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The elastic bending constants κ (elastic bending modulus) and κ̄ (saddle-splay modulus) are key parameters
for understanding the properties of microemulsions (MEs), vesicles, biological membranes, and other self-
assembled amphiphilic molecular structures. The determination of κ is rather straight forward, whereas κ̄ is
quiet difficult to access experimentally. Nonetheless, the estimation of κ̄ is crucial, owing to its importance
in governing the intricate phase behavior, topology, and stability of these self-assembled structures. Here,
we present an elegant protocol to determine the saddle-splay modulus of the spherical droplet phase of
microemulsions using small-angle neutron scattering (SANS) and dielectric relaxation spectroscopy (DRS)
techniques. The κ of AOT [sodium 1,4-bis(2-ethylhexoxy)-1,4-dioxobutane-2-sulfonate)]stabilized reverse MEs
is estimated by probing their percolation transitions. Further, the effective elastic bending constant K is
determined from the polydispersity of ME droplets measured using SANS, where the droplet deformations
due to thermal fluctuations are described in terms of spherical harmonics. Strikingly, the ratio κ̄/κ lies in the
acceptable range, −2 < κ̄/κ < 0, for the spherical droplet phase of MEs [R. H. Templer, B. J. Khoo, and J. M.
Seddon, Langmuir 14, 7427 (1998)], which further validates the proposed strategy to estimate the saddle-splay
modulus.
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I. INTRODUCTION

Microemulsions (MEs) are colloidal dispersions of wa-
ter and oil stabilized by surfactant molecules. They exhibit
ultralow interfacial tension along with extensive interfacial
area between the immiscible liquids. The mesoscale structure,
phase behavior, and dynamics of MEs have been widely
investigated both from the fundamental research point of view
as well as for the manifold technological applications [1–
3]. For instance, MEs find potential applications in food
technology [4], enhanced oil recovery where the mobilization
and solubilization of oil from underground reservoirs is in-
volved [3,5], cleaning technologies [6], cosmetic industry [7],
drug delivery [1], the biomedical field [2], and nanoparticle
synthesis [8].

MEs form a rich variety of microstructures ranging from
droplets (oil in water or water in oil) to lamellar and bicon-
tinuous phases [9]. It is known that the range of microstruc-
tures is mostly related to the spontaneous curvature c0 of
the self-assembled surfactant monolayer and its deformations.
Indeed, the dominant soft modes associated with the surfac-
tant monolayer are curvature deformations, since the thermal
energy is sufficient to induce bending of the surfactant film
but cannot cause stretching. By considering an analogy with
liquid crystals, Helfrich has introduced the elastic curvature
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energy Fc of the self-assembled surfactant layer, given by [10]

Fc =
∫

dA
[κ

2
(c1 + c2 − 2c0)2 + κ̄ (c1c2)

]
, (1)

where c1 and c2 are the two principal curvatures, such that
their arithmetic sum constitutes the mean curvature and their
product gives the Gaussian curvature. Further, the elastic con-
stants κ (elastic bending modulus or elastic bending rigidity)
and κ̄ (saddle-splay modulus) are related to the deviations
to the mean curvature and Gaussian curvature, respectively.
The elastic bending modulus κ represents the energy re-
quired to bend a unit area of the surfactant monolayer by
a unit amount and is always positive (κ > 0). A plethora
of techniques such as ellipsometry [11], dielectric relaxation
spectroscopy [12,13], Kerr effect measurements [14,15], and
small-angle x-ray and neutron scattering [13,16] have been
employed to determine the κ of microemulsions.

The role of the saddle-splay modulus κ̄ in governing the
curvature deformations is highly significant while consid-
ering the topological reformations and phase transitions in
microemulsions [17]. κ̄ can be either positive or negative.
Negative values of κ̄ indicate spherical and lamellar struc-
tures, whereas positive values correspond to saddle-shaped
surfactant film (e.g., the sponge phase in microemulsions). It
is important to note that during a first-order phase transition
from lamellar to sponge-like phases, which can be achieved
by an increase in temperature for nonionic surfactant systems
and by changing the salinity for ionic surfactant systems, the
sign of κ̄ switches from negative to positive [18]. Besides, the

2470-0045/2018/98(5)/052604(9) 052604-1 ©2018 American Physical Society

http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.98.052604&domain=pdf&date_stamp=2018-11-12
https://doi.org/10.1021/la980701y
https://doi.org/10.1021/la980701y
https://doi.org/10.1021/la980701y
https://doi.org/10.1021/la980701y
https://doi.org/10.1103/PhysRevE.98.052604


GEETHU, YADAV, MANI, ASWAL, AND SATAPATHY PHYSICAL REVIEW E 98, 052604 (2018)

swollen lamellae stabilized by thermal undulations which will
not undergo phase transition to sponge-like structures are also
probable [19]. Consequently, the measurement of κ̄ is vital to
unravelling the structural transitions occurring in MEs in the
presence of external stimuli.

Further, κ̄ represents the energy change associated with the
deviations in Gaussian curvature c1c2 as indicated by Eq. (1).
According to the Gauss-Bonnet theorem, the surface integral
of Gaussian curvature is invariant under deformations which
do not involve any topological transformations, indicating that
obtaining an experimental signal sensitive to κ̄ [20] is quite
difficult. Although few reports present the determination of κ̄

for MEs using neutron spin echo spectroscopy [21–23], the
direct evaluation of κ̄ is highly challenging since it is related
to the change in energy during the topological reformations,
which are difficult to manipulate, both in experiments as
well as in simulations [20]. Moreover, neutron spin echo
spectroscopy, being the highest energy resolution neutron
scattering technique, is not readily accessible worldwide and
is also cumbersome.

Here, we present a strategy to determine the saddle-splay
modulus κ̄ of the spherical droplet phase of microemulsions
from the measured values of the effective elastic bending
constant K and the elastic bending modulus κ , using small-
angle neutron scattering (SANS) and dielectric relaxation
spectroscopy (DRS) techniques. The effective elastic bending
constant K (K = 2κ + κ̄) is estimated from the polydisper-
sity of ME droplets obtained using SANS, by following a
method which was previously considered for oil-in-water mi-
croemulsions stabilized with nonionic surfactants [24]. Here,
the thermal fluctuations of microemulsion droplets are de-
scribed by using spherical harmonics [24]. Next, the elastic
bending modulus κ of the surfactant monolayer is inde-
pendently determined by probing the temperature-dependent
percolation transition in MEs [12,25]. Finally, the saddle-
splay modulus κ̄ is evaluated from the knowledge of K

and κ and is compared with the literature results. The
widely studied, model, water-in-oil microemulsions stabilized
by AOT [sodium 1,4-bis(2-ethylhexoxy)-1,4-dioxobutane-2-
sulfonate] surfactant are chosen for the present investigation.

The paper is organized as follows. Section II discusses
the theoretical formalisms required to estimate the effective
elastic bending constant K and the elastic bending modulus
κ of microemulsions. Next, in Sec. III, the details of the
experiments are briefly described. Finally, Sec. IV discusses
(i) the determination of effective elastic bending constant
K from the polydispersity of droplets, (ii) the estimation of
elastic bending modulus κ from the percolation transition
temperature TP and the core radius R of microemulsion
droplets, and (iii) the evaluation of saddle-splay modulus κ̄

from K and κ .

II. THEORETICAL FRAMEWORK

The saddle-splay modulus κ̄ of the spherical droplet phase
of microemulsions is evaluated from the effective elastic
bending constant K and the elastic bending modulus κ by
using the formula κ̄ = K − 2κ . The theoretical formalisms
followed in the present study to estimate K and κ of MEs
are discussed in Secs. II A and II B.

A. Estimation of effective elastic bending constant K from the
polydispersity of microemulsion droplets

The structure and phase behavior of microemulsions are
mostly governed by a subtle competition between the curva-
ture elasticity and the entropy of the system. Here, the inter-
facial tension between the dispersed phase and the solvent
phase is considered as negligible [24,26]. Consequently, the
free energy F of microemulsions can be written in terms of
the curvature energy Fc and the mixing entropy Fent, given
as [10]

F = Fc + Fent

=
∫

dA
[κ

2
(c1+c2−2c0)2+κ̄ (c1c2)

]
+NkBTf (φ). (2)

Here, the entropy of mixing term f (φ) for microemulsion
droplets having a volume fraction φ can be obtained from
the random-mixing approximation proposed by Milner and
Safran [27], given by

f (φ) = (1/φ){φ ln φ + (1 − φ) ln(1 − φ)}. (3)

Further, for the case of spherical droplets of radius R, the free
energy per unit area can be written from Eq. (2) as

f = 2κ

(
1

R
− 1

R0

)2

+ κ̄

R2
+ kBT

4πR2
f (φ). (4)

When the droplet phase of microemulsions is in equilibrium
with the excess phase of the solubilizate, the droplets achieve
maximum size Rm such that any further addition of the solu-
bilizate will lead to emulsification failure. Further, a relation
connecting the maximum droplet size Rm (or equilibrium
droplet size), the spontaneous radius R0, and the elastic bend-
ing constants κ and κ̄ can be obtained from the minimization
of the free energy equation (4) and is given as

Rm

R0
= 2κ + κ̄

2κ
+ kBT

8πκ
f (φ). (5)

At equilibrium, microemulsion droplets collide and exchange
surfactant and fluid with each other, causing distortions in
droplet size and shape. According to Safran, the thermally
induced droplet deformations can be described by using
spherical harmonics Ylm(θ, φ) [24,28,29],

R(θ, φ) = Rm

[
1 +

∑
l,m

ul,mYl,m(θ, φ)

]
, (6)

where θ and φ represent the spherical polar coordinates.
Further, it is shown that the major contributions toward droplet
deformations arise from the first two harmonics of Ylm(θ, φ),
i.e., l = 0 and l = 2, which represent the size fluctuations
and shape fluctuations of ME droplets, respectively [24]. The
mean-square amplitude of size fluctuations (corresponding to
l = 0) of droplets is given by [24]

〈|u0|2〉 = kBT

6(2κ + κ̄ ) − 8κ (R/R0) + (3kBT /2π )f (φ)
.

(7)

It is important to note here that the droplet deformations
described by 〈|ul,m|2〉 represent the droplet polydispersity p,
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which is given as

p2 = 〈(R − Rm)2〉
R2

m

� 〈|u0|2〉
4π

. (8)

The contributions of higher order terms of 〈|ul,m|2〉 toward
polydispersity are negligible and not considered here [24].
Consequently, by substituting Eq. (5) in Eq. (7), the polydis-
persity index p can be obtained as

p2 = 〈|u0|2〉
4π

= kBT

8π (2κ + κ̄ ) + 2kBTf (φ)
. (9)

Here, 2κ + κ̄ = K is the effective elastic bending constant of
microemulsion droplets. Therefore, by evaluating the poly-
dispersity index p of microemulsion droplets, K can be
estimated by using the equation

K = 1

8π

{
kBT

p2
− 2kBTf (φ)

}
. (10)

B. Percolation transition temperature and determination of
elastic bending modulus κ of microemulsions

Several methods have been proposed to estimate the elastic
bending modulus κ of the interfacial surfactant monolayer in
MEs [11,21,30]. In the present study, κ is obtained by probing
the temperature-dependent percolation transition in MEs and
the formalism is discussed in this section [12,13].

Microemulsions, formed by the spontaneous self-assembly
of surfactant molecules at the water-oil interface, are highly
sensitive to thermal fluctuations. By measuring the effect of
temperature on structure and phase behavior of MEs, it is
possible to estimate the elastic bending modulus κ of the
surfactant monolayer at the water-oil interface. De Gennes
and Taupin have developed a formalism [31] to determine the
persistence length ξp of a two-dimensional membrane, which
constitutes a fluctuating random interface, by considering the
contribution of curvature energy toward the free energy of the
system. According to this formalism, ξp of a random interface
having negligible spontaneous curvature is defined as the
length scale over which the angular correlations between two
points at the interface decay to zero (or strictly speaking, 1/e)
and is written as

ξp = a exp

(
2πκ

kBT

)
, (11)

where a is the lower cutoff in the wavelength of the undula-
tions which is related to the size of the surfactant molecule and
κ is the elastic bending modulus of the interfacial surfactant
monolayer. Equation (11) signifies that the persistence length
of the surfactant layer and its elastic bending modulus are
modified with thermal fluctuations. Further, this formalism
was extended to elucidate the temperature-dependent phase
behavior of microemulsions by Meier [25], where the inter-
facial surfactant monolayer constitutes the fluctuating random
interface. In the context of microemulsions, Meier [25] de-
fined ξp as the upper-bound value of the ME droplet radius
over which the interfacial surfactant layer remains constantly
curved. Accordingly, for MEs with droplet radius R < ξp,
the structure will be spherical and when R > ξp, it will be
deformed.

Microemulsions are known to exhibit temperature-
dependent percolation transitions, where the droplets form
dynamic clusters with increase in temperature owing to the
attractive interaction between the droplets. Electrical con-
ductivity measurements have been widely used to probe the
phase behavior of microemulsions. A monumental increase
in electrical conductivity is observed with enhancement in
temperature and is described using the model of hopping of
charge carriers and/or exchange of the droplet contents during
percolation transition. At percolation, although the droplet
structure remains intact, the shape-restoring interfacial forces
are considered to be weak [32]. The percolation transition in
microemulsions is characterized by a threshold temperature
TP , which is identified as the temperature at which the gra-
dient of electrical conductivity with respect to temperature
shows a maximum. Further, Meier [25] made the assumption
that the persistence length of the interfacial surfactant layer
should match with the droplet radius R at TP . Therefore,
Eq. (11) can be written as

R = a exp

(
2πκ

kBTP

)
. (12)

Here, negligible spontaneous curvature of interfacial sur-
factant monolayer is assumed [33,34]. Using this rela-
tion, the elastic bending modulus of the surfactant mono-
layer can be estimated by measuring the percolation thresh-
old temperature TP of MEs with different droplet radii
[12,13].

III. EXPERIMENTS

A. Sample preparation

Microemulsions were prepared by mixing appropriate
amounts of AOT surfactant (99% purity, purchased from
Sigma Aldrich), n-decane (99% purity, purchased from Alfa
Aesar), and water (Millipore Direct-Q3 ultrapure water sys-
tem, σ = 5.5 × 10−8 S/cm) and shaken well for several min-
utes using a vortex shaker until the mixture became ho-
mogeneous and optically clear. For all the SANS measure-
ments, H2O was replaced with D2O (99.9% purity, purchased
from Sigma Aldrich) to obtain better contrast. Microemul-
sion with W = 33 and φ = 0.1 was prepared under two
different contrast conditions for SANS measurements: (i)
core contrast (DHH, D2O+AOT+n-decane) and (ii) shell
contrast (DHD, D2O+AOT+ deuterated n-decane-d22). To
achieve shell contrast (DHD) of MEs, deuterated n-decane-d22

purchased from Armar Isotopes, Switzerland (99.9% purity)
was used without further purification. The composition of
microemulsions is characterized by the parameters W and
φ, where W denotes the molar ratio of water to surfactant,

W = n[H2O]

n[AOT]
and φ the volume fraction of droplets, φ =

Vdroplets

Vtotal
= Vwater + VAOT

Vwater + VAOT + Vn−decane
. In the present study,

AOT-stabilized microemulsions with W ranging from 15 to
40 were prepared. The volume fraction of droplets is φ =
0.1, 0.3.
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B. Small-angle neutron scattering

Small-angle neutron scattering (SANS) is used to deter-
mine the shape, size, and polydispersity (size distribution) of
microemulsion droplets [16,35]. SANS gives the scattering
profile, i.e., the coherent differential scattering cross section
per unit volume (d�/d�) as a function of scattering vector
Q in Fourier space, and the real-space information of the
sample (structure and interaction) is extracted by fitting the
profiles with suitable mathematical models. For a collection
of identical interacting particles (microemulsion droplets), the
general equation which describes the scattering data is given
as [36]

d�

d�
(Q) = nP (Q)S(Q) + B, (13)

where n is the number density of microemulsion droplets
and is given as n = φ/V , V is the volume of individual
ME droplets, and φ is their volume fraction. P (Q) is the
intraparticle structure factor which gives information about
particle shape and size. S(Q) is the interparticle structure
factor which describes the spatial distribution of particles
and the interaction between them. For noninteracting dilute
systems S(Q) is unity. The constant term B accounts for the
incoherent scattering background. The intraparticle structure
factor P (Q) is given as the square of the single-particle form
factor F (Q),

P (Q) = 〈|F (Q)|2〉. (14)

For spherical particles of radius R, F (Q) is given as

F (Q) = V (ρp − ρs )
3{sin(QR) − QR cos(QR)}

(QR)3
, (15)

where ρp and ρs are the scattering length densities of particle
(ME droplet) and solvent respectively. When the scatterers are
spherical core-shell particles having core radius R and shell
thickness d, the F (Q) is given as

F (Q) = V1�ρcs
3{sin(QR) − QR cos(QR)}

(QR)3

+V2�ρsm
3{sin(QRd ) − QRd cos(QRd )}

(QRd )3
, (16)

where Rd = R + d gives the droplet radius, V1 and V2 are the
volume of core and droplet (core + shell), and �ρcs and �ρsm

represent the difference in scattering length density between
core and shell and that between shell and matrix respectively.
The experimental scattering data are fitted with different
theoretical models by following the nonlinear least-squares
method. The polydispersity of microemulsion droplets is
taken into account by averaging the scattered intensity by
a log-normal distribution function. In the present study the
SANS profiles are fitted by assuming S(Q) ∼ 1 [13,37].

SANS measurements were performed in the wave vector
transfer [Q = 4π sin(θ/2)/λ, where θ is the scattering angle]
Q range of 0.017–0.35 Å−1 using the SANS-I instrument at
the Dhruva reactor, Bhabha Atomic Research Centre, Mum-
bai, India [38]. The mean wavelength λ of the monochromatic
neutron beam was 5.2 Å with a nominal spread (�λ/λ) of
15%. Microemulsion samples were held in HELLMA quartz
cells having thicknesses of 2 mm. The scattered neutrons were

detected using a linear 3He-based, one-dimensional, position-
sensitive neutron detector. The raw data were corrected for
electronic background and empty cell scattering and normal-
ized to absolute cross-sectional units using standard proce-
dure. For all the SANS measurements, the temperature of the
samples was kept constant at 30 ◦C. SASFIT software [39] was
used for fitting the measured scattering profiles.

C. Dielectric relaxation spectroscopy

The percolation threshold temperatures TP of microemul-
sions are precisely determined from conductivity and per-
mittivity measurements performed using dielectric relaxation
spectroscopy (DRS). It measures the complex impedance
Z∗(ω) of the sample as a function of frequency, from which
the complex dielectric permittivity ε∗(ω) is derived using the
relation [40]

ε∗(ω) = ε′(ω) − iε′′(ω) = −i

ωZ∗(ω)C0
, (17)

where C0 is the empty cell capacitance, ω is the angular
frequency, and ε′ and ε′′ are the real and imaginary parts of
the complex dielectric permittivity. The complex conductivity
σ ∗(ω) of the sample is related to the complex dielectric
function ε∗(ω) as

σ ∗(ω) = iωε0ε
∗(ω), (18)

where ε0 is the dielectric permittivity of vacuum.
The dielectric measurements were performed at different

temperatures starting from 5 ◦C up to 60 ◦C in a frequency
range 1 Hz to 10 MHz using a high-resolution Alpha dielectric
analyzer (Novocontrol, Germany) with active sample cell
ZGS as the test interface. A liquid sample cell supplied by
Novocontrol (BDS 1308) with a diameter of 20 mm and
thickness of 100 μm (obtained using silica spacers) was used
in the measurements. Novocontrol Quatro Cryosystem with
a temperature stability of 0.1 K is employed for temperature
control, where nitrogen gas is used as the heating agent.

IV. RESULTS AND DISCUSSION

The elastic bending constants K and κ of AOT-stabilized
reverse microemulsions are determined by following the for-
malisms described in Secs. II A and II B. Further, the saddle-
splay modulus κ̄ is deduced from K and κ . Its comparison
with the values reported in the literature is also presented.
Here, we would like to mention that the proposed strategy
to estimate κ̄ is demonstrated by considering a stable com-
position of water-AOT-n-decane reverse microemulsion with
W = 33 and φ = 0.1, and can be further verified for other
compositions and other microemulsions as well.

A. Estimation of K from the polydispersity of ME droplets

To estimate the effective elastic bending constant K of
AOT-stabilized reverse microemulsions using the formalism
described in Sec. II A, the polydispersity of ME droplets is
determined from small-angle neutron scattering experiments.
Two different contrast conditions given as the core (DHH)
contrast and the shell (DHD) contrast of microemulsions are
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FIG. 1. SANS profiles together with the fit functions for AOT-
stabilized reverse microemulsions with W = 33 and φ = 0.1 in two
different contrast conditions given as (a) core contrast (DHH) and (b)
shell contrast (DHD). The schematic representation of microemul-
sions in DHH and DHD contrast conditions are shown in (c) and (d).

employed in SANS measurements for the precise determi-
nation of the structural parameters of ME droplets. SANS
profiles together with best fits to the theoretical models for mi-
croemulsions with W=33 and φ=0.1, in DHH and DHD con-
trast conditions are shown in Figs. 1(a) and 1(b), respectively.
Further, the schematic representation of microemulsions in
DHH and DHD contrast are, respectively, shown in Figs. 1(c)
and 1(d). In DHH contrast, H2O was replaced with D2O such
that the scattering is mostly dominated by the D2O core of
the ME droplet. Accordingly, the form factor for spherical
droplets given by Eq. (15) is used to model the SANS profile.
The core radius R and the polydispersity of droplets obtained
from the best fit of the SANS profile are given as 45.0 ± 0.3 Å
and 0.29 ± 0.02 respectively. Further, SANS measurements
have been performed on microemulsions in shell (DHD)
contrast condition. The high contrast between the surfactant
shell and the other components of the microemulsion permits
a detailed fitting of polydispersity of ME droplets as well
as an accurate determination of their size distribution. Here,
the microemulsions are prepared with deuterated water (D2O)
and oil (n-decane-d22) and hydrogenated surfactant, such that
the scattering is nearly exclusively from the surfactant shell.
Consequently, the scattering profile is modeled with a spheri-
cal core-shell form factor given by Eq. (16). The mean value
of core radius R, shell thickness d, and polydispersity of
droplets calculated from the best fit of SANS profile are given
as 46.1 ± 0.3 Å, 11.6 ± 0.7 Å and 0.23 ± 0.01, respectively.
Here, the best fit to the scattering profiles, with reasonable
values for core radii and AOT shell thickness, was obtained
when a log-normal distribution of droplet sizes was assumed.
Having unambiguously determined the polydispersity of ME
droplets from SANS measurements, next the effective bend-
ing constant K is evaluated using Eq. (10). By substituting
p = 0.23 in Eq. (10), the effective elastic bending constant

FIG. 2. Size distribution of microemulsion droplets in shell
(DHD) contrast together with the fit to Eq. (19) where the fitting
parameters are given by the mean droplet radius R0 = 45.2 ± 0.5 Å
and the effective elastic bending constant of surfactant monolayer
K = 0.42 ± 0.02 kBT .

K is obtained as K = 0.97 ± 0.03 kBT , which is reasonably
close to the values reported in the literature for microemul-
sions [24,41].

It is important to mention that there are mainly two ef-
fects which contribute to the polydispersity of microemul-
sion droplets: (i) The radii of ME droplets are distributed
around a mean droplet radius R and are mostly determined
by the interfacial tension at the water-oil interface in the
presence of a surfactant. (ii) The surfactant shell of a ME
droplet undergoes constant thermal shape fluctuations due to
the floppiness of the shell. Accordingly, it can be inferred
that the size distribution or polydispersity emanate due to
the form fluctuations of ME droplets which strongly depend
on the elastic bending constants of the interfacial surfactant
monolayer. An interesting investigation by Jung et al. [42] on
the self-assembly of surfactants to form unilamellar vesicles
presents a strategy to estimate the effective elastic bending
constant K (where K = 2κ + κ̄) of surfactant bilayer from
the size distribution of vesicles. This formalism is derived
based on the assumption that the equilibrium size distribution
of an ensemble of vesicles is governed by the balance between
the entropy of mixing and the curvature energy of the surfac-
tant bilayers [42,43]. Microemulsions in droplet phase have a
close resemblance to vesicles in many ways. The properties
of both microemulsions and vesicles are mostly governed
by the curvature elasticity of self-assembled surfactant layer
and the configurational entropy of the system. Consequently,
the above formalism can be applied to microemulsions as
well. According to this formalism, the size distribution of ME
droplets is obtained as

CN =
{

CM exp

[
−4πK

kBT

(
1 − R0

R

)2
]} R2

R2
0

, (19)

where CM and CN are the molar fractions of microemul-
sion droplets having surfactant aggregation number M and
N respectively (CM = XM/M and CN = XN/N). Also, the
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FIG. 3. Determination of percolation threshold temperature TP of microemulsions from temperature dependence of electrical conductivity
and dielectric permittivity. (a) Electrical conductivity σ ′ measured as a function of temperature for AOT-stabilized reverse microemulsion. The
percolation threshold temperature TP ∼ 25.7 ± 0.5 ◦C and the critical temperature of phase separation TC ∼ 40.4 ± 0.5 ◦C are shown. (b) The
first derivative of logarithmic conductivity with respect to temperature (d ln σ ′/dT ) and the real part of complex dielectric permittivity ε ′ as a
function of temperature are given. The peak in ε ′ almost coincides with the maximum of d ln σ ′/dT , which also marks the percolation threshold
TP . All the measurements are performed at an applied frequency of 104 Hz for microemulsion with W = 40 and φ = 0.3. (c) The schematic
representation of temperature-dependent percolation transition in reverse microemulsions, where the dynamic droplet cluster formation during
percolation is shown.

aggregation number M and N are given as M = 4πR2
0/A0

and N = 4πR2/A0, where A0 is the average molecular area
of surfactant. Further Eq. (19) implies that the broadness of
size distribution of ME droplets is mostly determined by the
effective bending constant K . In other words, for smaller
values of K , the surfactant monolayer is more sensitive to
thermal fluctuations, indicating a broader size distribution of
ME droplets. Accordingly, the effective elastic bending con-
stant K of the surfactant monolayer of MEs, which includes
the elastic bending modulus κ and saddle-splay modulus κ̄ ,
can be determined from the size distribution of ME droplets.
The size distribution of microemulsion droplets obtained from
the scattering profile is shown in Fig. 2 and is fitted to Eq. (19)
to determine the effective elastic bending constant K . The
best fit to Eq. (19) gives K = 0.42 ± 0.02 kBT and the mean
droplet radius R0 = 45.2 ± 0.5 Å.

It has to be noted that when the contribution of configura-
tional entropy toward K is excluded in the calculations dis-
cussed in Sec. II A, the values obtained for K in both methods
are almost comparable. Further, a classic approach by Morse
and Milner [44] has shown that the free energy of a vesi-
cle increases logarithmically with vesicle size, which arises
from the loss of entropy due to the absence of undulation

modes of wavelength larger than the size of the vesicle. In
other words, the contribution of thermal undulations of a
vesicle toward the free energy increases with vesicle size and
it inhibits the formation of larger vesicles. According to them,
the size distribution of vesicles, in the limit where the radius
approaches the thickness of the surrounding membrane, is
given as

ρv (n) ∝ n−αv exp

(−n

nμ

)
exp

(−nc

n

)
, (20)

where ρv (n) is the number density of vesicles that contain n

surfactant molecules, nμ represents a vesicle size character-
istic of the exponential decay of ρv (n), nc is the cutoff size
when the vesicle radius o approaches the thickness of the
surfactant layer and αv is a positive coefficient given as αv =
7/6. Further, the self-assembled microemulsions have close
resemblance to vesicles, and the function given by Eq. (20)
produces a reasonable fit to the measured size distribution
of microemulsion droplets with a sharp peak near the lower
cutoff size nc. Indeed, the suitability of Eq. (20) to reasonably
fit the measured size distribution of microemulsions indicates
that the above formalism [Eq. (20)] is also appropriate for
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FIG. 4. (a) Measured SANS profiles together with the fits for AOT-stabilized reverse microemulsions with molar ratio of water to surfactant
W = 20, 25, 30, 35, and 40. The volume fraction of droplets is kept constant at φ = 0.1. (b) Droplet core radius in logarithmic scale as a
function of inverse of percolation threshold temperature TP for microemulsions with different water to surfactant ratio ranging from W = 15
to W = 40 and volume fraction of droplets φ = 0.1. The straight line shows the fit according to Eq. (12).

microemulsions, where the droplet size of MEs is comparable
to the surfactant shell thickness.

B. Percolation dynamics in MEs and estimation of κ from TP

A well-established approach to estimating the elastic bend-
ing modulus κ of microemulsions is by determining the
percolation transition temperature TP for a set of MEs having
different core radii R, with fixed number density (volume
fraction) of droplets, as discussed in Sec. II B [12,16,25].
Here, the TP of reverse microemulsions is precisely deter-
mined from conductivity as well as from dielectric permit-
tivity measurements. The variation of electrical conductivity
σ ′ as a function of temperature measured at 104 Hz for
the microemulsion with W = 40 and φ = 0.3 are shown
in Fig. 3(a). From the temperature-dependent conductivity
spectra, TP is evaluated as the inflection point at which the
conductivity gradient shows a maximum [45,46]. Further, the
temperature-dependent variation of dielectric permittivity ε′
and the first derivative of conductivity with respect to tem-
perature (d ln σ ′/dT ) are shown in Fig. 3(b). The percolation
temperature is identified as the local maximum of dielectric
permittivity which nearly coincides the peak in conductiv-
ity gradient. Consequently, the percolation temperature and
the critical temperature of phase separation are calculated
as TP ∼ 25.7 ± 0.5 ◦C and TC ∼ 40.4 ± 0.5 ◦C, respectively,
for microemulsion with W = 40 and φ = 0.3. Hereby, the
unambiguous determination of TP from conductivity as well
as permittivity measurements is illustrated. The schematic
representation of dynamic droplet cluster formation during
percolation transition, which constitutes the significant in-
crease in conductivity for a small change in temperature, is
shown in Fig. 3(c).

Next, the determination of core radius of ME droplets from
SANS measurements is discussed. The scattering profiles
together with the fitted models for microemulsions in core
contrast condition (D2O + AOT + n-decane − DHH) with
W = 20, 25, 30, 35, 40 and φ = 0.1 are shown in Fig. 4(a).
Here, H2O is replaced with D2O in order to obtain better

scattering length density contrast (ρD2O − ρn-decane)2 mostly
from the water core of microemulsion droplets. The measured
scattering profiles are modeled with a form factor for spherical
particles as discussed in Sec. II B. While modeling the data,
the scattering from the AOT surfactant shell is not taken into
account owing to their negligible contrast (ρAOT − ρn-decane)2.
The core radius and polydispersity of droplets obtained from
the best fit of SANS profiles are given in Table I.

Having estimated the percolation temperature TP and core
radius R, the elastic bending modulus of interfacial AOT sur-
factant monolayer is determined by following the formalism
discussed in Sec. II B. The logarithmically scaled droplet ra-
dius R is plotted against the inverse of percolation temperature
TP and is shown in Fig. 4(b). The linear dependencies of the
quantities predicted by Eq. (12) can be seen from Fig. 4(b).
From the slope, the elastic bending modulus of microemulsion
is obtained as κ = 1.46 ± 0.04 kBT .

Following the same method, Meier estimated the elas-
tic bending modulus of AOT-stabilized microemulsions with
hexane and iso-octane as oil phase and found κ = 0.9 kBT and
κ = 1 kBT , respectively [25]. Nagao et al. [47] determined the
bending modulus for water-AOT-n-decane microemulsions to
be ∼1.4 kBT by measuring the fluctuations of surfactant shell
using neutron spin echo spectroscopy. Further, Binks et al.

TABLE I. Core radius R and polydispersity of spherical droplets
of microemulsions with water to surfactant molar ratio W = 20, 25,
30, 35, and 40, obtained from the best fit to the SANS profiles shown
in Fig. 4. The volume fraction of droplets is kept fixed at φ = 0.1.

Molar ratio of Mean droplet Polydispersity
water to surfactant (W ) radius R (Å) index

20 31.9 ± 0.2 0.28 ± 0.03
25 35.1 ± 0.2 0.28 ± 0.03
30 41.4 ± 0.3 0.29 ± 0.03
35 46.8 ± 0.3 0.29 ± 0.04
40 53.1 ± 0.4 0.30 ± 0.04
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[11] measured the elastic bending modulus of interfacial sur-
factant monolayer in MEs by using ellipsometry and reported
the value of κ = 1.1 kBT . Kellay et al. [48] carried out a
thorough investigation to establish the correlation between the
properties of surfactant monolayers and the phase behavior of
microemulsions and found the value of κ for water-AOT-n-
decane reverse microemulsions to be nearly equal to 1 kBT .
All these findings are also inline with the value of κ obtained
for the microemulsions following the procedure described in
Sec. II B.

Further, we would like to mention that, in this work,
the droplet radius is measured at ambient temperature (T =
30 ◦C) assuming that the change in droplet size below TP is
small. Indeed in our previous work, we estimated the error
involved in neglecting the temperature dependence of core
radius R while determining the elastic bending modulus κ and
found it to be negligible [13].

C. Evaluation of κ̄ from K and κ

From the estimated values of effective bending constant
K and elastic bending modulus κ , the saddle-splay modulus
κ̄ is calculated using the formula κ̄ = K − 2κ . For AOT-
stabilized reverse microemulsions, the saddle-splay modulus
is obtained as κ̄ ∼ −1.95 ± 0.11 kBT . The negative value
of κ̄ is expected for spherical droplets. The saddle-splay
modulus being correlated to the topology of the droplet sur-
face, governs the size fluctuations of ME droplets, and thus
contributes to the polydispersity of droplets. In particular, κ̄ is
coupled to the number of droplets in the system. The negative
values of κ̄ lead to increase in number of droplets and also
the polydispersity. Further, the ratio of saddle-splay modulus
to the elastic bending modulus is obtained as κ̄/κ ∼ −1.3,
which comes in the range −2 < κ̄/κ < 0 as reported for
microemulsions [17,21,49,50].

By measuring the shape and size fluctuations of ME
droplets using neutron spin echo spectroscopy and small-
angle neutron scattering, Farago et al. [21] reported κ̄/κ ∼
−1.89 for water-AOT-n-decane microemulsions. Further,
Würger [50] calculated κ̄/κ ∼ −2 for microemulsions from
numerical simulations by considering the attractive interaction
of hydrophobic tails of surfactant molecules and the en-
tropic contributions. Using ellipsometry and x-ray reflectivity
measurements, Meunier and Lee [41] determined the elastic

bending constants of AOT surfactant monolayer in MEs and
obtained κ̄/κ ∼ −1.2. Further, Kellay et al. [48] and Binks
et al. [11] reported negative values of κ̄ for AOT-brine-oil
microemulsions in the droplet phase.

Consequently, it can be inferred that the value of elastic
bending constants (κ̄/κ) obtained in the present study com-
pares well with the independent determinations in the litera-
ture [21,22,24,41]. Hereby, the proposed method to estimate
the saddle-splay modulus of microemulsions using SANS and
DRS techniques is validated. This approach can be further
verified for the droplet phase of microemulsions with different
compositions and also for microemulsions stabilized with
other varieties of surfactants.

V. CONCLUSIONS

In conclusion, we have presented a strategy to determine
the saddle-splay modulus κ̄ of interfacial surfactant mono-
layer in reverse microemulsions from the measured values of
effective elastic bending constant K and the elastic bending
modulus κ using SANS and DRS techniques. K is determined
from the polydispersity of ME droplets, where the thermally
influenced droplet deformations are described in terms of
spherical harmonics. Further, the temperature-dependent per-
colation transitions in MEs are monitored and the elastic
bending modulus κ is estimated. Notably, the ratio of saddle-
splay modulus to the elastic bending modulus is found to be
in the range of acceptable limits, −2 < κ̄/κ < 0, reported
for the spherical droplet phase of MEs and thus validates
the proposed strategy to estimate κ̄ . Further, in the present
method, the possibility of precise determination of core ra-
dius, polydispersity of droplets, and percolation temperature
of microemulsions using SANS and DRS brings out the ac-
cessibility to the experimentally elusive saddle-splay modulus
of MEs. Finally, the method presented here can be further
verified for spherical droplet type microemulsions stabilized
with varieties of surfactants.
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