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Ising ferromagnets in Ising-percolation square lattices, an example of Ising-Ising coupling
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In this paper we consider the Ising model (called the dynamical Ising model with dynamical temperature T )
on the Ising-correlated percolation lattice. To construct this lattice, another Ising model (which is called the
quenched Ising model with quench artificial temperature Tq ) is employed to model the correlations between im-
perfections. We argue that for each quenched temperature, there is a particular dynamical temperature Tc(Tq ) for
which the dynamical Ising model becomes critical. We present some finite-size arguments (based on the moments
of the magnetism and the energy as well as the spanning cluster probability) to extract the critical points and also
show that they are compatible with the finite-size scaling of the singular point of the magnetic susceptibility.
The model is thoroughly characterized in and out of these points. We find that the critical behaviors of the
model change significantly with respect to the regular Ising model as well as the Ising model on the uncorrelated
percolation lattice. It is shown that for the critical lattice, Tq = T square Ising model

c ≈ 2.269, the critical temperature
for the dynamical Ising model in the thermodynamic limit is Tc(Tq = T square Ising model

c ) = 1.94 ± 0.005, and the

fractal dimension of the exterior perimeter of geometrical spin clusters is D
T =Tc (Tq=2.269)
f = 1.408 ± 0.002. Many

quantities, such as the dynamical critical temperatures, all local and global critical exponents, and the fractal
dimension of loops Df , scale with the quench temperature in a power-law fashion, with some critical exponents

that are reported. Significantly we see that D
T =Tc (Tq )
f − D

T =Tc (Tq=2.269)
f ∼ 1√

ζ (Tq )
in which ζ (Tq ) is the correlation

length of the quenched Ising model at temperature Tq .

DOI: 10.1103/PhysRevE.98.052136

I. INTRODUCTION

There are many reasons to consider the magnetic models
on imperfect host systems which realize the porous media.
This is mainly motivated by some experiments in which
the voids of percolating clusters were filled by (commonly
magnetite) nanoparticles of a ferromagnetic fluid [1–7]. On
the other hand the notion of a critical phenomenon on the
fractal lattices [8,9] has attracted much attention, e.g., the
sandpiles on uncorrelated [10,11] and correlated [12] host
media, random walks on the systems with imperfections
[13,14], and mixing of statistical models [15]. It is known that
the properties of the statistical critical models on the fractal
lattices are tuned by the details of the topological quantities
of the fractal lattice, mainly the cluster fractal dimension,
the order of ramification, and the connectivity [16], and no
lower critical dimension can be defined for them. The Ising
model as a simple binary magnetic model has been considered
on the uncorrelated percolation lattices, which is a simple
realization of the porous media without correlation between
the configuration of imperfections [17]. The host media are
therefore tuned by the percolation threshold p in that model,
which along with the temperature T presents a complete de-
scription of the model. We have two order parameters in such
a study: the spanning cluster probability [SCP(T , p)], which
is defined as the probability that a random chosen site belongs
to a spanning geometrical spin cluster (a cluster of connected
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parallel spins which connects two opposite boundaries of the
system), and the magnetization M (T , p). Two phase transi-
tions for these systems are present: the percolation transition
(occurring at T = Tp) in which the value of SCP drops from
zero (nonpercolating phase) to nonzero values (percolating
phase) and the magnetic transition (occurring at T = TM ) at
which M changes from zero values (paramagnetic phase) to
nonzero values (ferromagnetic phase). These transitions are
not necessarily simultaneous.

For modeling the stochasticity in the host media, one can
use annealed bond or site dilution and quenched dilutions. The
former is more tractable analytically (in terms of generalized
q-state Potts model), and the latter is more realistic. The Ising
q-state Potts model can simultaneously take bond dilution and
Ising dynamics into account, i.e., the q → 1 limit coincides
with the Ising model on the annealed percolation lattice [18] in
which q controls the number of clusters in the system. It was
shown in this model that the lines of the percolation and the
magnetic transitions occur in some distinct regions depending
on the value of q and there are some multicritical points.
The interesting feature of this study is that the transition of
the nonpercolating-paramagnetic (NP) phase to percolating-
ferromagnetic (PF) phase is first order, whereas the
percolating-paramagnetic (PP) to percolating-ferromagnetic
(PF) and also the NP to percolating-paramagnetic (PP) phases
are second-order transitions, and the position of multicritical
points were calculated [18].

The quenched disorder is, however, more challenging, for
which many results are available. According to the Harris
criterion the relevance or irrelevance of the disorder depends
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on the α exponent, which is the critical exponent of the
specific heat, i.e., only for the case α > 0 will the disorder
change the critical behaviors. For the Ising model, however,
α = 0 (it is marginal), which makes the problem worthy to
study more deeply. It was shown that the magnetic critical
temperature Tc linearly increases with p, and near p = pc the
peak of cv becomes smoother [19]. The smoothing of cv is
an expected result for this problem. Many works focused on
the problem, and many different opinions emerged. One of
the primary works has been done by McCoy et al. [20], and
generalized by Shankar et al. [21], in which it was shown that
for the Ising model with randomly varying vertical bond the
critical behaviors are thoroughly modified, e.g., the specific
heat does not diverge, in agreement with some experiments
[22,23]. Their model was not, however, clearly related to
the real problem since it really concerns the one-dimensional
distribution of the disorder. In a very different treatment it
was argued that the effect of impurities in a two-dimensional
(2D) bond-diluted Ising model is to add a four-fermion in-
teraction with the corresponding charge proportional to the
concentration of impurities [24], whose prediction was that
for the weak disorder exponent of the spin-spin correlation
function η is zero, and that the specific heat is divergent
with the logarithmic corrections, i.e., Cv ∼ t−α ln ln( 1

t
), for

which α = 0 and t = (T − Tc )/Tc. Ludwig [25], however,
predicted that η = 1

4 just like in the pure Ising case. These
results were confirmed and generalized later [26] and revealed
that the critical behaviors should be corrected by logarithmic
expressions (see Ref. [17]). Also the 2D Ising model in which
bonds fluctuate randomly about a threshold was considered in
Ref. [27], in which it was exactly shown that the two-point
function behaves like (ln R)1/4R−1/2 with distance R at the
critical point. These results have been argued by some other
authors analytically [28–30] and numerically [31–34]. The
field seems to be active, and the problem is open yet.

Despite this huge literature, little attention has been paid to
the effect of configurational pattern of voids of the host media
and the correlations between these imperfections. Generally
the effect of such correlations is considerable for the systems
in the critical region [15,35,36]. In the present paper we
aim to measure the effect of the correlations of the spatial
configuration of the imperfections of the porous media. To
this end, we employ the Ising model (not to be confused with
the dynamical Ising model which is supposed to be defined
on the lattice). We consider an artificial temperature of this
Ising model, namely, Tq (in which “q” stands for quench),
which tunes the correlations. To be distinguishable, we show
the temperature of the dynamical Ising model by T . We
emphasize that the dynamical model with real temperature
T and the quenched Ising model (QIM) (that is employed
to model the imperfection pattern of the host media) with
the artificial temperature Tq should not be confused. Using
the QIM, we prepare a (correlated) percolation lattice upon
which the dynamical model is defined. In this problem we
have two kinds of averaging: one over real (dynamical) Ising
samples and over quenched Ising-percolation lattices. By this
method we introduce correlations into the diluteness pattern
in the host media and show that it causes some considerable
differences with respect to the case in which the uncorrelated
percolation lattice is considered. There are many ways to

insert correlations into an uncorrelated percolation lattice.
These correlations can be directly introduced by an anomalous
scaling factor in the Fourier component of the uncorrelated
random landscape [37,38] or by defining a dynamical two-
state model to capture the diluteness pattern [39–41]. The
latter case, in which the strength and the range of correlations
are tuned by temperature, covers many phenomena ranging
from the porous media [12] to polymer gelation [40]. The
case of study in the present paper concerns with the second
one, the Ising model on the QIM lattice. In the artificial QIM,
the spins play the role of the field of the active and inactive
sites over the lattice. We characterize the model in terms of
the dynamical temperature T and the temperature of QIM
Tq (which we call the quench temperature for short). The
dynamical critical temperatures are extracted by some detailed
finite-size analysis, including the moments of magnetism and
energy, and also the spanning cluster probability (SCP). We
will see some new critical regimes with critical exponents that
are very different from the ones for the regular Ising model
[42] and the Ising model on the uncorrelated percolation
lattice [17]. The paper has two numerical parts: one about
the critical lattice Tq = T

square Ising model
c ≈ 2.269 (we note that

the critical temperature for the Ising model on the square
lattice is T

square Ising model
c ≈ 2.269) and one about off-critical

lattices. In the latter case, in the vicinity of the critical quench
temperature, some power-law behaviors are seen with critical
exponents which are reported in the text. Most importantly
the fractal dimension of the perimeter of the geometrical spin
clusters Df scales with Tq in a power-law form with a critical
exponent close to 1

2 .

II. THE DEFINITION OF THE PROBLEM
AND MAIN RESULTS

In this section we introduce the problem of the present
paper: the Ising model on the 2D quenched Ising-percolated
lattice. The former is controlled by the real temperature T ,
and the latter by the artificial temperature Tq , which we call
the quenched temperature.

A. The Ising model on the Ising lattice

The magnetic properties of the particles in the porous me-
dia is a worthwhile problem to be addressed in the statistical
physics. In modeling such porous media, introducing correla-
tions in the spatial activity configuration of the corresponding
lattice seems to be reasonable since it is no guarantee that in
their growth or fabrication the pores are completely indepen-
dent, i.e., they have degrees of configurational correlations.
Therefore, realizing them with an uncorrelated percolation
model seems to be a crude approximation. This motivates one
to implement the dynamical models (here the Ising model)
on the correlated percolation lattice, in which correlations
are controllable. Therefore, we need a binary (which realizes
presence or absence of the active site) tunable model. The
Ising model is a good candidate for this purpose, since it deals
with artificial spins (σ ), and the correlations are tuned by an
artificial temperature (Tq). Here the spins play the role of the
field of activity-inactivity (diluteness pattern) of the media.
We consider the majority spin sites as the active sites. The
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FIG. 1. (a) A 512 × 512 Ising HSC at Tq = 2.269 and (b) a dynamical Ising sample on it with T = Tc(Tq = Tc ).

real spins of the dynamical Ising model (s) live in the active
sites and interact with the real spins over the active area. The
active area is the set of sites which are active. We consider
only the host spanning cluster (HSC) from all possibilities and
distribute the real spins over these sites (which are involved in
the spanning cluster). The HSC is the set of connected active
sites which connects two apposite boundaries. Therefore, the
dynamics is only on the active (σ = +1) sites in the HSC.
We fix the convention that real spins (for the dynamical
Ising system) are shown by s, and artificial spins (for the
QIM system) are shown by σ . It is notable that the activity
configuration of the media is quenched, i.e., when a quenched
Ising configuration is obtained, dynamical Ising samples are
generated in the resulting dilute lattice.

Here σ = +1 (σ = −1) is attributed to the active (inactive)
sites; the QIM Hamiltonian is defined by

H = − 1

Tq

∑

〈i,j〉
σiσj , σi = ±1, (1)

and the dynamical Ising model is defined by

H = − 1

T

∑

〈i,j〉
sisj , si = ±1, (2)

both of which are in the zero magnetic field limit [note that
the magnetic field in Eq. (1) means the tendency of the system
to have more active or inactive sites, which is imposed by
external conditions]. 〈i, j 〉 shows that the sites i and j are
nearest neighbors. Both models have been considered to be
ferromagnetic. The ferromagnetism in the QIM (host media)
translates to the positively correlated active sites. The artificial
temperature Tq , in addition to being the control parameter
of the correlations, also controls also the population of the
active sites to the total number of sites. This population can
also be directly controlled by the artificial magnetic field

hq (zero here), which determines the preferred direction of
the quenched spins in the Ising model. For a zero magnetic
field (h = 0 for the dynamical Ising model and hq = 0 for
the QIM) the (dynamical or quenched) Ising model is well
known to exhibit a nonzero magnetization per site (M = 〈si〉
for the dynamical Ising model and Mq = 〈σi〉 for the QIM)
at temperatures below the critical temperature Tc, which is
approximately 2.269 in the square lattice. In addition to this
transition, a geometrical transition also occurs in which a
spanning cluster appears. The probability that a randomly cho-
sen site belongs to a spanning cluster is shown simply by SCP
for the dynamical Ising model and by HSCP for the QIM. Ap-
parently SCP (as well as the other exponents of the dynamical
Ising model) depends on the artificial temperature Tq . For the
regular Ising model (equivalently Tq → 0) the magnetic and
percolation transitions occur simultaneously [43]. We define
the Ising model on the L × L square lattice. First, we need
HSC samples, which are obtained by simulating the Eq. (1)
at a temperature Tq � Tc. Then by simulating Eq. (2) on
these SCHs at temperature T , some samples are generated
to be analyzed locally and geometrically. This is shown in
Figs. 1(a) and 1(b), in which the former shows an SCH at
Tq ≈ Tc, and the latter shows a dynamical Ising sample at the
critical temperature for the mentioned quenched temperature,
T = Tc(Tq ≈ Tc ) ≈ 1.944 (this means the critical dynami-
cal temperature for Tq = Tc ≈ 2.269, which is shown to be
around 1.944).

B. Numerical details

We have used the Wolff Monte Carlo method to simulate
the system in the vicinity of the critical point to avoid the
problem of critical slowing down. Our ensemble averaging
contains both averaging over dynamical Ising samples as well
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FIG. 2. Loop samples with their corresponding Ising sample
media in a 1024 × 1024 lattice at T = Tc(Tq � 0). The red sites are
spin-up and the white sites are spin-down sites. The boundaries of
these sites are shown by solid lines.

as HSC averaging. For the latter case we have generated
2 × 103 Ising uncorrelated samples for each temperature on
the lattice sizes L = 128, 256, 512, and 1024. To make the
Ising samples uncorrelated, between each successive sam-
pling, we have implied L2/3 random spin flips and let the
sample equilibrate with 500L2 Monte Carlo steps. The main
lattice has been chosen to be square (for which the Ising
critical temperature is Tc ≈ 2.269). Only the samples with
temperatures T � Tc have been generated, since the HSCs are
present only for this case. As stated in the previous section
the dynamical spins are put only on the HSCs. The temper-
atures considered in this paper are Tq and T = Tc − δt1 × i

(i = 1, 2, . . . , 5 and δt1 = 0.01) to obtain the statistics in
the close vicinity of the critical temperature Tc � 2.269, and
Tq and T = Tc − δt2 × i (i = 1, 2, . . . , 10 and δt2 = 0.05)
for the more distant temperatures. To equilibrate the Ising
sample and obtain the desired samples we have started from
the high temperatures (T > Tc). For each T and Tq 2 × 103

dynamical Ising samples were generated. An important part of
the paper is the geometrical analysis. For identifying the clus-
ters and their boundaries we have used the Hoshen-Kopelman

algorithm. For details see Ref. [44]. Figures 1(a) and 1(b)
show a HSC sample and a dynamical Ising sample on it.
In the latter the gray area shows the majority spins which
are analyzed in this paper. Also Fig. 2 shows a 1024 × 1024
dynamical Ising sample at T = Tc(Tq ≈ 0) with the corre-
sponding external perimeter, which are non-self-intersecting.
In our geometrical analysis, along with analyzing the clus-
ter mass (m which is the number of majority spins in-
volved in the cluster), we analyze the gyration radius (r) as
well as the length of loops (l). The fractal dimension is defined
as the scaling exponent between l and r: 〈log l〉 = DF 〈log r〉.
Also the distribution function of these quantities is expected
to behave like p(x) ∼ x−τx in the thermodynamic limit, in
which x = m, l, r . In the critical state one expects a power-
law behavior for the local and geometrical quantities. For
example, consider the Bak-Tang-Weisenfeld (BTW) model
of sandpiles, for which the distribution functions behave like
p(x) ∼ x−τx (x = the statistical quantities the system, which
are m, l, r here). However, for the finite-size scaling systems
there is a region in which the system deviates from power-
law behavior, and the distribution functions with respect to
some scaling behaviors, named finite-size scaling relations
px (x, L) = L−βx gx (xL−νx ) in which g is a universal function
and βx and νx are the exponents corresponding to x. We have
extracted τx for the largest L in our analysis, L = 1024.

C. Main results

For the characterization of the critical properties of the
model we first need to find the critical points with controlling
the finite-size effects. We argue that for each quench tem-
perature Tq , there is a dynamical temperature Tc(Tq ) that the
model becomes critical. We present finite-size arguments (on
the moments of magnetism and energy as well as the spanning
cluster probability to be defined later) to extract the critical
points and show that they are compatible with the finite-size
scaling of the singular point of the magnetic susceptibility.
The model is thoroughly characterized in and out of these
critical points. We find that the critical behaviors of the model
(at the critical points and in the vicinity of them) significantly
change with respect to the Ising model on the regular lattices
as well as the uncorrelated percolation lattice. We analyze
carefully the critical quenched Ising-correlated lattices, i.e.,
the lattice for which the quench temperature is critical (Tq =
Tc ≈ 2.269). In this case HSC is itself critical and conse-
quently self-similar with power-law correlations. In this case
the effective dimension of the system is d̄ = 187

96 � 1.948 [45].
We show that for this case the critical dynamical temperature

TABLE I. The exponents of the model on the critical Ising lattice: Tq = Tc = 2.269. For comparison, the third and fourth rows are for
the Ising on the uncorrelated percolation lattice [17] and the regular lattice [42], respectively. The generalization of τl = d

Df
+ 1 [46] to

τl = d̄

Df
+ 1 (in which the effective dimension of the critical Ising model is d̄ = 187

96 [45]) yields 2.4 ± 0.002, which is consistent with our
numerical result.

Model Tc β Df γmr τr τm τl

Ising-Ising 1.944 ± 0.005 0.38 ± 0.01 1.408 ± 0.002 1.981 ± 0.003 3.12 ± 0.03 2.00 ± 0.02 2.45 ± 0.02
Ising percolation 2.93 ± 0.03 – 1.44 ± 0.02 – 2.5 ± 0.2 2.0 ± 0.2 1.9 ± 0.02
Regular Ising 2.269 – 11

8 = 1.375 – 3.4 ± 0.1 2.31 ± 0.1 2.7 ± 0.1
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(i.e., for the dynamical Ising model) in the thermodynamic
limit is Tc(Tq = T

square Ising model
c ) = 1.94 ± 0.005. Also this

temperature varies with quenched temperature in a power-law
fashion, i.e., Tc(Tq ) − Tc(Tq = 2.269) ∼ (2.269 − Tq )γT T in
which γT T ≡ ξ = 0.49 ± 0.01. The scaling between l and r

(with the exponent γlr , which is the fractal dimension of the
loops) has been analyzed in this work for all temperatures
T � Tc. The other important quantity is the exponent of the
magnetic susceptibility (χ (T , Tq ) ∼ |T = Tq |γ (Tq )), for which
γ (Tq ) itself varies with Tq in a power-law fashion with an ex-
ponent: |γ (Tq ) − γ (Tc ) ∼ |T − Tq |β . The fractal dimension
of these functions, along with the geometrical spin clusters,
the exponents of the distribution function of the gyration
radius [p(r ) ∼ r−τr ], the cluster mass [p(m) ∼ r−τm], and the
loops’ length [p(l) ∼ r−τl ] at Tq = Tc = 2.269, have been
gathered in Table I.

The other part of the paper concerns the off-critical Tq’s.
Importantly, some power-law behaviors have been seen for
the off-critical case (but in the vicinity of the critical HSCs),
i.e., for the critical dynamical temperatures T = Tc(Tq ) with

TABLE II. The secondary spectrum of the (off-critical) expo-
nents of the problem, with their definitions, and the suggested

fractional value. tq ≡ Tq−T
2D square Ising
c

T
2D square Ising
c

.

Exponent Definition Value

γT T Tc(Tq ) − Tc(Tq = 2.269) ∼ tγT T
q 0.49 ± 0.01

ηlr Df (Tc(Tq )) − Df (Tc(Tq = 2.269)) ∼ tηlr
q 0.54 ± 0.04

ηr τr (Tc(Tq )) − τr (Tc(Tq = 2.269)) ∼ tηr
q 0.53 ± 0.03

ηl τl (Tc(Tq )) − τl (Tc(Tq = 2.269)) ∼ tηl
q 0.52 ± 0.04

ηm τm(Tc(Tq )) − τm(Tc(Tq = 2.269)) ∼ tηm
q 0.51 ± 0.02

Tq � Tc = 2.269. These power-law behaviors define some ex-
ponents: ηlr , ηr , ηl , and ηm. The definition of these exponents
is given in Table II, most of which are close to 1

2 . Most
importantly one is the fractal dimension, which behaves like

DF (T = Tc(Tq = 2.269)) − DF (T = Tc(Tq )) ∼ ζ (Tq )−ηlr

(3)
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FIG. 3. (a) The magnetic acceptability (χ ) in terms of T for various system sizes at Tq = 2.258. Upper inset: The position of the peak
in terms of 1

L
. Lower inset: The SCP in terms of T for various rates of system size. (b) U4 (the fourth moment of energy) and 〈M2〉 (the

second moment of magnetism) in terms of T for Tq = 2.258 and various system sizes. (c) The power-law behavior of the dynamical critical
temperature in terms of the quenched temperature Tq . (d) The power-law behavior of magnetic susceptibility χ (T , Tq ). This function behaves
in power-law fashion for all considered Tq ’s with a varying exponent γ (Tq ). This dependence is power-law with the exponent β.
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with DF (T = Tc(Tq = 2.269)) = 1.408 ± 0.002 and ηlr =
0.54 ± 0.04 in which ζ (Tq ) is the spin correlation length of
the HSC at the quenched temperature Tq for L = 1024.

III. RESULTS

In this section we present the results in more detail. As
stated above, we present our results in two subsections: the
critical quenched temperature Tq = Tc ≈ 2.269 and the off-
critical HSC with Tq < Tc.

Note also that above the Tc the Ising samples do not
show percolation. Therefore, since we want to simulate the
dynamical Ising model only on the spanning clusters, we do
not consider Tq � Tc. For T > Tc the thermodynamic limit
does not exist, i.e., under coarse graining of the system the
subcritical islands will disappear.

A. Tq = T square Ising model
c

An accurate determination of the critical dynamical tem-
perature Tc(Tq ) for each Tq is required to have a true scaling
arguments and estimations for the exponents. We have used
four parallel methods to extract Tc(Tq ): the singularity of the
magnetic susceptibility χ , the finite-size percolation transition
points for SCP, the finite-size magnetic transition point for U4

(which is the fourth moment of the energy), and the second
moment of magnetization 〈M2〉. These quantities are shown
in Figs. 3(a) and 3(b) for Tq = Tc = 2.269. The finite-size
analysis of χ shows [upper inset of Fig. 3(a)] that as L → ∞,
Tc → 1.94 ± 0.05, which is completely in agreement with the
lower inset for SCP. This shows that magnetic and percolation
transitions occur simultaneously in Tq = Tc. Actually we have
examined this for all temperatures and observed that it is
the case for all Tq’s. In Fig 3(b) the same results have been
obtained based on the analysis of the moments, showing that
the curves coincide in a critical point, just the same point
of χ divergence: Tc(Tq = 2.269) = 1.944 ± 0.005 for U4 and
1.936 ± 0.005 for 〈M2〉.

The result for other Tq values has been shown in Fig. 3(c),
which shows an interesting power-law behavior (the inset)

with the exponent γT T = 0.49 ± 0.01 for L = 1024. Such a
power-law behavior is also seen in Fig. 3(d). We see that
χ (T , Tq ) shows a power-law behavior with T for all consid-
ered Tq’s with a varying exponent γ (Tq ). This dependence is
power-law with the second exponent β = 0.38 ± 0.01 [in this
figure Tc(Tq ) has been abbreviated to T

q
c ].

More important are the geometrical exponents, which
more directly classify 2D critical models. In Figs. 4(a)
and 4(b) these geometrical exponents have been specified
for Tq = 2.269. We see that Df (T = Tc(Tq = 2.269)) ≡
γlr = 1.408 ± 0.002 and γmr (T = Tc(Tq = 2.269)) =
1.981 ± 0.002. These should be compared to the values
for the regular critical 2D Ising model, Df = 11

8 and
γmr = 187

96 , showing that the loops for the disordered
Ising model becomes more compact and twisted. The
exponents for the distribution functions are also [see
Fig. 4(b) and their insets] τr (T = Tc(Tq = 2.269)) =
3.12 ± 0.03, τm(T = Tc(Tq = 2.269)) = 2.00 ± 0.02, and
τl (T = Tc(Tq = 2.269)) = 2.45 ± 0.02. The results have
been gathered in Table I. According to Ref. [46] the exponent
of loop lengths τl of the critical Ising model is related to
fractal dimension of the loops Df and d (the Euclidean
dimension of space) via τl = d

Df
+ 1. If we generalize this

equation by τl = d̄
Df

+ 1, which yields 2.4 ± 0.002 (noting
that the effective dimension of the critical Ising model is
d̄ = 187

96 [45]), we see that this relation is consistent with
our numerical result for τl . In Table I we have also shown
the results of the critical Ising model on the triangular
critical uncorrelated percolation lattice [17] and the regular
square lattice [42]. We conclude that the critical properties
of the model deviate considerably from that for the critical
uncorrelated percolation lattice as well as the regular lattice.

B. Off critical Tq’s

The critical properties of the model have been obtained in
the previous subsection. One may ask whether the scaling
behaviors are seen in the off-critical region, where Tq is
lower than the critical one and HSC is in the subcritical
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FIG. 4. (a) The fractal dimensions γlr and γmr , which are the slopes of the log-log plots. (b) The distribution functions of r , l, and m at
T = Tc(Tq = Tc ).
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FIG. 5. Plot of the distribution function (a) gyration radius, (b) loop length, and (c) mass of the clusters in terms of Tq at the fixed dynamical
temperatures T = Tc(Tq ) and L = 1024. Insets show the power-law behaviors with some well-defined exponents. (d) The fractal dimension in
terms of Tq at the fixed dynamical temperatures T = Tc(Tq ) and L = 1024.

regime. For this we should examine the Tq’s which are close
to the critical temperature and observe if they show scaling
behavior or not. If the answer is positive, we can extract a
secondary spectrum of the exponents [the first spectrum is for
the dynamical temperatures in the vicinity of Tc(Tq = 2.269),
which were reported in the previous subsection]. Therefore in
this subsection we vary Tq , and fix T = Tc(Tq ) (contrary to
the previous subsection in which Tq was fixed to the critical
value and the dynamical temperature was variant).

In Figs. 5(a)–5(c) we have examined this for the distribu-
tion function for the gyration radius, loop length, and cluster
mass, respectively. In all cases we have seen the power-law be-
haviors with the exponents which run with Tq . At Tq = 0 one
expects the results of ordinary Ising model, i.e., the fourth row
of Table I, and for Tq = Tc = 2.269 we have reported the ex-
ponents in the previous section, i.e., the second row of Table I.
For the other temperatures, we see from Figs. 5(a)–5(c)
that the corresponding exponents are nearly constant for small
Tq’s up to some point above which the exponents fall off
rapidly towards the final value at Tq = Tc. More interestingly
the graphs reveal that a power-law behavior arises in the
close vicinity of Tq = Tc, in which the critical exponents scale

with Tq − Tc. The corresponding exponents are the secondary
spectrum of the exponents that we have mentioned above.

The same features are seen for the fractal dimension Df ,
i.e., Eq. (3) holds. The same equations also hold for τr , τl , and
τm. Interestingly, all of the obtained exponents are more or
less close to 1

2 (note that the numerical accuracy may allow
for different values). If we approximate these exponents by
1
2 , noting that the spin correlation length for the Ising model
scales with Tq in the form ζ (Tq ) ∼ |Tq − Tc|−1, we conclude
that all of the critical exponents vary linearly with 1√

ζ (Tq )
.

This phenomenon has also been seen in some previous works,
e.g., the sandpiles [12], the Gaussian free field [36], the self-
avoiding walk [14], and the loop-erased random walk [47] on
the Ising-correlated percolation lattice.

IV. DISCUSSION AND CONCLUSION

In this paper we have considered the dynamical Ising
model on the Ising-correlated square percolation lattice. The
problem was motivated by the real porous media in which
there are some correlations for the spatial configuration of the
pores. We used the term quenched Ising model (QIM) for the
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Ising model that is employed for controlling the correlations
of the pores. For this model we also have used the phrase arti-
ficial temperature or quenched temperature (Tq), the quantity
that tunes the correlations, and the population of pores. We
have used four parallel methods to distinguish the presumable
critical (dynamical) temperature for each quenched tempera-
ture.

We found that this system shows critical properties in the
vicinity of some critical dynamical temperatures, with well-
defined critical exponents and fractal dimensions. Up to our
numerical observations, and within our numerical precision,
these two transitions occur simultaneously in the case of
study. This is in contrast to the case of an uncorrelated per-
colation lattice [17]. For Tq = T

2D square Ising
c we found that the

critical dynamical temperature at the thermodynamic limit is
Tc = 1.94 ± 0.002. At this temperature the fractal dimension
of the external perimeter of the connected spin clusters is
Df (T = Tc(Tq = 2.269)) = 1.408 ± 0.002. The other expo-
nents have been reported in Table I.

In the off-critical host spanning clusters (HSCs), however,
we uncovered that there is a second spectrum of the critical
exponents which are related to the off-criticality of the host
media. In this case we varied Tq’s and fixed T ’s to the critical
values. We have seen that the first spectrum of exponents
(Df , τr , τl, τm, and β) scale with Tq − Tc with other criti-
cal exponents. The absolute value of the exponents of the
distribution functions of the geometrical statistical quantities
increase under the decreasing of the correlation length of
the random host network (with decreasing Tq). The lower
the correlation length is, the sooner the distribution function
of geometrical quantities will fall off, and the larger the
absolute value of the corresponding exponents will be. The
exponent for the fractal dimension is close to the fractional
value 1

2 . Based on this result, and the results that were ob-
tained for other models on the Ising-correlated percolation
lattices, we propose that this 1

2 (for the fractal dimension) is
a super-universal quantity for the critical models on the Ising
lattices.
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