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Scale dependence of electrostatic and magnetostatic properties is investigated in the setting of spatially random
linear lossless materials with statistically homogeneous and spatially ergodic random microstructures. First,
from the Hill-Mandel homogenization conditions adapted to electric and magnetic fields, uniform boundary
conditions are formulated for a statistical volume element (SVE). From these conditions, there follow upper
and lower mesoscale bounds on the macroscale (effective) electrical permittivity and magnetic permeability.
Using computational electromagnetics methods, these bounds are obtained through numerical simulations for
composites of two types: (i) two-dimensional (2D) random checkerboard (two-phase) microstructures and
(ii) analogous 3D random (two-phase) media. The simulation results demonstrate a scale-dependent trend of
these bounds toward the properties of a representative volume element (RVE). This transition from SVE to
RVE is described using a scaling function dependent on the mesoscale §, the volume fraction vy, and the
property contrast k between two phases. The scaling function is calibrated through fitting the data obtained from
extensive simulations (~10000) conducted over the aforementioned parameter space. The RVE size of a given
microstructure can be estimated down to within any desired accuracy using this scaling function as parametrized
by the contrast and the volume fraction of two phases.

DOLI: 10.1103/PhysRevE.99.022120

I. INTRODUCTION

Multiphase composites can be designed specifically for
multifunctional applications to utilize the unique advantages
of each phase in the overall macroscale response. As a re-
sult, the effective properties, including electric and magnetic,
are affected through the properties of microconstituents, the
microstructural geometry, and the scale of observation or
resolution. One of the main challenges in the theory of
composites lies in homogenization, which is the prediction
of macroscopic properties of heterogeneous materials struc-
tured in deterministic or random ways. Various models have
been used to study the effective properties of heterogeneous
composites; see, e.g., Refs. [1,2] and references therein. Ho-
mogenization of Maxwell’s equations has been mostly studied
for periodic media; see, e.g., Refs. [3—6]. In many models of
random media, effective properties or bounds are not explic-
itly scale dependent, nor is the phase distribution accounted
for. For example, simple mixture formulas have been used for
nonperiodic structures [7]. The objective of this study is to
discuss the scale-dependent bounds on the predicted effective
electromagnetic parameters of random composites for linear
lossless materials at zero frequency.

Assuming a separation of scales, for any given statistically
homogeneous and ergodic microstructure, three length scales
can be identified, the microscale d (such as the single hetero-
genity size), the mesoscale L, and the continuum macroscale
Linacro [8,9], satisfying

d < L << Lmacro- (1)
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In the above, the inequality on the left allows one to postu-
late the existence of a representative volume element (RVE) of
continuum physics. Depending on the geometric randomness
and particular properties of the microstructure (especially,
the contrast in the material), the RVE may be much larger
than the microscale, in which case, < is practically replaced
by <. The inequality < on the right allows one to cover
the macroscopic length scales up from the RVE (playing the
role of a continuum point) where conventional, deterministic
continuum physics applies. If a periodic unit cell is assumed,
then it directly plays the role of RVE. We do not assume any
spatial periodicity in our investigation.

In general, L denotes the size of a statistical volume
element (SVE), suggesting the basic question: What is the
size of RVE, i.e., the scale on which the randomness may be
disregarded? In case one wants to work with an SVE, then the
resulting continuum model (between the scales L and Lp,cro)
is stochastic, typically leading to a stochastic partial differ-
ential equation on tensor-valued random fields of material
properties [10]. This leads to stochastic initial-boundary value
problems (IBVPs) on macroscales. If one wants to work with
a deterministic continuum model, then the PDE has constant
coefficients, leading to deterministic IBVPs on macroscales.
The focus of our research is on this SVE-to-RVE scaling, with
our strategy proceeding as follows.

First, a macrohomogeneity condition of Hill-Mandel type
needs to be formulated [11,12]. This dictates uniform bound-
ary conditions of either essential or natural types, which,
in turn, lead to mesoscale (sometimes called “apparent,” as
opposed to “effective”) material properties of finite-sized
domains. Assuming spatial homogeneity and ergodicity of
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the random medium, on ensemble averaging, these lead to
upper and lower bounds dependent on the type of bound-
ary conditions applied to the domain and the size § of a
mesoscale domain. The latter is the SVE of size L relative
to the microscale d, such as the single grain size. As § = L/d
increases, the SVE tends toward the RVE on which a homo-
geneous continuum is being set up, which is the right-hand
side inequality in Eq. (1). The effective (also called macro-
scopic or global) property is then determined [9,13]. Such a
scale-dependent homogenization technique has already been
employed in many different settings, e.g., thermal conduc-
tivity [14-16], linear or finite elasticity or thermoelasticity,
elastoplasticity, viscoelasticity, electrical conductivity [17],
and permeability [8]. All the linear continuum mechanics or
physics problems have been found to share common trends in
terms of a scaling function, leading to the question of whether
they will carry over to electromagnetism.

In the present paper, the above strategy is employed to
obtain the SVE-to-RVE scaling for electrostatic and magne-
tostatic properties of random media, with a numerical illustra-
tion for two-dimensional (2D) and 3D random checkerboard-
type microstructures with zero spatial correlations. The article
is organized as follows. The problem formulation including
the method used for generating random checkerboards and
governing equations is presented in Sec. II. This is followed
by a Hill-Mandel condition for electro- and magneto-static
fields and, in Sec. III, by the resulting boundary conditions,
the hierarchies of mesoscale bounds, and a formulation of the
scaling function. Section IV gives the numerical procedure
and results for 2D and 3D systems over a range of parameters
and a functional form for the scaling function based on data
fitting. The conclusion and major findings are summarized in
Sec. V.

II. PROBLEM FORMULATION
A. Random microstructure

A dimensionless parameter § = L/d is introduced to char-
acterize the mesoscale, where d is the size of a statistically
average grain. Next, the mesoscale random material is a set of
all the realizations Bs(w) parametrized by sample events w in
the 2 space

Bs = {Bs(w); w € Q2}. 2

Any B;s(w), while spatially disordered (i.e., heterogeneous),
follows the deterministic laws of electromagnetism, see (B)
below.

In this article, the spatial (volume-type) averages are de-
noted by an overbar (), while the statistical (or ensemble)
averages are denoted by (-). Basically, the microstructure is
described by a random (n-component, real valued) field ®
defined over some probability space {2, F, P} (with F' being
a o-field and P a probability measure) and over some domain
V e R? [18]:

0: QxX —> R" 3)

The averages are defined explicitly as

@mo:%/kx@mma @u»iéamme 4)
\4

While the theoretical formulation and strategy outlined in this
paper is quite general, all the numerical results are obtained
for a so-called random checkerboard (also called random
chessboard) in 2D (and 3D), where each square (respectively,
cubic) cell of M sites is occupied, independent of the re-
alizations at all other cells, with probabilities p; and p, =
1 — p; for phases 1 and 2, respectively. Thus, one cell is
the aforementioned grain and, in the language of probability,
the random material is a Bernoulli lattice process with a site
probability. Clearly, for a square lattice in 2D L x L = M,
the number of different realizations is |Q| = 2/*F. Given the
construction process, each w occurs with a probability of
1/]€2|. Numerical generation, in a Monte Carlo sense, of such
microstructures will be the first step in a computational study
of scale-dependent electromagnetic properties.

B. Governing equations

To set the stage for investigation of the scale-dependent
permittivity and permeability, we briefly introduce the basic
concepts of electromagnetic theory. We consider every real-
ization Bs(w) of the random material Bs to be lossless and
governed by source-free electro- and magnetostatic equations.

Electromagnetism belongs to continuum physics and hence
scaling issues analogous to those of physics of other types
(e.g., thermoelasticity, elastoplasticity, and viscoelasticity)
arise in the context of electromagnetic properties of ran-
dom heterogeneous materials. The mesoscale (apparent) and
macroscale (effective) properties include the electric permit-
tivity € and the magnetic permeability p. Under the assump-
tion of simple linear media, the constitutive relations that
relate the electric field intensity E with the electric flux density
D and the magnetic field intensity H with the magnetic flux
density B are [19]

D = ¢(w, X)E, (5)

B = u(w, x)H. (6)

In any domain of a source-free medium, the electromag-
netic fields are governed locally by Maxwell’s equations

V xE=—jQ2nrf)uH, @)
V x H=j(2n f)E, (8)
V-D=0, ©
V-B=0, (10)

where f is frequency. As the frequency decreases, the cou-
pling between the electric and magnetic fields weakens and,
when the frequency approaches zero (f — 0), the first two
equations become

V xE =0, (11)

V x H =0. (12)

The static electric field E and static magnetic flux B can be
expressed in terms of the electric scalar potential ¢ and the
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magnetic vector potential A as E=—-V¢ and B=V x A,
respectively.

Let us consider a body Bs(w) with a given microstructure,
in which, as a result of certain boundary conditions and
external sources, there are electric and magnetic fields E
and H. We express these fields as superpositions of mean
values (indicated by overbars) and zero-mean fluctuations (the
primed variables),

E(0,x) =E+E (0, x), (13)
D (w,x) =D+ D' (w,x), (14)
B(w.x) =B+ B (0,x), (15)
H(,x)=H+H (0, x). (16)

Assuming that the domain is the RVE, the effective properties
can be defined as

D = ¢E, (17)

E — Meftﬁ, (1 8)

where the randomness (dependence on w), i.e., the fluctuation,
is absent. Also, the response is now independent of the type
of boundary conditions, provided that they are uniform; this is
explained in more detail below.

III. SCALE-DEPENDENT HOMOGENIZATION:
THEORETICAL RESULTS

In this section, a strategy for the problem of size and
response of RVE of spatially random linear lossless mate-
rials is developed. First, a Hill-Mandel condition for elec-
trostatic and magnetostatic energies is formulated. Then the
bounds of the effective electrical and magnetic properties of
random microstructures by means of natural and essential
boundary conditions are demonstrated. The convergence of
these bounds to the effective properties with increasing length
scales is discussed. Finally, the scaling function is formulated
as a function of volume fraction, phase contrast, and the
mesoscale.

A. Electric permittivity

The total electrostatic potential energy in terms of the
electric field can be expressed in the form & fv D-EdV.
Now, recalling the Hill-Mandel condition for setting up the
constitutive equations in micromechanics of solid composite
materials [11,18,20,21], by analogy, we set up an analogous
condition for the electrical energy, for any realization Bs(w),

D-E=D-E. (19)

This means that the energetic interpretation must be equal to
the electrical interpretation. Splitting the electric field and flux
into their mean and fluctuation parts according to Egs. (13)
and (14), Eq. (19) becomes

MD+D) - (E4+E)=D-E. (20)

Since D’ = 0 and E’ = 0, Eq. (20) yields

D -E =0. 21
By analogy to statistics, the spatial averages of the electric flux

and electric field may be said to be “spatially uncorrelated.”
Now, starting from Eq. (21), it can be shown that

1 / I
D-E=— (D -EdV
Vi

1

V/V(D—D)-(E—E)dv

=_—1f(D—ﬁ)-(V¢—V_¢)dV
v

—1/<D—ﬁ)-[V¢—V<V_¢-x)ldv
Vi

1 _ _
‘V/ V.[D-D)@ — (V- x)]dV
Vv

1 _ _
‘V/“’ — (V- x)[(D—D)-nlds
S
0. 22)

In this derivation, the vector identities V_¢ = V(V_¢ -X) and
V. (¢D) =¢(V-D)+D- (V¢), the Green-Gauss theorem,
and Eq. (9) are used. It follows that Eq. (22) can be satisfied
by three different types of uniform boundary conditions on the
mesoscale:

(a) the natural (or Neumann, “flux-controlled”’) boundary
condition

D,(x)=D" Vx € dBs; (23)

(b) the essential (or Dirichlet, “potential-controlled”)
boundary condition

d(x) =Ve"-x Vx e dBy; (24)

(c) the uniform “mixed-orthogonal” boundary condition
[D,(x) — D)) [¢(x) — V" -x] =0 VxedB;. (25)

Here D° and V¢ are employed to denote, respectively, a
constant vector and a constant gradient, which are prescribed
a priori. Each of these boundary conditions results in a
different mesoscale (or apparent) permittivity. Since a statis-
tically homogeneous and isotropic random field of electrical
properties is assumed, the isotropic response of RVE follows
from Eq. (5) as

el
el

Geffz . 26
= (26)

=

B. Magnetic permeability

The total magnetostatic potential energy in terms of the
magnetic field can be expressed in the form % fv B-HdV.
Following the same strategy as above, the Hill-Mandel condi-
tion for magnetic fields leads to

B -H =0. Q7

Taking the above equation as the starting point, it can
be shown through a similar (but not the same) derivation
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that

— 1

B’~H’=—/B’~H’dV
Vv

1 _ _
:V/V(B—B)-(H—H)dv

l/(VxA—VxA).(H—ﬁ)dv
Vi

1 1 — _
V/V[Vx(A—?VxA)xx)]-(H—H)dV

1 - —
W VV~[(A—(VXA)XX)X(H—H)]dV

1 R —
:W/S[(A—(VxA)xx)x(H—H)]~ndS

—=0. 28)

In the above, the vector identities B = %V x (B x X)
and V- (AxH)=(VxA)-H—A-(V x H), the Green-
Gauss theorem, and Eq. (12) are used. Clearly, Eq. (28) can
be satisfied by three different types of uniform boundary
conditions on the mesoscale:

(a) the natural (Neumann, “current-controlled”) boundary
condition

nxH=nxH" J,=J" VxedBs (29)

(b) the essential (Dirichlet, “potential-controlled”) bound-
ary condition

nxA=nx[(VxA% xx] VxedBs; (30)

(c) the uniform “mixed-orthogonal” boundary condition
[an—an0]~[nxA—nx[(V xAO)xx]]=O

Vx € 335.
(3D

Again, since a statistically homogeneous and isotropic ran-
dom field of magnetic properties is assumed, the isotropic
response of the RVE is calculated using Eq. (6) as

i BB
etf: = 32
Iz ,/H'H (32)

Note that, for 2D cases, since the magnetic field is in
the xy plane, A has the z component only. It can be shown
that, for the 2D magnetostatic case, the governing equation is
simplified to

V. (lVAZ) =1, (33)
U

where J; is the impressed current source in the z direction.
This is similar to the governing equation for the electrostatic
case V- (eV¢) = —p with p being the impressed charge.
Therefore, there is a duality between boundary conditions for
the electro- and magnetostatic cases:

D, =D) (p=p"
V’(GV"’)‘_p;‘{qs:wo.x BNEX)
v (Llva)=—y L=7 35

'(ﬁ Z>_ Z:’{AF(VxAO)xx -

It should be noted that besides the vector magnetic po-
tential A, a magnetic scalar potential ¢, can also be used.
In that case, the governing equation (33) and the boundary
conditions (34) and (35) are replaced by

B, = 32 (pm = py?,)
¢m = Vd)?n - X

where p,, is the impressed magnetic charge.

The fact that the random sample must be large enough to
have relatively small boundary field fluctuations relative to
its size and, simultaneously, be small enough relative to a
macroscopic structure of scale Lo in Eq. (1), forces us to
consider the responses stemming from the various boundary
conditions in more detail.

V- (uVon) = —pm = { . (36)

C. Hierarchies of mesoscale bounds in electro- and
magnetostatic cases

Since the gradient is prescribed in the essential (°) bound-
ary condition (24) of the electrostatic problem of any real-
ization Bs(w), it results in a mesoscale permittivity tensor
€5 (w). However, since the current is prescribed in the natural
(") boundary condition (23), it yields a mesoscale resistivity
tensor s§(w). [We borrow the terminology “resistivity” from
conductvity phenomena because there is no corresponding
term.] Finally, the mixed (") boundary condition (25) results
in a mesoscale permittivity tensor €5'(w) or, depending on
the interpretation, resistivity s§'(w). The argument @ explic-
itly indicates the random character of these tensors, while §
indicates their scale dependence, so that these tensors pertain
to the SVE responses.

The randomness vanishes as § — oo, and this is the
macroscale response Co, of a RVE, where a deterministic
continuum picture is obtained.

By reference to variational principles of electromagnetism,
all these tensors are positive-definite and satisfy an ordering
relation,

[s1@)] " < €'w) < €(). 37)

The inequalities are understood in the same sense as in the
definition of positive-definiteness: If A and B are the rank 2
tensors, then A < Bmeans v: A : v < v: B : v, for any rank
1 tensor v. From the above we obtain a relation between the
ensemble averages: (sg‘)’1 < (€f") < (€5). The response (€}')
displays a much weaker scaling than the other two; it will not
be pursued because, in contradistinction to (sg’)_1 and (e5), it
does not have a bounding property.

Using the variational principles for boundary value prob-
lems under (23) and (24) in combination with the assumption
of spatial homogeneity and ergodicity of random microstruc-
ture, one arrives at the result that, the larger is the mesoscale
material domain Bj, the “softer” is (ef) and the “stiffer”
is (sg‘)_l. This is analogous to the scaling of bounds from
displacement and traction loadings in elasticity of random
media [8,18,20]. Combining these results, we have a hierarchy
of scale-dependent bounds on the RVE response €:

()7 < () <) < e < fe5) < e5) < (ef)
V8 < 8. (38)
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FIG. 1. Mesoscale bounds on effective (i.e., macroscopic) permittivity of random checkerboards with increasing volume fraction of second
phase (a) vy = 0.4, (b) vy = 0.5, (¢c) vy = 0.6, and (d) vy = 0.8 fore; = 1 and €; = 5.

On account of the spatial homogeneity and ergodicity of
the material, the tensor €, is identified with the so-called
effective €. By reference to continuum micromechanics,
in (38) we also recognize the Reuss-type bound (s® = (s’l’)_l)
and the Voigt-bound bound (¢ = (€9)), which clearly possess
no scale dependence.

All the above developments carry over to the magnetostatic
problem, where € (or €) is replaced with p (or w). In fact,
Fig. 1 depicts the corresponding hierarchies obtained for
random checkerboards.

D. Formulation of scaling function

Suppose we deal with a random polycrystal. In general, for
any given realization Bs(w) of Bs(w), €5(w), and s§(w) are
anisotropic. A statistically isotropic response applies if all the
crystal orientations are uniformly distributed on a unit sphere,
while a deterministically isotropic response is obtained on
ensemble averaging on any mesoscale. Thus, we have

(i) =931, €x =€xl, € =€l (39)
where I is the rank 2 identity tensor. From the above, we
obtain

(s): (e5) =D el 5, (40)

where D is the dimensionality of space, i.e., either 2 or 3.
In the infinite volume limit (§ — oo on the RVE level), one
tensor is the exact inverse of another

Jim (s3) : (e5) = D. (41)

Also in the case of statistically isotropic statistics, there
holds a special case of hierarchy of bounds (38) on €, in (39):

<) <) e <o) < fef) <€
V8 < 8. (42)

With each crystal’s conductivity being characterized by three
principal values (cy, ¢z, ¢3,), the Reuss-type and Voigt-type
bounds are s® = [(1/e; + 1/e; + 1/63)/3]’1 (harmonic) and
€V = (€] + €, + €3)/3 (arithmetic), respectively.

Focusing on the 2D case, we set up the following relation-
ship between the left-hand sides of (40) and (41):

(e5) < (s3) = Jim (€5) : {s5) + v, ), (43)

where f (8, vy, k) defines the scaling function, with the volume
fraction vy of phase 2, and the contrast k = €;/€3 being a
nondimensional parameter. Also, from the above equations

f(8, vy k) =2(e5 55 —1). (44)
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FIG. 2. Mesoscale bounds on effective (i.e., macroscopic) permeability of a random checkerboard with increasing volume fraction of

second phase (a) vy = 0.5 and (b) vy = 0.8 for t; = 1 and u, = 3.

The scaling function has the property: f(§ — oo, vy, k) =
f(@,vr, k =1) =05 the latter is the case of crystals being
locally isotropic with k = 1 (such as for cubic crystals).
Again, all the above developments carry over to the
magnetostatic problem, where € (or €) is replaced with p

(or w).

IV. NUMERICAL RESULTS

The electro- and magnetostatic behaviors of planar ran-
dom checkerboard are simulated by the finite-element method
(FEM) using COMSOL Multiphysics via Livelink for MAT-
LAB, a commercial FEM solver [22]. The mesh density is
important especially for higher values of k where the interface
between two phases has a jump in the permittivty (or perme-
ability) value. Olariu et al. [23] conducted a comprehensive
analysis of influence of high contrast on the numerically
estimated effective permittivity. With an increasing contrast
k, at a given size and mesh density, a greater error is expected
in numerically estimated effective properties. Thus, to have an
acceptable accuracy and capture the strong gradients, a finer
mesh is needed for a stronger contrast.

For a given realization Bs(w) with volume fraction vy and
contrast k, the mesoscale permittivity € and €5 will now be

4 o, =J°
<A, =(V x A%) x x

determined using Eqgs. (23) and (24), respectively. First, €,
a constant normal electric displacement D? is applied on the
boundaries of the domain and the volume average electric
field E and D are calculated from the numerical solution
obtained. Then using Eq. (26), the mesoscale permittivity €}
is evaluated. To get €, a constant potential gradient V¢l is
applied on the boundaries and the volume averaged E and D
are obtained using the numerical values. Then the mesoscale
permittivity €5 is evaluated using Eq. (26).

Note that the mesoscale permittivity tensor is, in general,
anisotropic for any realization at any mesoscale §. However, if
the random field is statistically isotropic, then the statistically
averaged permittivity tensor is isotropic, i.e., it is approxi-
mately isotropic in the Monte Carlo sampling.

The mesoscale bounds of permittivity are plotted as func-
tions of ¢ in Fig. 1 when volume fraction of phase 2 is
vy =1{0.4,0.5,0.6,0.8}. The relative permittivities of phase
1 and phase 2 are {1, 5} (k = 5), respectively. For each §, at
least 100 realizations are simulated, and the ensemble average
is reported.

For a given realization Bs(w) with volume fraction vy
and contrast k, the mesoscale permeability ©§ and p§ can
be calculated using Eqs. (29) and (30), respectively. For the

547

5.27

()

4.8

461

(b)

FIG. 3. Mesoscale bounds on effective (i.e., macroscopic) permeability of a random checkerboard with increasing volume fraction of

second phase (a) vy = 0.5 and (b) vy = 0.8 for u; = 1 and u» = 7.
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FIG. 4. (a) Realization of a two phase random checkerboard for L = 16. (b) Magnetic flux norm density (T). (c) Magnetic field norm

(A/m).

mesoscale uj, a constant surface current JZO is applied on the
boundaries of the domain and the volume averaged magnetic
field H and magnetic flux B are calculated from the numerical
solution. Then, using Eq. (32), the mesoscale permeability p§
is evaluated. To obtain g, a constant potential (V x Ag) is

applied on the boundaries, resulting in volume averaged H
and B. Then, using Eq. (32), the mesoscale permeability g is
evaluated.

The mesoscale bounds of permeability are plotted as func-
tions of § in Fig. 2 and Fig. 3 when the volume fraction, vy,
of phase 2 is {0.5, 0.8}. The relative permeabilities of phase 1
and phase 2, respectively, are {1, 3} and {1, 7}. For each §, at
least 100 realizations are simulated, and the statistical average
is reported.

Figure 4 depicts the magnetic flux norm and magnetic field
norm of the two-phase random checkerboard for L = 16 with
vy = 0.5 under the boundary condition (V x A% x x.

It should be noted that for any given realization at a finite
mesoscale § the mesoscale permittivity or permeability ten-
sors need not be isotropic, i.e., the values in x and y directions
can be different. As mentioned before, the entire formulation
discussed in the previous sections, without any limitation, can
be applied to 3D cases and/or anisotropic medium whose €
and p are tensors. For an anisotropic medium, the constitutive
relations cannot be expressed in a simple form as in Eq. (5).

D, = Dg

0 10 20 30 40
0
()

Instead, they have to be expressed as

{D:?E 45)

B=i H

where € and i are called permittivity and permeability ten-
sors. Crystals are a special case of general anisotropic me-
dia, which have a diagonal permittivity tensor. Here biaxial
media which have diagonal permittivity tensors with different
values are considered [19]. If statistically homogeneous ran-
dom fields of electrical and magnetic properties are assumed,
then the isotropic response of RVE can be calculated using
Eq. (45) as

D,-D
€x — =, €§§f= _y _y. (46)
E, -E, E, E

The mesoscale permittivity bounds obtained for x and y
directions of two biaxial phases with vy = 0.5 are shown in
Fig. 5. The relative permittivity tensors for the first and second
phases, respectively, are [3 g] and [g (7)].

The geometry and corresponding electric field norm of
one realization of the 3D material (for € = {1, 10} with vy =
0.5) under the boundary condition V¢ = 10 are depicted
in Figs. 6(a) and 6(b); the latter figure is taken from a 3D
animation, attached in GIF format [24]. In Fig. 6(c) we see

6.5 ‘ ‘
- D, = D?L

FIG. 5. Mesoscale bounds on effective (i.e., macroscopic) permittivity of a random checkerboard in (a) x direction and (b) y direction with

Vy = 0.5.
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(b)

FIG. 6. Two-phase random checkerboard for € = {1, 10} and vy = 0.5. (a) 3D two-phase random checkerboard on the L x L x L lattices
with L = 10. (b) Electric flux density norm (C/m?) for 3D two-phase random checkerboard, taken from the attached animation. (c) Comparison
of scaling effects for vy = 0.5 in 2D and 3D random two-phase checkerboard.

the mesoscale permittivity bounds for this 3D case as well
as for a completely analogous 2D random material with all
physical parameters kept the same. This gives a comparison
of scaling trends: Evident here is the much more rapid trend
to homogenize, as the mesoscale increases, of the 3D random
material as compared to situation of the 2D material. This may
be explained qualitatively by a reference to the 3D Green’s
function % as opposed to the 2D Green’s function lr

A 3D movie showing a perspective view of the field of
electric flux density norm, whose snapshot is in Fig. 5(b), is
found in the Supplementary Material [24].

Following the study in Ref. [9], the scaling function for a
two-phase random checkerboard can be written as the product
of the material-dependent and the scale-dependent quantities

f(8, v, k) :2(e§ 55 — 1)g(8)

1 2
=2u,(1 _vf)<f—ﬁ> FONENCY)!

where g(6) defines the normalized scaling function, which
depends exclusively on the mesoscale. Inspired by the study
conducted in Ref. [9], the following stretched exponential fit
of the normalized scaling function is employed

8(8) = explA(s — 1)*]. (48)

Figure 7(a) shows the normalized scaling function obtained
for v, =0.5 and k= {3,5,7} with fitting constants A =
0.73 £0.03 and B = 0.5 £ 0.02. It is interesting to see that
the dependence of material contrast (k) can be removed by
normalizing the scaling function with (vk — ﬁ)?

Figure 7(b) shows the normalized scaling function ob-
tained for k = 7 and vy = {0.2, 0.4, 0.6, 0.8} with fitting con-
stants A = 0.73 £ 0.03 and B = 0.5 £ 0.01. It is interesting
to see that the dependence of volume fraction (vs) can be re-
moved by normalizing the scaling function with 2v,(1 — vy).
From Figs. 7(a) and 7(b), it is clear that § = 30 is large enough
to be accepted as the RVE size.

Effectively, the mesoscale (§) dependence of the random
checkerboard microstructure for any combination of k and v
can be explained by the normalized scaling function g(§). It
should be noted that the scale dependency of scaling function
for permittivity (or permeability) only shows the rate of con-
vergence to RVE and has nothing to do with the effective prop-
erty. However, for a sufficiently large 8, it provides bounds
which are tight enough to estimate the effective property with
very good accuracy.

V. CONCLUSION

In this article, a methodology to study the length scale
effect on the permittivity and permeability of random checker-
board composites is proposed within the framework dic-
tated by the Hill-Mandel condition. The responses from two
stochastic initial boundary value problems bound the permit-
tivity and permeability from above and below, respectively,
for essential and natural boundary conditions. Finite-element
simulations are employed to illustrate the results of random
checkerboards with varying phase contrasts at arbitrary nom-
inal volume fractions. Hierarchies of mesoscale bounds are
also discussed. This method can be employed to assess the
passage from SVE-to-RVE for a random material with linear
lossless, perfectly bounded microconstituents.

The convergence to the effective medium response can
be predicted for other combinations of microconstituents’
properties and other microstructural geometries using a scalar-
valued scaling function. Numerical simulations are employed
to construct its functional form as a function of the volume
fraction, phase contrast, and the mesoscale. Its effectiveness
in grasping the scaling properties is also studied.

While the numerical examples are carried out for planar
random checkerboard morphologies, the entire methodology
is also applicable to other 2D or 3D systems of spatially
correlated geometries [10], providing their spatial statistics
are homogeneous and ergodic. However, the longer range
are the correlations of phase distributions, the slower is
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FIG. 7. Normalized scaling function g(8) as a function of § showing a good collapse of the stretched exponential function for (a) v, = 0.5

and (b) k = 7.

the SVE-to-RVE scaling trend and, necessarily, the larger are
the mesoscale volumes needed for simulation. Also, while
the present report is limited to linear and lossless media, this
methodology can be extended to homogenization of nonlinear
and lossy media.

The reported work is now being used as a stepping stone
for analysis of electromagnetic properties in the frequency
domain (including a generalization of scaling laws such as
Egs. (47) and (48), as will be reported separately.
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