrier directly for a barrier state with F' = 0. To obtain the
energy barrier as a function of p, we continuate numerical
solutions of the shallow shell Egs. (7) and (8) for the barrier
states with ' = 0 for small changes in p and evaluate the
energy barrier directly at each barrier state using (12). This
supersedes calculation of the entire force-indentation relation
F(Z) in order to calculate a single energy barrier value by
numerical integration of the force-indentation relation. We
checked that we obtain numerically identical results with both
methods.

III. LINEAR RESPONSE, SHELL STIFFNESS,
AND SOFTENING CLOSE TO BUCKLING

Many mechanical compression tests such as plate compres-
sion [49,50] or compression by microscopy tips [50,51] are
equivalent to point force indentation in the initial small dis-
placement regime, which can be described by linear response.
We will rederive the linear stiffness of the shell and show that
the result for a pressurized spherical shell with p > 0 [52] can
be continued to compressive pressures 0 < p < p,.

Linearizing Eqgs. (7) and (8) gives the Reissner equa-
tions [16,52,54]

4- 2 2 4 o2
pr—V q)+2;vp ——ET qu)——va
(17)
with the dimensionless Airy stress function ® ( = —3,).

In the domain p > 0, where the § function on the right-
hand side vanishes, these equations can be solved using the
original ansatz of Reissner [54], fr = @ + A+®, which de-
couples equations to V;‘fi - )\ivgfi =0if Ay =—p/p. £

ill — (p/pe)*1"* (yr_ = 1). This finally leads to solutions

_ Z
Wiin = [Ko(2Y?0) — Ko(W2 )], (18a)
ln )\.+
- Z
Py = —— [ Ko p) — A_Ko (A p)
ln )\.+
+ (g —A)Inpl, (18b)
_ z Ay — A
Viin = ——— [M_”Kl A2p) = 22K 0 p) + *—}
Inay P

(18¢)

satisfying all boundary conditions.
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The force F for given z and thus the force-indentation
relation in the linear approximation remains to be determined.
It can be obtained from Eq. (11) by neglecting the last term,
which is quadratic in Z,

F(2) Y S
5= | dppwin =Z———
0

27 InA,
22z
— (- p/po)'?, (19)

~
~ —

where the last approximation holds for p &~ p.. Alternatively,
we can inspect the asymptotics of the linear solution (18c) for
p - OO’
Ao —apl
Ini, p’
which should be ¥ ~ —F/2mp according to (9) or (10).
Both (19) and (20) lead to the same dimensionless linear
stiffness

Vin = —0,P1in 2 (20)

P dF _ Amid -7 4x(l - (p/p)’1”
T dz In[t+i(1 — )2 7/2 4+ arcsin(p/p.)
(21)
~4v2(1 = p/po)', (22)
where 7 = —p/p. and with an arcsin branch —m/2 <

arcsinx < 7 /2. Reverting the nondimensionalization, we find
the stiffness k = Yy’l/zl_c(p/pc) = (Yl/zlcl/z/Ro)l_c(p/pc). In
Ref. [52], the same result has been obtained for stretching
pressures p < 0 (t > 0). We thus conclude that this result can
be analytically continued also to compressive pressures 0 <
p/pe < 1. The stiffness (22) vanishes as k o< (1 — p/p.)'/?
close to p. corresponding to a softening of the capsule upon
approaching the critical buckling pressure. Figure 3 clearly
shows that the linear stiffness (21) is monotonously decreas-
ing with compressive pressure p and exhibits essentially
two scaling regimes, one for stretching pressures —p/p. >
1, where k ~ 47 |p/p.|/In(2|p/pc|) [52] and the softening

1
10%} —— exact i
pressurized 4n|p/pc|/In(2||i)/pc|)
softening, 4v/2 (1 —p/pc)"zi

100

\
\
\
A
'\
\
\
\
X\
\
\
\
\

0.01p~ compressive stretching

1076 1074 0.01 1 100 10*
1-p/pc

FIG. 3. Double logarithmic plot of dimensionless linear stiff-
ness k as a function of pressure 1 — p/p. according to Eq. (21)
both in the stretching (1 — p/p. > 1) and compressive (1 — p/p. <
1) regimes (solid blue line). For p =0 (vertical dashed line),
we have k = 8. Dashed lines are the asymptotic results for k ~
47 |p/p:|/ In(2|p/p.|) in the stretching regime (right green line) and
k o< (1 — p/p.)"* in the compressive regime (left orange line); see
Eq. (22).

regime k o< (1 — p/p.)"/? close to p,. according to (22). The
crossover between both regime happens around the pressure-
free case, where the Reissner results k = 8 applies [54].

The linear stiffness k can be tested in various compres-
sion experiments in the initial small displacement regime.
For microcapsules, most frequently used are plate compres-
sion [49,50,55] or compression by microscopy tips [50,51].
In Ref. [55], the result for the stiffness (21) could also be
generalized if additional surface tensions are present, which
can arise, for example, from the shell-liquid interfaces or
also as motor-induced active pressures if biological cells are
considered [37] and which effectively act as an additional
stretching pressure. Our result for the linear softening of
shells could be experimentally tested in linear compression
tests, where an additional compressive pressure 0 < p < p, is
applied.

The fact that k > 0 for all p < p. implies that the barrier
condition F = 0 can only be fulfilled for vanishing inden-
tations at p = p.; therefore, the barrier state is not directly
accessible in the linear response regime, and we will have to
employ an additional expansion around the linearized solu-
tions.

Close to p, the linearized solutions (18a) and (18c) ap-
proach ()Lli/2 ~ +i)

D ~ %[Ko(i,o) — Ko(—ip)] = —zl(p).  (23)

Viin & —wy, ~ —2J1(p), (24)

where J,(x) and K,(x) are Bessel functions. The normal
displacement thus exhibits extended oscillations with a period
Ap =~ 2m corresponding to Ar = 2mly. This is reminiscent
of the appearance of an unstable wavelength A, = 2l at
the buckling threshold p = p, in the absence of an additional
point force which localizes the dimple [13].

IV. NUMERICAL RESULTS FOR THE BARRIER STATE

Figure 1 shows numerical results for the shell configuration
in the barrier state, and Fig. 4 shows the normalized dis-
placement w(p)/Zp, the stress function, and stress distribution
along the shell for various pressures.

In the following, we present numerical results for the
energy barrier E and the corresponding pole indentation Zg
at the barrier state (the indentation, where F(Zg) = 0) as a
function of pressure. The scaling of these quantities with
pressure starting from p close to p. down to p/p. < 1 always
shows a clear crossover between fwo scaling regimes. One
scaling regime governs the softening behavior close to p.
and characterizes the critical properties and exponents of the
buckling instability; the other scaling regime for p/p. < 1
corresponds to a barrier state, which is a well-developed
mirror-inverted Pogorelov dimple. The crossover between
both regimes takes place at zz ~ 1 corresponding to zz ~ h
or pressures p/p. ~ 1/2.

For p < p., we find the typical Pogorelov scaling for the
energy barrier. Here, the indentation at the barrier state is
deep (zg > 1) and typically an inverted spherical cap which
is localized to p < pp ~ 2113/ 2. see also Fig. 4(a). For p < pe,
a deep indentation by a point force is necessary to carry
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FIG. 4. Numerical results for the barrier state of a buckled spherical shell (see also shapes in Fig. 1). Arrows indicate increasing pressure. (a)
Normalized dimensionless normal displacement w(p)/Zs, (b) normalized dimensionless stress function ¥ (0)/Zp, and (c) dimfﬂsionless hoop
stress 644 = 0,1 (solid lines) and radial stress &,, = ¥ /p (dashed lines); vertical lines indicate the indentation width pg = (2AV /7 Z5)"/2.

the shell into the snap-through buckled state. The Pogorelov
dimple consists of a mirror-inverted spherical cap whose sharp
edge at the rim becomes rounded to avoid infinite bending
energies [18]. This rounding happens over a boundary layer
of width & ~ Ryy Y%k = (hRy)'/? ~ I4k [44,45] or, in di-
mensionless units, £ ~ k ~ O(1). For zz < 1 or pg < 1 (cor-
responding to larger pressures p/p. > 1/2), the Pogorelov
dimple at the barrier state becomes too shallow to fully
develop this boundary layer, and a crossover to the softening
regime happens close to p..

Close to p,, not only the linear stiffness k vanishes. Also
the energy barrier, which protects the unbuckled state from
spontaneous buckling, and the corresponding indentation Zp
at the barrier state must vanish at p. in order to connect
smoothly to an unstable energy landscape with 9,Ey(z =
0) < 0 corresponding to a spontaneous buckling instability
for p > p.. In this regime, the indentation w(p) in the barrier
state is very shallow [see Fig. 4(a)] and exhibits extended
oscillations on the typical length scale Ap ~ 1 corresponding
to Ar ~ [, reminiscent of the linearized theory. If p is already
close to p., a small additional localized indentation by a point
force is sufficient to carry the shell over the energy barrier into
the snap-through buckled state.

After presenting the numerical results along with some
scaling arguments, we will derive exact analytical results
for the asymptotics of the barrier energy Ep and the barrier
indentation zp in both limits close to p. and for p < p, in the
following sections.

A. Indentation in the barrier state

Close to p. the indentation in the barrier state becomes
small Zg < 1, such that it resembles the oscillating linearized
solutions (18a) and (18b). For p > p., on the other hand, also
the barrier state is a mirror-inverted Pogorelov dimple with
Zg > 1. Many of its scaling properties can be explained based
on the Pogorelov approach in this regime [9]. Figure 5 shows
numerical shallow shell results for the relation between zz and
pressure p/p..

Close to p., the indentation Zp at the barrier [F(Zz) = 0]
becomes small, Zz < 1. Numerically, we find for zp as a func-
tion of pressure a crossover between just two scaling regimes,

. {(1 —p/p)'?
P wrpe

forp ~ p.

, (25)
for p < pe

with a clear crossover at Zg ~ 1; see Fig. 5(b). The indentation
Zp at the barrier is monotonously decreasing as a function of p,
which shows that increasingly deep indentations are necessary

(@ 1.0
O shallow shell
0.8 Hutchinson et al.
————— num interpolation
06 X T Pade interpol. Evkin et al.
QO . — Pade interpol. new
= 04 — 1 - (27/128)zg?
0.2
0.0
0 5 10 15 20 25 30
Zg

(b)

| O shallow shell
1000 Hutchinson et al.

— pf (plpo)®
101 — 8v2/3v3 (1-plpo)™?

=== num interpolation

0.100r

0.001f

10°® 10 10 0.001 0.010 0.100 1
1-p/pe

FIG. 5. Numerical shallow shell results for relation between
indentation Zp at the barrier state and pressure p/p.. (a) Pressure
p/p. as a function of zp together with the asymptotic analytical
results (46) (lower solid red line, p; =~ 0.8337) and (64) (upper solid
blue line). (b) Double logarithmic plot of Zz as a function of p/p,
(upper curve and upper horizontal scale) together with the analytical
result (33a) (upper solid red line and as a function of 1 — p/p.
(lower curve and lower horizontal scale) together with the analytical
result (53a) (lower solid blue line). In both panels (a) and (b), we also
show the interpolation formula (74) (black dashed line) and the data
for the function p/p. = f(&) versus zz = ~/12¢ from Hutchinson
et al. [7,10]; see Table I in Appendix C. In panel (a), we also show
Padé interpolations from Evkin et al. [21] (black dotted line) and as
derived below [see Eq. (75), black solid line].
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FIG. 6. Numerical shallow shell results for the indentation volume AV ;3 and the effective indentation width pp = (2AV 3/7Z5)"/? at the
barrier state. (a) Dimensionless indentation volume AV 3 as a function of indentation depth Z as compared to analytical results (33b) (blue line
fitting shallow indentations Zz < 1) and (53b) (red line, p; ~ 0.8337, fitting deep indentations 7 >> 1). (b) AV z/2x as a function of pressure
p/p. (upper curves and upper horizontal scale) together with analytical result (33b) (upper red line) and as a function of 1 — p/p. (lower
curves and lower horizontal scale) together with analytical result (53b) (lower blue line). We also show the data from Hutchinson ez al. [7,10]
for the function AV z = 24w h(£) plotted as a function of zz = V/12¢ (a) or as a function of p/p, = f(€) and 1 — p/p. (b); see Table 1. (c)
Effective indentation width pp at the barrier state as a function of pressure p/p. and 1 — p/p. together with the analytical results (33c) (upper

red line) and (53c) (lower blue line), respectively.

to reach the metastable barrier beyond which the shell will
spontaneously fall into the snap-through buckled state.

Both scaling results in the limits p close to p. and p < p.
are nontrivial results, which we will rationalize in the course
of this paper. In Fig. 5, we compare with the exact asymptotics
including numerical prefactors that will be calculated in the
following sections and find excellent agreement. We also see
that the numerical data given in Refs. [7,10] is in excellent
agreement but does not cover the asymptotics for p close to
pe. The scaling of the depth of the barrier state for p < p. has
been obtained previously in Ref. [16] based on the Pogorelov
energy estimate and in Refs. [20,21] using a boundary layer
approach with variational energy minimization that turns out
to be equivalent to the systematic expansion that we will
employ below.

The dimensionless indentation volume AV =
—AV(zg) > 0 [see Eq. (13)] at the barrier state shows a
characteristic dependence on the indentation Zp at the barrier:

zg forzp <1

, 26
73 forzg > 1 (26)

WB =X {
see Fig. 6(a), with a clear crossover at zz ~ 1 (z ~ h) between
shallow and deep indentations. Figures 6(a) and 6(b) also
show that the numerical data from Refs. [7,10] are in excellent
agreement. When we combine (25) and (26), the pressure
dependence of the indentation volume follows as

— (1= p/p)'?
AV
e {(p/m-‘1

in agreement with the numerical results in Fig. 6(b).

From the indentation volume AVp and the indentation
depth Zp at the barrier state, we can define an effective width
op of the indentation as

for p = p,

) (27)
forp < pe

_ const forp ~ p,

pp = QAVy/nzp)'* 12 O P p;
ip x (p/pe) for p < p
(28)

see Fig. 6(c). We choose the numerical prefactor in the def-
inition of pp such that a mirror-inverted Pogorelov dimple

with w(p) = —Z 4 p* and AV = 772/2 has pg =Zzy/* in

accordance with w(pp) = 0. This is exactly the behavior of
AV and pp for zg > 1 or p K p.. The effective indentation
width pp remains remarkably constant >~ 0.70 for pressures
p close to p. corresponding to an indentation width rg ~ [g.
This behavior will have interesting consequences for the buck-
ling behavior of small soft spots. The depth Zp is vanishing for
p close to p. such that the indentation at the barrier becomes
not only increasingly shallow but also increasingly broad
with a width-to-depth ratio rg/zp Y41 — p/ )% [note
the different dimensionless units for rg and zg in Eq. (6)].
For p <« p., the width of the barrier state increases with
decreasing pressure such that the indentation becomes not
only increasingly deep but also increasingly narrow with a
depth-to-width ratio oc ¥ /4(p/p.) 7.

For a Pogorelov dimple, the scaling AV ~ (p/p.)~* has
been shown in Ref. [9] based on the Pogorelov energy es-
timate for the elastic energy of a mirror-inverted dimple.
Together with the geometric result AV = 772 /2 for mirror-
inverted dimples, this rationalizes the numerically observed
scaling (25) of the indentation for p < p.. We will present a
strict derivation in the framework of nonlinear shallow shell
theory below.

Because the indentation Zz at the barrier remains small
close to p., the solution w(p) resembles the linear approxima-
tion (18a) in this regime. We can use the exact relation (11)
at F = 0 and see that the indentation volume [the first term
on the right-hand side of relation (11)] must be given by the
second term on the right-hand side, which is of second order
in Z. Our numerics confirm that this term can still be obtained
using the linearized solution (18a) to a good approximation,

4 = 1/ dpp(d,)* 1[ dpp(d,wnn)?
- = - W)~ — Wiin
2 4 0 PP 4 0 PPLOPN

22
~ _T<1 —
41n )\.+

~ 570 —p/pe) ' (29)
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for z <« 1. The numerical results (26), (27), and (25) suggest,
on the other hand, that
AV o _
- = —/ dppw = constz 30)
2 0
still holds at the barrier, i.e., that the term is still linear
in Z to a good approximation and the indentation extends
over p = O(1). The indentation volume does, however, not
contain a factor (1 — p/p.)'/? as in the linearized solution
[see Eq. (19)]. Nonlinear corrections are affecting the shape
of the indentation at the barrier such that the cancellation of
oscillating contributions that governs the linearized result (19)
no longer happens but the indentation still extends over p =
O(1) as in the linearized solution. Equating with Eq. (29) at
the barrier gives
zp o (1= p/po)'?,
which explains the numerically observed scaling (25) of the
indentation close to p.. We will present a strict derivation in
the framework of nonlinear shallow shell theory below.

B. Energy barrier

Now we address the energy barrier itself. Numerically, we
find for the energy barrier height

_3 -
_ Z forzp < 1
EB X B/ i

, (31)
2/ forzz > 1

again with clearly two regimes and a crossover at Zz ~ 1; see
Fig. 7(a). For small indentations Z < 1, the linear regime with
¥, o Z is a good approximation up to the barrier, and the
typical radial extent of the indentation is p = O(1), resulting
in Ep o 73 according to (12). For deep indentations Z > 1,
the characteristic behavior of a mirror-inverted Pogorelov
dimple is 9, ~ z'/2 and ¢ ~ z!/2 over a width Ap = O(1)
at p ~ z!/2 (in the absence of pressure) [19], which results in
Ep 2133/ 2 according to (12). This means both scaling limits
in (31) can be rationalized by nonlinear shallow shell theory.
In Fig. 7(a), we compare with the exact asymptotics including
numerical prefactors that will be calculated rigorously in the
following sections.
Together with (25), this results in a pressure dependence

B o {(1 —p/p)?
P2 lw/pe)

in agreement with the numerical results in Fig. 7(b). The scal-
ing E o< (p/p.)~> for deep indentations has been obtained
before in Refs. [9,17,21] (and implicitly also in Ref. [16])
based on the arguments of Pogorelov for the energy cost
of a buckling indentation. The scaling Ep o (1 — p/p.)>/?
governs the softening of the shell close to the buckling pres-
sure and is a new result that corrects the conjecture Ep o
(1 — p/p.)?* that has been obtained based on numerical data
from SURFACE EVOLVER simulations in Ref. [9]. The SURFACE
EVOLVER is, however, not well suited to investigate very shal-
low dimples as they occur close to p.. Shallow shell theory
and the numerical continuation approach give much better
results in this regime, which extend over several decades of
the small parameter 1 — p/p. and reveal the actual exponent

for p = p,

; (32)
forp < pe

(a)
10%t
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FIG. 7. Numerical shallow shell results for the energy barrier Ej.
(a) Double logarithmic plot of Ej as a function of barrier indentation
zg with the analytical results (33d) (red line, p; ~ 0.8337, fitting
deep indentations Zz >> 1) and (53d) (blue line fitting shallow in-
dentations Zz < 1). (b) Double logarithmic plot of Ep as a function
of pressure p/p. (upper curves and upper horizontal scale) together
with the analytical result (33e) (upper red line) and as a function of
1 — p/p. (lower curves and lower horizontal scale) together with the
analytical result (53e) (lower blue line). Also shown are the data from
Hutchinson et al. [7,10] and the interpolation formula (73) (black
dashed line in panel (b)).

3/2.In Fig. 8, we compare our numerical results from shallow
shell theory to the SURFACE EVOLVER simulation, to numer-
ical data from Hutchinson and coworkers from Refs. [7,10]
from moderate rotation theory, to an analytical interpolation
formula from Evkin ef al. [5], and to experimental data from
Marthelot ef al. [4]. We find excellent agreement and see that
only the present numerical approach accesses the asymptotics
for p close to p,.

V. SHALLOW SHELL THEORY FOR THE POGORELOV
BARRIER STATE

In this section, we derive several analytical results for the
energy barrier state from nonlinear shallow shell theory in the
Pogorelov limit p < p. corresponding to a deep indentation
Zg > 1 in the barrier state:

Zs = P2 (p/pe) " + Ol(p/p)l, (33a)

4
AV ~ %zﬁ ~ % (p/pe) . (33b)
o8 ~ p1(p/p)", (33¢)
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FIG. 8. Comparison of our numerical shallow shell results for the
energy barrier Ej as a function of p/p. or 1 — p/p, [(a) logarithmic,
(b) double-logarithmic] to different analytical, numerical, and ex-
perimental energy barrier results from the literature: numerical data
from Hutchinson et al. [7,10] (orange big squares), energy barrier
from integrating an analytical interpolation of the force-indentation
relation from Evkin et al. [5] (green crosses), experimental data from
Marthelot et al. [4] (blue small squares), and SURFACE EVOLVER
data (red diamonds) and an approximative numerical interpolation
formula from Ref. [9] (dashed line). We also compare to the new
interpolation formula (73) (solid line). Clearly, shallow shell theory
is correct through the whole range of pressures.

Ep = % 22 1 0Gp), (33d)

4
Ey = % (p/p)° + Ol(p/po) ™21 with  (33¢)

p1 = 0.83370854. (331)

Thus, we derive all Pogorelov scaling exponents [see
Refs. [5,9,17] and Egs. (25)-(28), (31), and (32)] from nonlin-
ear shallow shell theory and also obtain exact numerical pref-
actors. The number p; can be written as analytic expression
in terms of an integral over a solution of simple differential
equations and is numerically easily accessible [see Eq. (45)
below]. The prefactors accurately agree with the asymptotic
numerical results; see Figs. 5—7. We will further show that the
total indentation energy landscape in the presence of pressure
is given by

Eina(2) = Einap=0(2) + pAV (2)

4
=P P (34)
3 Pe

i.e., the pressure dependence is only via the mechanical work
and the elastic part of the indentation energy Ejnq(Z) is inde-
pendent of pressure. For deep dimples with Z > 1 and p K
pe.» where Eq. (34) is valid, an additional pressure represents
only a small perturbation which is apparently not modifying
the elastic energy in leading order.

In the regime p < p., where the barrier state is a deep
mirror-inverted dimple with Zg >> 1, we can start from the
following mirror-inverted solution of shallow shell equations
at the barrier F = 0:

for p < Zé/z

for p > 2119/2’
for p < Z;/z

for p >Z;/27

—Zn + 2
w(p)={ wrh

(35)

- 4(p/pe
7o) = {O(p/p )P

which is an exact solution everywhere except right at the rim
of the dimple at p = Z}?/ %, where it exhibits discontinuities.
Following Ref. [19] (where the case p =0 and F > 0 was
considered), we smooth these discontinuities by an ansatz

(x=p-3")
_12
,w(p) = f(x)+ IZ(ZB +x) forx <0 (362)
0 for x > 0
_12
T(p) = x(x)+ {4(p/p”)(zﬂ +x) forx<0 (36b)
0 for x >0

where the functions f(x) and x (x) have discontinuities at x =
0 in order to lead to smooth functions @ and . This ansatz is
conceptually similar to the boundary layer approach of Evkin
et al. [20,21].

As in Ref. [19], we determine f, x, and p in an expansion
in inverse powers of Zg. Gomez et al. considered the Pogorelov
dimple created by a point force F' > 0 in the absence of
pressure and calculated the force-indentation curve, i.e., the
point force necessary to maintain a given indentation z. Here,
we consider a metastable Pogorelov barrier state with F =
0 with a given indentation zZp and calculate the pressure
p necessary to maintain such a state. A major difference
between both cases is the behavior of ¥ in the inner region
of the dimple. Because ¢ ~ —F /2m p for a mirror-inverted
Pogorelov state close to the ridge (the inner side of the ridge
is compressed), this divergence of ¥ for small p demands for
the existence of four additional scaling regions in the interior
of the dimple (p < +/Z) [19], resulting in the existence of a
total of seven scaling regions. For the barrier state, on the
other hand, we have F' = 0 and this divergence of ¥ is absent.
Therefore, the solution (35) is valid in the entire region p <
+/Zp apart from the immediate ridge region and no additional
regimes are present. In a sense, the original Pogorelov picture
with three regions—mirror-buckled inside, Pogorelov ridge,
and undeformed outside—is recovered for the barrier state.
Moreover, it is the existence of the additional inner regions
that calls for an expansion of f, x, and p in powers of z~!/4, If
these regions are absent, the scaling in (36) actually suggests
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that an expansion in powers of zg” ? is sufficient:
O =2"fo+ fi+z PH+-
X =2 0+ +2 P+, (37)

_—1/2
p/pe = po+75 Ppi 4o

In order to assure a continuous solution, f(x) and x (x) have
to fulfill the following jump conditions at x = 0:

_ 710
f15 =272 )t =2,
o+ _ 4 P12
X|()_ = 4_ZB ,

c

/0+_

T (38)
pe

Moreover, f(x) and y (x) vanish exponentially for x — Fo0.
We expect f(x) and yx(x) to decay exponentially on the
dimensionless length set by the width of the Pogorelov rim
£ ~ O(1). We note that Evkin et al. [20,21] use a conceptually
similar boundary layer approach which is based on essentially

p =—1/2
the same expansion parameter & ~ Z, '~.

A. Leading order

Inserting the expansion (37) and the ansatz (36) into the
integrated force balance (10) for w and the compatibility
condition (8) for v, we obtain in order zz the following
differential equations for fy(x) and xo(x) [56]:

fo +sgnx (xo + 2pofo) = foxos
X —sgnx fo = =1 f7. (39)

The first equation is multiplied by f;, the second by x/, and
then both equations are subtracted and integrated once (with a
vanishing integration constant because of boundary conditions
at infinity) to give a first integral,

1

5( 7 — xi — fo x0) +sgnx foxo = —sgnx pofy.  (40)

which holds both in x > 0 and x < 0 (but not right at x = 0).
Subtracting this relation for x = 0— from the relation at x =

0+ and employing the jump conditions at order leg/ 2,

/10
Mt =2, fil,o =0
@1

0+
xo0l0t = 4po, Xé}o_ =0,

we finally obtain the relation 2po[fy(0—) + 2]*> = 0, from
which we conclude

po =0.
For py = 0, Egs. (39) are symmetric such that
Jo(x) odd, xo(x) even.

This symmetry together with the discontinuities (41) also
requires fp(0+) = 1. A numerical solution of Egs. (39) for
x > 0 using the MATLAB routine bvp4c is shown in Fig. 9.
The boundary conditions are fo(xmin) = 1, x)(*min) = 0, and
Jo(max) = 0, Xo(Xmax) = 0 (using Xmin = 1077 and Xmax =
1000). For py = 0, the above Egs. (39) and boundary condi-
tions (41) become parameter free. Therefore, solutions fall off
exponentially on a parameter-independent length scale O(1)

fo-fo'XoXo'

10 15 20
X

FIG. 9. Leading-order functions fy(x) and y,(x) (solid black and
red lines) and their derivatives (dashed black and red lines) for
x > 0 and py = 0; on the domain x < O functions are obtained by
symmetry: fo(x) and x)(x) are odd, and xo(x) and fj(x) are even.
All functions decay exponentially on a length scale of order unity.

(see Fig. 9), which corresponds to the width of the Pogorelov
rim & ~ O(1) as argued above.

B. First order

In order leg/ 2, we obtain for fj(x) and x;(x)

1+ (sgnx — fo)x1 — xofi
= —fo — xfy +sgnxxxo — 2p1 fosgnx,
xi + (fo—sgnx)fi = —xo —xxg +sgnxxfy, (42)

where we used already py = 0. This inhomogeneous differen-
tial equation has to be solved with the jump conditions

0+ 10+
A =0, A% =2,
43)
0+ 710+
Xilo. =4p1. xilo. =4po

at order z3.
Using Eq. (39), the inhomogeneous Eq. (42) can be written
as [57]

(AN _ (—fo—xfoxo — 2p1 fosgnx
i) = ()

with a linear differential operator

z(fl) _ ( |+ (sgnx — fo)x1 — XOfl)
xi) xi — (sgnx — fo) fi '

For the adjoint operator Lt [with respect to the scalar prod-
uct {(a, b), (¢, d)) = ffooo dx(a(x)c(x) + b(x)d(x))], we can
show that i(a, b) =0 is equivalent to i*(a, —b) =0; ie.,
homogeneous solutions of the problem (42) are, apart from
a minus sign, also homogeneous solutions of the adjoint
problem. This holds, however, only for continuous functions
a(x) and b(x). The functions f; and x; are discontinuous at
x = 0 [see Eqgs. (41) and (43)], and we have to carefully check
boundary contributions.
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Nevertheless, we will make use of the fact that one solution
of the homogeneous problem can be explicitly constructed,

i(fO, ):o for x #0,
Xo

as can be checked by taking one derivative in the first-order
Eq. (39). This suggests that a Fredholm solvability condition
for the inhomogeneous problem (44) can be derived by form-
ing the scalar product ((f3, —x{), L(f1, x1)) on both sides. On
the left-hand side, this should give zero apart from boundary
terms from x = 0. We find

—fofils” = 1%l

<< ! ) A( 1>>
—Xo/)  \xu
= —2fé(())—2p|.

Forming the scalar product also with the right-hand side (the
inhomogeneity) of (44), using the symmetry of fy and o
and the first integral (40) for pg = 0, integrating by parts,
and using Eq. (39) for pp = 0 finally gives the following
solvability condition for p;:

| [ , 3 [
= —/ dx(xg — fy +2x0) = ——/ dxxo
4 Jo 5Jo

=~ (0.83370854, (45)

where the right-hand side has been evaluated numerically
using the solutions shown in Fig. 9. The last equality of
integrals is obtained by using Eq. (39) for py = 0 after partial
integration and the first integral (40) for py = 0. Together with
po = 0, we have

p/pe = pizy 2+ 0(z5"),
28 = P (p/p) 24 O((p/pe)™) (46)

with p% =~ 0.69506993, which is Eq. (33a). Further correc-
tions p,, p3, etc., can be calculated by extending this scheme
to higher orders. Based on the symmetry properties that f(x)
and x;(x) are odd and xo(x) and f;(x) are even, we can show
in the next order that

p2=0. @7

This means that the leading nonvanishing corrections in
Eq. (46) are actually of higher order: the leading correction to
p/peis 0(2;3/2) and the leading correction to Zg in Eq. (33a)
is 0((p/pc)°). This is supported by our numerics.

The result (46) is also in agreement with the work of
Evkin et al. [20,21]. It can be shown that the boundary layer
approach of Ref. [21] is equivalent to our expansion (37) in
powers of Z;l/ 2 (with the identification fy = 2w} and xo =
—2¢; in the notation of Ref. [21]). Evkin et al. use a varia-
tional approach rather than Fredholm integrability conditions
to obtain the expansion coefficients p; and p,. Using the varia-
tional approach, they obtain p/p. = (3Jy/ 8)2;1/ 24 0(2;3/ 2)
(see also Table I) with a numerical constant Jy for which we
can show the exact equality

h=2 f (K2 + £2) = 8p1/3, 48)
0

establishing the equivalence with Eq. (46); the missing cor-
rection in order 0(2;1) corresponds to p, = 0. Our numerical

evaluation of p; gives a slightly different Jy >~ 2.22322 as
compared to Jy 2~ 2.23 given in Ref. [21]. We also note that
the existence of only three spatial scaling regions for ¥ and
w as a function of p in the barrier state cannot be justified
systematically in the approach of Evkin et al.

We now return to the remarkable coincidence between
our calculation for the barrier state (F = 0, p > 0) and the
complementary calculation by Gomez et al. [19] for the force-
indentation curve in the absence of pressure (p = 0, F > 0).
Both governing differential Eq. (39) for the leading-order cor-
rections fy, xo and (44) for the first-order corrections f;, x; for
the Pogorelov barrier state are identical to the corresponding
equations of Gomez et al. for the Pogorelov dimple with a
point force in the absence of pressure. We can show that
both results are exactly consistent if the elastic part of the
indentation energy Ej,q(Z) is independent of the pressure [apart
from terms of order (p/p.)*] in the Pogorelov regime Z >
1. This means that the Pogorelov dimple energy is actually
independent of a precompression of the spherical shape by
a pressure p, which is often tacitly assumed (for example
in Refs. [9,21]). To show this consistency, we integrate the
result from Ref. [19] for the force-indentation relation in the
Pogorelov limit for p =0, F = F7'%2 + 0(1) with FB/2r ~
1.6674, to obtain the p = 0 indentation energy,

F
Eing p0(z) = ﬁzw +0iE"). (49)

If this is the elastic part of the indentation energy independent
of pressure p (apart from pressure dependence in higher order
terms), the only effect of an applied pressure is to add the
mechanical pressure work to the total indentation energy,
PAV = 4£/dppw _2Pxy~ P2
Pe T Pe Pc

which is the leading-order result for a mirror-inverted dimple
w(p) = —7 + p? with AV = —n7?/2 [corrections should be
O(z") if an expansion analogous to (36a) applies with an odd
function f(x)]. The barrier state with F = 0 then corresponds
to an energy extremum Of Eing(Z) = Eing,p=0(Z) + PAV(2)
with respect to variation of the indentation Z. This leads to
our above result (46),

B _ip
p/pe = s

if p; = F,/4m. This is indeed fulfilled because we can show
the exact equality

+0(z5"),

1 o0
F/2m = 5/ (f5 = x&& — x0) =2p1 (50)
0

from Eq. (45) (this equality is also exactly fulfilled on the level
of the second-order Eq. (44) [57]). Our above finding p, =0
suggests that the next nonvanishing term is actually smaller
than O(Zgl). This is in accordance with speculations in
Ref. [19] that the leading nonvanishing correction in Eq. (49)
is smaller than O(z'). Using Eq. (48), we also obtain the
relation >, = 3mwJy/2, which shows that the force-indentation
relation at p = 0 from Ref. [19], F = Fz'/? + O(1), is ex-
actly identical to the force-indentation relation that has been
obtained before in Refs. [21,58].
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C. Energy barrier and force-indentation relation

We can use the exact result (12), where we insert the
ansatz (36) to find the leading-order result for the energy
barrier, which turns out to be of order O(‘3/2) = 0((p/pc)2§),

_ Py lsp Ood 2_9 2) 1 (3!
==, 5% | xx0(2 = 2fo + f5) + O(23)

1731 3/2+0( )

with p;/3 =~ 0.27793199, which leads to Egs. (33d)
and (33e). To show the last equality, we use pop =0 in
the expansion of p, the first integral (40) for pop = 0, and
the last equality in (45). Our numerics show that the next
nonvanishing terms in Egs. (33d) and (336) are actually
Oz, 12 ) rather than O(Zg) and O((p/p.)”') rather than
O((p/pe)2), respectively. It is not possible to establish this
result analytically [analogously to p, =0, see Eq. (47)]
from symmetry considerations only. Evkin et al. find Ep ~
(3/16)%J3(p/pe)~3 [21] (see also Table I in Appendix C),
which agrees with our result (33e) including the identical
numerical prefactor (3/16)°J; = p}/3 [see Eq. (48)]. Again,
our result for the energy barrier is also consistent with the
result (49) of Gomez et al. for the indentation energy if it is
independent of pressure p [apart from terms of order (p/p.)?]
because
Ep = Enapeo(e) + PAV () = 2232
B = 1nd,p=0(ZB) + pAV(ZB) 127

is exactly our above result for p; = F,/4m; see Eq. (50).

We conclude that the total indentation energy land-
scape is given by Eing(Z) = Eindp=0(Z) + pAV(Z) in the
Pogorelov limit Z 3> 1, which confirms Eq. (34). Differentiat-
ing the energy landscape gives the force-indentation relation
F(2)/2n = dEj,q/d7 in the presence of a pressure p,

F& _ppzin_sPs 1)
2 Pe

This generalizes the p = 0 result of Ref. [19] and is valid
for z> 1 and p < p.. It is also identical with the force-
indentation relation in the presence of pressure which was
conjectured in Ref. [21], tacitly assuming that the Pogorelov
dimple energy is independent of the pressure p. We can
now also obtain the maximal force needed to overcome the
buckling barrier,

Fmax _ 3 EB
o =1pi (p/p)? =37

which is the characteristic maximal point force for structural
stability below p,.

VI. SHALLOW SHELL THEORY FOR THE SHALLOW
BARRIER STATE CLOSE TO THE BUCKLING PRESSURE

In this section, we derive several analytical results for
the buckling energy landscape for p close to p.. The total

indentation energy landscape is

V2 1252

- V3

Eing = —(1=p/pc) LI toEh (Y
for shallow indentations with Z < 1. By maximizing with
respect to Z at F = 0, we obtain several analytical results for
the energy barrier state for p close to p. corresponding to
shallow barrier states with zg < 1:

Zp = % (1 —p/p)'* + 00 — p/pe), (53a)
— 4 3242 172
AVp = sz A T( p/pe)’”, (53b)
8 1/2
~ | — ~0.70, 53
OB <3ﬁn> (53¢)
3,
EB = QZB + O(ZB) (53d)
_ 128+4/2
Ep = 81{ (1= p/py"* +0((1 = p/pc)*).  (53e)

Thus, we can derive all critical properties of the buckling
transition, i.e., all relevant scaling exponents for barrier inden-
tation and barrier energy close to the bifurcation in accordance
with the numerical results [see Egs. (25)—(28), (31), and (32)]
from nonlinear shallow shell theory. Energy barrier height and
barrier indentation vanish as Eg o< (1 — p/p.)*/? and Zp
(1 — p/pe)"/?, respectively, which gives rise to softening of
the shell close to p.. We also obtain exact numerical prefac-
tors, which accurately agree with the asymptotic numerical
results as Figs. 5-7 show.

For p close to p. the barrier state is a very shallow
dimple with Zg <« 1, and we can expand about the linear
solution (18a) and (18¢),

W(p) = ZWiin,0 + ot TR SR

V(0) = Z2ino + 2201 + -, (54)
Fo )
—=Zh+ZHh+- -,
2

where we define Wiin0 = Win/Z and 1/_/1in,0 = VYin/Z as nor-
malized linear displacement and stress function. As Wy, and
Yiin from Egs. (18a) and (18c) fulfill the correct boundary
conditions, w;, W, ¥y, and 1//1 must vanish at p =0 and
p — oco. We note that we perform an expansion for the full
problem with p # 0 close to p. and also F # 0; i.e., we do
not only aim at the F' = 0 barrier state as for the Pogorelov
limit in the previous section.

A. Leading order

We insert the expansion (54) into the Eq. (10) for w
and the compatibility condition (8) for ¥. To leading linear
order z, the expansion (54) gives the linearized solutions by
construction, which motivates the form of the linear term
in the expansion (54). They fulfill an inhomogeneous linear
differential equation, which is equivalent to the Reissner
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Egs. (17),
" lz}{in,O 2(1 = p/p)Wiy 0\ _ (Fo ;
M(I/flin,o> + ( 0 =10 with
1 ’ i
. (a ~a—d — pa’ — pb—2pa
M =
(b>_< —3b+b + pb' — pa ) (>3)

We wrote these equations using a linear operator M
which is self-adjoint with respect to the scalar product
((a,b), (c,d)) = [y dpla(p)c(p) + b(p)d(p)).

We will perform the expansion (54) by employing the
linearized solutions in the limit p — p., where

wo = lim w0 = —Jo(p),
p—pe
Yo = p]Ln;} Viino = —J1(p) = —y, (56)

[see Eqgs. (23) and (24)]. The functions w;, and Yo provide a
solution of the linearized problem at p = p, where also F' = 0

[because the stiffness vanishes for p = p. as shown in Sec. 111,
see (19)]:

()
M| -0)=0. 57
(%) (57)
We can use this homogeneous solution to obtain a Fredholm

solvability condition for the inhomogeneous problem (55) by
scalar multiplication with (@, /o) on both sides resulting in

2(1 —p/pc)f dppivg iy, o =Fo/ dpi}.
0 0
Using
o0
/ dpiy = 1, (58)
0

o0 , \/E
/ dppiyify g~ ~=(1=p/p™  (59)
0
[where the last integral is performed in the limit p — p,, see

also Eq. (29)], we rediscover our above result (21) for the
linear stiffness of the shell,

=21Fy = 4v2(1 — p/p)"/2.

| Ty

k = lim
7z—0

B. First order

In the next order 2, we obtain the inhomogeneous equation

M(@) N (2(1 - p/pc)ﬂ)i) _ _’”““’Olw_l/igo .
U 0 — 72 Wiin,0

Because F; will not vanish in the limit p — p., we can
perform this limit explicitly and obtain

. (] — oWy + F
M(Wozz wﬂﬁa . (60)
1//1 —Ewo
Again, we use the homogeneous solution (57) to obtain a
Fredholm solvability condition by scalar multiplication with

(w{, ¥o) on both sides. This gives [using again the inte-
gral (58)]

3 > 7 =72 3 > 3
0=—2 | dooa@+F =2 | dpJjp)+F. (6
2 Jo 2 Jo
Evaluating the last integral, we finally obtain
33
! 4

C. Energy barrier and force-indentation relation

From our results for Fy, and F;, we find the force-
indentation relation

Fz) 2v2

(1 —p/p)'?z— %522 +0F)  (62)

2 b4
in the presence of pressure p for shallow dimples 7 < 1 and
for p close to p.. The force-indentation relation is related
by F(2)/2n = dEj,a/d? to the indentation energy landscape.
As opposed to the Pogorelov limit z > 1 and p < p. [see
Eq. (34)], the pressure does not only enter via the me-
chanical work term pAV (z) for shallow dimples. [pAV =
Q/7)(p/p)AV o —(p/p.)z would result in a constant con-
tribution in the force-indentation relation (62)]. For shallow
dimples close to p., the softening of the shell profoundly
modifies the indentation energy already in leading order.
Structural stability is governed by the maximal force needed
to overcome the barrier,

Fmax _ 8
2t 34/3n
which becomes small close to p., reflecting the softening of
the shell.

For F = 0, we obtain the relation between pressure and

indentation in the postbuckling barrier state (53a), which can
also be written as

3E
1—p/pe) = Ez_j’ (63)

27 _,

128°%
This is the same asymptotic form as found by Evkin et al. [21].
Based on the incorrect assumption of zero curvature at the
pole in the barrier state [as the normal displacement profiles
in Fig. 4(a) clearly show], they find p/p. >~ 1 — 0.048%% with
a numerical prefactor that differs significantly from our result
27/128 >~ 0.211. This leads to significant deviations of their
Padé interpolation of p/p. from the numerical data [see
Fig. 5(a)], whereas Eq. (64) is in excellent agreement with
the numerics over several decades of the small parameter
1 —p/p. (see Fig. 5). An early result of Thompson for
axisymmetric postbuckling shapes (in the absence of a point
force) does not agree and features a linear term O(Zg) [13,59].

Integrating Ei,g = % Jo F(2)dz, we find the total indenta-
tion energy landscape (52) and all results for the energy barrier
state. The energy barrier can also be calculated directly from
the exact result (12), where we obtain in leading order

p/pe =1 (64)

l o0 1 o
= 70 =3 )
Eg = ——/ dpyw” ~ -7 —f dpyow,
4 Jo 4 Jo
1 [ \/§
3 3 -3
= Zp— dpJ = —7,
234/0 i(p) o B
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0.0 0.5 1.0 1.5
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FIG. 10. Solid lines: Numerical results for the rescaled energy
landscape Ej,q/FEp as a function of rescaled indentation z = Zz/Zp
for various pressures p/p. according to Eq. (65). Arrows indicate
increasing pressure. All rescaled landscapes lie between the two lim-
iting scaling curves fpog(z) and fof (z), which are known analytically
[dashed lines; see Eq. (67)] and approached for p/p. < 1 or p/p.
close to unity, respectively.

in agreement with (53d). The indentation volume (53b) at the
barrier state is found by using the barrier indentation (53a) in
the exact relation (11) or relation (29).

VII. ENERGY LANDSCAPE AND BARRIER

A. Energy landscape

Both in the Pogorelov limit and the softening limit close
to p., we obtained the exact asymptotics of the full energy
landscape, (34) and (52), which also contains all information
about the energy barrier [by maximizing E;nq(Z) with respect
to z] and the force-indentation curves F(z)/2m = dE;,q/dz.
Both limits can be written in a scaling form

Eing = EBf(E)v (65)

) N\

2-2r(d) (66)
T B ZB

with two characteristic scaling functions
frog(z) = 427% = 322,
foott(@) = 322 = 22°

determining the shape of the energy landscape, which is in
good agreement with our numerical results in Fig. 10. We
note that the Pogorelov result applies for z > 1 and p < pe,
whereas the softening regime applies to 7 < 1 and p close
to p.. In particular, it is not possible to calculate the linear
shell stiffness k = d*Eina/dz*|_, from the Pogorelov result
for p < p.. For this, one has to resort to the linear response
result (21) as has been discussed in Ref. [52].

(67)

B. Volume and area change during indentation

During point force indentation, area and volume change
according to Egs. (13) and (14). According to relation (15),
the indentation area change is given by the force-indentation
relation via AA(Z) = —2F (Z). The above scaling relation (66)
for the force-indentation relation is in good agreement with

a
( ) 20 —p/p.=0.05
p/p.=0.10
p/p.=0.35
—p/p.=0.50
10 —p/lpc=0.75
) —p/p.=0.90
IN — p/pc=0.999
[2a]
y O
=
= ,
-10 \\ P/Pc
\ == = —47if'pog=—2471(z'2-2)
_20 S - == A7fey=-24r(z-22)
0.0 0.5 1.0 1.5
ZIZg
(b)
O ]
-1 e ]
@ 1
2 1
|; -2 ———plp.=0.10 od
Q p/pe=0.35 !
p/pc=0.50
''''' - p/pc=0.75
-3r - - p/pc=0.90
——p/p.=0.999
0.0 0.5 1.0 1.5

Z/Z5

FIG. 11. Numerical results for (a) the rescaled area ﬂ/ (Ez/7Zp)
and (b) rescaled volume AV /AV 5 change as a function of 7 = 7/Zz
for various pressures p/p. according to Egs. (66) and (69). The
dashed lines indicated the limiting scaling functions according to
Egs. (67) and (69).

our numerical results for the area change, as Fig. 11(a) shows.
The area change is a nonmonotonous function of zZ with a
minimum at the maximal point force —Fj,, = %Mmin.

In the linear reponse regime zZ < 1, also the volume
change AV(Z) is given by the point force via AV (Z) =
27 [, dppiwin = —k(p)z = —F; see Eqs. (19) and (21). For
deeper indentations, we can use the results (29) close to p.

and the mirror-inverted dimple result AV = —n7? /2 to find
- _2 3
—AV(R) ~ E(p)z—}— 55 =p/pe) 12 forp ~ p, .
Kprz+72/2 for p < p
(68)

Rescaling with the barrier indentation Zp [see Eqs. (53a)
and (33a)] and the indentation volume AV at the barrier
[see Eqgs. (53b) and (33b)], we find that both for p & p. and
p < p. ascaling relation

_AV() = AV, g(_i) (69)
ZB
with g(z) = 77%/2 (70

holds over a wide range z/Zg > (1 — p/p.)'/? and z/7p >
(p/p.)?, respectively. For intermediate pressures, however,
an additional linear regime emerges; see Fig. 11(b). Volume
and area change during point force indentation combine to a
reduced volume

1+y ' 2AV

v=V/@4nr/3)(A/4n)? = —
(1+y~ "L AA)

<1, (71)
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which is monotonously decreasing and reduced to v =1 —
O(y ") up to the barrier. It becomes significantly reduced and
finally vanishes only close to the snap through where z « Ry
or AV « 7% Y.

C. Quantitative interpolation for energy barrier and indentation

The scaling forms (65) and (66) give quantitatively accu-
rate energy barrier shapes and force-indentation relations if
accurate interpolation results for the energy barrier height E
and the barrier indentation zp are available. As nondimension-
alization of the shallow shell Eqgs. (7) and (8) showed, the
dimensionless energy barrier Egz at F' =0 can only depend

on p/pe,
Eg = fo(p/pe). (72)

Based on our analytic asymptotic results (33e) and (53e) for
the function f,(x), we can give a new interpolation formula,
significantly improving the interpolation formula for the func-
tion f,(x) proposed in Ref. [9] (which was based on scaling
results in the Pogorelov limit and numerical results only):

3
frlx) = (a3x3 +anxt+ax +ag+ (1 - Zan)x>

n=0
x [b32(1 —x)*/* + by(1 — x)*

+(1 = b3jp — bo)(1 — x)*/?],

p4
?1 ~0.161, a, = —0.0168,

az =
a; = 1.653, ap = 1.951,

12842
81w

Our analytical asymptotic results constrain the values as
and b3/;. The remaining fit parameters are determined by a
Levenberg-Marquardt fit on numerical shallow shell data for
the energy barrier that are equally distributed between p = 0
and p =1 in steps of Ap = 0.01. The fact that the fit gives
laz| < 11is consistent with our numerical finding that the next
nonvanishing term in Eq. (33e) is actually O((p/p.)”") rather
than O((p/p.)~?). Relative deviations from the numerical
shallow shell data are smaller than 5% for p/p. < 0.6 and
smaller then 20% over the whole range of p; see Fig. 8.

A similar interpolation can be given for the barrier
indentation:

b3/2 = >~ 0.711, bz = 3.794. (73)

Zp = gp(p/pc) with

2
gp(x) = <a2x2 +ag+a_1x+ (1 — Z an)x2>

n=—1
x[b12(1 —x)"* + by (1 - x)
+ (1 =byjp — b1 — )2,
ay = pj ~0.695, ap = 4.779, a_; = —3.144,

82
3J3

bl/2 = ~ 2.177, b] == _1.377, (74)

see Fig. 5, where our analytical results constrain the values
az, by, and a; = 0 [the leading nonvanishing correction in
the Pogorelov limit is O((p/ pc)‘)) because of p, = 0; see
Egs. (47) and (33a)]. Relative deviations from the numerical
results are smaller than 2% for p/p. < 0.6 and smaller than
15% over the whole range of p.

We can also employ the strategy of Evkin et al. [21] and
use a Padé interpolation of p/p. as a function of zz. With an
ansatz

4 n
2 _ Z=g—“ with e = 22,2 (79)
De I+ Zn:l ﬂ”g”

we can incorporate the analytical constraints g =0, o) =
p1/2 >~ 0.417 from the Pogorelov limit ¢ <« 1 with (46) and
constraints o, = B, forn =1,2,3,4 and oy = 8/27 =~ 0.296
from the shallow dimple regime ¢ > 1 with (64). Further-
more, the constraint p, = 0 from the Pogorelov limit ¢ < 1
[see Eq. (47)] gives ap = p7/4 ~ 0.174. The only uncon-
strained coefficient a3 can be used for a Levenberg-Marquardt
fit of the numerical shallow shell data, which gives o3 ~
0.476. Our Padé interpolation of p/p. differs significantly
from the one given in Ref. [21] because of the corrected
behavior in the limit p ~ p,. [see Fig. 5(a)]; relative deviations
from the numerical results for p/p. are smaller than 5% for
over the whole range of zg.

VIII. MAXWELL AND UNBUCKLING PRESSURE

We can use the energy landscape (34) in the Pogorelov
limit Z > 1 to calculate the critical unbuckling pressure pc,
and the Maxwell pressure p.;. When we reduce the com-
pressive pressure to p < poy < p., the buckled state can no
longer be stabilized, and both the buckled state and the
unstable barrier transition state merge and vanish in a saddle-
node bifurcation at p = p.,. The unbuckling pressure is the
smallest compressive pressure at which a metastable buckled
state still exists and is thus also called minimum buckling
load [5,14,48,60]. The stable buckled states assumed after
buckling at p. are snap-through buckled states (z & 2R) and
can no longer be described in shallow shell approximation,
which assumes small slopes |w’| ~ z/Ry < 1, i.e., small rota-
tion angles of shell elements. By numerical solution of the full
shape equations [3], which are valid beyond the shallow shell
approximation, we find that at unbuckling at the pressure pq,
the shell is no longer fully snapped through but the indentation
is still deep and proportional to Ry, i.e., z = aRy with o ~
1.4-1.5 (in agreement with Refs. [5,60]).

If we assume that also the unbuckling state has maxi-
mal indentation z = 2Ry or z = 2y'/? with z > 1 for thin
shells Ry > h or large Foppl-von Kdrman numbers y > 1,
this state can only be a boundary minimum of the energy
landscape (34) with F = 0 if the maximum of the energy
landscape at zz has smaller indentation zz < 2Ry or zz <
2y /2 This is the case above the critical unbuckling pressure

P1 _
P = 5Py A, (76)
For p < pey, the precompressed spherical state is the only
accessible energy minimum and, thus, spherical shells have
to unbuckle. The parameter dependence pe, o p.y /4 has
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been previously observed [5,16,47,60]. In Refs. [5,60], pey =~
2.65 p.y ~'/* has been found using a shell theory that allows
for large deflections and rotation angles. Solving the full
shape equations from Ref. [3] numerically we find po, =~
1.2 p.y~'/4, which is by a factor of 2 larger than the shallow
shell result (76) but also shows the same parameter depen-
dence. We conclude that in shallow shell theory the unbuck-
ling state is not properly accessible but can be approximately
regarded as a boundary minimum at z = 2R, corresponding
to a snap-through state. The simple condition zz = 2R, for
the barrier state can predict the unbuckling pressure p, up to
a numerical factor of about 2.

We can calculate the Maxwell pressure p.;, at which the
snap-through buckled state and the unbuckled precompressed
spherical state have equal energies, from calculating the zero
Einq(z1) = 0 of the energy landscape (34) (see also Fig. 2)

16p? , 16
71 = — )= —7p. 77
Z1 g (P/pe) o 3 (77)
The buckled state with equal energy is the snap-through state
if z = 2Ry or z; = 2y'/2. This condition determines the
Maxwell pressure

_ 4p1 —1/4 _ 4

Pcl = 3ﬁpc-y = 3pcuv (78)
confirming the parameter dependence p.; ~ p.y ~'/* [17].
Using the Pogorelov theory p.; =~ 0.901(1 — v?)~1/4p.y~1/4
has been obtained [47], which slightly deviates from our
above result p.; ~ 0.786 p.y~'/* from shallow shell the-
ory. The relation p.; = 4p.,/3 is obtained identically using
Pogorelov theory [47].

IX. SOFT SPOTS

The critical unbuckling pressure can be interpreted as a
finite-size effect that leads to spontaneous unbuckling if the
critical indentation at the barrier does no longer “fits” into
the capsule in normal direction, i.e., if zz > 2Ry or Zg >
2y /2. Because pp o ZII;/ ? « zp for mirror-inverted dimples
the lateral extent pp of the critical barrier state does not
conflict with the finite size Ry of the shell. This can happen,
however, for spherical caps under pressure [61] or soft spots
on a sphere under pressure [16] if their lateral size L (or
opening angle « = L/Ry for a spherical cap) are small. Then
the finite lateral size L can trigger unbuckling of the cap or
the soft spot. The important parameter governing the buckling
of a finite spherical cap is A = L/l = L [16,61]. Although
the boundary conditions play an important role and differ
from those of a complete spherical shell both for clamped
and free caps or soft spots, we expect that unbuckling is
triggered if A = L < pg(p) because a fully buckled state of
extent L becomes an unstable boundary energy maximum
then. According to Egs. (33c) and (53c), it will unbuckle if
p/pe < p1/L for L > 1 and for all L < 0.70 for p close to
pc. Therefore, soft spots sufficiently small compared to the
the elastic length (L < 0.70ly) will immediately unbuckle
for p smaller than p.. This will suppress the existence of
the subcritical barrier state and hysteresis in the buckling
of sufficiently small soft spots: The soft spot buckles and
unbuckles at the same threshold pressure p,.

pl\
Pe 4
\
‘\
\ snap-through
\
Pe,F 1o\ barrier (stable)
Pc,s

\‘\\ *// (unstable)

Peu \ ----------------

spherical (stable)

Z=2R0 E

FIG. 12. Bifurcation behavior of the indentation z with pressure
p as control parameter for a perfect shell (blue) or in the presence of
a preindenting force or for an imperfect shell (yellow) in shallow
shell theory. There are three types of stationary states: a stable
spherical state for p < p. (or p < p.r, p < pcs) (solid lines), an
unstable barrier state corresponding to an energy maximum (dashed
lines), and a stable snap-through state above the unbuckling pressure
P > pey (solid gray line). In shallow shell theory, the unbuckling and
snap-through states are not properly accessible but can be regarded
as boundary minimum at z = 2R,.

X. BIFURCATION BEHAVIOR AS A
FUNCTION OF PRESSURE

Our results on the buckling barrier of a perfect spherical
shell allow us to classify the buckling bifurcation as a function
of the control parameter p in more detail, as schematically
shown in Fig. 12. A suitable order parameter to trace the
bifurcation is the indentation z. The functional form of the
energy landscape (52) close to p, (containing z> and z> terms)
suggests a transcritical bifurcation at p = p,, but the unstable
barrier state does not continue as a stable equilibrium state
into the buckled phase p > p., where Eq. (52) is no longer
applicable. Clearly, the bifurcation at p = p, is subcritical as
the barrier states represent a subcritical branch of unstable
stationary points, which are already present for p < p. (and
P > pey)- From this fixed point structure with an unstable
barrier state with Zz oc (1 — p/p.)'/? [Eq. (53a)] and the
stable spherical state joining at p = p. and resulting in an
unstable spherical state for p > p., the bifurcation at p = p,
is similar to a subcritical pitchfork, in which the spherical
state z = 0 becomes unstable. We have, however, only a “one-
sided” pitchfork because we only consider compressed states
z < 0 and there is no inversion symmetry z — —z between
compression and deflation of a sphere. The buckled snap-
through state z = 2Ry is stabilized as a boundary minimum
for p > pq, and becomes the only remaining minimum af-
ter the bifurcation at p = p,. It becomes the global energy
minimum at the Maxwell pressure p.; between p, and p..
The appearance of the buckled state together with the energy
barrier state at p = p., is a saddle-node or fold bifurcation,
as results in Refs. [3,17,60] suggest. For pressures slightly
above p.,, the buckled state snaps through. Bifurcations at
pe. and p., result in hysteresis for p., < p < p. between
saddle-node and subcritical bifurcation. Upon approaching
the buckling instability from p < p., the shell indentation at
the energy barrier maximum vanishes o (1 — p/p.)'/? and
the linear restoring force vanishes as the linear stiffness oc
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(1 — p/pe)'/?; see also Eq. (62). Right at the instability, the
linear restoring force vanishes and the force-indentation curve
F oc —7z% misses linear terms such that we can also expect a
“critical slowing down” of the buckling dynamics [62].

XI. BIFURCATION BEHAVIOR AND SOFTENING IN THE
PRESENCE OF A PREINDENTING POINT FORCE

One view of the point force F is to consider F as a probe
of the buckling barrier for a fixed subcritical pressure p < p.,
which gives access to the bifurcation behavior as a function
of p. An alternative view is to consider the point force as
an additional control parameter and consider its effect on the
buckling bifurcation, i.e., to consider how the buckling bifur-
cation as a function of p is modified if the sphere is preloaded
by a small point force Fy.. Then, Fy. acts analogously to
an additional ordering field in a phase transition bifurcation
favoring one phase (here the buckled state), gives rise to an
avoided or perturbed bifurcation at a reduced critical pressure
Pe.r < Pe, and turns the bifurcation at p. r into a saddle-
node bifurcation (see Fig. 12). The bifurcation at p., remains
essentially unchanged as long as Fp is small. Interestingly,
imperfections will have a very similar effect as we will show
below.

In the presence of a preloading point force Fp > 0, the
critical buckling pressure is reduced to p.r < p. as it is
easier to buckle a preloaded shell. The additional force Fyr
tilts the energy landscape to Eing — FpreZ/27, resulting in
the modified force-indentation relation F'(z) = 2ndEing/dZ —
Fpre. Equivalently, we can say that F is replaced by the total
force F + Fpre in the original force-indentation relation. This
turns the bifurcation at p. r into a saddle-node bifurcation,
at which both the stationarity condition Fyre = 277dEinq/dZ
for the tilted energy landscape (i.e., F(z) = O for the modi-
fied force-indentation relation) and the saddle condition 0 =
d’Einq/d7? = dF (7)/dz have to be fulfilled.

For small forces Fpre, the bifurcation still occurs close to
pe and for small indentations z, such that we can use the
asymptotic energy landscape (52) and the force-indentation
relation (62). Stationarity and saddle conditions then result in
a reduced critical pressure with a knockdown factor

Pc,F 3\/5 =

D == 1 - YFpre. (79)

For p < p. r, two stationary states emerge in the saddle-node
bifurcation (see Fig. 12): a stable preindented spherical state
and the unstable barrier state. The stable preindented state
is no longer a perfect precompressed sphere with z = 0 but
has a finite indentation Zgn A~ Fye/k, which is very well
described by the linear stiffness k from Eq. (21). Solving
the stationarity condition Fye = 27 dEinq/dZ, i.e., solving the
force-indentation relation (62) for Z, we obtain the indentation
for both branches,

S 42 (1 p>1/2i(pcf—p>1/2
B,sph — - — = - - l}
W) pe Pe

which meet for p = p.r at zg = zgpn ~ , /Fpre. Interestingly,

we find the same softening behavior as in the absence of the

preloading force if the pressure approaches the critical value
pe.r- The indentation difference from spherical to barrier state
is

8ﬁ<ch - p)”z
BF=IB—Zph= — | ———— (80)
B,F = ZB ph 33 .
and the corresponding energy barrier is
- _ - 1 B
Epr =FEpg — Egh = — F(z)dz
Zsph
128v2 (per —p\"? _ V3,
= : = —Zgr 81)
81w De 8t

Both results are completely analogous to Eqs. (53a), (53d),
and (53e) for Fy =0, with Ap = (p.r — p)/p. replacing
(1 — p/p¢). They result in a linear stiffness

giving rise to the same softening behavior close to p. r as in
Eqg. (21) in the absence of the preloading force. The properties
of the subcritical barrier such as the scaling Zz p o Ap'/?
and EB,F o Ap*/?, which characterize the softening of the
shell close to the critical pressure p.p are universal and
independent of the applied point force Fy. For a saddle-node
bifurcation, where two branches of fixed points (Zz and Zg,n)
smoothly merge at the critical value p = p. r of the control
parameter, the behaviors Zz r o¢ Ap'/? and Ep p oc Ap*/? are
actually generic.

Figure 13 shows numerical results for the knockdown
factor, the bifurcation of the indentation, the indentation dif-
ference, and the energy barrier between barrier state and prein-
dented spherical state. The numerical method is unchanged,
in principle. In the presence of a preindenting force, the total
force F + Fyye is acting on the shell, and F is replaced by
the total force F + Fyy in the shallow shell equations that
are solved numerically. Both at the barrier state and at the
preindented spherical state we have an applied force F = 0,
but the total force acting on the shell is not vanishing but
equals the preindenting force Fyr. In order to calculate the
barrier energy Ep r = Ep — Egpp directly without numerically
integrating the full force-indentation relation, we now employ
a generalized version of relation (12), which gives direct
numerical access to the energy difference AEr between
a state indented with a force Fy and the precompressed
unindented spherical state (with the same pressure but with
z=0) as

_ 1 [ - _ 0 Fpre_
AEtot,F = _Z dIOW(apw) - 4 Z
0

—2(1 4 vy 2 fore (82)
pe 21

A derivation is given in Appendix A. The energy barrier
Egr = AEip — Ewor,spn can then be obtained as difference
of the values of AE g between the barrier state and the
preindented spherical state, both of which can be obtained via
continuation of solutions of the shallow shell Egs. (7) and (8)
with force Fye.
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FIG. 13. (a) Bifurcation of the indentation as a function of the pressure for a shell preindented with force Fy.. Below a critical pressure
De.F» two branches of shapes emerge in a saddle-node bifurcation, an indented spherical branch with Zy,, and an unstable barrier state with Zp.
Dashed lines: Linear response Zgn A Fiy /k of spherical shell. Solid lines: Approximation (84). Inset: Knockdown factor p. r/p. as a function
of preindenting force F}m as compared to Eq. (83) (solid line) and small Fpre approximation (79) (dashed line). (b) Indentation difference
Zp,F = Zp — Zsph @s a function of pressure p/p. (upper curves and upper horizontal scale) together with analytical result (33a) for F,.. = 0 (red
line) and as a function of 1 — p/p. r (lower curves and lower horizontal scale) together with analytical result (53a) for Fye = O (blue line).
Lines are approximation (85). (c) Energy barrier Ep r as a function of pressure p/p. (upper curves and upper horizontal scale) together with
the analytical result (33e) for F,. = 0 (red line) and as a function of 1 — p/p. r (lower curves and lower horizontal scale) together with the
analytical result (53e) for F,. = 0 (blue line). Lines are approximation (86).

The numerical results in Fig. 13 show that the above
results (80) and (81) are quantitatively correct only for very
small Fye < 1, where the knockdown factor (79) is close
to unity and we can use the asymptotic result (62) for the
force-indentation relation [see inset in Fig. 13(a)]. For larger
Fpre, it turns out that prefactors in Egs. (80) and (81) depend
weakly on the preindentation force Fr, and the knockdown
factor deviates from Eq. (79).

In order to explain these results quantitatively, we use
analytical estimates based on the scaling form (65) of the
energy landscape for F' = 0 employed in conjunction with
the interpolation formulas (73) and (74) for the pressure
dependence of Epg and Zgo for Fyre = 0. The knockdown
factor p. r/p. is then determined by the solution of

3 Eno(per/pe) _ Fpe

oC - (83)
2zgo(per/pe) 2w

and

_ _ 1/2
) 1_ Fr 2 ZB 0(p)

=zl |1 = ez L gy
ZB,sph 2ZB~0{ [ 27 3 Epo(p) &

By 2 Z0(p/po) ]”2 s5)
27 3Eso(p/pe)]

R 2 280(p/ o) ]3/2
27 3Ego(p/pe)|

where we used the scaling function fy(z) appropriate for
p/pe 2 0.75. This describes our numerical data for the
modified bifurcation behavior in Fig. 13 well for Fy. < 1.
We recover again the universal properties of the subcritical
barrier Zp r o Aﬁl/z and EB,F X Ai)3/2, but prefactors in
these scaling laws now depend on the applied point force Fe.

Effects of the preindenting force Fy are negligible for the
barrier state in the Pogorelov limit Zg >> 1 and p < p.. Then
the barrier state is deeply indented, and the preindenting force

Fyre can be neglected versus the elastic and pressure terms in

the force-indentation relation (51) for zz > szre or p/p. K

ZBF =2ZB — Zsph = ZB,O|:1

Egr = EB,O|:1 (86)

l/Fpre. The linear shell stiffness k = ‘2—‘; [see Eq. (21)], on
the other hand, is independent of an additional constant force
Fpre in the force-indentation relation. Thus, the preindented
spherical state approaches Zypn & Fyre /k > 0.8 Fyye for p/p, =
0, which is also negligible versus zg ~ (p/p.)~2 for p/p. K
l/Fplréz. Therefore, the indentation difference from spherical
to barrier state Zp r &~ Zp and the barrier energy Ep p ~ Ejp
approach the Pogorelov asymptotics (33a) and (33e) in the
Pogorelov limit for p/p. <« 1 /Fplréz; see also Fig. 13. There-
fore, the bifurcation at pey/p. ~ y /4 [see Eq. (76)] remains
essentially unchanged as long as Fe < 2, which is a rather
weak condition.

XII. IMPERFECTIONS

For applications, another important class of “quenched”
defects are imperfections in form of a normal axisymmetric
displacement field w;(r), which is already present in the
strain-free state of the shell [10,13,15,63]. Then the strain is
defined relative to the configuration of a sphere with radius
R(r) = Ry + w;(r) containing already normal displacements
wy(r). Similar to the preindenting force, also imperfections
are known to affect the nature of the bifurcation at p. and
cause a pronounced reduction of the critical buckling pres-
sure p. [13-15]. We will show that the effect of localized
axisymmetric imperfections is very similar to the effect of a
preindenting force.

A. Shallow shell theory in the presence of imperfections

We consider here axisymmetric imperfections and demon-
strate that they can be incorporated in an exact manner into
our analytical barrier calculation based on the shallow shell
equations in the regime of small Zg <« 1 from Sec. VI. A
detailed derivation of the nonlinear shallow shell equations in
the presence of imperfections is given in Appendix B.

In-plane strains u;; are defined relative to the imperfect
initial shape and depend on the imperfection field w; via
nonlinear terms in the normal displacement w. Changes in
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the curvature tensor (curvature strains) k;;, on the other hand,
are independent of w;. The Hookean stress-strain relations
giving in-plane stresses o;; and bending moments in terms of
the in-plane strains u;; and curvature strains k;;, respectively,
are not modified by imperfections, as well as the Hookean
elastic energy of the shell in terms of strains [see Eq. (B1) in
Appendix B]. Variation with respect to the additional normal
displacements w(r) (and in-plane displacements) finally gives
the modified shallow shell equations

L1 1
kViw + —=03,(r) — =0 [Yo-(w + wy)]
Ryr r

z_p_zi@, (87)
T r

—1 —1 ( ) = - ‘21( )2 - )( )
% rar 8,. rl/f RO 0, W E)rw (arw B,wl y
(88)

which generalize Eqgs. (3) and (4) in the presence of imperfec-
tions.

As in Eq. (5), we can absorb the effect of the pres-
sure p in Eq. (87) into a uniform pre-compression ¥ (r) =
Yo(r) = —pRor/2 (corresponding to stresses o, = Opp =
09 = —pRy/2) and consider changes with respect to this
prestress by substituting ¥ (r) — o (r) + ¥ (r) [see Eq. (B7)
in Appendix B]. Also, nondimensionalization (6) proceeds as
before. Integrating on both sides from p to infinity finally
gives

— P, (V) — pV + T, (@ + ) — prapw

F b .

= — 22 00,m, (89)
2T pe

which has to be solved together with the compatibility
condition

1 -
pi?p[;ap(m/f)] = pd,w — 5(3,)° = (3,W)(3, ;). (90)

In comparison with our original Egs. (10) for @ and the com-
patibility condition (8) for v, there are three additional terms
coupling to the imperfection displacement. The first term in
Eq. (89) and the last term in Eq. (90) are couplings caused
by the nonlinearities of the shallow shell equations and are
of order O(zz) if z; is the amplitude of the imperfection dis-
placement. They correct the homogeneous part of the shallow
shell equations. The term —2(p/p.)pw; = O(Z;) in Eq. (89),
on the other hand, is of lower order and corrects the inhomo-
geneity of the shallow shell equations. It can be interpreted
as an additional effective pointlike force, which is localized to
the extent of the imperfection w; and is caused by the response
of the imperfection displacement to additional pressure. The
effective force term gives the leading-order effect of imperfec-
tions as long as z < 1. This is a first hint that the combination
of pressure and imperfection displacement leads to similar
indentation behavior as a preindenting point force.

B. The avoided buckling bifurcation

In the following, we consider axially symmetric imper-
fections in the form of a localized indentation of Gaussian

shape [15,63]
Wy (p) = —8e /P 1)

with dimensionless depth § (measured in the same units as
normal displacements w) and dimensionless size p; (mea-
sured in the same units as radial distances r). In the pres-
ence of such imperfections, the critical pressure is reduced
to p.s < p. because it is easier to buckle the preindented
shell, in which an indentation imperfection displacement w;
with @; > 0 leads to additional compressive strains upon
compression by pressure.

The numerical results in Fig. 14 show that the effect of the
preindentation imperfection is indeed qualitatively very simi-
lar to the effect of a preindenting point force. For a localized
imperfection field w,, the additional inhomogeneous term in
Eq. (89), which is the leading order effect for z < 1, becomes
a localized effective force, which acts essentially in the same
way as a preindenting point force. Therefore, we find the same
bifurcation behavior as discussed in the previous section for
a preindenting point force. The imperfection gives rise to an
avoided or perturbed bifurcation at a reduced critical pressure
Des < Pe. and the bifurcation at p. s becomes a saddle-node
bifurcation, in which two stationary states emerge (see also
Fig. 12): a stable preindented spherical state with energy Eqpp
and indentation Zg,n and the unstable barrier state with energy
Eg and indentation Zg (> Zsph).

In the numerical approach, we solve the modified shallow
shell equations as given explicitly in Eqgs. (B8) and (B9) in
Appendix B. In the presence of imperfections, the total energy
difference in Eq. (12) is no longer the barrier energy but
measures the energy difference between the barrier state or
the preindented spherical state with /' = 0 and the unindented
and precompressed state (with the same pressure but F = 0
and w = 0), which is no longer a stationary state satisfying
the force balance (87) but which is still an admissible and
well-defined shell state satisfying the compatibility condi-
tion (90). The total energy difference AEm,imp to this state
can be obtained analytically; see Eq. (B11) in Appendix B.
In order to calculate the barrier energy Eps = Ep — Egpn,
we calculate this total energy difference for the barrier and
the preindented spherical state numerically and use Ep s =
AEtol,imp,B — Elot,imp,sph to directly access the energy barrier
by continuation methods without the need to numerically
integrate the force-indentation relation. Our numerical shal-
low shell theory results for the indentation as a function of
the pressure agree well with results from moderate rotation
theory [15,63].

For small imperfection indentations § < 1, the bifurcation
still occurs close to p. and for small indentations zZ. Then we
employ the same expansion (54) as in Sec. VI for shallow
dimples and find in the leading order

M(lz)llinD) + <2(1 - P/Pc_)/ﬂ)fin,_o/—i- l_h]jnqoﬁ);>
wlin,o wlm,Owl

_ <F0 + Z"Z(P/pc)pw}>

= 0 )
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FIG. 14. (a) Bifurcation of the indentation as a function of the pressure for an imperfect shell with different imperfection depths § (and size
pr = 1). Below a critical pressure p. 5, two branches of shapes emerge in a saddle-node bifurcation, an indented spherical branch with Zgy,
and an unstable barrier state with Zp. Lines: Approximation with effective preindenting force (94) and (95). Inset: Knockdown factor p. s/p.
as a function of 6 as compared to approximations with effective preindenting force (94) and (95) (solid line) and small § approximation (93)
together with (79) (dashed line). (b) Indentation difference Zp s = Zp — Zspn as a function of pressure p/p. (upper curves and upper horizontal
scale) together with the analytical result (33a) for § = O (red line) and as a function of 1 — p/p. (lower curves and lower horizontal scale)
together with the analytical result (53a) for § = O (blue line). Lines are approximations with effective preindenting force (94) and (95). (c)
Energy barrier Ej 5 as a function of pressure p/p,. (upper curves and upper horizontal scale) together with the analytical result (33e) for § = 0
(red line) and as a function of 1 — p/p. s (lower curves and lower horizontal scale) together with the analytical result (53e) for § = 0O (blue
line). Lines are approximations with effective preindenting force (94) and (95).

Scalar multiplication with (@y, Yp) on both sides gives the
solvability condition

2 _
R = i(l —p/p)'* +2 / dpw)(Yoty)

—2*12(p/pc)/dppw}w5,
with an additional z~! contribution to the leading order, which
means an additional imperfection force and an additional
imperfection contribution to the linear stiffness. Both con-
tributions are linear in the imperfection displacement wy;.
We evaluated integrals approximately in the limit p — p, as
previously done in Eq. (§9). The force-displacement relation
becomes

= [4v2(1
3f

F+(p/po)A; —p/p)'? + ki1z

224+ 0@ with (922)

(92b)

k= 47t/d,ow}(1/_/0w(’)) = 4n/‘dppw}w66m0.
(92¢)

Both imperfection modifications have a transparent phys-
ical interpretation. The strength of the imperfection force
(p/p)A; is proportional to the pressure and the amplitude
of the imperfection displacement but also depends on the
“overlap area” of the imperfection field w;(p) and the in-
dentation mode Wy for p = p. and F =0 centered at the
pole. Imperfections localized away from the pole will greatly
reduce the imperfection force because w; hardly overlaps with
the indentation mode ;. The imperfection contribution &; to
the linear stiffness is the overlap area weighted by the radial
stress o, profile at p = p,.

The buckling bifurcation is now governed by the pres-
ence of the additional z-independent imperfection force in
the force-displacement relation, which acts analogously to a
preindentation force Fyre = (p/pc)A;. For the imperfections
with shape (91), we can explicitly evaluate A; in Eq. (92b) as

2
A] = 2718p12|:1 — %Eple_p;/sll/2<%>j|, 93)

where [, (x) is the modified Bessel function. This reveals that,
for fixed indentation depth §, the overlap area A; and thus the
imperfection force Fpre = (p/pc)A; become maximal for an
imperfection size p; = 2, i.e., if the imperfection has twice
the size of the elastic length Iy = (hRy)'/?k~' (see inset of
Fig. 15). We conclude that this imperfection size is most
effective in reducing the buckling threshold. This is confirmed
by our numerical data in Fig. 15.

The description by an effective preindentation force Fye =
(p/pc)A; also implies that the softening behavior of the shell

1.0
0.8} -3
- <o
© 0.6§ : Do 2 4 6 8 10 5;;5
S (4l \.,_..‘"" o
0271“ e, ¥ o
0.0!
0 5 10 15 20

Zsph»ZB

FIG. 15. Indentation as a function of the pressure for an imper-
fect shell with fixed imperfection depth § = 0.5 as a function of the
imperfection size p; = 1. The knockdown factor p. s/p. is maximal
for p; ~ 2. Inset: Overlap area A; as a function of p; for 6 = 0.5
according to Eq. (93) with a maximum at p; = 2.
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close to the critical pressure p.s is universal and the in-
dentation difference Zp 5 = Zp — Zsph from spherical to barrier
state and the energy barrier Zg; = Ep — Esph are governed
by the same exponents Zg 5 o< Ap'/? and Ep 5 o« Ap*/*[Ap =
(pe.s — p)/pel as for a preindenting point force Fpre or as in
the absence of a preindenting point force.

We can use the results of the previous section with an effec-
tive preindenting force Fie = (p/pc)A; given by Egs. (92b)
or (93) to describe the avoided bifurcation in the presence
of imperfections. This is quantitatively correct only for small
8[8 < 0.1, see also inset in Fig. 14(a)] such that p, s remains
close to p.. Our numerical results show, however, that the
concept of an effective preindenting force Fye = (p/pc)As,
which is given by an “overlap area” area A; can be generalized
for larger § and smaller p, if we replace the shallow shell
solution in the linear approximation o = lim,_, ,, Wiin/Z [See
Egs. (56) and (54)] in Eq. (92b) by the general solution w/z.
The resulting effective preindenting force

=/

Foe = (p/poAs = (p/po)dn / dopui 0%

can describe our numerical data for the modified bifurcation
behavior in Fig. 14 well for 0.05 < § < 1.0 when we evaluate
A; using the mirror-inverted Pogorelov dimple with @(p) =
—Z + p?, which gives

- ,02 02 2
A; :871371[1 — e /0 (—2+ 1)} (95)

and when we use Z =Zpo as given by the interpolation
formula (74).

Also analogously to a preindenting force, effects of imper-
fections are negligible for the deeply indented barrier states
in the Pogorelov limit Zz > 1 and p < p., where elastic and
pressure terms dominate the force-indentation relation (51).
The indentation difference from spherical to barrier state
Zps ~ zp and the barrier energy Eps ~ Ep approach the
Pogorelov asymptotics (33a) and (33e) in the Pogorelov limit
for p/p. < 1 /Fplré2 with the effective Fpre from Eq. (94),
which is also seen in the numerical data in Fig. 14.

XIII. DISCUSSION AND CONCLUSION

We characterized the buckling bifurcation of closed spher-
ical shells in the framework of continuum elastic theory
under the combined action of pressure and point forces.
Spherical shells have numerous realizations on the micro- and
macroscale to which our theory applies.

Typical artificial micrometer-sized capsules have shell
thicknesses of 7 ~ 10nm and are made from soft materials
with bulk Young moduli £ ~ 0.1 GPa. This results in 2D
Young’s moduli ¥ = Eh ~ 1N/m and bending moduli x ~
Eh? ~ 107'®Nm ~ 2 x 10*kgT, in agreement with elastom-
etry measurements [53]. For Ry = 10 um, typical Foppl-von
Karman numbers (2) are y ~ 10°-107.

Related but distinct systems are red blood cells, viruses,
and biological cells. Red blood cells and viruses also have
stretching, shear, and bending elasticity featuring elastic mod-
uli similar to artificial spherical microcapsules. Red blood
cells are also micrometer-sized with a somewhat smaller
shear modulus  ~ 107 N/m and bending moduli « ~

10~'*Nm [27,28]. One important difference from artificial
microcapsules is the local inextensibility of the lipid bilayer
membrane of the red blood cell, which enforces a local area
constraint such that lipid membranes and red blood cells are
even less extensible than shells [27]. Furthermore, there are
differences in the rest shape. The buckling of spherical shells
is governed by their spherical rest shape, which has mini-
mal area at given volume. Thus, any deformation stretches
the shell, which leaves the mirror-inverted Pogorelov dimple
as preferred buckled shape under pressure. Red blood cells
have a fixed volume V and fixed area Ay combining to a
reduced volume vgpc = Vo/ (41 /3)(Ag/4m)*? ~ 0.6 and an
oblate spheroidal rest shape under physiological conditions,
while the reduced volume of a sphere reaches the maximal
value vgn = 1. Under point-force indentation, the reduced
volume of a spherical shell only reduces to v =1— 0(y 1)
up to the barrier. The additional area that is available in a
nonspheroidal rest shape with vggc < 1 contributes to the
rich deformation behavior of red blood cells [27-30]. Another
crucial difference is the role of spontaneous curvature (or
the conjugate integrated mean curvature or area difference)
as control parameter. For red blood cells, area difference is
an important control parameters of shape sequences [28-30],
whereas spherical shells are treated with a fixed spontaneous
curvature given by the spherical rest shape (only recently,
Pezulla et al. started to address the role of spontaneous
curvature in buckling of spherical shells [64]). Viruses range
in size from 15 to 500 nm and have elastic moduli ¥ = Eh ~
0.1-1 N/m and bending moduli x ~ ER* ~5 x 1079 to 5 x
10~ Nm [65], similar to artificial microcapsules. Virsues
are, however, crystalline spherical shells consisting of discrete
protein building blocks. On a sphere, the crystal structure
must contain topologically unavoidable triangulation defects.
This results in faceted equilibrium shapes of large viruses
with Foppl-von Kdrman numbers y > 150, while only small
viruses maintain a spherical equilibrium shape [31]. There-
fore, our results regarding, for example, the linear stiffness k
apply only to small viruses [65].

For pressurized spherical shells, we showed that nonlinear
shallow shell theory can quantify many aspects of the energy
barrier, which has to be overcome if buckling is triggered
by “poking” with a point force F while the pressure is still
subcritical, i.e., below the classical buckling pressure p..
In particular, we could derive the exact asymptotics of the
energy barrier properties (including the numerical prefactors)
in two relevant limiting regimes, namely in the Pogorelov
limit at small pressures p < p., where the indentation at the
transition state is much deeper than shell thickness, zg > h,
and in the opposite limit for pressures very close to p.,
where the indentation at the transition state is shallow, zz <
h, and develops oscillations. We developed a very accurate
numerical approach, which is based on the closed analytical
expression (12) for the energy barrier height and allows us
to trace the energy barrier height by numerical continuation
techniques. The numerical study reveals that there are only
these two regimes for all barrier properties, such as the
barrier energy Ep, the indentation depth zp, the indentation
volume AV, and the indentation width pp, with a clear
crossover if the indentation zg ~ h or Zg ~ 1 in dimensionless
units (6).
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Using systematic expansions of the nonlinear shallow shell
equations about the Pogorelov mirror-inverted dimple for
p/pe < 1 and the linear response state for (1 — p/p.) < 1,
we obtained a complete analytical characterization of the
energy barrier in both limits; see Egs. (33) for the Pogorelov
limit and Eqgs. (53) for pressures close to p.. The analytical
results agree with our numerical shallow shell data over
several decades of control parameters p/p. or 1 — p/p.,
respectively (see Figs. 5 and 7) and allow us to formulate
quantitatively correct interpolation formulas for the barrier
energy Ep and the corresponding indentation Zz [Egs. (73)
and (74), respectively], which incorporate all analytical
constraints.

Reverting the nondimensionalization (6) gives Ep =
YR%y’3/22nfp(p/pc), and we can estimate values for
the energy barrier in applications. The typical barrier
energy scale is Ep ox YRy /2 = (13 /YR)V? = [12(1 —
V)73 2ERR2(h/Ry)* with a pressure-dependent numerical
prefactor 27 f,(p/p.), which is given by the interpolating
function (73). For p = p./2 at half the buckling pressure,
27 f,(1/2) =~ 18. For a typical artificial thin microscale cap-
sule with Ry = 10 um, & = 10nm made from a soft mate-
rial with E = 0.1 GPa with v = 1/2, this gives an energy
barrier Eg ~ 17kgT at room temperature or Eg/U, = 2.4 X
104, where U, = 1p. AV, = 167 (1 — v)« is the elastic en-
ergy stored in the spherical shape just before it buckles.
These estimates demonstrate that the buckling energy bar-
rier is rather small: It is comparable to the thermal energy
and much smaller than the total elastic energy stored in
the capsule. Therefore, capsules become very susceptible to
thermally induced buckling [9,12], small point forces, or
imperfection effects already at moderate compressive pres-
sures. The typical normal indentation at the barrier is zz
Roy 2 = h/[12(1 — v?)]'/?, i.., the shell thickness. The
pressure-dependent numerical prefactor g,(p) is given by the
interpolation function (74) with g,(1/2) >~ 1.7 at p = p./2.
This demonstrates that only small indentations have to be
achieved to overcome the energy barrier.

We also obtain a complete picture of the buckling energy
landscapes (34) and (52) in both regimes, i.e., the total in-
dentation energy Ej,q as a function of the indentation z, from
which also the force-displacement curves can be calculated
in both regimes. In the Pogorelov limit, we could show the
equivalence of our systematic expansion of the nonlinear
shallow shell equations about the Pogorelov mirror-inverted
dimple to a boundary layer approach by Evkin et al. [21]
and establish the connection to and generalize recent work
of Gomez et al. [19] on the p = 0 case. While Gomez et al.
addressed the case F' > 0 and p = 0, our analytical calcula-
tion focused on the barrier state, where F = 0, for arbitrary
0 < p < p.. We could draw conclusions for the general case
by showing that both results are consistent if the elastic part of
the indentation energy is independent of the pressure. Future
work should try to develop a systematic expansion covering
the full behavior for F > 0 and 0 < p < p..

The regime zz < 1 for p close to p. is particularly in-
teresting as it characterizes the “critical properties” if the
buckling instability is approached from below. In this regime
close to p., we find a softening of the spherical shell, which
is characterized by three critical exponents: (i) the stiffness

k for the linear response to point forces vanishes o (1 —
p/pe)V/?; (ii) the buckling energy barrier maximum vanishes
o (1 — p/pe)*?; and (iii) the shell indentation at the energy
barrier maximum vanishes oc (1 — p/p.)'/%. These results are
shown analytically and agree with our numerical shallow
shell data. They extend and correct previous findings in
Ref. [9], which were based on less accurate SURFACE EVOLVER
simulations.

The linear stiffness k with respect to a point force is
experimentally accessible in mechanical compression tests
such as plate compression [49,50] or compression by mi-
croscopy tips [50,51] because all of these compression devices
effectively act as point forces in the initial regime. Therefore,
our result (21) for the softening of the shell can be directly
tested if such compression tests are combined with external
pressure p. For microcapsules in liquids external pressure can
be generated as osmotic pressure [17], and for macroscopic
capsules as mechanical air or liquid pressure. For compressive
pressure p = p./2 at half the buckling pressure, Eq. (21)
predicts that the stiffness reduces to only 64% of its pressure-
free value k = 8Y y~!/2. Measurements of the linearized stiff-
ness at two different pressures can also be used to infer two
unknown quantities, for example, the shell’s Young’s modulus
and capsule pressure via Eq. (21) and thus determine elastic
properties of the shell. While the linear stiffness increases for
pressurized shells [52], it decreases for shells under compres-
sive pressures. In Ref. [55], it has been shown that a positive
interfacial tension also acts as a stretching pressure and gives
rise to linear stiffening. Softening can therefore also be in-
duced by a negative interfacial tension. This shows that active
expansion or stretching tensions generated in biological cells
by molecular motors in the cell cortex, which will give rise
to negative interfacial tension in the cortex, will effectively
soften the cell.

Knowledge of the buckling energy landscape also enables
us to calculate the Maxwell pressure p.; ~ p.y /% and the
critical unbuckling pressure pcy ~ 3p,1/4 from shallow shell
theory. The buckling energy landscape also suggests that soft
spots, which are small compared to the elastic length [y =
(Roh)!/? will immediately unbuckle for p smaller than p. and
thus exhibit no hysteresis in buckling and unbuckling.

Our results shed light on the nature of the buckling bifurca-
tion as schematically shown in Fig. 12. The bifurcation at p =
P 1s a subcritical bifurcation which has a fixed point structure
similar to a subcritical pitchfork bifurcation. The barrier states
are a subcritical branch of unstable stationary points, which
appear together with the buckled snap-through state for p >
Peu in a type of saddle-node or fold bifurcation. The snap-
through state becomes the only minimum after the bifurcation
at p = p.. Within the pressure window p., < p < p., there
is bistability between buckled and unbuckled solutions with
the barrier state separating these two stable branches resulting
in hysteresis. Upon approaching the instability from p < p,,
the softening of the shell with vanishing linear stiffness and
energy barrier can give rise to important dynamical conse-
quences such as a “critical slowing down” of the buckling
dynamics [62]. A complete theory of the buckling dynamics
of a shell close to p. remains to be developed.

This bifurcation behavior is modified if a preindenting
point force Fy. is applied or in the presence of localized
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axisymmetric imperfections of indentation depth § and size ;.
Both the numerical shallow shell analysis and the analytical
approach could be extended to these situations. Interestingly, a
localized preindentation imperfection’s effect on the buckling
instability is very similar to that of a preindenting point force,
as can be immediately recognized by comparing Figs. 13
and 14. For both cases, the buckling bifurcation becomes an
avoided or perturbed bifurcation at a reduced critical pressure
PeF < Pe OF pes < pc. Below this critical pressure, two sta-
tionary states emerge in a saddle-node bifurcation, namely
a stable quasispherical state and an unstable barrier state.
Interestingly, the softening behavior sketched above with (ii)
the buckling energy barrier between quasispherical and barrier
state vanishing as Ez o« Ap*/? and (iii) the shell indentation
difference between quasispherical and barrier state vanishing
8Zp o« Ap'/? remains universally valid both in the presence
of a preindenting force and imperfections. This also suggests
that (i) remains valid, and the linear stiffness vanishes as
k o< Ep/87% o« Ap'/2.

We were able to make the equivalence between preindent-
ing point force and imperfections quantitative with Eq. (94)
and found that imperfections effectively act as a point force
proportional to the pressure p and an “overlap area” Ay,
which depends on the shape of the imperfection w;(r) and
the indentation w(r). This allowed us to conclude that there
exists an “optimal” size for an imperfection of r; = 21, where
it maximizes the knockdown factor for the buckling pressure.
The quantitative prediction (94) may be useful in designing
spherical shells with specific buckling thresholds.

APPENDIX A: DERIVATION OF TOTAL ENERGY
DIFFERENCE

The difference in total energy AE. = AE; + AE, +
pAV (i.e., the sum of stretching and bending energy and
mechanical work by pressure) between the indented barrier
state (F = 0) and the precompressed unindented spherical
state (with the same pressure but z = 0) is given by the simple,
explicit formula (12)

oo
ALb = Ep = —%/0 dpyr ('), (AL)
where ¥ and W are solutions of the shallow shell Egs. (7)
and (8) in the barrier state with F = 0.

More generally, for an arbitrary indented state with a point
force F' and a corresponding indentation z, the total energy
difference AEr = AE; + AE, + pAV — Fz between the
indented state and the precompressed unindented spherical
state (with the same pressure and z = 0) is given by

_ | Y F p F
AEor=—7 [ dpy @) —Ez—z(lﬂ);E,
0

C

(A2)
where ¥ and @ are solutions of the shallow shell Egs. (7)
and (8) for indentation 7 = —w(0) and corresponding point
force F.

In order to derive these formulas, we start with the di-
mensionless elastic energy, i.e., stretching and bending energy

of an axisymmetric state with stress function ¥ and normal
displacement w in shallow shell theory [see also Eq. (B1)
below] [16,46],

Eq =E;+Ep

1 )
= E/dpp[(tlf’ﬁL 1/f) —2(1 +v)1/f’w}

1 |: 7 _/ ? _/IZ)
+—/d,0,0 (w—i— ) =21 —v)w' — |.
2 P
(A3)

The stretching energy difference AE; is the difference be-
tween the stretching energy due to the total stress function
¥ + Yo and the stretching energy due to the prestress Yy =

—pRor/2 [or Yo(p) = —2pp/pel,
1 i J 2
AE, = E/dpp|:<(¢o Lyt ‘”0: "’)

o+
)

—2(1 +v)(o + ¥) ————

<wo %) +2(1+ wo%]

_ 2 _
- 1/dpp[(&/+£> :|+2(1 _nir
2 o 27 p.
(A4)

where we used ¥ = 0 for p = 0 and p = oo and the asymp-
totics (9). The last term vanishes at the barrier state, where
F = 0. For the bending energy difference, we find (note that
w was already defined as the normal displacement relative to
the precompressed state)

| w2
AE;,:—/d,o,o w4 — ,
2 o

where we used @’ = 0 for p = 0 and p = co. The dimension-
less mechanical work is

(A5)

—— P o 2 p—
pAV =4— [ dppw = ——AV (A6)
Pe

7 De

(again, note that w was defined as the normal displacement
relative to the precompressed state).

Using partial integration [with @w(co0) = 0 and @’(0) = 0],
the relation (10), and fd,ozD’ = —w(0) =z, we can rewrite
AE) as

T 1 7=/ 7= /\2 P _, F 1—

AE, == | dp|pyd" —y @) +2—p0' | + —=Z.

2 Pe 21 2

With Eq. (11), we obtain
AE, = —pAV + — / oY ( )

F
—i——( 4—+ z)

2

\S) |
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This results in a total energy difference

i 7 . ——— F
AEowp = AE; + AE, + pAV — EZ

el o)

F 1
v (20-nZ -4l 4 7
27 Pe  pe 2

p F

= I/OOd @R = Lz 21 +)
=Ty ), VI Tt -

where we used the compatibility condition (8). This is
Eq. (A2) and specializes to Eq. (Al) at the barrier where
F=0.

A further generalization to shells containing imperfections
is given in Appendix B.

APPENDIX B: NONLINEAR SHALLOW SHELL
EQUATIONS WITH IMPERFECTIONS

1. Derivation of shallow shell equations

We follow Refs. [10,13,15,63] and consider imperfections
in form of a normal axisymmetric displacement field wy,
which is already present in the strain-free state of the shell.
With a displacement field u = ue, + ve, + we;, where x
and y are Cartesian directions in the two-dimensional ref-
erence plane over which shallow shell configurations are
parametrized and e, is the outward-pointing normal, the in-
plane strain tensor in the presence of the imperfection field is
given by u;; = u;j(w + wy) — u;j(wy), resulting in

1 W
Uy = Oplt + E(axw) + R_ + d,wo wy,
0

w

1
Uy, = 0yv + E(ayw)2 + R + d,waywy,

0
ey = 3 (4 0,V + dwdyw + dwdyw; + dywydyw).

These modified strains are used in the linear Hookean stress-
strain relation

Oxx = P (trx + vuyy)v

1—v

Oyy = ) (uyy + Vityy),

1—v

Y
Oxy = Uyy,
y l_v y

which is unaffected by imperfections. The changes in the
curvature tensor k;; = k;j(w + wy) — k;j(wy) due to normal
displacement are independent of wy,

k,‘j = 3,‘ajw,

in linear order. Imperfections thus only affect the in-plane
strain tensor u;; via the nonlinear term in the normal displace-
ment w.

Also, in the presence of imperfections, the Hookean elas-
tic energy is given by the sum of stretching and bending

energies:
Eel = /dxdy(es +eb)’
_ Y 2 2(1 2
€5 = m[(ux,r + uy,\’) - ( - U)(uxxuyy N uxy)]’
ep = 5 [(0Fw + 2w) — 201 = v)(@2wdlw — @)

2
(BD)

Variation with respect to u and v gives
0x0xy + 0,0,y = 0, 0,0,y + 0:0y, =0,

which is automatically satisfied by the introduction of the Airy
stress function

O = —0,®, 0y = —0; D, 04y = 0,0,D. (B2)

These relations are unchanged in the presence of the imper-
fection field wy;.
The first nonlinear shallow shell equation [cf. Eq. (3)] for
® and w is obtained from extremizing E,; with respect to w
(and expressing stresses by the Airy stress function @) to get
the elastic force in normal direction,
F §(r)

1
Vi — ITVZ(D + [P, w4 w]=—-p—  r (B3)
0

where[f, gl = 97 3¢+ 0} 078 — 2(3:0,)(D.0,8).

By eliminating the displacement fields # and v from the
stress-strain relation we obtain the additional compatibility
condition [cf. Eq. (4)]. In the presence of imperfections we
obtain

o4 2 2
—?V D = 051y + Oy Uyy — 20x0ylixy

1 1

= R—Ovzw — E[w, w] — [w, wy]. (B4)
Both Egs. (B3) and (B3) can be brought into a simpler

form for axisymmetric shapes if coordinates r, ¢ are used.

For axisymmetric functions w, w;, ® that only depend on r,

we can use V2... = (%8, + 8,2)... = %8,1*8,... and

1
[f, &l = ;3r(3rf3rg).
If we also use the derivative of the stress function ¢ = —a,®

(with oy = ¥’ and o, = ¥ /r) and integrate Eq. (B4) once,
we find

. 11 1
kViw + = —8,(rp) — ~8,(Y 8, (w + wp))
Ry r r

——p- Zi@ (B3)
Tor
|: :| r 1 )
=roy| =0,(ry) | = —0,w — E(arw) — (3,w)(3,wy).

(B6)

These are Eqgs. (87) and (88) in the main text, which gen-
eralize the nonlinear shell Eqs. (3) and (4) in the presence
of imperfections. As in Eq. (5), we can absorb the effect of
the pressure p in Eq. (BS) into a uniform precompression
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with w(r) = wg < 0 and ¥ (r) = Yo(r) = —pRyr/2 (corre-
sponding to stresses 0, = 044 = 09 = —pRy/2) and consider
changes with respect to this prestress by substituting w(r) —
wo + w(r) and Y (r) — Yo(r) + ¥ (r). This gives

K V4w + ila (ryr) — oo V?
E oV (w + wy)

F §(r)
——8 P (w+wp) = —5=—— B7)
2w r
in the presence of imperfections. We note that, in the presence
of imperfections, a precompressed state with w(r) = wy < 0
and ¥ (r) = Yo(r) = —pRor/2 is no longer a stationary state
as it does not satisfy the force balance (BS). It is, however,
an admissible shell state which satisfies the compatibility
conditions (B6). Therefore, we can still consider all quantities
relative to this state as for an ideal shell.
Nondimensionalization proceeds as before using (6) and
we obtain

4 - 1 - P oo, - _
Vo + —09,(p¥) + 22—V, (W + W)
P De

_EM (B8)
s

Lo, (0,0 + ) =
_; P(w P(w+w1)) - 27

1 -
dp [;3/)(/)1#)} = pd, — 5(3,)" — (3,W)(,®;), (BI)

with Vg... = %Bp(,oap...). In this form, the shallow shell equa-
tions are solved numerically in the presence of imperfections
analogously to the ideal case.

We can also generalize the exact relations (10) and (11) for
the imperfect shell and find the relation (89) in the main text

and
F [e%e] [}
:/ d,opﬂ)+/ dpp|: (@) + w/w;}
27 0 0

(B10)

2. Derivation of total energy difference

In the form (B8) and (B9), the shallow shell equations
are solved numerically analogously to the ideal case. One
numerical complication is the correct calculation of barrier
energies without the need to numerically integrate force-

indentation relations by a suitable generalization of the exact
result (A1) for the total energy difference between the barrier
state (F = 0) and the precompressed unindented state (with
F =0 and w = 0, but which is no longer a stationary state
in the presence of imperfections as discussed above) to the
imperfect situation:

= 1
AEtot,imp = _Z/ d,01/f( )2 - ;/dppw w, (B11)
0 c

We note that the last term can be written as —[(p/p.)A; /47 1z
with A; = 47 [ dppw;(w’'/z), which is analogously defined
to the imperfection area occurring in the force-indentation
relation (92a). Then the imperfection force (p/p.)A; in
Eq. (B11) is analogous to the point force F' in the second term
in Eq. (A2), which also corroborates the use of an effective
preindenting force (94) in the presence of imperfections.

The derivation follows the same lines as in Appendix A
without the imperfection field. We consider the total energy
difference AE\ = AE; + AE;, + pAV and expressions (A4)
for the stretching energy AE;, (A5) for the bending energy
AE}, and (A6) for the mechanical work pAV remain valid
also in the presence of imperfections (we consider the case
F = 0 here).

Using partial integration and Eqs. (89) and (B10), we can
rewrite AE), for F = 0 as

_ — 1 - w’
AE, = —pAV + z/dpplﬂﬂ/(l - i)
0

p -/ =1 1 -/ =
——(d ——1d
- / ppW Wy > / oY wy.
Using (B9), this leads to the total energy difference (B11).

APPENDIX C: DIMENSIONLESS QUANTITIES

We provide a conversion table (Table I) for the different
dimensionless quantities used here [see Eq. (6)], by Gomez
et al. in Ref. [19], and by Hutchinson et al. in Refs. [4,7,10].

The shell thickness is called 4. We define k = [12(1 —
v2)]"/* and the Foppl-von Karman number y =Y R(%/K =
(Ro/h)*k* [see Eq. (2)], and use the critical buckling pres-
sure p. = 4(Y«k)'?/R5 = 4(Yh/R3)k* [see Eq. (1)]. Note
that in the shallow shell approximation the arc length s
used in Refs. [7,10] approaches the radial coordinate r. In

Refs. [7,10], C = /3/(1 — v)v/1 — v2 is used.
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