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Flow and director fields strongly couple with each other in liquid crystalline systems, and herein we discuss
the coupling effect in cylindrical and spherical-cap droplets formed by nematic liquid crystal. Applying a
temperature gradient to droplets dispersed in a liquid solvent, we observed a crosslike texture in the droplets
moved toward the high-temperature side, indicating that the director field was deformed from equilibrium.
Additionally, measurement of the flow field revealed that a convective flow was induced in the droplets under
temperature gradient. These results suggested that the director deformation in the droplet was induced by
convection. By designing a simplified model based on this, we theoretically analyzed the above phenomenon
based on Onsager’s variational principle. The results show that the phenomenon was well described by a balance
of surface energy gradient with viscous and elastic forces.
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I. INTRODUCTION

Spontaneous motions of liquid crystalline (LC) droplets
are often observed under nonequilibrium states, and these
phenomena have recently attracted attention as an example
of active matter [1–14]. For example, when nematic (N) or
cholesteric (Ch) LC droplets melt into a liquid solvent, they
often exhibit random, straight, or helical motions [1–7]. This
phenomenon is attributed to the Marangoni flow (driven by
the surface tension gradient) induced by the melting process.
From a broader perspective, we can consider that these mo-
tions are driven by the chemical energy stored in the droplets.
In contrast to this phenomenon, it has also been reported
that such droplet motions can also be induced by harvesting
energy from the environment. Under temperature gradient or
light irradiation, rotational motions have often been observed
in NLC or ChLC droplets [8–14]. In addition to the case of
the melting droplets described above, models that assume the
existence of material flow inside droplets have been suggested
to describe the physical mechanism of the droplet rotation.
In these models, it is considered that the flow is induced by
temperature gradient or light irradiation, owing to which the
rotational motion might be driven in the droplets [12–14].

Summarizing the discussion so far, we can consider that
the flow inside the droplets plays an important role in the
physical mechanism of the above phenomena. Moreover, in
LC systems, flow and director fields strongly couple with
each other; as such, we should discuss their coupling effect
in the droplets [15–19]. Traditionally, to describe coupling
between flow and director fields, the Ericksen-Leslie (EL) or
Martin-Parodi-Pershan (MPP) theory is used [18–21]. Hence,
in principle, the coupling effect inside the droplets should
also be described by these theories. However, a serious prob-
lem here is that the experimental situations in the above
phenomena are so complicated that the direct application of
the hydrodynamic equations described by EL or MPP theory
results in a very difficult task. According to these theories, the

director and the flow fields must satisfy the equations in every
place in the droplet, but it would be too difficult to obtain
such solutions in the LC droplets with complicated structures.
To avoid this complexity and difficulty, we considered that
we should first analyze a much simpler phenomenon using
a more simplified theory before approaching the complicated
phenomena described above. To realize such simplifications,
in this paper we adopted the strategies described below in
experimental and theoretical processes.

For simplification of the experimental situation, we fo-
cused on static NLC droplets under a temperature gradient
in contrast to the moving droplets reported so far [1–14]. We
found that the director field in the droplets was deformed from
equilibrium, owing to the flow induced by the gradient. Simi-
lar director deformations under the flow have been reported in
the moving LC droplets in Refs. [2,4,22], while quantitative
analysis for them with the measurement of the internal flow
has not been achieved because of complexity. In contrast, the
use of the static droplets in this paper enabled the quantitative
measurement of the flow field, from which we discussed the
relation between the flow and the director deformation.

To simplify the theoretical treatment, we adopted On-
sager’s variational principle, recently suggested by Doi
[23,24]. This theory enables one to describe the slow dynam-
ics in soft matter systems with the framework of the varia-
tional principle, and has been widely applied to theoretical
investigations in nonequilibrium soft matter physics [25–38].
In the LC systems, the variational principle suggested by
Sonnet and Virga [39] has been used for the description of the
nonequilibrium state in Refs. [37–48], and it is shown that the
theory is consistent with Onsager’s variational principle when
the inertia term is neglected (the overdamped state) [37,38]. In
fact, the above hydrodynamic equations described by the EL
theory can be introduced by the variational principle [23], and
moreover it has been suggested that the use of the principle
enables one to simplify the theoretical treatment [23,24,26].
Thus, in this paper we used Onsager’s variational principle,
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expecting that the simplification in theoretical analysis would
be successfully achieved also in the nonequilibrium systems
with the LC droplets.

As described above, it is a serious problem how to theoret-
ically treat the complex coupling effect between the flow and
the director in the LC droplets. Thus we consider that a theory
for simplification, such as Onsager’s variational principle,
is strongly needed. However, because of the novelty of the
theory, the verifications of its validity should be first done. To
realize this, the complicated phenomena with the moving LC
droplets are inadequate; we should first analyze much simpler
ones, and design experimental systems where both the flow
and the director fields are clearly observable, as described
above.

Therefore, this paper has two purposes: one is the ex-
perimental analysis of the flow-induced director deformation
in the NLC droplets with a quantitative measurement of the
flow field, and the other is the theoretical analysis of the
above phenomenon based on Onsager’s variational principle.
These analyses will give the conclusion as to whether the
principle successfully works for this experimental situation,
where the director couples with the flow in LC droplets.

II. EXPERIMENTAL SETUP

A. Sample preparation

To create a system where NLC droplets are dispersed
in an isotropic liquid, we mixed E8 (Merck, Ltd.) and the
fluorinated oligomer PF656 (OMNOVA Solution, Inc.) at a
weight ratio of 3:7. These molecules were partially mixed,
and droplets were formed by the cooling of the well-mixed
isotropic liquid from a high temperature (for more detail, see
Ref. [12]).

Moreover, for the fluorescence photobleaching method
described in Sec. II C, the florescent dye C6-NBD ceramide
(Cayman Chemical Co.) was added to the sample at a weight
ratio of 0.05%.

B. Temperature control and polarized microscopy

To apply a temperature gradient to the sample, we made
sandwich cells using cover-glass substrates and copper-foil
spacers, as shown in Fig. 1. The distance between the two

FIG. 1. Schematic illustration of the home-made temperature
controller including the sample cell. The temperature gradient was
applied by heating and cooling the two copper foils of the cell spacer
with Peltier devices.

foils was ∼0.5–2 mm and their thickness was 10–50 μm.
The substrates were coated with the polyimide JALS204 (JSR
Co., Ltd.) to induce a homeotropic anchoring condition. The
sample mixtures were inserted into the cells with capillary
suction. A schematic illustration of the home-made tempera-
ture controller is shown in Fig. 1. A temperature gradient was
applied horizontally by heating and cooling the copper-foil
spacers with Peltier devices.

Polarized optical microscopy (POM) was performed with
an ECLIPSE ME600 commercial microscope (Nikon Co.)
and L-835 CMOS camera (Hozan Co.) to observe the NLC
droplets in sandwich cells under horizontal temperature gra-
dient.

C. Flow field analysis

To measure the flow field in the system, we used the
fluorescence photobleaching method [9]. For this, we used an
ECLIPSE Ti-U commercial fluorescence microscope (Nikon
Co.) and INFINITY3S-1UR CCD camera (Lumenera Co.).
The light source for the fluorescence observation and the
photobleaching was a mercury lamp, and irradiation intensity
was controlled by neutral density filters.

Using a home-made slit with a width of ∼400 μm, we
bleached the sample with a line pattern. Based on a time
evolution of the fluorescence images after photobleaching,
flow velocity analysis was performed. In this measurement, by
aligning the line pattern with the y axis, we were able to obtain
the flow velocity component in the x direction, vx. Here, by
changing the analysis area, we obtained the dependence of
vx on the coordinate of y. The detailed bleaching method
procedure is described in Ref. [9].

III. EXPERIMENTAL RESULTS

A. POM observation

Under the crossed polarizer, two droplet types were ob-
served: type 1, which exhibited no overlapping, and type
2, which often exhibited overlapped states. From this, we
assumed—as shown in Fig. 2(c)—that droplets of type 1 were
in contact with both cell substrates simultaneously, producing

FIG. 2. (a), (b) POM images of the NLC droplets without and
with temperature gradient. P and A in (a) indicate the polarizer and
analyzer, respectively; the white bar in (b) is 50 μm. The red arrow
in (b) indicates the direction of the applied temperature gradient of
�T. �T is 0 and 21.6 K/mm in (a) and (b), respectively. Two types
of droplets are observed in (a) and (b)—type 1 and type 2. Schematic
illustrations of their shapes are shown in (c).
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FIG. 3. (a), (b) Schematic illustration of the director field in
the cylindrical droplet for Rc = 0 and Rc > 0. The top two figures
depict the central cross-sectional views parallel to the cell substrates
(xy plane), and the bottom two depict the views perpendicular to
the substrates (xz plane). (c), (d) Director distributions based on
Eqs. (7) and (8) for Rc = 0 and Rc > 0. Similar to (a) and (b), the
cross-sectional views parallel to the xy and xz planes, respectively,
are shown.

cylindrical droplets with no overlapping, while those of type
2 were in contact with a single substrate, producing spherical-
cap droplets that often overlapped.

In both droplet types, Maltese crosslike patterns were
observed. This is due to the anchoring conditions both at the
glass substrate as well as at the interface between the droplet
and solvent (the LC-solvent interface). The director basically
aligns unidirectionally along the cell depth (z direction) due to
the strong homeotropic anchoring at the substrate. However,
since the LC-solvent interface also exhibits homeotropic an-
choring [12], the director should be modulated toward it, as
shown in Figs. 3(a) and 4(a). Therefore, without the temper-
ature gradient, the director shows a cylindrically symmetrical
alignment that results in the Maltese cross pattern observed
under the crossed polarizer (see also Supplemental Material
[49]).

When the temperature gradient was applied, the center of
the pattern moved toward the high-temperature side, and the

FIG. 4. (a), (b) Schematic illustration of the director field in the
spherical-cap droplet for Rc = 0 and Rc > 0. The top two figures
depict the central cross-sectional views parallel to the cell substrate
(xy plane), and the bottom two depict the views perpendicular to
the substrate (xz plane). (c), (d) Director distributions based on
Eqs. (9) and (10) for Rc = 0 and Rc > 0. Similar to (a) and (b), the
cross-sectional views parallel to the xy and xz planes, respectively,
are shown.

director field was stabilized in a deformed state, as shown in
Fig. 2(b). In this situation, the director is no longer cylindri-
cally symmetrical, as shown in Figs. 3(b) and 4(b). Here we
define Rc as the distance between the center of the Maltese
cross pattern and that of the droplet (inset of Fig. 5). Rc is a
characteristic parameter to describe the phenomenon and can
be normalized by the droplet radius, R.

The dependence of Rc/R on the temperature gradient ∇T is
shown in Fig. 5. In cases of both cylindrical and spherical-cap
droplets, Rc/R was proportional to ∇T when it was small
enough (Rc/R <∼ 0.4), while the relation became nonlinear
for a larger Rc/R. Here, focusing on a small Rc/R, we show
the dependence of Rc/R on R in Fig. 6. We observed that
Rc/R increased monotonically with the R of the spherical-cap
droplet, while in the cylindrical droplet there was no depen-
dence. However, Rc/R of the cylindrical droplet increased with
the cell thickness, as shown in Fig. 7.

B. Flow field analysis

Figure 8 shows a time evolution of the POM images of
a cylindrical droplet under temperature gradient. Focusing on
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FIG. 5. Dependence of Rc/R on temperature gradient �T. The
measurements were made in a cylindrical droplet, with a radius of 40
μm and height of 30 μm, and a spherical-cap droplet, with radius
of 22 μm. Based on Eqs. (23) and (24), fittings were performed
with linear functions. The inset schematically indicates the definition
of Rc.

the small droplets around the large cylindrical droplet, we find
that they move from the high- to low-temperature side along
the LC-solvent interface (see also Supplemental Material
[49]). This indicates that the flow along the interface is driven
by the temperature gradient. Here, assuming conservation of
flow in the droplet, we supposed that the convection shown in
Fig. 9(a) would be induced.

To determine whether such convective flow was truly in-
duced, we measured the flow field of the cylindrical droplet
under temperature gradient using the fluorescence photo-
bleaching method (see Sec. II C). From the time evolution
of the fluorescence images in Figs. 10(a)–10(c), the depen-
dence of the flow velocity on coordinate y was obtained, as
shown in Figs. 10(d) and 10(e). The velocity distribution was
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FIG. 6. Dependence of Rc/R on droplet radius R. The applied
temperature gradient was 33 K/mm and cell thickness was 20 μm.
Based on Eqs. (23) and (24), Rc/R was assumed to be constant for
the cylindrical droplet, while fitted with a quadratic function of R for
the spherical-cap droplet.
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FIG. 7. Dependence of Rc/(R∇T ) on cell thickness d in the
cylindrical droplet. Based on Eq. (23), the data were divided with
�T, and fitted with a quadratic function of d . From the fitting,
ζ (γ1 − γ2)/(2β2K3) ∼ 0.28μm−1 K−1 was obtained.

consistent with the schematic of Fig. 9(a), and confirmed that
the convection was driven in the droplet by the temperature
gradient.

Defining vc as the flow velocity at the droplet center, we
measured the dependence of vc on the temperature gradient of
∇T and droplet radius of R. As shown in Figs. 11 and 12, vc

was proportional to both ∇T and R.
It has been reported that the Marangoni convection is

often induced under the temperature gradient in evaporating
droplets exposed to air [50–55]. In addition, the convection
has also been observed in nonvolatile droplets dispersed in
a solvent owing to the concentration gradient [1–7,56–60].
However, except for the present system, such a convection
has not been reported in the droplets in the solvent under
the temperature gradient, to the best of our knowledge. We
consider this is because the droplets and the solvent are not
immiscible with each other but partially mixed in the present
system [12], in contrast to the usually used systems in this
type of experiment [61–65]. Since the mixing ratio should
depend on the temperature, the concentration gradient would
be induced under the temperature gradient. Thus, since the
gradient might appear in the surface tension owing to that in

FIG. 8. Time evolution of POM images of a cylindrical droplet
under temperature gradient. The gradient is 27.5 K/mm, and its
direction is shown by the white arrow in (a). The time interval of
each image is 0.4 s. As time passes, the small droplets indicated by
the red, green, and blue arrows move toward the low-temperature side
along the LC-solvent interface. The corresponding video is available
in Supplemental Material [49].

022702-4



HORIZONTAL TRANSPORTATION OF A MALTESE CROSS … PHYSICAL REVIEW E 99, 022702 (2019)

FIG. 9. (a) Schematic illustration of the flow field in the droplet.
(b) Depiction of the flow velocity distribution based on Eq. (1).

the concentration, Marangoni convection is considered to be
induced in the present system.

IV. THEORETICAL ANALYSIS

A. Simplification of the flow field

Based on the experimental results in Sec. III B, we assumed
the trial function below as the flow field v = (vx, vy, vz ) in the
cylindrical droplet:

vx = Vs
R2 − x2 − 3y2

2R2
,

vy = Vs
xy

R2
,

vz = 0. (1)

Here, we set the temperature gradient direction on the x axis
and cell depth on the z axis. The origin was set as the droplet
center. The flow velocity distribution, based on Eq. (1), is
depicted in Fig. 9(b).

Equation (1) was set to satisfy the incompressible condi-
tion:

∇ · v = 0. (2)

Additionally, the radial flow component vr was set to be
zero at the LC-solvent interface. At the cylindrical coordinate
(r, φ, z), Eq. (1) is described as

vr = Vs

2
cos φ

(
1 − r2

R2

)
, vφ = Vs

2
sin φ

(
−1 + 3r2

R2

)
,

vz = 0. (3)

In Eq. (3), vr = 0 is satisfied for r = R, which corresponds to
the assumption that macroscopic fluid influx or outflux would
not occur anywhere at the LC-solvent interface. Moreover, in
Eq. (1), the flow velocity becomes the quadratic function of y
for x = 0:

v =
(

Vs(R2 − 3y2)

2R2
, 0, 0

)
for x = 0. (4)

The flow velocity distribution for x = 0 was obtained ex-
perimentally, as shown in Fig. 10(e), and was well fitted
with Eq. (4). This indicates that Eq. (1) would be a good
approximation for describing the present flow field.

Equation (1) indicates that the present flow field can be
characterized by the parameter Vs. The flow speed is maxi-
mized at two points in the LC-solvent interface with a velocity

FIG. 10. (a)–(c) Time evolution of fluorescence images of a cylindrical droplet after photobleaching. The images were normalized by the
image before photobleaching. The red arrow in (a) indicates the direction of the temperature gradient; the time interval of each image is 1 s.
(d) Obtained flow velocity distribution together with the fluorescence image. (e) Dependence of the flow velocity on the coordinate y at x = 0.
The fitting was performed with the quadratic function of Eq. (4).
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FIG. 11. Dependence of vc on temperature gradient �T. The
measurement was performed in a cylindrical droplet with a radius
of 40 μm and height of 20 μm. The fitting was performed with a
linear function of �T based on Eq. (19).

of −Vs, and at the droplet center the velocity becomes vc =
Vs/2.

Similar flow field models have been theoretically suggested
in isotropic droplets with Marangoni flow in Refs. [53,66–68],
and Eq. (1) corresponds to the most simplified form in these
models. Moreover, similar flow velocity distribution to Eq. (1)
has been experimentally reported in Ref. [54] also in the
isotropic droplet.

We also assumed the flow field in the spherical-cap droplet
to be

vx = Vs
(R2

⊥ − x2 − 3y2)

2R2
⊥

, vy = Vs
xy

R2
⊥

, vz = 0, (5)

R⊥ = R

sin θc

√
1 −

(
cos θc + z

R
sin θc

)2
, (6)

where θc is the contact angle of the droplet.
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FIG. 12. Dependence of vc on droplet radius R. The applied
temperature gradient was 16.4 K/mm. The fitting was performed
with a linear function of R based on Eq. (19), from which we obtained
ζ/β2 ∼ 4.2μms−1 K−1.

B. Simplification of the director field

Based on the observation results in Sec. II A, we assumed
the trial functions below as the director field n = (nx, ny, nz )
in the cylindrical droplets:

nx = (x − Rc)

�r
sin θn, ny = y

�r
sin θn, nz = cos θn, (7)

where

�r =
√

(x − Rc)2 + y2, θn = α�r

R

(
1 − 4z2

d2

)
. (8)

Here, d is the cell thickness. The director distribution based on
Eqs. (7) and (8) is depicted in Figs. 3(c) and 3(d). These equa-
tions suggest that the director field would be characterized by
the two parameters of Rc, and α. The physical meaning of Rc is
the same as described in Sec. III A, and that of α is described
as follows. As described in the experimental section, owing
to the strong homeotropic anchoring at the substrates, the
director field basically showed a unidirectional alignment,
which, however, was modulated due to the anchoring at the
LC-solvent interface. This modulation is characterized by the
nondimensional parameter, α, in Eq. (8), and, in fact, the state
of α = 0 corresponds to the uniform alignment along the z
axis (see also Supplemental Material [49]).

Similarly, we assumed the director field in the spherical-
cap droplet to be

nx = (x − Rc)

�r
sin θn, ny = y

�r
sin θn, nz = cos θn, (9)

�r =
√

(x − Rc)2 + y2, θn = αz�r

hR
, (10)

where h is the droplet height based on the θ/2 method [69]:

h = 1 − cos θc

sin θc
R. (11)

The director distribution based on Eqs. (9) and (10) is depicted
in Figs. 4(c) and 4(d).

C. Phenomenological analysis based
on Onsager’s variational principle

Using the trial functions of the flow and director fields
introduced in Secs. IV A and IV B, we analyzed the present
phenomenon based on Onsager’s variational principle [23,24].
According to this theory, the state variation is determined by
minimization of the Rayleighian, �:

� = 1
2W + Ḟ , (12)

where W is the dissipative function and Ḟ = dF/dt is the time
variation of the free energy given with the total differential. In
NLC, the dissipation function per unit volume is described
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as

w = β1(ei jnin j )
2+β2e2

i j +β3(ei jn j )
2+γ1N2

i + 2γ2Niei jn j,

ei j = 1

2

(
∂vi

∂x j
+ ∂v j

∂xi

)
, Ni = dni

dt
− 1

2

(
∂vi

∂x j
− ∂v j

∂xi

)
n j,

(13)

where β1 − β3, γ1, and γ2 are the viscosity coefficients
[23,39].

For the free energy, we assumed that the elastic and sur-
face energies—Fd and Fs, respectively—would give the most
dominant contribution:

F = Fd + Fs =
∫

fd dV +
∫

σdS. (14)

Here, the total free energy should be obtained by the sum of
the volume integral of fd and surface integral of σ .

In NLC, the elastic energy density of fd is described
as

fd = 1
2 K1(divn)2 + 1

2 K2(n · rotn)2 + 1
2 K3|n × rotn|2

− 1
2 (K2 + K24)div[n(divn) + n × rotn], (15)

where K1, K2, K3, and K24 are the elastic constants for splay,
twist, bend, and saddle-splay deformations, respectively [18].
In the case of α = 0, fd = 0 because no director deformation
is induced. However, the surface energy of σ shows a nonzero
value. For simplicity, we assume that σ is proportional to the
temperature T, and the temperature gradient �T is applied
linearly in the x direction:

σ ∼ ζT + σ0 ∼ ζx∇T + σ ′
0, (16)

where �T, σ0, σ
′
0, and ζ are assumed to be constants, and the

time differential of Eq. (16) is described as

σ̇ = ∂σ

∂t
+ (v · ∇ )σ ∼ ζvx∇T . (17)

For the cylindrical droplet, using Eqs. (1), (7), (8), and (12)–
(17), we obtain

� = πβ2

2
V 2

s d − πζVsRd∇T for α = 0. (18)

The second term in Eq. (18) is derived from the surface energy
gradient—owing to which Vs is determined to be nonzero.
This means the Marangoni flow is induced by the gradient.
Comparatively, the first term is derived from the viscous
dissipation due to deformation of the fluid, which inhibits the
increase of Vs. Therefore, Vs is determined by the balance of
these terms, and obtained by the minimization of Eq. (18) with
Vs (∂�/∂Vs = 0):

Vs = ζ

β2
R∇T . (19)

Equation (19) indicates that Vs is proportional to �T and R—
which is well described by the experimental results shown in
Figs. 11 and 12.

Now, let us discuss the case of α �= 0 in the cylindrical
droplet. Calculating the Rayleighian with Eqs. (1), (7), (8),
and (12)–(17), and expanding it to the second order of α, we

obtain

� ∼ −4π (γ1 − γ2)α2d

15
VsṘc + 4πγ1α

2d

15
Ṙ2

c

+ 16πK3α
2

3d
RcṘc + �0(Vs, α, Rc), (20)

where only the terms including Ṙc are shown. It should be
noted that γ1 shows a positive value while γ2 is negative in
typical NLC [15,16,70,71]. Thus, the coefficient of VsṘc in
the first term in Eq. (20) is negative. This term is derived from
the dissipation due to rotational viscosity, and generates a time
evolution of Rc under the existence of Vs. Put differently, the
deformation of the director field under the flow is induced by
the rotational viscous force. This is caused by two effects:
director advection and flow alignment [15,16]. In the present
phenomenon, the former means that the center of the radial
alignment in Fig. 3 moves toward the high-temperature side
according to the flow, and the latter means that the flow veloc-
ity gradient along the y axis (see Figs. 9 and 10) generates the
torque rotating the director.

However, deformation of the director is inhibited by the
third term in Eq. (20)—which is derived from the elastic
energy variation. More precisely, the elastic force due to the
bend deformation along the z axis gives the dominant contri-
bution to the inhibition (see Fig. 3). Therefore, Rc should be
determined by the competition between the rotational viscous
dissipation and free energy variation due to bend deformation.

Minimizing Eq. (20) with Ṙc, we obtain the differential
equation

Ṙc = γ1 − γ2

2γ1
Vs − 10K3

γ1d2
Rc. (21)

The solution of Eq. (21) is given as

Rc = γ1 − γ2

20K3
d2Vs +

(
Rc(0) − (γ1 − γ2)d2

20K3
Vs

)

× exp

[
−10K3

γ1d2
t

]
, (22)

and in the limit t → ∞
Rc

R
→ (γ1 − γ2)

20K3

d2Vs

R
∼ ζ (γ1 − γ2)

20β2K3
d2∇T, (23)

where we used Eq. (19). According to Eq. (23), Rc/R is
proportional to �T. In the experiment, this relation is satisfied
when Rc/R is sufficiently small (Rc/R <∼ 0.4), and not when
it is large, as shown in Fig. 5. We consider this to be because
the present approximation is invalid for such a large defor-
mation. To obtain a more exact solution, we need to expand
the Rayleighian to a higher order of α, and, in fact, with the
expansion to sixth order in α and Rc/R, the nonlenear behavior
in Rc/R >∼ 0.4 can be described (see Supplemental Material
[49]). At any rate, when the deformation is sufficiently small,
the experimental results are well described by Eq. (23). This
also indicates that Rc/R is proportional to d2 and does not
depend on R in the cylindrical droplet. These behaviors are
well described by the experimental results shown in Figs. 6
and 7 .
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Similarly, we can also calculate the case for the spherical-
cap droplet. Using Eqs. (5), (6), and (9)–(17), we obtain

Rc

R
→ ζ (γ1 − γ2)

30β2K3
�R2∇T, (24)

where

� = 4 + cos θc

1 + cos θc
tan2

(
θc

2

)
. (25)

Equation (24) indicates that Rc/R is proportional to �T and
R2. These behaviors are well described by the experimental
results shown in Figs. 5 and 6, as long as we focus on small
deformations (Rc/R <∼ 0.4).

In Fig. 12, we obtained ζ/β2 ∼ 4.2μm s−1K−1 by fit-
ting the experimental data with Eq. (19). Using this value
and fitting the result in Fig. 7 with Eq. (23), we obtained
2K3/(γ1 − γ2) ∼ 15μm2 s−1. In typical NLC, the elastic con-
stant K∼ 10−12N [18] and the viscosity constant γ∼ 10−1 −
10−2 Pas [70,71]; from these values, K/γ is estimated as
∼ 10 − 100μm2 s−1. This range includes the value obtained
above, which supports the validity of the theoretical analysis
in this section for describing the present phenomenon.

V. SUMMARY

In this paper, we examined the response of NLC droplets
dispersed in the fluorinated oligomer PF656 to a horizontal
temperature gradient. In the droplets, a Maltese cross pattern
was observed under POM observation. In addition to POM,
flow field analysis based on the photobleaching method re-
vealed that steady Marangoni convection was induced in the
droplet by the temperature gradient. Owing to the convection,

the director field was stabilized in a deformed state. The
Maltese cross pattern was centered in the droplet in the
absence of temperature gradient, and moved toward the high-
temperature side when the gradient was applied.

Using a simplified model with the parameters Vs and Rc,
we analyzed the phenomenon based on Onsager’s variational
principle. Here, Vs is the characteristic flow velocity in the
convection, and Rc is the distance between the center of the
Maltese cross pattern and that of the droplet [Eqs. (1), (5), (7),
and (9)]. Under the assumption that the linear surface energy
gradient was induced by the temperature gradient, we derived
the phenomenological equations for Vs and Rc [Eqs. (19) and
(21)] based on the variational principle and obtained their
solutions at the steady state. The experimental results shown
in Figs. 5–7, 11, and 12 were well explained by this analysis.

Therefore, it was found that the above phenomenon of
flow-induced director deformation can be described by anal-
ysis based on Onsager’s variational principle. As shown in
Eqs. (20) and (23), the deformation ratio Rc/R is simply deter-
mined by the balance of the rotational viscous and the elastic
forces. Of course, the result in this paper does not completely
guarantee the validity of the use of the variational princi-
ple for the nonequilibrium dynamics in LC droplets; thus,
further experimental and theoretical investigations would be
necessary for the verification of its validity. Nevertheless, we
would like to emphasize that the results in this paper suggest
that Onsager’s variational principle can be a useful tool for a
simplified description of the nonequilibrium phenomenon in
LC droplets.
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