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Magnus effect in granular media
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A spinning ball moving through air experiences a net lift due to the “Magnus effect” resulting from the
pressure difference across its two sides. In this work, with the help of numerical simulations, we present a similar
phenomenon on a circular intruder undergoing both translational and rotational motion in a two-dimensional
granular medium. The direction of this “Magnus” lift in a granular medium, irrespective of its area fraction, is
opposite to the general direction in viscous fluids in the range of velocities studied. We relate this effect to the
switching in the direction of tangential forces, uneven shearing of the force chains, and uneven distribution in
the number of contacts across the rotating intruder. Moreover, this is observed for area fractions � as low as 0.35
to as high as 0.82, which lies just below the jamming point. Distribution of the contact force around the intruder
surface is also studied with respect to the nondimensionalized rotation speed of the intruder. A saturation in the
lift to drag ratio is achieved at very high rotation speed, and the ratio is seen to be weakly dependent on the
area fraction of the granular medium. The change in local flow fields of velocity, area fraction, and granular
temperature around the intruder for several spin ratios is also discussed. The downstream wake of the intruder
also deflects in the opposite direction when compared to the case in viscous fluids.
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I. INTRODUCTION

Granular media, i.e., collections of discrete particles, ex-
hibit different behaviors depending on their density. A few
striking similarities have been found between the flowing
granular medium and a viscous fluid. For example, many
instabilities observed in viscous fluids are also observed in
granular media, such as Kelvin-Helmholtz [1], Rayleigh-
Plateau [2], Rayleigh-Taylor [3], etc. The capillary action that
occurs due to cohesive and adhesive forces in fluids is also
observed in a dry granular medium in which the forces of
adhesion or cohesion are absent [4]. Despite these similarities,
there exist many phenomena that are unique to granular
media, such as jamming or Reynolds’ dilation. For example,
the jamming of particles is a phenomenon [5] observed in
granular media; however, the introduction of a helical inner
wall texture prevents jamming of particles in vertical pipe
flow [6], which illustrates the complex behavior of granular
materials. The dynamics of objects immersed in fluids [7–10]
has received a lot of attention over the past few decades. A
solid object moving through a fluid experiences forces in a
direction both perpendicular and parallel to the flow, namely
lift and drag forces, respectively. An understanding of these
forces has enabled massive developments in automobiles [11],
ballistics [12], aircraft [13], satellites [14], etc. In granular
media as well, a solid object when dragged experiences these
two forces [15–19], and their proper understanding might give
some insights about animal locomotion, drilling, and other
applications.

When a rotating object moves through a fluid at a finite
speed, it experiences a net lift force due to the pressure
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difference generated across the intruder from the rotation, and
this is called the Magnus effect [20]. The direction of this lift
force is along ω × V , where ω and V are the angular velocity
and translational velocity of the object relative to the stream.
However, before Magnus, this had already been observed
by both Newton [21] and Robins [22]. While addressing his
earlier doubt about whether rays of light traveled in a curved
path inside a prism, Newton [21] started a discussion on the
deflection of a tennis ball flying in a curved path when hit
by an oblique racket. He mentioned that the part of the ball
where motion is greater must beat the air more violently
than the part where the motion is less, and thus incite a
greater reaction from the air generating this lift. Robins, via
his experiment [22], also demonstrated the Magnus effect
on spheres before Magnus himself. Euler, however, opposed
Robins’s experimental demonstration and believed that this
lift is generated due to “not so perfect” spheres trying to attain
perfection [23].

When an intruder is rotated and translated at the same
time inside the fluid, the surrounding fluid moves at different
velocities and thus creates a pressure difference across the
object, as per the classical Bernoulli principle. This pressure
difference leads to a net lift force. Rayleigh [24], although
agreeing with the pressure distribution, noted a weak step of
this argument as this is applicable only for frictionless fluid
since it did not account for the friction between the fluid and
the cylinder’s surface due to the lack of a mathematical model
to account for friction. Then, Lafay [25] showed, through his
experiments on rotating cylinders, the distribution of pressure
and the deflection of streamlines near the cylinder. Further,
Thom [26–31] showed the effect of the Reynolds number,
surface conditions, and a few other parameters, and he also
calculated the drag, lift, and torque coefficients from his
study. In 1904, Prandtl proposed the boundary layer theory
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in fluids [32]. Swanson in his study [12] used this boundary
layer theory to explain the circulation around the cylinder. He
suggested that the upper and lower boundary layers separate
differently due to different velocities, and thus circulation is
produced due to this behavior. With this, the origin of the
Magnus force that took friction into account was proposed,
and hence its direction was also justified.

However, there have been instances in which the direction
of the Magnus effect is opposite, such as in free molecu-
lar flow [33,34] or in fluid flow at some specific Reynolds
number [35]. The inverse Magnus effect observed at some
of the Reynolds numbers is because the boundary layer that
is moving against the surface (advancing side) of the sphere
transitions to turbulent while the one that is moving with the
surface (retreating side) does not [35], and hence the flow
separates farther downstream. For the free molecular flow, a
simple explanation is given with the probability theory and the
change in momentum [34]. However, an intuitive answer for
the inverse Magnus effect in such a system has been given by
Borg et al. [33]. This inverse effect vanishes once the density
of the molecular system exceeds a critical value.

In the present work, we investigate the Magnus effect in a
granular medium with a rotating and translating intruder for
dilute and dense regimes. Recent computational and experi-
mental studies have shown that the lift generated in a granular
medium can be due to the asymmetry caused by either the
gravity [36] or the intruder shape [37] or the difference in the
dilation and shear rate across the intruder [38]. A symmetric
intruder that translates without any rotation will not experi-
ence any net lift. However, when rotational motion is there,
it can experience a net lift force as observed in the present
study. The generation of lift is still a significant challenge for
an object moving through a granular medium. Understanding
the forces on a translating and rotating intruder may provide
insights about creating lift in an alternative way rather than by
the wiggling of the intruder [39,40], and in projectile impact
studies [41] by considering the effect of the rotation of the
cannonball before a collision. In the present study, we also
report similarities and differences of the Magnus effect in a
granular medium versus viscous fluid.

II. SIMULATION METHODOLOGY

In this work, we employ the discrete element method
(DEM) [42] to understand the Magnus effect in a two-
dimensional granular medium. We consider a system of size
300d×200d along the x and y axes, respectively, where
d = 0.02 m is the mean diameter of the granular particles.
An intruder of diameter dintr = 5d is kept at the center (taken
as the origin) of the simulation box spanning from −150d

to 150d along x and −100d to 100d along y. While two
frozen walls made up of disks of diameter d that are kept at
y = −99.5d and 99.5d confine the system along the y direc-
tion, the x direction is kept periodic. The simulation box is
filled randomly with disks of mean diameter d with a polydis-
persity of 10%. The number of these particles in the system
varies from 26 000 to 62 000 depending upon the area fraction
�. The mass-area density of all particles is set to 20 kg/m2

and the moment of inertia is set to that of a disk. For lower
area fractions � < 0.5, the initial configuration is generated

FIG. 1. The initial configuration for � = 0.352. The red disk
at the center shows the intruder of diameter dintr located at the
origin surrounded by granular particles (light blue particles) of mean
diameter d . The two confining walls are located at −99.5d to 99.5d

(black particles).

by creating particles randomly in space. However, for higher
� > 0.78, the confining walls are kept far away initially,
between which the desired number of particles are randomly
created in space. Then, the confining walls are moved slowly
to reach the size of the simulation system and thus to achieve
the required � after the particles have almost zero kinetic
energy. To achieve � in the intermediate range (0.5 � � �
0.75), we first create a system of � = 0.78 in random packing
as per the scheme mentioned above, and then we remove the
extra number of particles from the system selected randomly
to achieve the desired �. There is no gravity in the system,
and ẑ refers to the vector product x̂ × ŷ. Figure 1 shows a
simulation snapshot for � = 0.352. We provided simulation
movies in the Supplemental Material [43].

In DEM we need to integrate the equations of motion to
update the positions and velocities of particles as a function
of time. Let us consider two particles i and j in contact
having masses mi and mj , respectively, and diameters di and
dj , respectively. The force on i due to contact with j can be
computed as [44]

Fn
i j =

√
didj

2(di + dj )

√
δij

(
Knδij n̂i j − meffγnv

n
i j

)
, (1)

Ft
i j = −

√
didj

2(di + dj )

√
δij

(
Kt�si j + meffγtv

t
i j

)
, (2)

where Fn
i j and Ft

i j are the normal and tangential contact
forces. We restrict the upper limit of the magnitude of Ft

i j
to μ|Fn

i j |, where μ is the coefficient of friction. In the force
expressions, Kn and Kt are normal and tangential nonlinear
spring constants, γn and γt are damping constants, n̂i j is the
unit vector along the line connecting the centers of particles
i and j , meff stands for the effective mass, and δij is the
overlap between two particles. �si j stands for the tangential
displacement vector between the two particles (truncated upon
slipping criteria [44]), and the normal and tangential relative
velocities are represented as vn

i j and v t
i j , respectively. The

force model adopted is in accordance with the variation in the
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TABLE I. The values of the simulation parameters.

Parameters Value

Kn 2 GPa
Kt 2.45 GPa
γn 8×106 (m s)−1

γt 8×106 (m s)−1

μ 0.5 (unless stated otherwise)
ρ (mass/area) 20 kg/m2

coefficient of restitution with velocity [17,45]. We provided
the simulation parameters in Table I.

The angular velocities of the particles are then updated
according to the torque acting on it. The intruder is given
a translational velocity of V = V0 x̂ + 0 ŷ and a rotational
velocity of ω = ω0 ẑ at time t = 0, where x̂, ŷ, and ẑ are the
unit vectors along x, y, and z directions, respectively. The
intruder moves at this constant translational and rotational
velocity throughout the simulation. The simulation is carried
out for the time it takes the intruder to travel one simulation
box length along x. We have chosen a time step of 2×10−6

s. The simulation system is large enough for the forces on
the intruder to be influenced by the periodic boundaries or
the walls. In fact, taking a system three times as large as
the current system does not alter the force on the intruder.
The intruder achieves a mean “steady”-state behavior after
a certain time, which is roughly the time it takes for the
intruder to travel 30d. Therefore, we calculate the averaged
values of forces on an intruder by averaging the instanta-
neous values of forces over the time it takes the intruder to
travel 270d after steady-state behavior has developed. We
used a large-scale atomic/molecular massively parallel simu-
lator (LAMMPS) [46,47] for our simulations. Ovito [48] and
VMD [49] are used for postsimulation visualization.

III. RESULTS AND DISCUSSION

A. Pure translation of the intruder

The intruder is first moved at ω0 = 0, i.e., no rotational
velocity for various translational velocities V0. At any instant,
the intruder might have N contacts with its surrounding
particles at a given time t . The force that acts on an intruder
in a direction opposite to its motion is drag, F D, while the
one that acts perpendicular to it is lift, FL . We observe that
for any given velocity, the drag on the intruder fluctuates with
time with a well-defined mean, which has been reported in
other drag studies [16–18]. We can write F D = (D + D̃)F̂ D,
where D is the time-averaged drag while D̃ is the fluctuation
in drag and F̂ D is a unit vector parallel to −V . For zero
rotational velocity, the time-averaged lift force acting on the
intruder is zero. In a similar fashion, the number of contacts
that the intruder has with surrounding particles at a given
time t , N (t ), varies as N (t ) = N + Ñ , where N is the time-
averaged number of contacts while Ñ refers to the fluctuation.
We calculate D and N by averaging the instantaneous values
over the time it takes the intruder to travel 270d after mean
steady-state behavior has developed. These mean values are
shown in Fig. 2. The mean drag D on the intruder in a
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FIG. 2. (a) Variation of D with V0 for various � on a log-log
plot. A linear fit gives a slope of roughly 2 suggesting quadratic
dependence of the form D ∝ V 2

0 . (b) Variation of N with V0 for
various �. The symbols mean the same as in (a).

two-dimensional system has been studied by Takehara
et al. [50] for high area fraction �, and they proposed a
relation between mean drag and intruder velocity as

D = D0(�) + α(�)V 2
0 , (3)

where D0(�) and α(�) are constants for a given �.
Figure 2(a) shows that the mean drag follows a quadratic
trend [D0(�) ≈ 0] with a V 2

0 dependence in the range of
� and V0 explored. Figure 2(b) shows the average intruder
contacts versus velocity. Although N varies linearly with V0

at a lower �, it starts to deviate from the linear trend as � is
increased. The mean drag D and the mean number of contacts
are directly related. Generally, if force per contact remains
constant, a higher N would imply higher D and vice versa.
The relation between D and N in the present work is not
necessarily linear. Apart from the number of contacts, it is also
necessary that we analyze the distribution of contacts around
the surface of the intruder.

B. Combined translation and rotation of the intruder

In the next set of simulations, an angular velocity ω0 along
with the translational velocity V0 is provided. In fluids, it is
observed that the lift points in the direction of ω×V . However,
in a granular medium, it is observed that the lift is in a
direction −ω×V , which is opposite to that in fluids. Another
parameter, namely the intruder spin ratio

� = ω0R

V0
, (4)

given as the ratio of the intruder’s surface speed due to the ro-
tation and its translation speed, is used to compare the results
for various V0. We can also express the lift force as the sum
of its mean and fluctuation as FL = (L + L̃)F̂L , where F̂L

is the unit vector pointing in the direction of −ω×V , while L

and L̃ are the mean and fluctuation in lift. Figure 3 shows the
variation in the ratio of mean lift and mean drag versus � for
various intruder speeds V0. It can be seen that at � ≈ 0, this
ratio has a value of zero because of the symmetry arguments.
However, at a relatively high �, this ratio saturates to give
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FIG. 3. The lift to drag ratio L/D against spin ratio (� = ω0R/V0 ) for various V0 for � = (a) 0.352, (b) 0.585, and (c) 0.818. The symbols
mean the same as in (b).

almost a constant value of L/D. Moreover, the crossover from
zero to this constant value seems to be occurring gradually
with � but is most dominant at � ≈ 1, i.e., the maximum of
∂ (L/D)/∂ (�) appears to be in the vicinity of � ≈ 1.

C. Origin of the Magnus force: Force distribution along
the surface of the intruder

Let a point P be situated at an inclination of θ on the
intruder’s surface from the intruder’s center with respect
to the velocity vector V . This point P moves at a given
velocity if both translational and rotational components are
added with each such unique point moving at a velocity
of its own. The tangential velocity at such a point (assum-
ing rotation is in a counterclockwise direction) is given as
Vt,P = ω0R − V0 sin θ while the normal velocity component
is Vn,P = V0 cos θ . If written in terms of �, Vt,P = V0(� −
sin θ ). This would imply that for � � 1, tangential velocity is
always positive irrespective of θ , with the complete change in
sign happening at � = 1 because the maximum of the second
term (sin θ ) is 1, and hence � � 1 would imply Vt,P � 0.
Moreover, for an intruder moving in granular media, most
of the contacts are situated on the front side of the intruder,
and the wake region has close to zero contacts. A rather
simplistic argument that can be given is that the tangential
force or the frictional force acts in a direction opposite to the
relative motion between the surfaces. If the intruder collides
with another particle, say at rest, then the tangential force
acts in a direction opposite to Vt,P , and since the majority
of the contacts are between the range of −π/2 � θ � π/2,
the summation of these tangential forces has a component
pointing in the − ŷ direction. This direction is opposite to
ω×V , which is the direction of observed Magnus lift in fluids.
This is the explanation for the inverse Magnus effect in the
granular medium. This has been illustrated in Fig. 4 for the
front side of the intruder, where the sum of the tangential
forces leads to a net lift force. Additionally, it also shows that
the majority of contacts with the intruder undergo slipping at
high �, and the unidirectional behavior of the tangential force
is well-developed at � = 1. The above phenomenon exists for
all area fractions � below the jamming point, as we find in
our study for the range of velocities considered. Of course,
at higher �, the phenomenon might be governed by other
factors, such as a buckling of force chains, but the direction is

nonetheless the same as that of the lower � system. In the case
of the Magnus effect in free molecular flow, Borg et al. [33]
suggested a critical density beyond which a transition occurs
in the direction of the Magnus force. This does not occur in
the case of the granular medium, since the sole reason for the
Magnus force in free molecular flow is a preferential collision
with the hemisphere facing the headwind. This occurs in the
case of the granular medium, as we shall see later; however,
the tangential forces are the major factor for the inverse
Magnus effect, and thus switching in the direction of the
Magnus force does not happen.

We also observe saturation in the value of L/D. In the
present simulation model, the tangential contact force has an
upper limit of μ times the normal contact force to account
for slipping beyond this point. This saturation in the value
of L/D is achieved when slipping starts for almost all the
contacts, i.e., the ratio of the magnitude of the tangential and

FIG. 4. The figure shows tangential force and its direction at a
point on the surface of an intruder. Here the intruder is moving in
the x direction and rotating in the counterclockwise direction. The
front side of the intruder, which faces the majority of contacts, is
depicted in this figure with vectors drawn along the surface of the
intruder. The vectors are color-coded to suggest whether the contacts
are undergoing slipping (yellow vectors) or not (violet vectors). The
figure shows three cases of � = (a) 0, (b) 1, and (c) 20. When the
spin ratio is zero, the sum of tangential forces cancels each other
out in the y direction. However, as � is increased, a resultant vector
is produced from the sum of these tangential forces. This resultant
vector is the major cause for the Magnus effect in granular media.
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FIG. 5. Plot of D� normalized by D�=0, which is the drag at a
given spin ratio normalized by the case with zero spin ratio, against
� (top row). Plot of N�/N�=0 vs �, where the former is the number
of contacts at � normalized by N at � = 0 (bottom row). The plots
correspond to � = 0.352, 0.585, and 0.818 from left to right. The
symbols mean the same as in Fig. 3(b).

normal force becomes equal to the coefficient of friction, thus
inducing slipping between the intruder and the particle for the
majority of the contacts. We shall denote this saturation value
as (L∞/D∞).

Figure 5 shows the variation of drag D� and the number of
contacts N� at a given � normalized by the values at � = 0.
We find that the drag force remains almost constant for lower
� while it increases after a constant regime for higher �.
Moreover, the number of contacts is seen to decrease after a
certain � for all �. This is an important observation, as the
contribution to drag comes from the sum of force components
opposite to the velocity vector of the intruder from all the
contacts. When the number of contacts decreases, one might
expect that the drag force decreases, too. However, that is true
only if the force per contact remains the same. Therefore, it is
important that we also study force per contact, together with
how the distribution of contacts around the intruder varies
with �. The only conclusion that can be drawn from this is
that the force per contact increases with �. In the case of
higher �, this increase is more significant.

Figure 6 shows the distribution of time-averaged quantities
such as the total normal force FN,θ normalized by D�=0,
the total tangential force FT,θ normalized by its maximum,
μFN,θ , and the total number of contacts Nθ at P with a bin
width of π/12 for � = 0.818. FN,θ/Nθ represents the average
normal force per contact and vice versa. Figure 6(c) shows
how the contacts are distributed around the surface of the
intruder. In the wake region of the intruder, i.e., θ � π/2 and
θ � −π/2, the number of contacts is almost negligible, and
hence the force contribution from the wake side is almost
negligible. Therefore, our region of interest lies in −π/2 <

θ < π/2. We observe that in this region, the distribution of
the number of contacts follows a trend with a peak at almost
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FIG. 6. (a) FN,θ/D�=0 vs θ , (b) FT,θ /μFN,θ vs θ , and (c) Nθ/N�

vs θ for � = 0.818. Please refer to (c) for the legends.

θ ≈ 0. It can be noticed that the symmetry of this distribution
is broken as � is increased.

A value of FT,θ/μFN,θ = 1 implies slipping of the contact
at that given point. Figure 6(b) justifies our previous dis-
cussion on the tangential force acting against the tangential
velocity. It can also be observed that the change in direction of
FT,θ occurs for the majority of contacts at � = 1 on the front
side of the intruder (−π/2 < θ < π/2). Moreover, we find
that at a higher value of �, the majority of the contacts start
slipping, thus explaining that the proposed argument about
saturation in L/D is correct. Although the number of contacts
is decreasing in Fig. 5 for � = 0.818, the drag force increases
with the increase in �. This suggests that the normal contact
force at a higher � seems to increase dramatically with �

when compared to systems at a lower �. The reason can be the
formation and breaking of the force chains while the intruder
moves, something that is absent for a lower �. The normal
force distribution FN,θ remains almost symmetric about θ

with the increase in spin ratio �.

D. Flow fields near the intruder

In this subsection, we show flow fields in the vicinity of
the intruder, namely the velocity field with respect to the
intruder 〈V ∗〉, the area fraction field 〈�∗〉, and the granular
temperature field 〈T ∗

g 〉 in Fig. 7 for � = 0, 1, and 10. The
intruder is rotating in a clockwise direction for � > 0 in the
results of Fig. 7. Since the velocity field is plotted with respect
to the intruder, the flow direction is from right to left. The

012902-5



SONU KUMAR, MANISH DHIMAN, AND K. ANKI REDDY PHYSICAL REVIEW E 99, 012902 (2019)

FIG. 7. The variation of normalized velocity field [(a), (b), and (c)], local area fraction [(d), (e), and (f)] and normalized local granular
temperature [(g), (h), and (i)] in the vicinity of the intruder for � = 0, 1, and 10, respectively. The black disk in the velocity and granular
temperature fields represents the intruder while in the local area fraction plot it is represented by the yellow disk.

fields are calculated by averaging over 1000 configurations.
The scheme used to calculate the flow fields is explained in
detail in the Appendix.

Figures 7(a), 7(b) and 7(c) show the velocity field around
the intruder for � = 0, 1, and 10, respectively. The velocity
field 〈V ∗〉 is normalized by the magnitude of the intruder’s
translational velocity V0. 〈V ∗〉 is highly localized around the
intruder. The streamlines are computed as the tangent to the
velocity field at a given point. For � = 0, the velocity field
is symmetric about the line parallel to the flow direction and
passing through the center of the disk. However, as � is
increased, the flow field behaves asymmetrically about that
line. We observe that the streamlines close to the retreating
side of the intruder (the side whose surface moves against
the flow) diverge in the upward direction while those over
the advancing side are not deflected as much when compared
to the nonrotational case � = 0. This, in turn, represents
the wake being pushed in the upward direction for � = 10,
suggesting a downward force on the intruder (or the direction
−ω×V ).

The distribution of the local area fraction 〈�∗〉 is shown in
Figs. 7(d), 7(e) and 7(f). We find that 〈�∗〉 is very close to
� (the area fraction of the system) except near the intruder
or in its wake region. The wake is seen to widen with �, and
typically there can be two distinct regions in the wake. The
first region, which is the core of the wake, has 〈�∗〉 ≈ 0 in the

downstream of the intruder. In the second region of the wake,
〈�∗〉 changes from 0 to �.

In Figs. 7(g), 7(h) and 7(i), we plot the granular temper-
ature 〈T ∗

g 〉 (see the Appendix). We normalize 〈T ∗
g 〉 with the

sum of the square of the translational and rotational velocity
of the intruder, V 2

0 (1 + �2). The granular temperature is zero
far away from the intruder. Moreover, it is also zero in the
first region of the wake as there are hardly any particles
(〈�∗〉 ≈ 0). However, the granular temperature varies in the
region around the intruder and the second region of the wake
as it is where the majority of the collisions can happen. We
observe that the granular temperature reaches a maximum on
the advancing side of the intruder for � = 10. However, this
maximum lies on the retreating side for � = 1. The presence
and location of this maximum warrant a future investigation.

IV. MODEL

The saturation value of the lift to drag ratio L∞/D∞ can be
derived under some assumptions for the dilute systems with
a simple model. Let us assume that � � 1 and that � is in
the dilute limit. We apply the following assumptions: (i) FN,θ

is symmetric with respect to θ . This is true as it should not
vary much with � for very dilute systems. (ii) The contacts
are undergoing slipping all the time (see Fig. 6). (iii) FT,θ is
always in a clockwise direction when an intruder is rotating
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FIG. 8. L∞/D∞ vs μ for various �. The more dilute the system
is, the closer the value of L∞/D∞ to the proposed model.

in a counterclockwise direction due to the fact that frictional
forces act in a direction opposite to that of an intruder. Thus
we can write

D∞ =
∑

(FN,θ cos θ − FT,θ sin θ ). (5)

Since FT,θ is μFN,θ , which is symmetric about θ ,
we could simply write, based on our first assumption,∑

μFN,θ sin θ = 0, which would imply

D∞ =
∑

FN,θ cos θ. (6)

Now,

L∞ =
∑

(FN,θ sin θ + FT,θ cos θ ) (7)

summed over all the contacts. Using the previous argument
about the symmetry of FN,θ about θ and FT,θ = μFN,θ , we
could write

L∞ =
∑

μFN,θ cos θ = μ
∑

FN,θ cos θ = μD∞. (8)

This would suggest

L∞/D∞ = μ, (9)

which is almost valid in Fig. 8 for the dilute system (� =
0.135). Moreover, for the frictionless case μ = 0, the max-
imum lift to drag ratio is zero, thus suggesting no Magnus
effect in the granular media of frictionless particles. We
have plotted L∞/D∞ at various values of μ in Fig. 8 for
various �. We observe that although L∞/D∞ follows a linear
relationship with μ for low �, it deviates from L∞/D∞ = μ.
The deviation of the predicted value from the real value is
evident from the fact that the assumptions are approximate.
The deviation increases with �.

If one were to write an expression for D∞ and L∞ without
previous assumptions (except the fact that all contacts undergo
slipping at high �, which is already seen in our results), we
can write

D∞ =
∑

(FN,θ cos θ − μFN,θ sin θ ), (10)

L∞ =
∑

(FN,θ sin θ + μFN,θ cos θ ), (11)

⇒ L∞ = −D∞
μ

+
(

μ + 1

μ

) ∑
FN,θ cos θ, (12)

⇒ L∞
D∞

= − 1

μ
+

(
μ + 1

μ

)∑
FN,θ cos θ

D∞
. (13)

When the intruder rotates in a counterclockwise direction,
the retreating side of the disk (−π/2 < θ < 0) experiences
higher FN,θ than the advancing side (0<θ <π/2). That
means that the term

∑
FN,θ sin θ is negative for the coun-

terclockwise rotation, implying that D∞ = ∑
(FN,θ cos θ −

μFN,θ sin θ ) >
∑

FN,θ cos θ . Therefore, we write∑
FN,θ cos θ = κD∞, (14)

where 0 < κ � 1. We get

L∞
D∞

= − 1

μ
+

(
μ + 1

μ

)
κ = κμ − (1 − κ )

1

μ
(15)

⇒ L∞
D∞

< μ. (16)

Here κ accounts for the deviation of the symmetry of FN,θ

versus θ , which could be due to uneven shearing of force
chains around the intruder. A value of κ = 1 implies perfect
symmetry of FN,θ . The value of κ depends on the value of
μ and �. For example, for dense systems � = 0.818 and
μ = 0.5, κ = 0.9. However, for dilute systems � = 0.352
and μ = 0.5, κ = 0.95.

V. CONCLUSIONS AND FUTURE DIRECTIONS

In this article, we carried out computer simulations of an
intruder with angular velocity ω and translational velocity V
in a granular medium, and we observed that it experiences the
Magnus lift force. This lift force has a direction of −ω×V ,
which is opposite to the generally observed direction in fluids.
We find that the tangential forces play a significant role in the
generation of this Magnus lift. The change in the direction of
relative motion between the grains and the intruder, induced
as a consequence of its rotation, is what generates this lift.
Moreover, we also analyzed the distribution of particles that
are in contact with the intruder, and we noticed that the
majority of the contacts undergo slipping after a specific
spin ratio � leading to a saturation in the value of lift and
drag ratio (L∞/D∞). We developed a simple mathematical
model that could closely predict this (L∞/D∞) at least in the
dilute regime. The case of rarefied gas systems also leads to
an inverse Magnus effect, however the inverse lift switches
direction once a critical density is exceeded. This is in sharp
contrast to the case of the granular medium as the direction
remains the same irrespective of the area fraction.

The intruder velocities considered in our study were in the
inertial regime, i.e., a square dependence of drag force with V0

was observed. An interesting future direction will involve ve-
locities in the quasistatic regime. A mathematical basis either
in the form of continuum modeling or incorporating the local
rheology around the intruder can also help in understanding
the Magnus effect in a granular medium. We also analyzed
the local dynamics of particles around the intruder with the
help of flow fields. This could be further explored to a more
significant extent in the future. Additionally, the same study
can be extended to a constant pressure system rather than the
present constant volume system. A proper understanding of
Magnus force in granular media may have implications in
situations in which generating high amounts of lift to drag

012902-7



SONU KUMAR, MANISH DHIMAN, AND K. ANKI REDDY PHYSICAL REVIEW E 99, 012902 (2019)

ratio is a significant challenge. Moreover, an extension of
this study to a three-dimensional system in which the axis
of rotation of an intruder and the velocity vectors are not
necessarily perpendicular could be a future area of research.
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APPENDIX: FLOW-FIELD CALCULATION

In the main text, we have shown the variation in velocity
field, area fraction, and the granular temperature near the in-
truder for various spin ratios at V0 = 0.25 m/s and � = 0.818.
First, we have calculated the fields with a square bin of
size ab = 0.05d. We have added the effect of rotation and
geometry of a granular particle while calculating these fields.
Any particle that is moving might not necessarily have all
the points on that particle moving at the same velocity. An
example of this would be a car’s tire while it is moving, i.e.,
the points on the tire not only move at different velocities but
also in different directions. Hence, instead of averaging the
magnitude of velocity at each bin based on the velocity of
the center of the particle, we first average the v∗

x and v∗
y at

each bin individually, which are the x and y components of
velocity of the granular particle at that bin, respectively, with
the contribution from the rotation velocity added. In obtaining
the velocity field, we have used a slightly different method.
In other works, such as Ref. [36], an averaging sphere of a
certain radius is used to obtain the velocity field. However, this
approach would not capture the velocity field near the intruder
in great detail. In this work, we needed to calculate the area of
a certain disk inside the bin that intersects a given averaging
bin or completely submerges it inside itself. Of course, when it
submerges, A = a2

b , where A is the area of the disk inside the
bin. However, when it does intersect the bin, it is tough to find
the area analytically. Hence, in order to calculate that, certain
assumptions are in the calculation of the area A. Consider a

granular particle that is situated at position vector ri (with a
diameter di , x component of velocity as vi,x , y component of
velocity as vi,y , and rotational velocity ωi), and one of these
bins has a position r∗

j and a horizontal and vertical velocity of
v∗

x and v∗
y , respectively. We can write the angular orientation

of the bin with respect to the ith disk’s center and x axis
as α = cos−1 ( r∗−ri

|r∗−ri | · x̂). Therefore, if this bin lies inside the
disk or intersects with it, then

v∗
x = vi,x − ωi sin α|r∗

j − ri | − V0, (A1)

v∗
y = vi,y − ωi cos α|r∗

j − ri |. (A2)

And hence we write the mean velocity at a given bin
relative to the intruder as

〈v∗
x〉 =

∑Nframes
k=1

∑Nmesh
j=1 v∗

x×�(r, r∗
j )∑Nframes

k=1

∑Nmesh
j=1 �(r, r∗

j )
, (A3)

〈v∗
y〉 =

∑Nframes
k=1

∑Nmesh
j=1 v∗

y×�(r, r∗
j )∑Nframes

k=1

∑Nmesh
j=1 �(r, r∗

j )
. (A4)

Here �(r, r∗
j ) is the area of the granular particles inside

the bin if they overlap, and it is 0 otherwise. �(r, r∗
j ) = a2

b

when the bin is completely submerged inside the disk. In
the case of intersection, we calculate �(r, r∗

j ) by diving the
bin into several smaller bins of size 0.1ab, i.e., 100 smaller
bins. Then we calculate the number of these subbins whose
center lies inside the disk. We then express �(r, r∗

j ) as the sum
of the area of these smaller bins. Nframes = 1000 is the total
number of simulation snapshots. In total, 1200 simulation
snapshots were taken, but the first 200 frames are ignored in
the calculation. We calculate the streamlines as the tangent
to the velocity field at any given point. We also calculate the
velocity field, the area fraction, and the granular temperature
distribution around the intruder as

〈V ∗〉 =
√

〈v∗
x〉2 + 〈v∗

y〉2, (A5)

〈�∗〉 =
∑Nframes

k=1

∑Nmesh
j=1 �(r, r∗

j )

Nframesa
2
b

, (A6)

〈T ∗
g 〉 =

∑Nframes
k=1

∑Nmesh
j=1 0.5((v∗

x − 〈v∗
x〉)2+(v∗

y − 〈v∗
y〉)2)×�(r, r∗

j )∑Nframes
k=1

∑Nmesh
j=1 �(r, r∗

j )
. (A7)
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