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Asymptotic expansion and Padé approximants for gravity-driven flow of a heated granular gas:

Competition between inelasticity and forcing, up to Burnett order
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The gravity-driven planar channel flow of a heated granular gas is analyzed using a kinetic model with
stochastic forcing to understand the roles of inelasticity and forcing on its hydrodynamics and rheology. The
closed-form analytical solutions up to the fourth order in gravitational acceleration have been determined to
analyze the hydrodynamic and rheological fields as functions of the restitution coefficient (e,) and the Froude
number Fry. It is found that the excess temperature [AT = T/ T(0) — 1, i.e., the deviation of the maximum
temperature 7Ty, of the gas from its centerline value 7'(0)] increases monotonically with decreasing e, above
a critical value of the Froude number (Fr, > Fry), but has a “nonmonotonic” dependence with e, [i.e., AT
decreases with decreasing e, for e, € (1, 0.5), but increases for e, < 0.5] at Fry < Frg. This changeover from
nonmonotonic to monotonic dependence of AT with e, at Fry = Fr{ also holds for both first (N}) and second
(NV2) normal-stress differences as well as for tangential heat flux (q.). Phase diagrams are constructed in the
(Frg, 1 — e,) plane, demarcating two regions in which the dependencies of rarefaction effects (AT, Ny, N, and
) on e, are monotonic and nonmonotonic. The inelasticity plays a “dual” role of decreasing (at Fry < Fr() and
increasing (at Fro > Fry) the rarefaction effects with decreasing restitution coefficient ¢, from the elastic limit.
This finding, based on the fourth-order solution, is in variance with the leading-order solution that predicts only
a nonmonotonic dependence of the above quantities on e, for all Fry [Tij and Santos, J. Stat. Phys. 117, 901
(2004)]. The role of inelasticity on the region of convergence of the asymptotic series solutions are subsequently
analyzed by determining the Padé approximants for rheological fields [Rongali and Alam, Phys. Rev. E 98,
012115 (2018)]; the present solution is shown to have a larger range of validity in terms of both inelasticity and
Froude number than its leading-order counterpart. Lastly, it is shown that the fourth-order solutions contain all
Burnett-order terms (i.e., second order in the gradients of hydrodynamic fields) that can be obtained from the

standard Chapman-Enskog expansion.

DOLI: 10.1103/PhysRevE.98.052144

I. INTRODUCTION

Kinetic theory ideas and the Boltzmann equation are com-
monly used to analyze various properties of dilute gases
[1-8]; the latter is a nonlinear integrodifferential equation for
the spatiotemporal evolution of the single-particle distribution
function, which admits an exact solution for the “rest” state
of a gas in the form of the Maxwell-Boltzmann distribution
function which serves to derive the equation of state of a gas.
For gaseous flows, satisfying the molecular chaos assumption
(Boltzmann’s stosszahlansatz [2]), the range of validity of the
Boltzmann equation spans all values of Knudsen numbers
(Kn = X/L, the ratio between the mean-free path of gas
molecules to macroscopic length scale [9]), ranging from the
continuum regime (Kn ~ 0) to rarefied regime (0.01 < Kn <
10, which includes both slip-flow and transition-flow regime
[6]) to the free molecular limit (Kn > 10). In the contin-
uum regime, various flow phenomena are well described by
the Euler and Navier-Stokes-type continuum equations [3];
the latter hydrodynamic equations are formally derived from
the Boltzmann equation via coarse graining over velocity
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space, with the related flux laws and transport coefficients
obtained by employing asymptotic expansion techniques
like the Chapman-Enskog expansion [3,4]. In the rarefied
regime, however, the higher-order equations in the form of (i)
Burnett or super-Burnett [4] equations and/or (ii) the moment
equations of Grad [5] are found to be appropriate to tackle
various noncontinuum effects [6,7]. For example, the well-
known Knudsen paradox [9] (i.e., the nonmonotonic variation
of the mass-flow rate of a pressure-driven gas, flowing through
a tube, with Knudsen number) has been explained from the
Boltzmann equation [10] as well as from “beyond” Navier-
Stokes equations [8]. The pressure-driven flow of a gas can
also be analyzed by replacing the pressure-gradient by an
external force, like gravitational acceleration [7,11-14]. An
overview of various noncontinuum or rarefaction effects in the
gravity-driven Poiseuille flow of a molecular gas can be found
in a recent work [15].

This paper deals with the gravity-driven flow of a granular
gas in the dilute regime; see Fig. 1 for typical profiles of
hydrodynamic velocity, temperature, and normal heat flux.
A picture of granular flows in the rapid flow regime [16],
a granular gas, is reminiscent of a molecular gas in many
aspects: (i) the collisions are assumed to be binary and in-
stantaneous, but (ii) the crucial difference is that the parti-
cles are dissipative; i.e., the particle-particle collisions are

©2018 American Physical Society
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FIG. 1. Schematic of the flow of granular particles, representing
a gas, flowing through a plane channel; the flow is driven by gravita-
tional acceleration g acting along the —x direction (streamwise), and
y denotes the wall-normal (transverse) direction. Typical transverse
profiles of velocity u,(y), temperature 7 (y), and normal heat flux
qy(y) are depicted for a rarefied molecular gas. The temperature
profile has a “bimodal” shape, with a local minimum at the channel
center and two symmetrically located maxima away from the center-
line. Interestingly, the heat flows [i.e., g, > 0, or, < 0 for y > 0, or,
y < 0, respectively] from the channel center towards the walls, even
though the temperature is minimum at y = 0, in contradiction to the
Fourier law [i.e., g, & —(dT/dy)].

inelastic, characterized by a normal coefficient of restitution,
0<e, <1, with e, = 1 being identified with the molecular
gas. The inelasticity of particle collisions can be incorpo-
rated in the Boltzmann equation via its collision integral;
however, the time reversibility of the collision integral is
lost [16] due to the dissipative nature of collisions and the
rest state is no longer an equilibrium state, implying that
the Maxwellian is not an equilibrium distribution function
for a granular or dissipative gas. Indeed, the ideas of kinetic
theory have been extended to dissipative granular particles
[17-19] to develop a sound theoretical understanding of the
rapid granular flow over the last three decades [19-27]; the
readers are referred to a review article [16] and a textbook
[28] for various issues on the kinetic theory of granular
gases.

The bulk hydrodynamics and rheology for the gravity-
driven flow of a granular gas are analyzed in this paper using
the tools of kinetic theory and asymptotic expansion. Figure 1
shows the schematic of the planar channel flow in which the

granular gas is confined between two infinite parallel plates
normal to the y axis; the flow is driven by the gravitational
acceleration, i.e., a constant gravitational force per unit mass
g = —gXx, along the direction X parallel to the plates. One
motivation of the present work is to understand certain dif-
ferences between (i) the theoretical work of Tij and Santos
[29,30] and (ii) the molecular dynamics (MD) simulation
work of Alam et al. [31] and the DSMC (direct simulation
Monte Carlo) results of Gupta and Alam [32]; for example,
while both MD and DSMC simulations suggest a monotonic
increase of the excess temperature (i.e., AT = Tiax/To — 1;
see Fig. 1) with decreasing restitution coefficient, second-
order theory [29] predicts its “nonmonotonic” variation in
the same limit. Following the work of Tij and Santos [29],
the effect of gravity is incorporated perturbatively around a
“uniform” state of constant temperature and density which
is achieved by a balance between the collisional cooling due
to inelastic collisions and a bulk heating mechanism due to
white noise. The higher-order solutions are derived which
are then used to analyze various rarefaction effects [such
as the bimodal shape of the temperature profile (Fig. 1),
normal stress differences, and tangential heat flux] in this flow.
Three major goals of the present work are to (i) understand
how the predictions based on higher-order solutions differ
from its leading-order solution, (ii) analyze the convergence
properties of the underlying series solutions as done recently
by us [15] for a molecular gas, and (iii) verify the connection
(if any) between the gravity-based perturbation expansion
[12,15,29] with the well-known Kn-based Chapman-Enskog
expansion in which the gradients of hydrodynamic fields
(proportional to Kn) are treated as small parameters. Un-
like in the acceleration-driven Poiseuille flow of a molec-
ular gas for which both the leading- and higher-order so-
lutions give qualitatively similar results [15], the present
case of a granular gas yielded surprising results when the
higher-order terms are included. In particular we shall show
that the macroscopic properties of granular Poiseuille flow
are strongly influenced by a competition between inelastic
dissipation and external forcing: the inelastic dissipation com-
petes with white-noise forcing if the gravitational acceler-
ation is small enough, but the white-noise forcing plays a
passive role beyond a minimum value of the gravitational
acceleration.

A brief overview of the kinetic theory of a “heated”
granular gas is provided in Sec. II, along with a description
of the white-noise heating and a BGK-like kinetic model as
well as the reduced kinetic and hydrodynamics equations for
the gravity-driven channel flow. In Sec. III the perturbation
expansion is outlined, along with explicit solutions at leading
and higher orders. Based on present results, the temperature
bimodality is discussed in detail in Sec. IV and the rheology
in Sec. V. In Sec. VI A the Padé-approximated solution for
the rheological quantities are derived and compared with
respective leading- and higher-order solutions; the similarities
and differences of the present theoretical predictions with
respect to existing simulations are discussed in Sec. VIB.
The equivalence of the present fourth-order solutions with
the well-known Chapman-Enskog solution is discussed in
Sec. VII. A brief summary of all results and conclusions is
given in Sec. VIII.
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II. OVERVIEW ON A HEATED GRANULAR GAS:
BOLTZMANN EQUATION, KINETIC MODEL,
AND BALANCE LAWS

Referring to Fig. 1, we consider a collection of smooth
inelastic hard spheres of mass m and diameter o that interact
via binary collisions, representing a model of a granular gas,
flowing down a planar channel under the action of gravity
[31-36]. The collisions in a granular gas are inelastic, unlike
in a molecular gas, and are characterized by the relation
(co1 - 6) = —e,(cg, - 6), where ¢ = ¢ — ¢ and ¢, = ¢’ —
¢} denote the relative velocities of a colliding pair of particles
before and after a collision, respectively, and ¢, € [0, 1] is the
coefficient of normal restitution, with e, = 1 and O represent-
ing perfectly elastic and sticky collisions, respectively. The
evolution of the single-particle distribution function f(x, c;t)
is governed by the inelastic Boltzmann equation [16,29]

0 0
<—+c-V+g-—+§>f=J[f,f], (1)
ot ac
where g is the gravitational acceleration and J[f, f] is the
Boltzmann collision integral which depends on the two-body
distribution function whose explicit form will be considered
in Sec. IIB. In Eq. (1), the operator .# is added so that a
nonequilibrium uniform or steady state can be achieved for
a granular gas by balancing its inherent collisional energy
loss with the addition of some heating mechanism; certain
properties of .# are described below.

The velocity moments of zeroth, first, and second order,

respectively, of Eq. (1) yield

d
<E+u.V>p+pV-u=0, (2a)
9 1
—4u-V)u+-V-P=g, (2b)
at p

9 2
<_+u.v>T+—(V~q+P:Vu)=—(C—V)T,
ot 3n

(20)

which represent the balance equations for mass density (p),
momentum density, and granular energy, defined via

p(x,t) =mn(x,1) m
n(x,Hu(x,t) = | dc

¢ |fx,et), (3
n(x, T (x. 1) 5

where C = ¢ —u is the peculiar velocity, n(x,t) is the
number density, u(x,t) is the hydrodynamic velocity, and
T(x,t) is the granular temperature. In Eq. (2), P(x,t) and
q(x, t) represent the pressure tensor and the heat flux vector,
respectively, defined via

Paﬂ(x,t)=m/chaC,3f(x,c;t), @)

m 2
Gu(x, 1) = E/dcc Caf(x, c:0). 5)

The term ¢ (x, t) in the energy equation represents the rate
of cooling (per unit volume) due to inelastic collisions and

y (x, t) represents the heating rate associated with the external
driving .%; the integral expressions for these two quantities
are given by

_ m )
{(x, 1) = —3n(x,t)T(x,t)/ch JLUS S (6)
— m 2 g .
y(x,t) = 3n(x’t)T(x’t)/ch Ff(x,e;t). (D)

The choice of the external heating operator .% is such that it
does not alter the mass and momentum balance laws; in other
words, the action of .% must preserve the local number density
and momentum density, i.e.,

/dc,?f(x,c;t) = /dccﬁzf(x,c;t) =0. )

By approximating the actual velocity distribution function
by its local Maxwellian

m 3/2
fu(x, e:t) :n(x,t)[m}

mlc — u(x, H)?
2T (x, 1) ’

the leading-order expression for the cooling rate [Eq. (6)] is
obtained as

X exp [ - 9)

(e, )= Z(1—ep)v(x, 1), (10

with v being the collision frequency

16 , [=nT
V= —no-, —. (11
5 m

For perfectly elastic collisions the cooling rate vanishes and
no external energy needs to be injected into the system, i.e.,
y = 0.

A. Bulk heating mechanism and the gravity-driven
Poiseuille flow

Unlike in molecular gases for which the rest state serves as
an equilibrium state of constant density and temperature with
a Maxwellian distribution function, there is no equilibrium
state in a granular gas due to the continual energy loss.
However, a steady uniform state can be achieved in a granular
gas if it is continually heated via some external energy source
such that the energy input balances the collisional loss due to
the inelasticity of particles. From a theoretical perspective, the
most common type of bulk driving mechanism for inelastic
particles contains a stochastic force in the form of Gaussian
white noise; for more details on the Gaussian white noise, the
reader is referred to Refs. [22,29]. The operator .% associated
with the Gaussian white noise appearing in the Boltzmann
equation (1) is given by [22,29]

2 9 2
3&‘:—%(5> : (12)

where £ represents the strength of the white-noise correla-
tion and the term £2/2 acts as a diffusion coefficient in the
velocity space. The external heating operator (12) satisfies
the properties listed in Eq. (8), and inserting Eq. (12) into
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Eq. (7) yields an expression for the heating rate y = mé&2/T.
Since the energy loss due to inelastic collisions is assumed to
balance the bulk heating due to white-noise forcing, we have
& = /¢T/m at every point.

By considering the above white-noise forcing and in the
presence of gravitational acceleration (see Fig. 1), a steady
state can be expected in which the physical quantities depend
on the transverse coordinate y only and the flow velocity is
parallel to the x axis, i.e., u = u,(y)X. In this stationary state,
the Boltzmann equation (1) becomes

2
( (L0 gi+cy%>f=1[f,f]~ 13)

2mac: e,

Here we focus on determining the solution to Eq. (13) in the
bulk region of the channel which is sufficiently away from
two walls such that the wall effects can be neglected. Note
that the granular temperature (7') and the cooling rate (¢,
and hence the dependence on inelasticity) appear explicitly
in Eq. (13) which must be simultaneously solved along with
the hydrodynamic equations. In the steady state the balance
equations for momentum and energy, Eq. (2), reduce to
dPy, dPy, du, dg,

Dy 0, D 08, Py dy + dy 0. (14)
The first equation of Eq. (14) implies that the normal stress
Py, is uniform throughout the system, and the second equation
implies a linear dependence of the shear stress, Py, = —pgy,
on transverse distance (y). Clearly, the shear stress is gener-
ated due to the imposed gravitational acceleration, and so is
the normal heat flux,

du,
qy = g/yp(y)d—dy~ (15)
y

Since the local shear rate can be written as du,/dy =
—Py,/n < g, where n is the shear viscosity of the gas, it
follows from Eq. (15) that

qy X g2. (16)

This implies that the normal heat flux is a quadratic order,
O(gz), effect in gravity-driven Poiseuille flow, but the shear
stress (or, the shear rate or velocity) is a linear order O(g)
effect.

B. BGK-like kinetic model for a heated granular gas

The mathematical difficulties with the Boltzmann equation
are embodied in the collision operator J[ f, f] whose explicit
form, with molecular chaos assumption, for a dilute granular
gas is

IS fl= o f de, fda Hicor - &)cor - 6)
<[ 1)) — f@fen]. (D)

where H(-) represents the Heaviside step function, and the
double-primed velocities (¢”, ¢|) denote the precollisional
velocities for the restituting or inverse collision which leads
to (¢, ¢;) following an inelastic binary collision. For the ease
of analysis as well as to obtain explicit analytical results,
researchers [24,29,37,38] have extended the well-studied

Bhatnagar-Gross-Krook (BGK) kinetic model of molecular
gases to inelastic or dissipative collisions. Following these
pioneering works, the collision operator J[ f, f] is approxi-
mated by a BGK-like kinetic model [24,29]:

0
I f1 = —Blenv(f — fu) + %M% e —u)f]. (18)

where v is the collision frequency [Eq. (11)], fu is the
local Maxwellian distribution [Eq. (9)], ¢ is the cooling rate
[Eq. (10)], and B(e,) is an unknown function of the restitution
coefficient which must be chosen appropriately as described
below. The first term on the right-hand side of Eq. (18) is
an analog of the BGK model that describes a single-time
collisional relaxation towards the local equilibrium with an
“effective” collision frequency SBv, and the second term de-
scribes the collisional cooling effects, which can be treated
simply as an effective “drag” force that produces the same rate
of energy loss as that yielded by the inelastic collisions [29].
Note that the kinetic model in Eq. (18) is a simplified version
of the original formulation of Brey et al. [24] in that the exact
local homogeneous cooling state of the Boltzmann equation is
replaced by the local Maxwellian f), [Eq. (9)] and the exact
cooling rate ¢ [Eq. (6)] is approximated by ¢y [Eq. (10)].

The unknown function S(e,) in Eq. (18) is generally
chosen to optimize the agreement between the kinetic-model
description and the Boltzmann description. With a proper
choice of B(e,), excellent quantitative agreement between
the Boltzmann equation and the kinetic model (18) has been
noted in the literature [21,24,29,37,38] for a variety of flow
configurations. The Navier-Stokes (NS) transport coefficients
[i.e., shear viscosity (1), thermal conductivity (k), and Dufour
coefficient (©)] derived from the kinetic model (18) with
white-noise forcing are given by [39]

__P P
Bv+tm’ 2m(Bv + 2¢u)’

Note that the above quantities also depend on the kurtosis
of the distribution function which is neglected in the present
analysis. The choice for the dimensionless function B(e,),
which makes the shear viscosity n [Eq. (19)] agree with
its approximate Boltzmann result for a heated granular gas
(mg = p/vy, with v, = (1 4+ ¢,)(3 — e,)v/4 [40]), is

Blen) = (1 + )2+ ey). (20)

Another choice for $(e,) can be made by matching the ther-
mal conductivity « with its Boltzmann value. For the present
analysis, we will take B(e,) as given by Eq. (20).

With the aid of Eq. (18), the Boltzmann kinetic equation
(13) to describe the stationary gravity-driven flow of a heated
granular gas is modified to

a n a 7
f— — C —
gacx "9y
{m 0

=—Bv(f =S+ o

n nw=0. (19

T o
(c + ——)f. 1)
m oc

Equation (21) must be solved in conjunction with related
hydrodynamic balance equations (14) to yield solutions for
hydrodynamic fields and fluxes for a heated granular gas
under gravity; the boundary conditions are redundant since
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we are interested in the bulk solution around the channel
centerline [12,15,29].

II1. SOLUTION FOR GRAVITY-DRIVEN POISEUILLE
FLOW OF A HEATED GRANULAR GAS
Decomposing the nonequilibrium distribution function as
f=fm+o), (22)
where ® represents the deviation from the local Maxwellian

distribution f), Eq. (21) becomes

~ duy\ 0
a+ d>)|:Cy8y In fy — (g + C},W>Eln fMi|

duy\ 9P ~ ,
—(e+cC — — Cy3, D — (v — L)

Y ay ] ac,
tu[(T 0 0P
=== -C) —=| 23
* 2 |:<m oC oC (23)
where the operator 5y is defined via
~ 0 duy) 0
9y =—+ —, (24)
ay ay ) aCy

and v’ is the modified collision frequency [29],
vV =Bv+ iy =v[Ble)+S(1—e)]. (25)

which can be tied to the shear viscosity of a heated granular
gas via Eq. (19).

The state at the channel centerline, i.e, the midpoint y = 0,
is chosen as the reference state and the following dimension-
less quantities are introduced:

3
M L
, p (26)
T*:z, \)/*:V—/, P*Z—, * ,
Ty Vo Do Poco

where the subscript 0 denotes quantities evaluated at y = 0;
for example, ¢y = +/2Ty/m is the thermal velocity at the
channel centreline y = 0. In Eq. (26), y* measures distance
in units of a nominal mean-free path, while

=2 27)

V(o
measures the strength of the gravity field acting on a particle
that moves a distance of the mean-free path with the thermal
velocity. The dimensionless version of Eq. (23) is

o e 2cE—ul)( . oul
1+ <I>)[cy8y* In f3; + %(g +C"8_yi’:>]

* *aui 9P *N I% *
=g +Cy8y* = — 3Oy ® =" (1 = )P
LE(TE 0 L) 0P
(= —C*)- , 28
th [( 2 dc* dc* (28)
where
~ ., dlmp* /C¥ 5\0InT*
OyIn fy = oy + ( T+ E) oy (29)

The cooling rate ¢y, in Eq. (28) has been rewritten in terms
of the effective collision frequency v’ via &y = {§v' [see
Egs. (10) and (25)], with

_ ml-ea)  _ SU-e)
ﬂ(en) + 15—2(1 - 6%) N 2(2+en)+5(1 - en)’

& (30)
and B(e,) is given by Eq. (20). In the remainder of this paper,
the asterisks are omitted for convenience (e.g., {; = & and
so on) and all quantities are understood to be expressed in
dimensionless units. Note that the master kinetic equation
[Eq. (28)] has been formulated in terms of particle velocity for
ease of algebraic manipulation, following our previous work
[15] on the gravity-driven Poiseuille flow of a molecular gas.

A. Perturbation expansion around channel centerline

Neglecting wall effects and focusing only on the bulk
region of the channel around the centerline (Fig. 1), Eq. (28)
is solved perturbatively by treating g* as a small parameter
[15,29]. The expansion of ® in powers of gravitational accel-
eration g is

Oy g) =) ey + 0", (D)
a=1
and we will present results up to n =4 (i.e., fourth order
in g).

In the absence of gravity, the solution of Eq. 21) is f =
Jfm and & = 0, with uniform density and temperature and zero
velocity. The spatial dependence of hydrodynamic fields in
the present problem of Poiseuille flow is a consequence of the
gravitational acceleration and the shear stress at lateral walls.
Due to the symmetry of the Poiseuille flow (Fig. 1), p and
T are even functions of g, while u, is an odd function of g.
Therefore, the expansions for the hydrodynamic fields can be
written as

[n/2]
PO =1+ Y pPO(0g™ + 0™, (320)
a=1
(/2]
T(y)=1+ Z T(Za)(y)gZa + O(gZ[n/2]+2)’ (32b)
a=1
[r+1)/2]
(N =uo+ Y. u ()%t 4 (AT
a=1
(32¢)

with the spatial dependence appearing via the coefficient
functions p©®¥(y), T®¥(y), and u®*~V(y). Further it is
assumed that uy = 0, which is equivalent to performing a
Galilean transformation to a reference frame moving with
the fluid at y = 0. Using Eqgs. 32(a) and 32(b), the effective
collision frequency for hard spheres, v/ = pT~!/2 [3,7], can
be expressed in terms of g:

1 Q7@
V=14 (p® = T )+ ( p® — p
2 2
3 T@
+ gTW - 7>g4 +0(g%). (33)
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It can be verified that only v/ = 1 is required in the evaluation
of first- and second-order deviations &V and ®®@, while v/ =
1+ (p® — %T(z) )g? is needed in the evaluation of the higher-
order deviations ®® and ®®* of the distribution function.

Substituting Eqgs. (31), (32), and (33) into Eq. (28) and
equating terms of the same order in g, we obtain the master
kinetic equation at the kth order in O(g*):

(1 — )P = ¢®, (34)

where the operator <7 is defined as

10 ad a

=0 (Ll _ ). 29 2 35
20—z | \ 2 9¢ de| " T—¢ 0y

and the explicit expressions for the source term ¢, up to

fourth order (k = 4), are given in Appendix A.
The solution to Eq. (34) can be written in operator form

oWy =1 - 'pW =) "¢V (36)

n=0

Note that the source terms ¢ are functions of hydrodynamic
fields at the same order which remain unknown. Based on
the symmetries of Poiseuille-type flow, the unknown hydro-
dynamic profiles are guessed which, in turn, determines the
functional form of the source term ¢*). The latter helps to
identify a trial form for the distribution function ®®(c; y)
with undetermined coefficients. The validity of guessed so-
lutions and the unknown coefficients are then determined by
satisfying the consistency conditions:

/dCfMCD =0, /dCCnyGD =0, (37a)

/ dCC, fy® =0, / dCC? fy® =0, (37b)

which follow from the definition of hydrodynamic fields.

B. Leading-order solutions: O(g) and O(g?)

The leading solution of this problem has been determined
by Tij and Santos [29] which is briefly summarized in this
section. At first order in g, Eq. (34) yields (1 — &7)®") =
¢“>, with its source term being

) 2 ou®

¢ =— (Cx + cxc '_)s (38)
1—=2¢ " ay

whose spatial dependence occurs via that of du‘" /dy which

is unknown. From the Navier-Stokes solution for Poiseuille

flow, the first-order velocity profile is assumed to be of

parabolic shape:

uV(y) = uyy*. (39)

Putting Egs. (38) and (39) into Eq. (36), it can be verified
that the first-order distribution function ®") must have the
following form:

CD(U(C; V) =y (ao + alci + azcyy). (40)

The unknown coefficients ag, a;, a, are obtained by inserting
Eq. (40) into (1 — &7)®D = ¢, yielding

4(-2—t0+ 2u§1){0)
4—15%)

)

= . ay=—4u,
248 7 2

ap= a)

(41)

and the third consistency condition of Eqgs. (37) gives uél) =

1, and therefore both u"(y) and ®1(c;y) are completely
determined. Inserting the explicit form of ®!) in Egs. (4) and
(5), the nonzero components of the fluxes, to first order in g,
are found to be

POGY =2y and ¢V() =, (@)
» T 24
At second order O(g?), the source term ¢ in Eq. (34)
[see Eq. (A1) in Appendix A] depends on two hydrodynamic
fields: pressure p® and temperature T‘®, which are even
functions of y in a Poiseuille-type flow. The latter two un-
known quantities are assumed to be of the form

PP =p@y and TP = Y TPy @3)
a=1,2

A trial solution for the second-order distribution function
®®@ is assumed [see Eq. (A4) in Appendix A], with its

unknown coefficients b; being expressed in terms of péz),

Tz(z), and T4(2); Sec. 1 of the Supplemental Material [41]
contains the expressions of the coefficients b; as functions of
Zo. At this order, the third consistency condition of Eq. (37)
holds due to symmetry, while the second consistency con-
dition is identically fulfilled irrespective of the values of
péz), Tz(z), and T4(2); the remaining two consistency conditions
yield

o _ 4(38 4 43¢0 + 17¢3)

= , (44a)
251+ 202 + %)
2 24

IV =—5Qvo). pP=T. (@b

and hence the second-order corrections to hydrodynamic pro-
files Eq. (43) as well as the explicit form of ®®(¢;y) are
determined. The latter is used to calculate the second-order
contributions to the fluxes:

32(82 + 67 8z2) 56
D = (824670 +85) | 562 45
25(1+¢0)2+ %) 5

@ _  24(102 + 874 + 13¢5)

V= , 45b
W T TSR @GP (450
4
=3y, PP =0=¢?. (450)
The leading-order contributions to hydrodynamic

[Egs. (39), (43), and (44)] and flux profiles [Eqgs. (42)
and (45)] match those obtained by Tij and Santos [29]
up to second order, although there seems to be printing
mistakes in their Egs. (3.24) and (3.31). In the limit of elastic
collisions (e, = 1), these solutions boil down to those for
a molecular gas of elastic hard spheres [15] undergoing

052144-6



ASYMPTOTIC EXPANSION AND PADE APPROXIMANTS ...

PHYSICAL REVIEW E 98, 052144 (2018)

acceleration-driven Poiseuille flow. One interesting point to
note in Eqgs. (42) and (45) is that while the normal heat flux
appears at quadratic order O(g?) as discussed previously in
Eq. (16), the tangential heat flux appears at linear order O(g)
which is known to be a Burnett-order effect in the standard
Chapman-Enskog expansion [3]. The latter finding makes the
connection of the g-based perturbation expansion with the
standard Chapman-Enskog expansion subtle; this issue will
be discussed in Sec. VII.

C. Higher-order solutions: O(g*) and 0(g*)

To solve the third-order [O(g?)] equation (1 — &7 )®® =
¢®, it is to be noted that its source term contains a third-order
quantity du® /dy [see Eq. (A2)] which is unknown at this
order. The third-order velocity profile is taken to be

Zu@) 2a (46)

and the structure of &7"¢® [viz., Eq. (36)] suggests a trial
distribution function of the form

u(y) =

>V (y, ¢)
= Cy [cocf, + clci + o+ cg(uci + C5)
+ 2 (co€ + €165 + es¢§ + ¢o) + ¢ (croct + i)
+ct (01202 + 013) + y{024C7 + 03, (6250,26 + 026)
¢ (c27¢) + casey + €2903) + ¢ (c30¢s + c31)
+ey(cnct + )} +y {c14cy + ¢15 + ci6c?
(6170 + ClS) ,(61963‘ + Czoc)z, + 621)
+c;(cac; + e23)} + ¥ {esac) + ¢ (casey + c3cy)
ci (c37¢2 + c38) + ¢y (c30¢s + ca0) }
+ y4{C41c;‘, + cqpc? + caz + ci (caact + cas)

+ cf (046c§ + C47)} + C3ny5]. (G

The above unknown coefficients ¢; can be expressed in terms
of uy, &) by inserting Eq. (47) into (1 — &7)®® = ¢® as given
in Sec. II of the Supplemental Material [41].

Using consistency conditions Eq. (37), the coefficients u,
in Eq. (46) are found to be

()

NON 1681 (%0) (48a)
2251+ 022+ 50) 2+ 350)

ul) = i<83 S ) (48b)
MR 1+% 2+&)

ud = M (48¢)

225

with the expression for §;(y) being given in Appendix A 1,
and the third-order contribution to hydrodynamic profiles is
thus determined. By substituting these values into the ex-
pressions of the coefficients ¢;, we obtain the explicit ex-
pression for ®3)(¢; y) which helps to determine third-order

contributions to the flux terms:

4[44 + 9450 + 2628 + y2(1 + )2 + &) ]y

P(,3) - - 3
> 75(1 4 ¢0)(2 + ¢o)
(49a)
P =0=P =4, (49b)
O 2(114 +257¢0 + 58¢8 ) v*
* 152 + ¢o)(1 + 280)
1“0)[;8;(;0» L2800, (49¢)

where C1(Zo) = 1/(1 4 )’ (2 + &o)*(1 + 240)(2 + 340)* and
the expressions for pB,({p) and pB3(y) are given in
Appendix A 1.

To solve Eq. (34) at fourth order 0(g4), the pressure and
temperature profiles are taken to be

4
Zp“) * and TW(y) =) Ty (50)

a=l1

PP =

The structure of .«7"¢™ suggests a trial distribution function
of the form ®®(y, ¢) = doc}* +dicy + - - - [see Eq. (A3)].
This along with Eq. (50) helps to solve (1 — & )®® = ¢®,
yielding expressions for unknown coefficients d; of ®® in
terms of p§4), pf), pé‘” s T2(4), T4(4), T6(4), and T, 8(4); the detailed
expressions of d; as functions of ¢, are presented in Sec. III of
the Supplemental Material [41].
By satisfying Eq. (37), the expressions of p(4) and T(4)

found as

96C1(£0)B4(&o) 322 + &)
@) _ _ Z7OV1150/P4150) @ _ 2= T o0)
P2 = 625 Do ns > O

@ —32(1876 + 17045 + 127¢¢ — 53¢5)

— , 51b
Pa 1251+ £0)(2 + &) GIP)
32C,(20)Bs (o) 622 + 4o )?
@ _ 220 @ _ _YeleT o)
L= 325 0 8 7875 19
@ 82+ L)Ci0)Bs (&)
h= 1875 ’ 1o
2 3
o _ _ 8(8692 + 11868¢) + 5579¢2 + 759¢7) 1o

5625(1 + ¢o)(2 + &o)

where C(¢o) = C1(50)/(1 + £o)(1 + 250)(2 + 350)(2 + 5&0).
Subsequently, the fourth-order contributions to the fluxes are
determined using the exact form of ®®:

224 32B7(%0)y*
“4) _ 6 _ “=FIASY)
P = 335+ %)y 375
~ 32B3(80)C2(%0) 5 512p9(50)C2(50) (52a)
625(2 + &) 31252 + &)
384B10(£0)C2(Zo)
4 _ Al
Py = 31252 4 &) 420
8B11(%0)y°  64B12(L0)y’
“) =
9 _175(2+§) 375 75

(52c¢)
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and the expressions for B4(¢p) to B12(¢y) are given in Ap-
pendix A 1. The remaining flux terms (P =0 = ¢*) are
zero at this order.

D. Structure of hydrodynamic and flux fields at each order in g

At each order O(g?), it is straightforward to verify that
the spatial structures of the hydrodynamic profiles [Egs. (39),
(43), (46), (50)] and the associated flux profiles [Egs. (42),
(45), (49), (52)] have the following polynomial representa-
tions:

U2 D(y) = Py (3%, T(y) = ¥ Py 102,
PP ) =y Puah). PETV0) =y P,
P3P (y) = Pou 1 (07,
g7V =Pua(®). g7 () =y Pua(y).
Whege P;(y*) denotes an arbitrary polynomial of degree j
" }éc')mbining solutions up to fourth order [Egs. (39), (43),

(46), (50)], the expressions for each hydrodynamic field are
found which in real units read as

3 3

P8\ 2 @) [ M Nog 2

u(y) = uo + (—)y +u <—)y
! 210 >\ 4poTy

2 3 3,3

3 (M Pog ) 4 <3><mpog ) 6 5
+u — |y +u — |y 4+ 0(g),
! (8U0T02 © \16mTy

2,2 2
m m
T(y) = T0|:1 + Ti”(—’?g >y4 + T2(2)<—g> )
8770T0

mn3g* o mg\*
L@ 0 2 o (M8 s
2 —S,OgTOS y 4 27, y

m3p2 gt o mipigh
+ T(4) 0 6 + T( ) 0 8 + o) 6 ,
6 3277(2)T03 y 8 647]3T02 y (&”)

(2) _
Pyy (y) = const.,
(53)

2 5.2 4
2 M8 4y M"Ny8
p(y)=po[l+p§)(—) y2+p§)( 2 )y2

2T, 8pe Ty
4 3 2,4
@ mg 4 @M P8 6 6
_5 0 ,
+ Py <2TO) Y+ pg <3277(2)T03>y:|+ (g”)
(56)
mp(y)
oY) = —1. (57)
T(y)

The underlined terms in each expression correspond to re-
sults up to “second order” in the gravitational acceleration,
and the remaining terms are fourth order. Similarly, adding
Egs. (42), (45), (49), and (52), the fourth-order solutions for
flux terms (Pyp and g,) are obtained which are discussed in
Sec. V.

IV. HYDRODYNAMICS: RAREFACTION EFFECTS ON
TEMPERATURE AND THE ROLE OF INELASTICITY

In order to explore the temperature field in detail, we scale
the y coordinate in terms of the centerline mean-free path,
ro = (T/2no0?) ™" = (8/5/7)(co/vo), which is defined as
the average distance traveled by a molecule or particle be-
tween two successive collisions. Let us introduce the “local”
Froude number (Fr = gi/c?), defined as the ratio of gravi-
tational and inertial forces, and it measures the influence of
gravity on the flow field. The Froude number at the channel
centerline is given by

8ho 8 (B—e)+en)
FI'() = —

& 57 4 &

(58)

which depends on the restitution coefficient and the dimen-
sionless gravitational acceleration g* [Eq. (27)].

In terms of the centerline Froude number (58) and the
rescaled transverse coordinate y/Aq, the temperature profile

(55) (55) can be rewritten as
|
T(y) ) 2 Q) y\ 4 " Q) y\ 6
= 1+FrO;AT (en) P +FrO;BT (en) " + O(Frf), (59)
where the inelasticity-dependent coefficients are given by
4(2719 — 2741e, + 706¢2
AP (en) = ( o ‘) : (60a)
25(7 — de,)(23 — 11ey,)
83 —e,)(1 +¢,)*(23 — 1le,
AD(e,) = — B —ex)(1 +e)( e)<0’ (60b)
11257
B%(e,) 257 33267022075095579 n 511377408 497664000 N 2189749248
en) = — —
e 4(3 +2e, — 63)2 46981321887500 169(19 — 13¢,)?> 1464123 — 11e,)* 7320523 — 1le,)?
15390720 23085 50053887 20977461 2127452263 3686400
49(11 — 7e,)? (7 —4de,)*  100(7 —4de,)*  100(7 — 4e,)®  2500(7 — de,)  49(11 — Te, )?
n 928213632 n 648843264 1566633408 n 127918424064 392000000 (60¢)
875(11 — 7e,) = 1464123 — 11¢,)®>  1830125(23 — 11e,)  21125(19 — 13¢,) 3143 —3le,) )’
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5 e 247750795519 1060608 N 102400 N 96183 N 405
e,) = — —
T 3179426250  1331(23 — 1le,)?  49(11 — Te,)?  50(7 — 4e,)?  2(7 — 4e,)?
N 750619 776448 N 829440 635968 700416 60d)
250(7 — 4e,)  1225(11 —7e,)  1331(23 — 11e,)3 3327523 — 1le,)  65(19 — 13¢,)’
© 32(3 — e,)(1 + €,)*(2082193 — 2926828¢,, + 13712212 — 213674¢)
By (ep) = — ; (60e)
140625(161 — 169e,, + 44e2)7
992(23 — 11¢,)*(3 — €,)%(1 + e,)*
BY(e,) = — ( ) . (60f)

4429687572

In the remaining part of this section, we analyze the characteristics of the temperature profile and make a comparison between
the second-order solution [i.e., underlined terms in Eq. (59)] and its fourth-order counterpart.

A. Temperature bimodality: Competition between rarefaction and inelasticity

Figure 2 compares the temperature profiles [T/ Ty, Eq. (59)] for a molecular gas (e, = 1) with those for dissipative gas
(e, = 0.2 and ¢, = 0.5) at Froude numbers of (a) Fro = 103 and (b) Fro = 5 x 1073, It is seen that, for both molecular and
granular gases, the temperature profile is of bimodal shape, with a local minimum at the channel centerline (y = 0) and two
symmetric maxima (7 = Tp,x) away from the channel centerline (at y = ynax); the overall shape of the temperature profile
remains the same with the second-order solution too [i.e., retaining only the underlined terms in Eq. (59)]. It is evident from
panel (b) (Fro =5 x 1073) that while the value of Ty, increases with decreasing e, its transverse location yp,y shifts away
from y = 0 in the same limit. On the other hand, at lower values of Fry = 1073 [panel (a)], the dependencies of Tay and Ymax
on the restitution coefficient seem to be nonmonotonic as confirmed in the following analysis.

The transverse location yy,,x of two symmetric temperature maxima can be obtained by solving d7 /dy = 0, yielding

3 2 2 3
< ymax>2 A (—AATBY +4AP AT B — 3AY AP B + 247 BY)Fr}

) T T2ap Al
2 2 3 2 2 3
N AP BY —3APAPBY 13427 B®) (440" BP — 4AP AP B 43407 AV B — 24P BE)
@7
16AY
+ O(Frf). (61)

Substituting this into Eq. (59), the expression for Ti,.x can be obtained. To quantify the degree of temperature bi-
modality, we define the following quantity AT = (Tiax — To)/Tp, dubbed excess temperature, which measures the relative
value of the maximum temperature with respect to its centerline value. The expression for the excess temperature is
given by

2 2) @3 p) @) 4H2 p) @2 4@ p©) | 423 p®)
AP AP (—8AY ' BY +4AP A B — 24P APBY 1 AV B
AT = — T(4)Fr% + 7 (=847 By L1 T(4)4 I T 1 r 7 )Frg + O(Frf). (62)
4Ar 16A7
[
Typical variations of AT with restitution coefficient e, are B. Comparison with second-order solution
displayed in Fig. 3(a) for two values of Fro = 10~ (main and the critical Froude number

panel) and Frop =35 x 1073 (inset); it is seen that AT is
a nonmonotonic and monotonic function of e, at smaller
and larger values of Froude number. The latter transition is
clearly evident in Fig. 3(b) which shows the variations of AT
with Fry for different e,; in particular, there is a minimum
or critical value of Frg = Fro(e,), above and below which
the excess temperature monotonically increases and becomes

All results presented in Fig. 3 are based on the fourth-
order solution in Froude number O(Frg). The corresponding
second-order solutions [O(Frg )] for AT and yn.x can be
easily obtained by setting all third- and fourth-order terms to
zero (i.e., B}’ ) = 0) in Egs. (61) and (62), yielding the solution
of Tij and Santos [29],

nonmonotonic, respectively. The corresponding variations of Vimax A(TZ)( en)

the transverse location yn.x [Eq. (61)] with (c) restitution < n ) =% |——@% (63)
coefficient e, and (d) Froude number Fr, are displayed in 0 /u 247" (en)

Figs. 3(c) and 3(d). It is clear that the dependence of yp,x on and the rescaled excess temperature

e, follows a nonmonotonic and monotonic trend, similar to 22

that of Tp.x, at smaller and higher values of Froude number, £ _ Ar’ (en) (64)
respectively. Fr} /. Ty A(T“)(en)'
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FIG. 2. Temperature profiles for (a) Fry = 1073 and (b) Fry =
5 x 1073 with e, = 1 (red solid line), e, = 0.5 (black dashed line),
and e, = 0.2 [blue dot-dashed (top) line], as predicted by the kinetic
model up to “fourth order” in g.

Both these quantities depend nonmonotonically on the resti-
tution coefficient at any value of the Froude number as con-
firmed in Fig. 4, which is in contrast to the corresponding
monotonic variations of their fourth-order solutions at larger
values of Fro > Frj. Moreover, the second-order solution for
the excess temperature in Eq. (64) has a quadratic dependence
on the Froude number, but its transverse location (Ymax)u
is independent of Fry. It must be noted that these second-
order results are in contrast to recent MD and DSMC results
[31,32] that confirmed a monotonic increase of the excess
temperature AT with decreasing e, at any value of Fry. The
latter simulations however do not contain the bulk heating via
white noise that makes a direct one-to-one comparison of the
present theoretical results with simulations [31,32] difficult;
this issue is further discussed in Sec. VI B.

Based on the present higher-order solution, the transition
from the “nonmonotonic” to “monotonic” dependence of the
excess temperature AT on the restitution coefficient as a
function of Froude number Fry is illustrated in Fig. 5: while
the panel (a) shows the contours of AT in the (Fro, 1 —e,)
plane, the panel (b) displays the corresponding contours of
dAT /de,. The light yellow colored region around the lower
left corner of Fig. 5(b) corresponds to dAT /de, > 0, imply-
ing that AT decreases with increasing dissipation in this re-
gion; in the remaining part of the phase diagram dAT /de, <
0, indicating AT increases with increasing dissipation. The

1.15x10~5F, .
2.14x1074
- 1.5x107%
< -4 _3™
1 107 Fro=5x10"%
q 103 -5L 1 L 1 1 1
30107 02 0.4 0.6 058 1.0
A e,
” (a)
0.6 0.8 1.0

3.0
 Fro=10"°
o
N Fro=5%x10
—2.0-
(c)
1.5+
1 1 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0
en

|ymax|//\0
NN
2R

—
S5

(d)

1.6

1
3x10~3 5x10~3

Fro

1 1
10~° 10-3

FIG. 3. (a) Variations of AT [Eq. (62)] with e, for Froude
numbers of Fry = 10~ (main panel) and Fry =5 x 1073 (inset);
(b) variations of AT with Fr, for different values of the restitution
coefficient: ¢, = 1, bottom red line; e, = 0.5, middle black line;
e, = 0.2, top blue line. (c), (d) Variations of | yn.x|/Ao [Eq. (61)] with
(c) restitution coefficient e, and (d) Froude number Fr.
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FIG. 4. Second-order solution for (a) rescaled excess tempera-
ture (AT/Fr%)H [as given in Eq. (64)] and (b) its transverse location
(IYmax| /X0y [Eq. (63)].

contour separating these two regions (dAT/de, <0 and
dAT/de, > 0) is denoted by

dAT
Fro(e,,) = FI'()( = 0), (65)
de,

which depends on the restitution coefficient. Overall, Fig. 5(b)
confirms that there is a critical Froude number

Frg[AT] = sup Fro(e,), (66)
€n

below which AT varies nonmonotonically with e, but AT
increases monotonically with increasing dissipation at Fry >
Frg. In other words, the inelasticity plays a “dual” role of
increasing and decreasing AT at Fro > Frg and Fro < Frg,
respectively. These conclusions hold also for the related vari-
ations of the transverse location yp,x of temperature maxima
with inelasticity.

V. RHEOLOGY: PRESSURE TENSOR, HEAT FLUX,
AND TRANSPORT COEFFICIENTS

A. Pressure tensor: Normal-stress differences
and shear viscosity

The elements of the pressure tensor and the components of
the heat flux up to fourth order in g have been determined in
Secs. III B and III C. In real units, the diagonal components of

0.00045
0.00035
0.00025
0.00015
0.00005
105 3x103  5x1073 102
Fro
1.0

0.8

0.6

1-e,

0.4

0.2

y
/ (b)

5%10~3 1072
Fro

0.0
10°° 3x1073

FIG. 5. Contour plots of (a) excess temperature AT [Eq. (62)]
and (b) its derivative d AT /de, in the (Fry, 1 — e,) plane. Note that
dAT/de, > 0 around the left corner (light yellow-shaded region) of
panel (b), and negative elsewhere.

the pressure tensor are given in terms of the centerline mean-
free path (Ag) and Froude number (Fry) as follows:

P (y) (2a) 2
=1+Fr? E Ay
+ Fry )«0

Po

3 2u
crd 3o si0(2) o). @
a=0
P
yzyaf)y) = 1 +Frg A} +Fr) By + O(Fif).  (68)

P.,=3p— P, — P, (69)

with the mean pressure having the following expression:

2u
p(y) 2. Y 4 Qo) Y
— =1+FjA F B
2 +FrpA; )»o + roz )»o

+ O(Fr}), (70)
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FIG. 6. (a) Profiles of the first normal-stress difference \;(y) for Fro = 5 x 1073 for different values of e, = 1 (bottom red curve), 0.5
(middle black curve), and 0.2 (top blue curve). (b) Variations of ; (0) with Fr for different e,. (c) Variations of N (0) against e, for Fry = 1073
(main panel) and Fry = 5 x 1073 (inset). (d) Contours of dA/;(0)/de, in the (Fry, 1 — e,) plane; note that dA;(0)/de, > 0 around the left

corner (lighter shaded region) of this panel, and negative elsewhere.

which is the same as Eq. (56). The expressions for the co-
efficients (Afj) and Bg‘f)), (Asgi and B;‘ii), and (A} and
Bf"‘)) are provided in Appendix B 1. The underlined terms in
the above equations represent the corresponding second-order
0(g?) solution. Although the normal pressure Py, does not
vary along the transverse direction (since d Py, /dy = 0), the
mean pressure p(y) varies along the transverse direction; the
latter variation is tied to the corresponding variation of stream-
wise (Py,) and spanwise (P,;) components of the pressure
tensor. In fact, the mean pressure p(y) has a local minima
at the channel centerline, similar to that of the temperature
profile as discussed in Sec. IV; the related predictions based
on Navier-Stokes theory suggest a local centerline maxima of
both temperature and pressure. Therefore, both the temper-
ature dip and the pressure dip at the channel centerline are
tied to the rarefaction effects [12,15] in acceleration-driven
Poiseuille flow at finite Knudsen numbers.

1. Normal-stress differences: Roles of inelasticity
and rarefaction
It is easy to verify from Eqs. (67)—(69) that P,, # Py, #
P,., leading to “nonzero” normal-stress differences. The first
and second normal-stress differences N\ and N\, are defined

with respect to mean pressure:

P, — P
M@) = —, (71a)
p
P, — P, P..+2P,
Noyy = v~ Fee P ¥ 2l 30 (7,
P P
Both normal-stress differences vanish at Navier-Stokes

order [42,43].

The transverse profiles of the first normal-stress difference
N1 () for a Froude number Fry = 5 x 1073 with three differ-
ent values of restitution coefficient e, = 0.2 (top blue line),
0.5 (middle black line), and 1 (bottom red line) are displayed
in Fig. 6(a). It is seen that ] increases with distance from
the channel centerline y = 0, with its minimum being located
at y = 0; the shape of the N(y) profile remains similar
in the presence of inelastic dissipation, and the effect of
inelasticity is to increase the value of Aj(y) at this value
of the Froude number. The effect of Froude number (i.c.,
increasing rarefaction) is illustrated in Fig. 6(b) which shows
the variation of the centerline N\, (0) with Fry for three values
of restitution coefficient e,. Overall, increasing Fr( increases
the magnitude of N, but the effect of e, on A(0) seems to
be nonmonotonic at smaller values of Fry. The latter effect
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FIG. 7. Same as Fig. 6, but for the second normal-stress difference A5. In panels (a) and (b), different restitution coefficients refer to
e, = 0.2 (bottom blue line), 0.5 (middle black line), and 1 (top red line). Note that dN>(0)/de, < 0 around the left corner (dark blue shaded

region) of panel (d), and positive elsewhere.

is confirmed in Fig. 6(c): while the inset shows that A/ (0)
increases monotonically with decreasing e, at a Froude num-
ber of Fro =5 x 1073, the main panel (Fryo = 1073) shows
that A (0) decreases from the elastic limit up to a value of
e, ~ 0.5 and thereafter increases with further decrease of e,.
The above transition from ‘“nonmonotonic” to “monotonic”
dependence of NV (0) with e, can be understood from Fig. 6(d)
which displays the contour map of the derivative of N;(0)
with respect to e, [i.e., dN1(0)/de,] in the (Fro,1—e,)
plane. In the lower left corner of Fig. 6(d) the first normal-
stress difference decreases with increasing dissipation, and
increases elsewhere at any Fry. The value of the corresponding
critical Froude number is Fr§(N;) = sup, Fro(e,) 2 0.0042,
with Fro(e,) denoting the zero contour [d/N7(0)/de, = 0] in
Fig. 6(d).

For the second normal-stress difference, the analog of
Figs. 6(a)-6(d) is shown in Figs. 7(a)-7(d). The overall fea-
tures remain the same as in the case of the first normal-stress
difference, except that A, has the opposite sign (negative)
of N and is maximum at the channel centerline y = 0 and
decreases as one moves away from y = 0. The effect of
increasing Fry is to increase the magnitude of A at any e,
[Fig. 7(b)], but the inelastic dissipation has a “dual” effect of
increasing, or, decreasing |\3| at larger and smaller values of
Fry [Fig. 7(c)], respectively. That there is a minimum value

of the Froude number, above or below which the variation of
MN>(0) is monotonic or nonmonotonic with e,, is quantified in
Fig. 7(d) which displays the contour map of dN>(0)/de, in
the (Fro, 1 — e,) plane: Fr§(N;) ~ 0.004.

It is straightforward to verify from Egs. (67)-(69) that
the “second-order” solution for both first and second normal-
stress differences

NV ()] v Y
—;r% = =[AD (&) — AY) ()] + A% (en>(A—O) >0,
(72)
2
[/\/2()2’)]11 _ [A;(,)) (en)+2A(P9‘)v(en)] +A(pg)_(en)<1> < 0.
FI‘O xx Yy xx )\,0

(73)

The leading coefficients in the above expressions are non-
monotonic functions of e,: the magnitudes of both decrease
with decreasing from e, = 1, reach a minimum at e, ~ 0.5,
and increase thereafter with further decreasing e,. There-
fore, the higher-order [B}‘i{ (e,) at O(Fré)] contributions are
responsible for the observed “nonmonotonic to monotonic”
transition of both normal-stress differences with increasing
gravitational strength (Fry).
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-0.06

y/do

FIG. 8. Transverse profiles of (a) the shear stress (P,,) and (b)
the shear rate [y(y) = du, /dy] for Fro =5 x 1073. In panel (a),
different lines for ¢, = 1, 0.5, and 0.2 overlap with each other and
hence are indistinguishable.

2. Shear stress and viscosity

The expression for the shear stress Py, can be written as

Py (y) (Y 3 : Qaty (Y 2t
2 — FroA (—) +Fr BYe <—>
) pa) (1) + v 3 a5

+ O(Fry), (74)

with its coefficients being given by

8(2111 — 2329, + 614¢?)

AL _ 2. B(3) - _ , (75a
Py, Py 75(161 - 169611 + 44@3) ( )
1633 — en)(1 + €4)*(23 — 1le,
g — 100 Z el + e én) (75b)
e 5625m

Figure 8(a) shows the transverse profiles of shear stress across
the channel width for different values of the restitution coeffi-
cient (e,) at a Froude number of Fry = 5 x 1073; each profile
is nearly linear in y and the effect of e, is not visible in this
scale.

To calculate shear viscosity, we need to determine the local
(dimensionless) shear rate which is given by

) du dul®  du™
yO) = —> = =
dy dy dy

+O0(Fr}),  (76)

T E—————

-
N
¢

1 Co/(A0 Po)
()
=

s
1.15"
(a)
1.10" el
/I/ﬁ'
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y/Ao
o e ———
=1.25-
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c
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FIG. 9. (a) Transverse profiles of the shear viscosity [n(y) =
—Py./(du,/dy)] for Fry =5 x 1073. (b) Shear viscosity evaluated
at y = 0 versus Froude number Fr. In each panel, the top, middle,
and bottom curves refer to e, = 0.2, 0.5, and 1, respectively.

where
y 2 3 y 2
1 2 i 3 2
(L) o (2)”

(77)

and the expressions for the coefficients [A?), B{*, B{?), and
B{®] are given in Appendix B 2. Transverse profiles of the
shear rate are shown in Fig. 8(b), with parameter values as
in Fig. 8(a). It is seen that increasing dissipation decreases
the local shear rate away from the channel centerline, and
consequently the shear viscosity [n(y) = — Py, /v ()] would
increase with decreasing e, as is evident from the viscosity
profiles in Fig. 9(a). The latter effect mimics a similar behav-
ior of shear viscosity with restitution coefficient in a heated
granular gas [40]. The Navier-Stokes order viscosity can be
calculated by retaining the leading-order terms in Egs. (74)
and (76):

_A(Pl‘)r . Sﬁ en=
242 2B —e)(l+e,)

5w
Nns = “é_. (78)

Figure 9(b) shows the variations of centerline shear viscosity,

1

— (79
) 2)
Ay + 2B, Fr)

n=ny=0)=
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FIG. 10. (a) Profiles of dimensionless tangential heat flux (¢ = q./poco) at Fro =5 x 1073 for different values of e, (as marked next to
each profile). (b) Variations of ¢, (0) against Fr, for different e, (as marked). (c) Variations of g,(0) with e, at Fry =5 x 10~ (main panel)
and Fry = 1072 (inset). (d) Contour map of dg, (0)/de, in the (Fry, 1 — e,) plane; note that dg,(0)/de, > 0 around the left corner of this panel

(lighter shaded region), and negative elsewhere.

(where A?) > 0 and B{*) > 0) with Froude number Fr for
different e,. The shear viscosity decreases monotonically with
increasing driving strength at any e,, confirming the shear-
thinning behavior of a driven heated granular gas.

B. Tangential and normal heat fluxes:
Roles of inelasticity and rarefaction

Retaining terms up to fourth order in gravitational acceler-
ation (g), the tangential or streamwise component of heat flux
(g.) can be rewritten in terms of the centerline mean-free path
(Ao) and Froude number (Fr() as

3 2a—1)
q:(y) ) 3 (2a2)< y ) 5
—— =FrpA}”’ + Fr B — + O(Fry),
PoCo qx 0 ; qx )"0 ( 0)

(80)

and the normal component of heat flux (g,) is given by

4y »\’ : v\
y _ 2 403) 4 Qa+1)
= Fr;A — ) +Fr B (—)
Poco o (’»0) 00; " ho

+0 (Frf). (81)

The expressions for the coefficients [A;‘:), B;f‘)] and
(AL, B;‘;‘)] are provided in Appendix B 3. The underlined
terms in each equation above correspond to the “second-
order” solution of Tij and Santos [29].

Figure 10(a) displays the profiles of dimensionless tan-
gential heat flux ¢,(y) at a Froude number Fry =5 x 1073
for restitution coefficients of ¢, = 0.2, 0.5, and 1. It is seen
that ¢,(y) is positive and has a maximum at the channel
centerline y = 0, and decreases away from the centerline.
Figure 10(b) clarifies the dependence of g,(0) on the Froude
number Frp; ¢,(0) increases significantly with increasing
Froude number at any value of e¢,. It is further seen that
the variation of ¢,(0) with e, remains monotonic [inset of
Fig. 10(c)] and nonmonotonic [main panel of Fig. 10(c)]
at large and small values of Frg, respectively; this result
mimics the corresponding variations of the excess tempera-
ture AT [Fig. 3(a)], the first normal-stress difference A (0)
[Fig. 6(c)], and the second normal-stress difference N3(0)
[Fig. 7(c)]. The critical Froude number for the ‘“nonmono-
tonic — monotonic” transition of ¢,(0) as a function of e,
can be ascertained from Fig. 10(d) which shows the con-
tour map of dq.(0)/de, in the (Frg, 1 —e,) plane. From
the phase diagrams in Figs. 5(b), 6(d), 7(d), and 10(d), we
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FIG. 11. Profiles of (a) the normal component of heat flux (q; =
qy/Ppoco) and (b) the temperature gradient (d7T/dy) for Fro =5 x
1073, In each panel, the profiles for different restitution coefficients
are marked by ¢, = 1, 0.5, and 0.2 next to each curve.

find that

Frglg:(0)] ~ 0.008 > Frg[N;(0)] ~ Frg[N>(0)]
~ 0.004 > Fr§[AT] ~ 0.003; (82)

1.€., the onset of the “nonmonotonic — monotonic” transition
for g, (0) occurs at a higher value of Fr(, compared to its value
for other rarefaction metrics (N}, N2, and AT).

Returning to the normal component of the heat flux g,(y),
Fig. 11(a) shows its transverse profiles for three restitution
coefficients at Fro = 5 x 1073. It is seen that qy(y) vanishes
at the channel centerline [Eq. (81)] and is positive or negative
for y > 0 or y <0, respectively. The latter can partly be
understood from the corresponding profiles of the temperature
gradient dT/dy; see Fig. 11(b). According to Fourier’s law,
the normal heat flux obeys

qy
= —Kyy— = Kyy = — S
qy Yy yy dT /dy

(83)

and the positivity of thermal conductivity (xy,) dictates that
qy and dT /dy must be of opposite signs which is satisfied far
away from the channel centerline at y > yn,x [i.e., the loca-
tion at which T (¥ = Ymax) = Tmax]- In fact, within the central
core of the channel, spanning —ymax < ¥ < Ymax, the heat
flows from the colder region [y = 0 at which T(0) = Ty, ] to
the hotter region [|y| < Ymax at Which T(y = Ymax) = Tax]-
This departure from Fourier’s law is tied to the rarefaction

or shearing effects which is also responsible for nonzero
tangential heat flux.

Inserting Egs. (81) and (59) into Eq. (83), the expression
for normal thermal conductivity is found as

Ky (V) = Y
w dT /dy)
3 _
AR, AP (),
44 249 \ Ao
y 2
=KNS(en)[1+ (—I;ax> +"~j|, (84)
where
evsen = AD 157 et 25/
VT 44D T A0 +e)23 —1le,) 32
(85)

is the dimensionless thermal conductivity at Navier-Stokes
order. Note that xyg remains constant, expectedly, across the
channel width since ypax A(Tz) — 0 at this order. Moreover,
kns(e,) increases with decreasing restitution coefficient as
expected in a heated granular gas [40].

For rarefied flows, the thermal conductivity is characterized
by a rank-2 tensor via the generalized Fourier law:

dT
qx — _ Kxx nyi| dx (86)
<Qy> |:K>'x kyy (‘%)’
where k,, is given by Eq. (84). For the present unidirectional
flow (dT/dy # 0, but dT/dx = 0), an expression for the

cross thermal conductivity «,, can be obtained from the first
equation of Eq. (86):

0
va()’) = - 1 ~ _:)Sh)
’ dT/dy) 4A% Fry

[ ) } v)
x 1+(ﬂ) +.- (—) >0, (87)
y y

which agrees with its expression for a molecular gas with
e, = 1[15].

Rarefaction effect such as the anomalous normal heat flux
(Fig. 11) around the core of the channel where the temperature
gradient opposes the heat current may have an analog in
thermal conduction on harmonic chains that show gradients
of local temperature opposing the heat flow as discussed by
Riedler et al. [44]. While the latter is known to be due to the
long-range character of heat transport for harmonic chains,
the induced shear gradient drives (i) the anomalous normal
heat current as well as (ii) the tangential heat flux in the
present flow even in the absence of a temperature gradient
along the tangential direction. In any case, the simulation data
on both g, and g, for the gravity-driven Poiseuille flow of
a heated or unheated granular gas are currently lacking; the
present theoretical results can be compared when such data
are available. On the other hand, the DSMC results for a
molecular gas (e, = 1) undergoing Poiseuille flow have been
carried out by Uribe and Garcia [14] along with solutions of
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Burnett-order equations; their heat-flux profiles look similar
to those in Fig. 10(a) and Fig. 11(a).

VI. PADE APPROXIMANTS AND DISCUSSION

A. Padé approximants and the range of validity
of present series solutions

Following our recent work [15], the Padé approximation
[45] method is employed to the present series solutions to
check their region of convergence. The main idea behind this
method is to replace a known “truncated” power series of
a function by a sequence of rational functions [46—48]; for
example,

PIM, N] (f(x) = Zw“) w2 g
a=0

~ By(x)

is the Padé approximant of a known power series f(x) =
fo:o a,x®, which can be rewritten as

iaxa_.Ao—i-Alx—i-Azxz—l-“-—‘rAMxM
= 1 Bix + Box? - + Byx¥

+OMNH, (89)

where we have chosen By = 1, with a total of (M + N +
1) unknown coefficients. To determine M + 1 independent
numerator coefficients (Ag, ..., Ay) and N independent
denominator coefficients (B, ..., By), the first (M + N +
1) terms of the power series Y o_,a,x® are compared
with the respective terms in the Taylor series expansion of
PIM, N](x). The emerging rational function P[M, N](x),
given by Eq. (89), is called a Padé approximant of order
(M, N) to the given power series; if M = N, then P[M, M]
is called a “diagonal” Padé¢ approximant.

Let us consider the present series solutions for N;(0),
N>(0), and ¢,(0), with each quantity being evaluated at the
channel centerline,

N1(0) = Frg[AD) () — AT (en)]

+Fr§[BY) (ea) — By ()], (90a)
N> (0) = Frg[AD) (e,) + 247 (en)]
+Fra[BY (e) + 2B (e)].  (90b)
2O _ FroA (e,) + FryBL" (en). (90c)
Poco

with the first and second terms in each series representing its
leading- and higher-order contributions, respectively. These
solutions [Eq. (90)] are displayed in Figs. 12, 13, and 14;
the leading- and higher-order solutions have opposite signs
at large enough value of Fry for any e,, which indicates
the asymptotic nature of the power series. This oscillatory
behavior can be understood by inspecting the signs of the
respective coefficients of leading- and higher-order terms:

AR (en) — A (ex) > 0, Bj (en) — Bj (en) <0,
(91a)
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FIG. 12. Comparison of second- (top red line) and fourth-order
(bottom blue line) results for the centerline first normal-stress dif-
ference N (0) with its leading-order Padé approximant (middle line)
P12, 2] for (a) e, =1 and (b) e, = 0.2. In panel (a), the seventh-
order Padé approximant P[7,7] for the elastic case [15] is also
superimposed.

AR (ex) + 245 (en) <0, By (en) + 2By (en) > 0,
(91b)

AP (en) >0, BV(e,) <0, 91c)
which hold at any e, as confirmed from related expressions in
Appendix B.

For each power series in Eq. (90), we have calculated the
leading-order Padé approximations which are messy functions
of Fry and e,, see Egs. (C1)—(C3) in Appendix C, and their

expressions for a molecular gas (e, = 1) are given by

NEH0) = PN (0)](Fro, e,)

o= 317Fryn 9
- 16(1 17488781Fi3x \ ’ ©2)
( + —m )

NE20) = P2N0)I(Fro. e,)

0= 71Frym 03
- _8(1 4 2492539Fr3n)’ ©3)
355

q>20) = Pq.(0)](Fr, e,)

e,gl SFrO \/E (94)

8(1 + 2100392Fr3n)
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FIG. 13. Same as Fig. 12, but for the centerline second normal-
stress difference A(0). In each panel, while the second-order and
fourth-order solutions refer to the bottom and top lines, respectively,
the middle line refers to its Padé approximant.

which agrees with the second-order Padé approximants de-
rived in our recent work [15]. Figures 12, 13, and 14 show
the comparisons of Padé approximants, Eq. (C1), Eq. (C2),
and Eq. (C3), respectively, with corresponding second- and
fourth-order solutions. In each figure, the panel (a) represents
results for a molecular gas (e, = 1), while panel (b) represents
a granular gas with e, = 0.2. It is seen that the fourth-order
solution for each rheological field closely follows its Padé
approximant P[2, 2] over a larger range of Fry, compared
to its second-order counterpart. Comparing panels (a) and
(b) of Figs. 12, 13, and 14, we find that the range of Fry
over which the fourth-order series solution is valid increases
when inelastic dissipation is switched on; for example, the
fourth-order solution for N;(0) follows its Padé approximant
uptoFro <5 x 1073 and Fry < 1072 ate, = l and e, = 0.2,
respectively. Therefore, the inelasticity increases the range
of validity of present higher-order series solutions in terms
of Fry.

The influence of restitution coefficient on rarefaction ef-
fects (N1, N2, and ¢,) can be understood by comparing the
leading Padé approximant P[2, 2] between panels (a) (e, = 1)
and (b) (e, = 0.2) in Figs. 12, 13, and 14. We find that the
magnitudes of AV (0), NV>(0), and g, (0) increase significantly
with increasing inelasticity at Fry > 1073,

In Figs. 12(a), 13(a), and 14(a), we have compared P[2, 2]
with respective seventh-order Padé approximant P[7, 7] that
has been recently derived by us [15] from the tenth-

Qx(o)/Poco

—0.01- ()

103 1072 10"
Fro

0.04~
0.03 1/

' P[2,2]
0.02-

0.01-

Qx(o)/Poco

0.00-

-0.01-

-0.02-
104

103 1072 10"
Fro

FIG. 14. Comparison of first- (top red line) and third-order (bot-
tom blue line) results for the centerline tangential heat flux ¢,(0)
with its Padé approximant P[2, 2] (middle line) for (a) e, = 1 and
(b) e, = 0.2. In panel (a), the sixth-order Padé approximant P[6, 6]
for the elastic case [15] is also superimposed.

order perturbation solutions of a molecular gas undergoing
acceleration-driven Poiseuille flow. It is seen that the leading
Padé approximant P[2, 2] closely follows its higher-order
counterpart for N;(0) [Fig. 12(a)], M>(0) [Fig. 13(a)], and
q.(0) [Fig. 14(a)]; this also provides a check on the consis-
tency of our higher-order solutions. The agreement between
P12, 2] and P[7, 7] suggests that a “global” Padé approximant
for each profile [Ny (y), M2(¥), ¢: (), gy (¥), T(y), ...], based
on the fourth-order solution, could be a good approximation
for each field; such Padé approximated solutions are likely to
be valid for larger values of Fry (> 0.01) than the original
fourth-order (asymptotic) series solution.

B. Qualitative comparison with simulation:
Heated and unheated granular gases

In the previous section, we have established the asymptotic
nature of our higher-order solutions via a comparative analysis
of Padé approximants of different orders based on present
series solutions. Here we discuss the similarities and differ-
ences of the present theoretical predictions of a gravity-driven
heated granular gas with recent DSMC (direct simulation
Monte Carlo) simulations of gravity-driven Poiseuille flow
[32] of a granular gas (e, < 1) without white-noise forcing.
First we spell out the assumptions laid out in simulations
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which have been carried out in a channel of dimensionless
width W/o = 1860, where o is the particle diameter. The
average Knudsen number, defined as

T (V27 par) ™!
n=s—=-———""—

WS (We) € (0.03, 10), (95)

has been varied by varying the reduced density p,, = n4,0°> €
(1072, 107%); for example, the equilibrium mean-free path is
Aay = 1860 at areduced density of p,, = 1.21 X 10~2. There
is another independent control parameter in simulations to
characterize the body force defined via

(96)

where T, is the wall temperature, m is the mass of a particle,
and kp is the Boltzmann constant (set to unity in simulations).
All reported simulations of Gupta and Alam [32] correspond
to g = 0.5 and higher, since the DSMC data were found
to be noisy for g < 0.5; this is a well-known problem of
the standard DSMC method [49]; see below. In contrast
to simulations of “wall-bounded” planar channel flows, we
have a single control parameter Fro = gio/c} (the Froude
number defined at the channel centerline y = 0) in the present
theoretical analysis. The latter can be tied to two simulation
control parameters via the following relation:

~ r W T Fr T; A T
g M Tw  Kng\Ty Ty

o7)

Assuming that T, & Ty and Kng =~ Kn, we have Fry ~
2Kng = Kng/2 with g = 0.5 [32]. Recalling that the present
perturbation solutions hold only in the bulk region of the
channel (around its centerline) and the wall effects are likely
to influence the bulk at Kn ~ O(1), it is reasonable to assume
that the present solutions are valid at Kn ~ O(0.1) or less
which translates into an approximate upper bound of Fry <
0.025; this value falls within the range of validity of our
fourth-order solutions (Figs. 12—14).

Note that the particle simulations of Refs. [31,32] cor-
respond to Frp € (3 x 1073, 5). They established that the
excess temperature AT, the centerline values of the normal-
stress differences [A7(0), N2(0)], and the tangential heat flux
[g.(0)] increase with (i) decreasing e, and (ii) increasing g;
these observations are similar to our predictions beyond Frg ~
5 x 1073 [Eq. (82)]. On the other hand, theoretical predictions
on the e, dependence of the above quantities at Fry < Fr{ are
qualitatively different from those found in simulations. We
may conclude that the macroscopic properties of the gravity-
driven Poiseuille flow of an “unheated” granular gas [31,32]
are similar to those of the present theoretical predictions for a
“heated” granular gas only at Fro > Frg,.

Another finding of simulations [32] is the competition
between “dissipation-induced clustering” and ‘rarefaction-
induced declustering” which is implicated as a nonmono-
tonic dependence of AT on Kn in the quasielastic limit (see
Fig. 7(a) in Ref. [32]). Although it is not possible to isolate
the effects of Kn and g in the framework of present theory,
we make use of the approximate relation (97) and substitute

1.0 \
x
08| ‘ 0.030
|
‘ ‘ 0.025
‘ 10.020
0.6 |
- ‘ 0.015
o |
] 0.010
-
0.4 0.005
| 5 0
j ~0.005
0.2 } -0.010
| -0.015
|
0.0 .
105 3x10~%  5%x103

Kno

FIG. 15. Contour plot of d AT /dKny in the (Kng, 1 — ¢,) plane
based on the fourth-order solution for g = 0.5 and Kny ~ 2Fry; see
text in Sec. VI B for details.

it into Eq. (62) to obtain the Kn dependence of AT. With
the above approximations, the contour plot of “d AT /dKny”
in the (Kng, 1 — ¢,) plane is displayed in Fig. 15 based on
our fourth-order solution; it is seen that the present predic-
tions are opposite to those found in simulations [32] for an
unheated granular Poiseuille flow. Clearly, certain features of
the Poiseuille flow of a “heated” granular gas (especially at
small Fry) seem to be fundamentally different from those of
its unheated counterpart [31,32]. The reasons for observed dif-
ferences between the present theory and previous simulation
data at small values of Fry or Kn could be due to the presence
or absence of a bulk-heating mechanism as we discuss below.
While there is no bulk heating in the gravity-driven
Poiseuille flows studied in Refs. [31,32], the stochastic white-
noise term in our theoretical analysis has been added for the
convenience of generating a spatially homogeneous state (in
which the collisional cooling is compensated via this bulk-
heating mechanism) and the gravitational acceleration is then
added as a small perturbation to further analyze the dynamics
of the gravity-driven Poiseuille flow of a “heated” granular
gas. We speculate that for such a heated granular gas there is
a threshold value for Froude number below which the “bulk
heating” via white noise would dominate over gravitational
acceleration, leading to different results for the variations of
AT (and other quantities) compared to what is measured
in simulations [32] for a “purely” gravity-driven granular
Poiseuille flow. On the other hand, at large enough values of g,
or, Fry, the gravitational acceleration is expected to dominate
over stochastic heating and therefore the predicted results (at
large Fro > Fr() agree with both simulation results.
Notwithstanding the above arguments, the present theoret-
ical predictions on the nonmonotonic variation of transport
coefficients at Fry < Fry [Eq. (82)] can be checked if the
simulations are carried out by incorporating the stochastic
white noise in gravity-driven granular Poiseuille flow below
the critical Froude number Fr{. To this end, the standard
DSMC simulation technique, which is not suitable at small
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values of g due to the presence of inherent noise, must
be refined by employing a different or modified simulation
technique (such as “variance-reduced” DSMC method [50]).
This, along with an extension of the present work to dense
granular gases, is left to a future work. The latter extension
would provide an appropriate avenue for future verifications
via experiments of gravity-driven flow of inelastic spheres,
for example, down an inclined channel; the bulk heating can
be imparted either via (i) small-amplitude mechanical shaking
of the bottom plate on which the particles are resting, or, via
(ii) electromagnetic driving [51,52], or, by employing (ii) an
upward flow of a gas to energize the particles as in a fluidized
bed [53]. These issues are beyond the scope of the present
paper, and clearly a lot of work remains to be done from the
perspectives of theory, simulation, and experiments for this
simple flow configuration.

VII. IS THE PRESENT PERTURBATION EXPANSION
EQUIVALENT TO CHAPMAN-ENSKOG EXPANSION?

It is interesting to find out how the series solutions based
on a “nonstandard” perturbation expansion [12,29] in terms
of gravitational strength (dubbed “g-based” expansion) differ
from the well-known “Kn-based” Chapman-Enskog expan-
sion [3,4,7] in terms of the gradients of hydrodynamic fields.
This connection is a priori unclear which can be understood
from the fact that (i) both the shear stress and tangential heat
flux appear at first order O(g) but (ii) the normal heat flux
and the normal stresses are found at second order O(g?) in
the present g-based expansion [see Egs. (42) and (45)]. In
contrast, the tangential heat flux as well as the normal-stress
differences are known to be Burnett/second-order quantities
in a gradient expansion and both vanish in the Navier-Stokes
limit. It has been argued by Tij et al. [13] that these two
expansion techniques are not equivalent; we shall show that
such an equivalence can be established at the Burnett level if
we consider all fourth-order terms of g-based expansion. In
particular we ask, can the present series solutions for rheo-
logical fields be mapped to their Chapman-Enskog solutions?
If such a mapping exists, does the second- or fourth-order
solution contain all Burnett-order terms?

Recall that the closed-form analytical expressions for hy-
drodynamic and flux fields have been derived in terms of
(i) the centerline Froude number Fry and (ii) the rescaled
transverse coordinate y/Ag. Tying the Froude number with
Knudsen number (Fry o« gKng, where g = mgW /2kgT,, and
Kny is the local centerline Knudsen number [15]), one may
conclude that the g-based second-order solution [O(Fr(z)) x
O(Kn?)] is equivalent to the Burnett-order solution of the
Chapman-Enskog method, which is incorrect as we demon-
strate below; rather one needs all fourth-order O(g*) terms
to establish the equivalence between the two methods. Below
we analyze (i) tangential heat flux ¢, and (ii) two normal-
stress differences (N7 and N3) which vanish identically at the
Navier-Stokes order; the goal is to express the present expres-
sions for flux fields in terms of the gradients of hydrodynamic
fields which would help to make a one-to-one comparison
with related Burnett-order expressions.

Let us consider the Burnett-order expression for tangential
heat flux which, for unidirectional flows [d/dy(-) # 0, but

d/dx(-) =0=d/dz(-)], is given by [3,4]

o) 1040 d*u, 3 050 du, dT
ax(y) = 5 5 -
2p(y) dy* 2 p(y) dy dy

1 6% duydp

—— (98)
2p()p(y) dy dy

where the 6; are constants. From Eq. (54), we have u,(y) «
gy* + - - -, and therefore the first term of Eq. (98) yields ¢,
g at leading order which tallies with that found in Eq. (42).
Now assuming that our expression for tangential heat flux g,
Eq. (80), can be put in a form as in Eq. (98), and employing
the hydrodynamic profiles in Eqs. (54)—(56) and after tedious
algebra, we obtain

du, dT

dy dy

q:(y) = + |:052(en))\%n0

Uy
dy*?

+az(e, ))‘() d_

»dp d*u,
d—+0[4(en))»0p0d ) +0(Fr0)
bv_z

99)

where the subscript O refers to quantities being evaluated at
the channel centerline, with

757 e, =1 25T

@) = e @B —1lenG—e) — 128"
(100a)
o 225(111 — 47e,)7 o1 257
ar(e,) = = —,
2 8(23 — 11¢,2(3 —e,)(1 + ¢,)? 16
(100b)
o1 128157
= 100
(@) =" Tog1ag (100c)
ool 330762572
st 208 100d
os(en) 2113536 (100d)

and the expressions for os(e,) and wy4(e,) are given in
Sec. IV A of the Supplemental Material [41]. The underbraced
last term in Eq. (99) is of fourth order in spatial gradients and
hence represents a super-super-Burnett order term, and the
remaining terms are of second order in spatial gradients and
hence represent truly Burnett-order contributions. It has been
verified that the underlined term in Eq. (99) has contributions
from O(Frg) and O(Fr}) [i.e., a1 ~ O(g) + O(g*)], and the
remaining terms have contributions only from O(Fr}) [i.e.,
(a2, a3, a4) ~ O(g>)] and hence are of purely third order
in gravity. Therefore, the tangential heat flux g,, Eq. (80),
with all terms up to third order O(g?), can be mapped to its
corresponding Burnett-order expression.

Moving onto normal-stress differences, the related
Burnett-order expressions for first (V] = P, — P,,) and sec-
ond (N, = Py, — P.;) normal-stress differences are given by

2
Ana? d—T +C nk2<

dug\? d*p
E N ——
dy? dy>+ld

(7)) ()

Ny =

(101)
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d>T du,\* d*p
Na(y) = Apndi® —— 4 Cond? | — & —L
2(y) 2N 4y + Con dy + & 4y
nA2\ [dT\? 22\ (dp 2
T J\dy p y
Az dpdT
ey (102)
T dy dy
where the values of constants (A;, B;, ...) can be found in

Sela and Goldhirsch [23]. Following the same procedure
as that of ¢,, the present series solutions for normal-stress
differences can be put into

d>T duy \? d
Ni(y) = [Alno)»é 5 +C1n0k§<—> +E1)»2—p]

dy dy 0 dy?
A2 (dT\? A2 (dp\?
&M(_) + Dl_o(_l’>
To \dy po\dy
AydpdT 6
0+ o(FY), 103
1T() dyd + (ro) ( )
d*T du, \* d*p
Na(y) = | Apngh2— + Congr [ — E 02 —L
2(y) |: 2o Odyz + Cong 0 dy + E; Ody2
A2 (dT\? A2 (dp\?
BZM(_> 4 DZ_O(_p)
To \dy po\dy
Ay dp dT 6
2T+ o(F), 104
ZTO dy d + ( ro) (104)

where the expressions for restitution-dependent coefficients
[A;(e,), Bi(e,), ...] are too cumbersome to be reproduced
here, but have been written down in Sec. IV of the Sup-
plemental Material [41]. Note that all terms in Egs. (103)
and (104) are second order in spatial gradients, representing
true Burnett-order contributions as in Egs. (101) and (102).
We have verified that the underlined terms in Eqs. (103) and
(104) have both second- and fourth-order [O(g?) + O(g*)]
contributions, but the remaining terms originate only from
fourth-order [O(g*)] terms. Therefore, all fourth-order terms
in the series solution of the pressure tensor are needed to
map the corresponding expressions of two normal-stress dif-
ferences to their Burnett-order counterparts.

Based on the above analysis we conclude that the present
g-based expansion [12,15,29] is equivalent to the well-known
Burnett-order Chapman-Enskog expansion if all terms up to
the fourth-order [O(g*)] are incorporated in the former.

VIII. SUMMARY AND CONCLUSION

The effect of inelastic dissipation on the bulk hydrody-
namics and rheology of the gravity-driven flow of a “heated”
dilute granular gas has been studied by solving a pertinent
kinetic model using the perturbation expansion technique.
A BGK-like kinetic model [24,29] with white-noise forcing,
which compensates for collisional cooling due to inelasticity,
has been employed to approximate the Boltzmann collision
operator. Neglecting wall effects and focusing only on the
bulk region around the channel centerline, the effect of gravity
was incorporated perturbatively around a “uniform” state of

constant temperature and density. The perturbation analysis
followed the previous work of Tij and Santos [29] on the same
problem, but we went on to calculate fourth-order solutions in
g that are found to have different dependencies on inelasticity
and forcing from the second-order solution of Ref. [29],
and the complexity of the problem has precluded us from
calculating further higher-order terms. Apart from gaining an
understanding of how the predictions based on higher-order
solutions differ from their leading-order solution, two other
goals of the present work were to (i) analyze the convergence
properties of the underlying series solutions as done recently
[15] for a molecular gas and (ii) check the equivalence of
the gravity-based perturbation expansion with the Chapman-
Enskog expansion.

The closed-form solutions for hydrodynamic (velocity and
temperature) and rheological (pressure tensor and heat flux
vector) fields have been used to analyze various rarefaction
effects in detail: (i) the temperature bimodality, or, the ex-
cess temperature [AT = (Tmax — To)/ To, Eq. (62)], (ii) the
normal-stress differences, and (iii) the tangential heat flux as
functions of the restitution coefficient (e¢,) and the Froude
number Fry. It is shown that AT increases with increasing
dissipation for Fro < 5 x 1073; for small enough values of
Fry (< 5 x 1073), however, a “nonmonotonic” behavior of
AT with e, [i.e., AT decreases with decreasing e, for e, €
(1, 0.5), but increases for ¢, < 0.5] is observed [Fig. 3(a)].
In contrast to these predictions based on the fourth-order
solution, the leading (second-order) solution (Fig. 4) yielded
a nonmonotonic variation of AT with e, for all Fry which is
at variance with DSMC results [32].

A similar “nonmonotonic — monotonic” transition beyond
a minimum value of Fry has been found also for (i) two
normal-stress differences (Figs. 6 and 7) and (ii) the tangential
heat flux (Fig. 10). The results presented as phase diagrams in
the (Frg, 1 — ¢,) plane in Figs. 5(b), 6(d), 7(d), and 10(d) can
be summarized as follows: there is a critical Froude number
Fr = Fro(e,) above and below which the excess temperature
AT, the first and second normal-stress differences (N7, N>),
and tangential heat flux g, vary monotonically and nonmono-
tonically, respectively, with restitution coefficient. Overall,
the inelastic dissipation plays a “dual” role of decreasing (at
Fro < Frg) and increasing (at Fro > Frg) the values of AT,
N1, and \; with decreasing restitution coefficient e, from the
elastic limit. Therefore, we can conclude that the rarefaction
effects in gravity-driven Poiseuille flow of a heated granu-
lar gas depend crucially on a competition between inelastic
dissipation and external forcings: the inelastic dissipation
competes with white-noise forcing if the Froude number is
small enough (Fry < Fr(), but it competes with gravitational
acceleration at Fro > Frg with the white-noise forcing playing
a passive role. In contrast to our recent work [15] on the
Poiseuille flow of a molecular gas for which both the leading-
and higher-order solutions gave qualitatively similar results,
the present case of the granular gas yielded qualitatively
different results when the higher-order terms are included.

The convergence properties of the present series solutions
have been analyzed following our recent work [15] that dealt
with related issues for a molecular gas undergoing gravity-
driven Poiseuille flow. A comparison between the leading-
and higher-order solutions for the centerline values of N;(0),
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MN>2(0), and ¢.(0) clearly indicate that the present series
solutions are likely asymptotic. The leading Padé approxi-
mants for A;(0), M>(0), and ¢,(0) have been determined;
a comparative study between series solutions and Padé ap-
proximants confirmed that (i) the fourth-order solution has
a larger range of validity in terms of the Froude number
Fry than its leading-order counterpart and (ii) the role of
inelasticity is to increase this range of Fry. It is recommended
that a global Padé approximant for each series solution be
determined from the present fourth-order solutions which is
likely to be applicable for larger values of Fry. A qualitative
comparison of the present theory with related simulations
[31,32] indicates that the gravity-driven Poiseuille flow of a
heated granular gas could be fundamentally different from its
unheated counterpart. The reasons for observed differences
between theory and simulation data at small values of Fr
may be due to the presence of bulk-heating mechanism as

J

discussed in Sec. VI B; this needs to be verified in a future
work.

We have demonstrated that the present gravity-based ex-
pansion for Poiseuille flow is equivalent to the well-known
Burnett-order Chapman-Enskog expansion [i.e., a perturba-
tion expansion in terms of the Knudsen number or the gra-
dients of hydrodynamic fields, up to O(Kn?)] if all terms up
to the fourth order in gravitational acceleration [0(g4)] are
retained in the former.
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APPENDIX A: SOURCE TERMS IN EQ. (34), AND THE FORM OF DISTRIBUTION FUNCTION AT DIFFERENT ORDER

The source terms in the master equation Eq. (34) at second, third, and fourth order in g, respectively, are given by

1 9 du'V
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The structure of &7*¢® suggests the following functional form of the second-order distribution function:

®P(c;y) = by + blci + bycyy + byy* + b4c;‘ + b5c§y + b()ciy2 + b7cyy3 + cﬁ (bg + bgci + biocyy + biy* + blgc;t

+bi3cyy + biacyy?) + ¢ (bis + biscy + bircyy 4 bigy” + biocy + bacyy + baicyy? + bxncyy?).

(A4)

The coefficients b; can be expressed in terms of pf), Tz(z) , and T4(2) by inserting Egs. (43), (A1), (A4) into Eq. (36). Section I of
the Supplemental Material [41] contains the expressions of the coefficients b; as a function of ¢y [Eq. (30)].
The trial distribution function at fourth order O(g*) is given by

Wy, 0) = doC;2 +dict +dy + dsc? + Ci (d4Ci +ds + dsci) + c‘;,(dwi + dyc? + do) + Cs (dISC;‘; +dis + d17C,26)

+ C?(d]()cf, + dllci +dp+ d]g,Ci + d14C5) + C)llo(dlgcf + dlg) + Cf, (dz()Cj: + dmCi + dzz) + y7 [dzg,Ci + d24C§Cy
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+ ¢y (dos + dosc3) | + 2 dmcy” + dosc + doo + ¢y (dsocs + d31) + ¢ (dsacy + dis) + €3 (dsact + ds)

+ ¢ (dasct + dag) | + y*[dascy + daoc; + dao + darc)’ + ¢ (dacy + das + daacy) + ¢ (dascy + dasc + duz)

+ C?(d4sci + d496§ + dso + d51cg) + Cf. (dszc)% + dss) + C?, (d54Ci + dssc? + dss)

+ cf{dwf + dsg + d59C§ + Ci (deo + dﬁlc,zc) + Ci (dﬁch + de3) + Cg (de40)2¢ + des) }]

+ y3[d66€3 + ¢y (de7 + descr + deoct) + 3 (drocy + d71€§ + d72€§) + Ci (d73¢t + dpact + drs) + C; (d76 + dpc?)
+c; (drscy + doo + dsocs) + c{dsic] + ¢y (dsy + dsacy) + ¢ (dsaci + dss) + ;) (dsecy + dy7) }]

+ 3 [dsse] + 2 (dsocy + doocy) + ¢ (dorc; + don) + ¢ (doscy + doacy + dos) + ¢y (doscy + do + dosc?)

+ c2{doocy + ¢ (dioocs + dior) + ¢y (dioacs + dios) }] + y[dioacy' + cy(dioscy + dios + diorcy)

+ C?(dIOSC; + digocy + dnocf, + d111cf,) + cf, (diioct + diisct +dis) + cz,(dmci +di16 + di17¢3)

+c; (discy +diioc; + din) + €5 (diaic; + din) + c2{dinsc) + ¢y (dinacy + dias) + ¢ (dizecy + diz)

+ 3 (dinset + dino) + ] (dizoct + diar) }] + yO[dinaci + disscy + diza + diascS + 2 (dizecs + diz)

+ C;‘,(dmsc,% + dy30) + Ci(dmoci + diaicl +din) + C?{d143cf, + diag + dyascr + Ci(d146C)2C +dia7)}] + y*[dias
+diaoc?t + dysoct + d1510§ + Ci,‘(dmci + d153C§ + dis4) + CS (dissc: + dise) + C;‘ (dis7¢} + diss + disocs)

+c; (disocy + disic; + diga) + c2{dieac; + dies + diosc’ + ¢} (diesc + digr) + ¢ (diescs + dieo) }]. (A5)

with unknown coefficients d;. Section III of the Supplemental Material [41] contains the expressions of the coefficients d; as a
function of &.

Expressions for ;(&) in Eqgs. (48)-(52)
The expressions for B;(¢y), withi = 1,2, ..., 12 appearing in Egs. (48)—(52), are given by

B1(Lo) = 10904 + 30784¢, + 29442¢F + 1070623 + 799¢, — 165¢;, (A6)
Ba2(Co) = 336144 + 1690880¢, + 3427496¢7 + 3545632¢; + 1930569¢, + 49502025 + 35069¢0 — 942¢] + 115248, (A7)

B3(Lo) = 50528 + 367408¢ + 1102144¢7 + 1768792¢; + 1631470, + 839947¢;
+186671¢ — 22797¢] — 20613¢5 — 3150z, (AB)

Ba(Zo) = 8412320 4 55869712¢) + 15160433627 + 217466256¢; + 177155550¢; + 80683559¢; + 17862719¢¢
+760059¢] — 284625¢8 — 22086¢;, (A9)

Bs(Zo) = 1599319168 + 169624438407, + 8033643241672 + 2246693504167 + 4129628393527 + 5241786203647
+46768558741428 + 2907691900277 + 120744935798z8 + 29912882466¢, + 2824796520¢,°

459960093z, ' — 127318068¢,* — 6481620¢,°, (A10)
Bs(Co) = 5148064 + 32818512¢) + 89374032¢7 + 136566880¢; + 128589078¢y + 75796543¢; + 26372423¢8
+4378435¢] +27903¢8 — 56070¢;, (A1l)
21144 + 706360 + 43978¢2 — 2137¢7 — 2455¢
B1(¢0) = ( - 0 0), (A12)
(14 0)(2 + §0)*(2 + 5%0)
Bs(Zo) = 393880320 + 5561605632¢) 4 3494236633627 4 1290060124167 + 311212453440¢,

+515641881312¢5 + 599613703128¢¢ + 4901331648487, 4 276196369025¢8 + 101648368600¢,

+21034331946¢,° + 954252636¢," — 548620335707 — 105666444¢,° — 4864860¢,*, (A13)

Bo(o) = 1066982656 + 11957194240, + 58644859232¢; + 165729887792¢; + 298651532384¢, + 358002977288¢,
+287936971998¢¢ + 151710315739¢, + 4820984339628 + 6708938562¢, — 779555905¢,°
—433209456¢, ' — 571824367, — 2568240¢,°, (A14)
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Bio(Zo) = 1562108416 + 17537832640, + 86542601952¢2 + 2473861181127 + 4542107570242,
+560679708268¢7 + 4724060950782 + 2691464978047 + 99542188931¢8 + 214158048327

+1710159795¢,° — 250281216¢,' — 61806996¢,* — 3518640¢,°, (A15)
Bi1(o) — (2668 + 1038850 + 14179¢2 + 7782¢3 + 1323¢)
e (14222 + )2 + 3%) ’
(10904 + 30784, + 294423 + 1070643 + 7995 — 165¢3)
B12(0) = > 3 : (A16)
(1 +0)(2 + 60)’ (2 + 3%0)
APPENDIX B: COEFFICIENTS FOR COMPONENTS OF PRESSURE TENSOR AND HEAT FLUX PROFILES
1. Coefficients for the profiles of P.,, P,,, and p
The coefficients in Eq. (67) for the profile of the streamwise component of the pressure tensor, Py, (y), are given by
12(9857 — 8848e, + 1943¢2) 7 56
Y ‘ ar e % (Bla)
(23 —11e,)2(3 —e,)(1 + €,)%(7 — 4ey) v 5
B} = —367°[5320754896044755779981 — 35877011084597009391976e, + 111115985314990042130202¢2
= —209260794755553159211808¢] + 267308195315857706173715¢} — 244522198035548263661904¢>
+ 16475318973628 13484885248 — 82762935701338832923008¢’ + 30987888908467886051427¢°
—8538024661047139191880¢) + 1682007130713849816634¢.° — 224255541997835773344e,2
+7(2589577455921188219 — 957855743614328%6¢, e, |
x [543 — 31¢,)(23 — 11€,)°(19 — 13¢,2(11 — 7e,)*(7 — 4¢,)* 3 — e,)*(1 + e,)*] ", (B1b)

Bgn = -T2m [297764390618121 — 1336319970806724e, + 264575794320879565 — 3031908723 88930462

+2215160257764909¢, — 1069496529175192¢, + 341011922140153¢7 + 2(—34596914007360¢,
+4050199731259¢% — 208219651654e¢,)] /[5(23 — 11€,)*(19 — 13¢,)(11 — Te,)*(7 — 4e,)* (3 — e,)(1 + €,)?],

(Blc)
32(5596639 — 6700494e, + 25489832 — 303352¢3)
B _ _ n n) (B1d)
Prx 375(23 — 11e,)%(7 — 4e,)
896(3 — e,)(1 + ¢,)%(23 — 1le,
BY — B —e)d +e)( e)‘ (Ble)
281257
The coefficients in Eq. (68) for the profile of the normal component of the pressure tensor, Py, (y), are given by
o _ 18(6251 — 5689, + 1274¢2)x (B23)
P (23— 11€,)*(3 — en)(1 + €,)(7 — 4ey)’

BQ{_ = 16277 (1354691680544184238686 — 918733673525690404228 1, + 28636088167766335738937¢;
—54308753351026710931123¢ 4 69911218399217725196165¢; — 64497676836474350854374¢>
+43865675308547505987594¢5 — 22264211953507998060198¢ + 8431549531175073291912¢8
—2352541510274823678405¢] + 469959819894931083629¢% — 63635525402694635639¢!
+5233325118637887973¢,> — 197350505969264732¢,°)

x [5(43 — 31e,)(23 — 11e,)°(19 — 13¢,)*(11 — 7e,)* (7 — 4e,)* (3 — €,) (1 + e,1)4]_1. (B2b)
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The coefficients in Eq. (70) for the profile of pressure p(y) are given by

24

2) _
A9 = el (B3a)
Bf) = 2167 (—52090704728123 + 234845857387702e, — 467424166402175¢; + 538907611421082¢;

—396500364588437¢! + 192986974641646¢] — 62112762801669¢° + 12740801991190¢] — 1510564387244¢"

+78820425644¢°)[5(23 — 11¢,)*(19 — 13¢,)(11 — 7e,)*(7 — 4€,)° (3 — e)(1 + ¢)*] ", (B3b)
. 32(1039837 — 1282302e, + 510189¢2 — 65116¢; )
BW = — , (B3c)
P 125(23 — 11e,)2(7 — 4ey)
128(3 — e,)(1 +¢,)*(23 — 11e,
B© — ( en)(1 4 e,)7( e)' (B3d)
P 93757

2. Coefficients for velocity profile
The coefficients in Eq. (77) are given by
2
Af) _ 21 4+e,)3 — en)(4347 —4563e, + 11886,,)’ (Bda)
* 12523 — 11e,)(7 — 4e,)/7
12ﬁ(—383782811 + 908929590¢,, — 85093153065 + 39310640063 — 894561 15@2 + 800288262)

B® — , (Bdb
Y 5123 — 11¢,)3(11 — 7e,) (7T — 4e,)*(1 + e,,) (B4D)
e _ 20+ e)3 —e)(174861 — 176679, +43614¢3) B4e)
= , c
Ha 675123 — 11e,)(7 — 4en)ﬁ
56(23 — 11e,)(1 4+ €,)°(3 — ¢,)?
©6) _
Bu’ = 8437573/ ‘ (Bad

3. Coefficients for heat-flux (¢, and g,) profiles
The coefficients in Eq. (80) for the profile of tangential heat flux are given by

o _ 157
& 23 4+ 12¢, — 112’
B = —457°/%(3769555817759 — 14637241462374¢, + 24691376445453¢; — 23623690330552¢;
+ 14015159421105¢;, — 5277353757678¢, + 1231242375563¢% — 162685459956¢, + 9320085144¢%)

x [2(23 — 11e,)* (19 — 13¢,)(11 — 7e,)*(7T — 4e,)> 3 — e,)(1 + €,)°17", (B5b)
63/ ((— 176362594 + 395375060, — 348605095¢2 + 150358525¢] — 31474235¢} + 2522803¢))

(B5a)

BY = ., (B5c)
& 5123 — 11e,)’(11 — Te, (T — 4e,)*(1 + e,)
B _ 4B —en)d (171 —4876,,). (B5d)
s 7523 — lle,) /7
The coefficients in Eq. (81) for the profile of normal heat flux are given by
8B —e)(1 + e,
a0 = 88— el +e) (B6a)
a 157
B 16/7 (—383782811 + 908929590¢, — 850931530¢2 + 393106400¢; — 89456115¢, + 8002882¢;) (B6b)
o 5123 — 11e,)3(11 — Te, (T — 4e,)*(1 + e,) ’
2
B _ 16(3 — e,)(1 + €,)(33789 — 34271e, + 8486en)’ (B60)
a 625(23 — 11e,)(7 — 4e,)/7
32(23 — 11e,)(3 — €,)*(1 + ¢,)°
B — " . B6d
o 21875m3/2 (Bed)
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APPENDIX C: PADE APPROXIMANTS FOR AN/;(0), N>(0), AND ¢, (0)

For each power series for V1 (0), N2(0), and ¢, (0) in Eq. (90), we have calculated the leading-order Padé approximants which
are complicated functions of the Froude number Fr( and the restitution coefficient e, as given by

6(38467 — 34763e, + 7708¢2)Frin
(3 —e,)(23 — lle,)

+ 15444005278650615516448 1, — 479956764139877105910837¢> + 907300369670346716803723¢>

— 1163817356224674939112915¢" 4 1069523487599365685013174¢) — 724297457249490250865394¢°

+365903778984249648387798¢ — 137859723597511431730062¢® + 38248922914567691489405¢)

—7593652640482079385929¢ 1% 4- 1021230812619923267439%¢!! — 83354010450637626823¢ !

+3117152594783443132¢13)(5(19 — 13¢,)*(11 — Te, )(7 — 4e, )*

NEH0) = PN (0)] = [1 + 3Frdn (—22833734916987169708136

x (—4962243 + 9715939¢, — 6914577¢2 + 2125941’ — 238948¢4)} ']
317Frim
to(1 + TR
—12(8896 — 8219, + 1879¢2)Frim
(3 —e,)(23 — lley,)
+46809019532715126988553¢, — 14660880819490697952023 1¢> + 279517985403687239168299¢>
—361892770277101820591770¢; + 335956893492720894027462¢] — 230037888040646205399822¢°
+117614971880233149618774¢] — 44896056872107773575781 ¢ + 12634848931426273913765¢,
—2547631248340529936027¢.° + 348464186626415947407¢)' — 28972883876292674224e
+1105655533193352316¢,°){5(19 — 13¢,)*(11 — Te,)(7 — 4e,)*

o
<
Il

, (ChH

NZ0) = PHN(0)] =

[1 + 3Fr%n(—6871470228852902368193

x (—1147584 4 2270107¢, — 1635951¢? + 510333¢? — 58249¢4)} ']
0= 71Fr}
= _8 (1+ 249r2057:9Fr(2Jn)’ (€2)

355
15F
P2q.(0)] = fov/T

(23 + 12¢, — 11¢2)
—23623690330552¢] + 14015159421105¢? — 5277353757678¢ + 1231242375563¢® — 162685459956¢]
+9320085144¢8) {2(1 + €,)> (11 — 7e,)*(57 — 58e, + 13¢2) (161 — 169, + 44¢2)’} ']

=1 SFroy/T

= v (C3)

8(1 + 210()3921-7r(2)71)

q2%(0) [1 + 3Fr{m (3769555817759 — 14637241462374e, + 24691376445453¢;

The corresponding expressions for a molecular gas (e, = 1) are also displayed above for each Padé approximant; this agrees
with the second-order Padé approximant derived in our recent work [15].
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