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Engineered cardiac tissue analyzed using the mechanical bidomain model
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Experiments show that when engineered cardiac tissue is stretched, cells grow preferentially at the free edge
of the tissue compared to the interior. In order to understand why cells grow near the edge, the mechanical
bidomain model is used to simulate these experiments. This mathematical model of mechanotransduction treats
the intra- and extracellular spaces individually, and predicts the force on integrin proteins in the cell membrane.
The bidomain equations are solved numerically using the finite-difference method. The simulations predict that
the difference between intra- and extracellular displacements, which the model assumes is the driving force
behind cellular growth and remodeling, is largest near the free edge of a sheet of tissue, and is smallest at the
center, consistent with experiments.

DOI: 10.1103/PhysRevE.98.052402

I. INTRODUCTION

Mechanotransduction is the mechanism by which mechan-
ical forces cause tissue to grow and remodel. Mechanical
forces play a role in growing engineered cardiac tissue [1–8].
Fink et al. [9] examined the influence of chronic mechanical
stretch in engineered heart tissue (embryonic chick or neona-
tal rat cardiac myocytes grown in a collagen matrix). The
engineered tissue was subjected to a unidirectional stretch for
six days in serum-containing medium. A high concentration
of cells grew near the free edge of the tissue, but not in the
interior (Fig. 1, see arrows).

The mechanical bidomain model is a mathematical model
that represents cardiac tissue as a continuum yet accounts
for forces acting across the myocardial membrane [10,11].
The central hypothesis of the mechanical bidomain model is
that the difference in displacements between intra- and ex-
tracellular spaces produce forces on membrane proteins such
as integrins which then initiate a cascade of events leading
to cell growth and remodeling [12–15]. The transduction of
mechanical signals is crucial in many biological contexts from
stem cell biology to tissue engineering, and from cancer to
development [16].

Most previous mathematical models have focused on tissue
stress and strain as causing cardiac tissue growth and remod-
eling [17–21]. These are monodomain models; they represent
the tissue as a single phase. The bidomain model is different
than previous monodomain models because it assumes that
mechanotransduction is driven not by stress or strain, but
instead by differences between intra- and extracellular dis-
placements [11]. One weakness of the bidomain model is that
it has not been confirmed experimentally.

In this paper, we use the mechanical bidomain model to
simulate the Fink et al. [9] experiment. Our goal is to predict
tissue strain (a monodomain concept) and the difference in
intra- and extracellular displacement (a bidomain concept),
and compare these two predictions to determine which pro-
vides a better qualitative explanation of the experimental data.
In particular, we will determine which concept better explains
the preferential cell growth near the free edge of the tissue.

II. METHODS

A. Bidomain equations

In a two-dimensional sheet of linear isotropic tissue under
plane strain, the relationships between the stress τ and strain
ε in the intracellular (i) and extracellular (e) spaces are [11]

τixx = −p + 2νεixx, τiyy = −p + 2νεiyy,

τixy = 2νεixy, (1)

τexx = −q + 2μεexx, τeyy = −q + 2μεeyy,

τexy = 2μεexy. (2)

The parameters ν and μ are the shear moduli of the intra- and
extracellular spaces, and p and q are intra- and extracellular
hydrostatic pressures. The strains are related to the intra- and
extracellular displacements u and w by

εixx = ∂ux

∂x
, εiyy = ∂uy

∂y
, εixy = 1

2

(
∂ux

∂y
+ ∂uy

∂x

)
, (3)

εexx = ∂wx

∂x
, εeyy = ∂wy

∂y
, εexy = 1

2

(
∂wx

∂y
+ ∂wy

∂x

)
.

(4)

Biological tissue is mainly composed of water; therefore,
the intra- and extracellular spaces are each incompressible, u
and w have zero divergence, and the displacements can be
obtained by differentiating the intra- and extracellular stream
functions φ and η [10],

ux = ∂φ

∂y
, uy = −∂φ

∂x
(5)

wx = ∂η

∂y
, wy = −∂η

∂x
. (6)

Substituting (1)–(6) into the equations of mechanical equi-
librium [11], we obtain the equations of the mechanical
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FIG. 1. Photograph of 6-day-stretched engineered cardiac tissue.
The silicone tubes stretch the tissue by pulling to the left and right.
The large arrows show cells (white) growing preferentially at the free
edge. Used with permission from Fink et al. [9].

bidomain model [10],

−∂p

∂x
+ ν

(
∂3φ

∂x2∂y
+ ∂3φ

∂y3

)
= K
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)
, (7)
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− ∂η
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)
. (10)

The parameter K is the spring constant of the integrins
coupling the intra- and extracellular spaces. By taking the y

derivative of (7) and subtracting the x derivative of (9) we can
eliminate the pressure p and get [10]

ν∇4φ = K (∇2φ − ∇2η). (11)

Similarly,

μ∇4η = −K (∇2φ − ∇2η). (12)

We can write the bidomain equations in terms of the
monodomain and bidomain stream functions ψ and λ instead
of the intra- and extracellular stream functions φ and η, where

ψ = φ + μ

ν
η, λ = φ − η. (13)

Furthermore, we can recast the equations in terms of dimen-
sionless parameters

X = x

D
, Y = y

D
, ε = μν

K (ν + μ)D2
, (14)

where 2D is the length and width of the tissue sheet
(−1 < X,Y < 1). Writing (11) and (12) in terms of ψ , λ, and
the dimensionless parameters yields [10]

∇4ψ = 0, (15)

∇4λ = 1

ε
∇2λ, (16)

where now the derivatives are with respect to X and Y (Fig. 2).

FIG. 2. A sheet of cardiac tissue. The differential equations (15)
and (16) govern the monodomain and bidomain stream functions ψ

and λ. On the top and bottom, the tissue is free (zero stress). At
the left and right, the extracellular displacement is given and the
intracellular space is free.

B. Boundary conditions

The behavior of the tissue depends on the boundary con-
ditions, which are different on the left and right surfaces
compared to the top and bottom surfaces.

1. Left and right surfaces

At x = D, we displace the extracellular space by an
amount A to the right, so wx = A and wy = 0. In
terms of the extracellular stream function, these boundary
conditions are

∂η

∂y
= A, (17)

∂η

∂x
= 0. (18)

We further assume that the intracellular space is free (the
force pulling on the tissue is exerted only on the extracellular
space), so τixx = τixy = 0. The condition τixy = 0 implies that

∂2φ

∂y2
− ∂2φ

∂x2
= 0. (19)

The condition τixx = 0 implies that −p + 2ν
∂2φ

∂x∂y
= 0. One

problem is that we do not calculate the pressure. We can,
however, take the y derivative of this condition to get − ∂p

∂y
+

2ν
∂3φ

∂x∂y2 = 0 [22]. If we use (9) to eliminate ∂p

∂y
, we obtain

ν

(
3

∂3φ

∂x∂y2
+ ∂3φ

∂x3

)
= K

(
∂φ

∂x
− ∂η

∂x

)
. (20)

Next, we express the four boundary conditions (17)–(20) in
terms of ψ and λ instead of φ and η, and use nondimensional
parameters X, Y , and ε to find

∂ψ

∂Y
= ∂λ

∂Y
+

(
ν + μ

ν

)
AD, (21)

∂ψ

∂X
= ∂λ

∂X
, (22)
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)
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(24)

At x = −D, the boundary conditions are the same except
∂η

∂y
= −A (the tissue is pulled to the left).

2. Top and bottom surfaces

At y = ±D the surface is free, so τiyy = τixy = τeyy =
τexy = 0. Following similar methods as for the left and right
surfaces, we get the boundary conditions

3
∂3λ

∂X2∂Y
+ ∂3λ

∂Y 3
− 1

ε

∂λ

∂Y
= 0, (25)

3
∂3ψ

∂X2∂Y
+ ∂3ψ

∂Y 3
= 0, (26)

∂2λ

∂Y 2
− ∂2λ

∂X2
= 0, (27)

∂2ψ

∂Y 2
− ∂2ψ

∂X2
= 0. (28)

C. Numerical methods

We use the finite-difference approximation to solve the
bidomain equations [23,24]. We replace the derivatives by fi-
nite differences and solve the resulting difference equations by
successive overrelaxation, with the overrelaxation parameter
W = 1.4 and a total of 106 iterations. The boundary condi-
tions (21)–(28) are implemented using two phantom nodes
at each boundary. We can reduce the computation time by
calculating over only one quadrant of the sheet; the behavior
of the other three quadrants is found from symmetry. In one
quadrant the tissue is represented by an N × N grid, where
N is the number of nodes in each direction. The entire tissue
ranges from −D < x, y < D, so one quadrant ranges from
0 < x, y < D. The space step is therefore � = D

(N−1) . We use

N = 41 (not including the phantom nodes) so � = D
40 . We

assume that ν = μ and ε = 0.000625. This value of ε implies

that the bidomain length constant σ =
√

νμ

K (ν+μ) [11] is equal

to D
40 , the same as the space step. To match the Fink et al.

[9] experiment, we take D = 5 mm and A = 1 mm, implying
� = σ = 0.125 mm.

Additional details about the calculations and the MATLAB

code can be found in Ref. [25].

III. RESULTS

Let us define monodomain and bidomain displacements m
and b such that

mx = ∂ψ

∂y
, my = −∂ψ

∂x
, bx = ∂λ

∂y
, by = −∂λ

∂x
.

(29)
The monodomain displacement m represents the behavior
that would be predicted if the tissue were represented as a
single phase with shear modulus ν + μ, rather than represent-
ing the intracellular and extracellular spaces as two coupled

FIG. 3. (a) The monodomain displacement m, and (b) the bido-
main displacement b, as functions of position. The red dashed box
indicates the boundary of the sheet. The tissue is stretched on the
left and right edges and is free on the top and bottom edges. The
vectors are not drawn to scale. ν = μ, ε = 0.000 625, A = 1 mm,
and D = 5 mm.

phases. Most biomechanical models are monodomain models.
Figure 3(a) shows the distribution of m. Because the tissue
is incompressible, the top and bottom edges move inward
as the left and right sides are pulled outward. All figures
use symmetry to show all four quadrants, even though the
calculation was performed in only one quadrant.

The bidomain displacement b describes the difference
between the intracellular and extracellular displacements. Our
hypothesis is that mechanotransduction is driven by the bido-
main displacement. Figure 3(b) plots the distribution of b.

The monodomain displacement is much larger than the
bidomain displacement; the arrows in the plots of Figs. 3(a)
and 3(b) use different scales. If plotted on the same scale,
the largest bidomain arrows near the tissue corners would be
about 15 times smaller than the largest monodomain arrows,
and at the center of the free edge (x = 0, y = D) the bidomain
arrows are 47 times smaller than the monodomain arrows.
The monodomain displacement is relatively insensitive to ε,
but the bidomain displacement b depends sensitively on ε.
When we compare the monodomain displacement |m| using
ε = 0.000 625 and 0.006 25, its peak value changes by a
factor of 0.89 (11% decrease), whereas the peak value of |b|
changes by a factor of 2.62 (162% increase). The bidomain
displacement varies over a short distance near the left and
right edges (note how the y component of b changes sign
at the edge). This behavior is particularly noticeable near the
corners of the sheet. The monodomain behavior, on the other
hand, is much smoother.

In the bidomain model, the difference between intra-
and extracellular displacements, b = u − w, drives mechan-
otransduction, and is therefore the central quantity. Figure 4
represents the magnitude of the bidomain displacement |b|. It
is zero at the center of the tissue and is increasingly larger
toward the edges. It is largest near the corners, but has a
significant value all along the free edge (arrows). This result
implies that mechanotransduction should be smallest at the
tissue center, and larger near the edges.

Figure 5 shows the monodomain strains: Fig. 5(a) is the
normal strain εixx and Fig. 5(b) is the shear strain εixy . The
strains are distributed throughout the tissue. The shear strain is
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FIG. 4. The magnitude of the difference in displacements be-
tween intra- and extracellular spaces, |b|. The arrows show |b| is
significant near the free top and bottom edges. The dashed box
indicates the edge of the sheet. ν = μ and ε = 0.000 625, A = 1 mm,
and D = 5 mm.

localized near the corners, but the normal strain is large at the
tissue center and smaller on the edges. The distribution of the
bidomain displacement |b| (Fig. 4) is qualitatively different
than the distribution of strains (Fig. 5), so the prediction of
where cells grow depends on if |b| or strain drives mechan-
otransduction.

IV. DISCUSSION

Our calculation provides a theoretical explanation for the
distribution of cell growth of engineered heart tissue observed
in experiments [9,26]. In particular, when a sheet of engi-
neered tissue is stretched, cells grow preferentially near the
free edge (Fig. 1). The mechanical bidomain model predicts
similar behavior: Mechanotransduction—which the model as-
sumes is caused by differences between the intracellular and
extracellular displacements, or |b|—is larger near the free
edge of the sheet compared with the center (Fig. 4). Although
our model may not predict the quantitative distribution of
cell growth observed experimentally, it does reproduce the
qualitative localization of cell growth near the tissue edge.

FIG. 5. (a) The intracellular normal strain εixx and (b) the in-
tracellular shear strain εixy . ν = μ, ε = 0.000 625, A = 1 mm, and
D = 5 mm. The shear strain is actually an odd function of x and y,
but we assume mechanotransduction would depend on the magnitude
but not the sign of εixy , so we plot its absolute value in (b). The
Pearson correlation coefficient between the data in Fig. 4 and (a) is
−0.6137, and between Fig. 4 and (b) is 0.6256.

If strain were responsible for tissue growth, as is assumed
in monodomain models [17–21], then the model indicates
that growth should be larger in the center than near the edge
(Fig. 5).

Our calculation is performed in nondimensional coordi-
nates X and Y . Assume that D = 5 mm, which is roughly the
size of Fink et al.’s engineered tissue constructs. In that case,
the space step � and the bidomain length constant σ are both
125 μm. Experiments on colonies of growing embryonic stem
cells indicate that σ is on the order of 150 μm [27,28] but σ

may be smaller in cardiac tissue in vivo. Previous bidomain
calculations indicate that there is a boundary layer near the
tissue edge that has a thickness σ [11]. We observe such
a boundary layer near the edge of tissue that is stretched
[Fig. 3(b)]. This behavior is difficult to compare to the exper-
imental data (Fig. 1) because in the experiment Velcro is used
to make contact with a silicone tube that exerts the force to
stretch the tissue, obscuring edge effects there. Interestingly,
the cell growth occurring at the free boundary does not fall
off with the length constant. The cell growth extends far into
the tissue (but not to the center), qualitatively consistent with
experiments (Fig. 1). In our calculations, making σ smaller
requires a smaller space step, implying a larger value of N

and even more iterations, slowing the calculation dramatically.
Finite-element calculations, such as those used by Sharma
et al. [11], would allow us to use a finer space step near the
edge and especially near the corner.

The peak value of |b| in Fig. 4 is on the order of 200 μm,
which seems too large. Several reasons may explain this.
(1) The displacements at the corners are unreasonably large.
The experimental tissue sample used by Fink et al. [9] does
not have such sharp corners that concentrate the stress and
displacement. (2) Our value of σ , 125 μm, is probably too
large. (3) Integrins have a large extracellular region that
extends far into the extracellular space [29], implying that |b|
may be larger than we might expect. (4) The macroscopic
bidomain displacement b may be different than the micro-
scopic displacement at the integrin because of microscopic
displacements of the intra- and extracellular spaces around
the protein. (5) The force-displacement relationship of the
integrin may in fact be nonlinear, suppressing the largest
values of b. The absolute value of b in Fig. 4 depends strongly
on the value of σ and therefore ε, but the spatial distribution
of b depends weakly on ε.

Is mechanotransduction the mechanism for cell growth at
the boundary? Fink et al. [9] observe this effect in stretched
tissue more than in unstretched controls, suggesting it is
related to mechanotransduction. It does not appear to be an
issue of oxygen or nutrients having difficulty diffusing into
the tissue, because Fink et al. [9] use thin tissue sheets.
Zimmermann et al. [1] suggest that “the cell gradient from
the edges to the center is most likely due to load differences
between the edges and the center of the matrix.” We would
argue that our model predicts mathematically what Zimmer-
man et al. [1] mean by their qualitative statement, and it is not
the “load” but “|b|” that is different between the edges and the
center.

Our calculation has several limitations:
(a) The mechanical bidomain model is macroscopic, in

that it represents the tissue averaged over many cells. While
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this may capture large-scale behavior, microscopic properties
at the cellular or even molecular level may also contribute
to the behavior [30–33]. In the electrical bidomain model [34],
the relationship between the microscopic and macroscopic
behavior has been analyzed rigorously [35]. A similar analysis
has not been performed for the mechanical bidomain model.

(b) We assume a linear strain and linear stress-strain rela-
tionships in the intra- and extracellular spaces. However, the
strains applied by Fink et al. [9] are about 20%, so that a linear
strain is a reasonable first approximation, but there could be a
significant effect from nonlinearities.

(c) We assume the tissue is isotropic. Fink et al. [9] observe
that near the free edges, the cell shape has a more anisotropic
appearance than near the center. The assumption of isotropy
may be only an approximation and the tissue may become
more anisotropic over time [30,31]. Additional analysis is
needed to quantify the role of anisotropy in these studies.
The condition of “unequal anisotropy ratios” plays a key role
in the electrical bidomain model [34], and differences between
the anisotropy of the intra- and extracellular spaces may
likewise be important for the mechanical bidomain model.

(d) A complete analysis would represent the tissue sheet as
three dimensional. However, the tissue constructs created by
Fink et al. had dimensions of about 0.18 × 8 × 15 mm [26].
Because their length and width were approximately 50 times
their thickness, as a first approximation we treated the tissue
sheet as being two dimensional.

(e) We assume the integrin spring is linear, isotropic, and
Hookean. It may, in fact, be nonlinear.

(f) We assume plane strain, where there are no displace-
ments or strains in the direction perpendicular to the tissue
sheet (z). An alternative approach would be to model the
tissue using plane stress [27,36].

(g) We only analyze the steady-state mechanical response.
Fink et al. [9] apply a sinusoidal stretching with a frequency
of about 1.5 Hz. Viscoelastic behavior [37] would not be
captured by our calculations. However, viscoelasticity should
primarily affect the temporal response of the tissue, whereas
our study focuses on the spatial distribution of the response.

(h) We assume that each space in the tissue is incom-
pressible. This will be a good assumption as long as the
applied stretching is at a high enough frequency that there
is not significant water movement in one period. If water
movement does occur, the incompressible assumption may be
violated and water may be squeezed out of the tissue as in a
sponge.

(i) We assume a square tissue sheet. In fact, the tissue is
biconcave with a narrower width near the center than at the
edges (Fig. 1). Our model predicts such a geometry when
stretched, but if the tissue grows so that it has this shape when
not stretched, our simple tissue geometry may not capture the
full behavior.

(j) On the left and right sides of the tissue, we assume the
extracellular space is stretched but the intracellular space has
zero stress. This assumption is consistent with our previous
studies [11], and implies that whatever force is stretching
the tissue acts on the extracellular matrix; the only reason
the intracellular space displaces is because it is pulled by
integrins. A similar issue of boundary conditions arises in the
electrical bidomain model [38].

Despite these limitations, the mechanical bidomain model
does predict a remarkable property of these engineered sheets
of cardiac tissue: the preferential growth of cells near the free
surface relative to the center. A key prediction of the model is
that the difference in displacement (a bidomain quantity) has a
different distribution than the strain (a monodomain quantity).
The location where cells grow depends on if the difference
in displacement or strain drives mechanotransduction. Our
results, plus the study of stem cell differentiation in cell
colonies [27], highlight experimental evidence supporting the
bidomain model over the monodomain model for describing
mechanotransduction.
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