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Force on a compressible sphere and the resonance of a bubble in standing surface acoustic waves
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In this paper, the theory for acoustic radiation force exerted by standing surface acoustic waves (SSAWs)
is extended to a compressible sphere in inviscid fluids. The conventional theory, developed in plane standing
waves, fails to predict the radiation force incident on particles in the SSAW. Our extended formulas reveal that,
in the direction normal to the piezoelectric substrate, the acoustic radiation force cannot only push the sphere
away, but also pull it back towards the substrate. In the direction parallel to the substrate, both the magnitude
of the radiation force and the equilibrium positions for particles can be actively tuned by changing the Rayleigh
angle. This is exceedingly meaningful for particle positioning by tilted angle SSAWs and SSAWs. Furthermore,
the Rayleigh angle can also be used to actively regulate the resonance point and peak for bubbles acted on by
SSAWs. The extended theory can thus be used in the design of SSAWs for manipulating particles and bubbles.
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I. INTRODUCTION

Microfluidics has emerged as an excellent platform for
biochemistry detection [1,2] and pharmaceutical engineering
[3], which has spurred steadily increasing interest and re-
search efforts in the development of new applications. In the
research, many new physics applications, including acoustics
[4], optics [5], dielectrophoresis [6], etc., are integrated into
the microfluidic platform, leading to great improvement in
its functionality, versatility, and performance. Among all the
developed technologies, acoustophoresis [7,8] stands out due
to its label-free, noncontact nature, and great biocompatibility
even proved by extensive health monitoring for pregnancy
[9]. Particles such as cells [10], funguses [11], and organisms
suspended in an acoustophoresis system are primarily set in
motion by two types of forces [12]: the acoustic radiation
force and the drag force stemming from acoustic streaming.

Acoustic radiation force acting on a particle suspended in
fluids is a time-averaged second-order force arising from the
scattering of the incident waves. To a certain extent, the force
is similar to the optical radiation force exerted by the electro-
magnetic wave on an electrically or magnetically responsive
target [13]. Theoretical analysis of acoustic radiation force
provides a more profound understanding of acoustophoresis,
and thereby assists in more refined microfluidic applications.

The original theory of acoustic radiation force could date
back to King [14], who first theoretically calculated the force
due to a plane wave incident on a rigid particle freely sus-
pended in nonviscous fluids. The primary formula, unfortu-
nately limited to particles with large acoustic impedance, was
extended by Yosioka and Kawasima [15] to take into account
the compressibility of the sphere, such that the motion of a liq-
uid droplet or even a gas bubble could be predicted. In 1962,
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the generalization of the theory for acoustic radiation force
was done by Gorkov [16], but still limited to the ideal host
medium and the long-wavelength limit. After that, Hasegawa
[17–20] theoretically and experimentally investigated the in-
fluences of both the elasticity of spheres and the absorption of
sound waves in particle material on the radiation force. Wei
and Marston [21–25] developed general theoretical schemes
for calculating the force exerted on cylindrical objects and
carried out experiments to verify the schemes. Danilov and
Mironov [26], Doinikov [27,28], Settnes and Bruus [29],
and Karlsen and Bruus [30] further developed the theory
of acoustic radiation force by considering the viscosity [31]
and thermoviscosity of the host medium. In addition, the
radiation forces caused by different types of sound waves such
as cylindrical waves [32,33], spherical waves [34], Bessel
beams [35], Gaussian beams [36], and Bessel vortex beams
[37] were all analyzed. However, to the best of our knowl-
edge, the acoustic radiation force exerted by standing surface
acoustic waves (SSAWs) [38] gains much less attention in the
research.

We have in the past theoretically investigated the radia-
tion force due to SSAWs on cylindrical structures [39,40].
Actually, spherical objects are more popular in microfluidics.
This urges us to extend our previous theory to spherical
particles, which will be extremely meaningful for particle
manipulations using SSAWs such as positioning particles
[41–47], patterning cells [38,48,49], and handling droplets
[50,51]. In this work, we develop the theory of acoustic
radiation force exerted by the SSAW on a compressible sphere
in nonviscous fluids by accounting for the dependence on
Rayleigh angle. Our expressions can be used to calculate the
radiation force on droplets, bubbles, and solid particles in
the SSAW-based microfluidics. In addition, they can also be
used to calculate acoustic radiation force exerted by two plane
traveling waves with the same amplitude and frequency. More
importantly, they are applicable to microsized particles and
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may lose accuracy in calculating nanosized particles, because
the inviscid fluid assumption is invalid.

The radiation force caused by a traveling wave is nor-
mally directed away from the transducer, resulting in a great
restriction for traveling waves in particle positioning. Tradi-
tionally, a desirable acoustic tweezer is able to either attract
or repel a particle. This is realized by a pair of transducers
generating counterpropagating sound beams [52]. However,
Marston [35] theoretically broke the limitation for traveling
waves in particle manipulations, since he predicted the ability
of two-direction driving for a single Bessel beam. In this
paper, the radiation force exerted by SSAWs is predicted to
attract or push away the particle. Additionally, in the direction
parallel to the substrate, the classical radiation force FPSW

derived in plane standing waves (PSWs) is almost used in
all the SSAW-based particle manipulations [38,49,50,53–59],
which is expressed by

FPSW = −kf Pf
2Vpκf

4

(
5ρp − 2ρf

2ρp + ρf

− κp

κf

)
sin(2kf x), (1)

where kf , Pf , Vp, κp, κf , ρp, ρf , and x are wave number,
pressure amplitude, particle volume, compressibility of the
particle, compressibility of the fluid, density of the particle,
density of the fluid, and distance from the particle to a pressure
node, respectively. In this paper, our expression shows that the
Rayleigh angle has profound influences on the radiation force,
leading to a different prediction for the gathering places of
particles. This means that a particle, expected to be focused
at pressure nodes according to Eq. (1), may be collected at
pressure antinodes based on our formula.

When a gas bubble with extremely low density is incident
by sound waves, the resonance occurs only for special size
parameters (kf a) [15,60–62], where a is the radius of the
bubble. While a bubble is acted on by the SSAW, both the res-
onance point and peak show great dependence on the Rayleigh
angle. Thus, we provide approximate expressions to evaluate
the radiation force exerted on a bubble in the long-wavelength
limit, and further estimate both the resonance point and peak
to assist in bubble manipulations.

II. EVALUATING THE SCATTERING COEFFICIENTS

The SSAW is formed by two traveling surface acoustic
waves (TSAWs) generated by a pair of interdigital transducers
(IDTs), which are fabricated on a piezoelectric substrate, as
depicted in Fig. 1(a). When traveling along the substrate-fluid
boundary, each TSAW with negligible attenuation can be
regarded as a plane progressive wave incident along Rayleigh
angle β [63] with respect to the orthogonal. The angle is
determined by the phase velocity of TSAWs cs and sound
speed in fluids cf ,

β = arcsin(cf /cs ). (2)

A spherical coordinate system (r, θ, ϕ) is built at the instan-
taneous center of the compressible sphere with radius a, as
sketched in Fig. 1(b). The incident SSAW φc can thus be
expressed by

φc = φ0e
ik1·(y0+r)−iwt + φ0e

ik2·(y0+r)−iwt , (3)

FIG. 1. (a) Two TSAWs generated by a pair of IDTs propagate
towards each other. Additionally, the positive x direction in the global
Cartesian coordinate system is normal to the piezoelectric substrate,
while the positive y direction is parallel to the substrate. (b) A local
spherical coordinate system (r, θ, ϕ) is built at the instantaneous
center of the sphere.

where φ0 is the amplitude, k1 and k2 are wave vectors of the
two TSAWs, ω is the angular frequency, y0 is a vector pointing
from a pressure node to the center of the suspended sphere,
and r is the location vector. According to the identity Eq. (A1)
in the appendix, the SSAW can be expanded in a spherical
partial-wave series with respect to the spherical coordinate
system as

φc = φ0e
−iωt (eik1·(y0+r) + eik2·(y0+r) )

= φ0e
−iωt (eikf y0 sin βeikf r cos γ1 + e−ikf y0 sin βeikf r cos γ2 )

= φ0

∞∑
(n=0)

in(2n + 1)jn(kf r )

[
2Pn(0)Pn(cos θ )

× cos(kf y0 sin β ) + 2
n∑

(m=1)

(n − m)!

(n + m)!
P m

n (0)P m
n (cos θ )

× (2 cos(kf y0 sin β ) cos mϕ cos mβ

+ i2 sin(kf y0 sin β ) sin mϕ sin mβ )

]
e−iωt , (4)

where kf is the wave number of the two TSAWs, γ1 and
γ2 are the angles between the position vector r and wave
vectors of the two TSAWs (i.e., k1 and k2), respectively,
jn(kf r ) is the first kind of spherical Bessel function of order
n, and P m

n (cosθ ) is introduced to denote associated Legendre
polynomial.
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When illustrated by the incident wave, the suspended
sphere generates a scattered wave,

φs = φ0

∞∑
(n=0)

in(2n + 1)snhn(kf r )

[
2Pn(0)Pn(cos θ )

× cos(kf y0 sin β ) + 2
n∑

(m=1)

(n − m)!

(n + m)!
P m

n (0)P m
n (cos θ )

× (2 cos(kf y0 sin β ) cos mϕ cos mβ

+ i2 sin(kf y0 sin β ) sin mϕ sin mβ )

]
e−iωt , (5)

where hn(kf r ) denotes the first kind of spherical Hankel
function of order n, and sn is the scattering coefficient, which
is determined by the boundary conditions at the surface of the
sphere.

The total wave φf , transporting in fluids, consists of both
the incident SSAW and the scattered wave, such that

φf = φc + φs. (6)

When the scattering occurs, a longitudinal wave φp is
produced in the particle,

φp = φ0

∞∑
(n=0)

in(2n + 1)anjn(kpr )

[
2Pn(0)Pn(cos θ )

× cos(kf y0 sin β ) + 2
n∑

(m=1)

(n − m)!

(n + m)!
P m

n (0)P m
n (cos θ )

× (2 cos(kf y0 sin β ) cos mϕ cos mβ

+ i2 sin(kf y0 sin β ) sin mϕ sin mβ )

]
e−iωt , (7)

where kp is the wave number in the compressible sphere, and
an is an unknown coefficient describing a certain longitudinal
wave.

In practical viscous fluids, great tangential velocity gradi-
ent occurs on the viscous boundary, based on which the trans-
verse stress and velocity are continuous. Since the viscous
boundary is very thin for the SSAW-based microfluidics, it
has little influence on the sound field. Therefore, the fluid is
assumed to be inviscid, and the continuities of the transverse
stress and velocity on the boundary are invalid. As a result,
the boundary conditions are the continuities of both normal
velocity and normal stress on the surface of the submerged
sphere,

uf r |r=a = upr |r=a, (8a)

σf
rr |r=a = σp

rr |r=a, (8b)

where uf r and upr are the normal velocities in the host
medium and the sphere, respectively, σ

f
rr and σ

p
rr are the nor-

mal stresses in the host medium and the suspended particle,
respectively, The four quantities can all be expressed by the
velocity potentials,

σf
rr = −iωρf φf , (9a)

σp
rr = −iωρpφp, (9b)

uf r = ∂φf

∂r
, (9c)

upr = ∂φp

∂r
. (9d)

Substituting Eq. (9) into Eq. (8) and combining Eq. (6), two
equations with two unknowns are obtained:

ρpanjn(xp ) = ρf (jn(xf ) + snhn(xf )), (10a)

anj
′
n(xp )xp = j ′

n(xf )xf + snh
′
n(xf )xf , (10b)

where xf = kf a and xp = kpa are dimensionless size factors.
Consequently, the scattering coefficient is written as

sn =
[

ρjn(xp ) jn(xf )
j ′
n(xp )xp j ′

n(xf )xf

]
[

ρjn(xp ) −hn(xf )
j ′
n(xp )xp −h′

n(xf )xf

] , (11)

where ρ = ρp/ρf is the relative density. Once the scattering
coefficient is obtained, the total velocity potential in the host
medium can be calculated.

III. ACOUSTIC RADIATION FORCE IN THE x DIRECTION

In inviscid fluids, acoustic radiation force F can be derived
by integrating the time-average radiation-stress tensor 〈�〉 on
the sphere surface according to Ref. [15]. Thus,

F = −
∮

s

〈�〉ds = −
∮

s

〈p2 + ρf u1u1〉ds, (12)

where s is the area on the surface of the sphere, 〈p2〉 is a
scalar matrix with element 〈p2〉 [39], and u1 is the first-order
velocity in the host medium. The radiation force can thus be
expressed by

F = −
∫∫

s

⎡
⎣
⎛
⎝1

2

ρf

cf
2

〈(
Re

[
∂φf

∂t

])2
〉

− 1

2
ρf 〈|∇Re[φf ]|2〉

⎞
⎠

× n + ρf 〈(unn + ut t)un〉
⎤
⎦ds, (13)

where unn and ut t are the velocities in the normal and
tangential directions, respectively.

The radiation force exerted by the SSAW is decomposed
into two forces Fx and Fy , pointing to the x and y directions,
respectively. First, according to Eq. (13), we have

Fx = Fxnn + Fxtt + Fxnt + Fxt (14)

where each term is given as

Fxnn = −1

2
ρf a2

∫ π

0

∫ 2π

0
〈uf r

2〉|r=asin2θ cos ϕdϕdθ, (15a)

Fxtt = 1

2
ρf a2

∫ π

0

∫ 2π

0
〈uf θ

2 + uf ϕ
2〉|r=a sin2 θ

× cos ϕdϕdθ, (15b)

Fxnt = −ρf a2
∫ π

0

∫ 2π

0
(〈uf ruf θ 〉 cos θ cos ϕ

−〈uf ruf ϕ〉 sin ϕ)|r=a sin θdϕdθ, (15c)

043108-3



SHEN LIANG, WANG CHAOHUI, AND HU QIAO PHYSICAL REVIEW E 98, 043108 (2018)

Fxt = − ρf

2cf
2
a2
∫ π

0

∫ 2π

0

〈
Re

[
∂φf

∂t

]2〉∣∣∣∣
r=a

sin2 θ

× cos ϕdϕdθ, (15d)

where uf θ and uf ϕ are the components of velocity in fluids,
pointing to the polar and azimuthal directions, respectively.

Furthermore, the radiation force is usually characterized by
a dimensionless factor Ypx , which can be written as

Ypx = Fx/(ScE), (16)

where Sc = πa2 is the cross-sectional area of the immersed
sphere, and E = 1

2ρf kf
2φ0

2 represents the characteristic en-
ergy density of the incident wave. The real and imaginary
parts of the scattering coefficient (i.e., αn and βn, respectively)
are introduced to simplify the expression for Ypx . Substituting
Eq. (14) into Eq. (16) and using Eqs. (A2)–(A4), we obtain a
simple and valuable expression for Ypx ,

Ypx = − 16

xf
2

∞∑
(n=0)

(αn + αn+1 + 2αnαn+1 + 2βn+1βn)Dn,

(17)

where

Dn =
n∑

(m=0)

[
(n − m + 1)!

(n + m + 1)!
P m+1

n (0)P m
n+1(0)− (n − m)!

(n + m)!

× P m
n (0)P m+1

n+1 (0)

]
(cos2(kf y0 sin β ) cos(m + 1)

× β cos mβ + sin2(kf y0 sin β ) sin(m + 1)β sin mβ ).
(18)

Following the procedure in Ref. [39], the exact solution for
Ypx is examined by considering two special Rayleigh angles
(0◦ and 90◦). When β = 0◦, the SSAW degenerates into a
plane traveling wave (PTW) transporting in the positive x

direction. Our expression reduces to what Hasegawa obtained
in PTWs [19]. When β = 90◦, the SSAW degenerates into a
PSW in the y direction. Substituting β = 90◦ into Eq. (17),
the value of Ypx equals zero, which is consistent with the
prediction according to the symmetry principle.

In the design of SSAW-based devices, the exact solution
for Ypx is applicable to a sphere with any radius, but it
includes infinite terms resulting in a trouble for researchers
in the calculation. Additionally, the radiuses of particles for
many applications in microfluidics fall in the range of a � λf

(i.e., xf � 1). Thus, Taylor expansion and truncation can be
applied to simplify Ypx , yielding an approximate formula to
assist in the calculation:

Yapx = 8xf
4

9

[
2κp(ρ − 1)

κf ρ
− 3(ρ − 1)2

(2ρ + 1)2 + 4κp(ρ − 1)

κf (2ρ + 1)

− 4(ρ − 1)

(2ρ + 1)

]
cos2(kf y0sinβ ) cos β

− 8xf
4(ρ − 1)2

3(2ρ + 1)2 [cos2(kf y0sinβ ) cos β cos 2β

+ sin2(kf y0 sin β ) sin β sin 2β]. (19)

FIG. 2. The value of Ypx from Eq. (17) is plotted in the band-
widths 0 � xs � 8 and 0◦ � β � 90◦ using the parameters from the
case of an oil sphere (ρp = 922.6 kg/m3, cp = 1445 m/s) located
at pressure antinodes and immersed in water (ρf = 996.6 kg/m3,
cf = 1502 m/s).

Special attention should be drawn to the fact that the
approximate formula cannot be used to evaluate the radiation
force exerted on spherical bubbles, because the relative den-
sity ρ is assumed to be far larger than xf in the simplification,
which is not valid for bubbles. The approximate formula for
the radiation force exerted on bubbles is analyzed in the next
part. Numerical calculations are carried out to illustrate the
Rayleigh angle effects on acoustic radiation force by using a
MATLAB code. Following the method in Ref. [39], we intro-
duce the wave number ks = kf sin β, the wavelength λs , and
the size factor xs = ksa to make the calculations more suitable
for practical microfluidic applications. These parameters (ks ,
λs , and xs) are usually used to characterize the SSAW-based
microfluidics. In addition, the wavelength of the SSAW on
the substrate is set to λs = 0.4 mm in the following numerical
analysis.

From the mathematical point of view, the dimension-
less factor Ypx is found to show a periodic change as a
result of the position-dependent terms cos2(kf y0 sin β ) and
sin2(kf y0 sin β ) in Dn. Thus, both the maximum and min-
imum values of Ypx are predicted to reach, when the sus-
pended particles are located at pressure antinodes or nodes
(i.e., for example, y0 = 0 or y0 = λs/4, respectively). The
numerical computations of the dimensionless factor Ypx are
shown using the parameters from the case of an oil parti-
cle (ρp = 922.6 kg/m3, cp = 1445 m/s) suspended in water
(ρf = 996.6 kg/m3, cf = 1502 m/s) in Figs. 2 and 3, where
the values of y0 are set to 0 mm and 0.1 mm, respectively.
In each figure, the two-dimensional plots are evaluated in
the bandwidths 0 � xs � 8 and 0◦ � β � 90◦. Inspection of
Figs. 2 and 3 reveals that the values of Ypx exhibit great
dependence on the Rayleigh angle for xs in the whole tested
range from 0 to 8. Additionally, for most values of the two
considered parameters (i.e., size factor and Rayleigh angle),

043108-4



FORCE ON A COMPRESSIBLE SPHERE AND THE … PHYSICAL REVIEW E 98, 043108 (2018)

FIG. 3. The value of Ypx from Eq. (17) is plotted in the band-
widths 0 � xs � 8 and 0◦ � β � 90◦ using the parameters from the
case of an oil sphere located at pressure nodes and immersed in water.

the sign of the corresponding Ypx is positive, which means
the oil sphere is predicted to be pushed away from the
piezoelectric substrate. Furthermore, with the increase of the
Rayleigh angle, the magnitude of Ypx exhibits a decreasing
trend, and even reverses its sign when the Rayleigh angle
approaches 90◦.

Note that the inviscid fluid assumption is also valid in
the case of an oil sphere (ρp = 922.6 kg/m3, ηp = 4.153 ×
10−2Pa s) immersed in water. The IDTs are assumed to be
fabricated on the most popular piezoelectric substrate LiNbO3

(cs = 3994 m/s) and with wavelength λs = 0.4 mm. The vis-
cous boundary layer is δ = √

ν/ω = 0.85 μm, which is very
small and has little influence on acoustic radiation force for
microsized particles.

We further search and clearly depict the negative value
of the acoustic radiation force incident on an oil sphere
submersed in water by setting the positive value of Ypx to zero
in Figs. 4 and 5, where the values of y0 are 0 mm and 0.1 mm,
respectively. In addition, the radiation force is evaluated in the
area 0 � xs � 8 and 0◦ � β � 90◦. Inspection of Eq. (17)
reveals that the value of Ypx for any given size factor and
Rayleigh angle falls in a certain range, in which the minimum
and maximum values are obtained by substituting y0 = 0 mm
and y0 = 0.1 mm into Eq. (17). Visual comparison of Figs. 4
and 5 shows that there is no overlapping area for the negative
“island” of Ypx , which means the radiation force exerted by
the SSAW cannot be all negative for different values of y0.
Thus, the attractive and repulsive behaviors of the SSAW may
occur alternately for the considered parameters, when varying
the position quantity y0.

The curve for Ypx evolving with size factor xs is very
common in the study of acoustic radiation force. In Fig. 6,
the value of Ypx is plotted in the range 0 � xs � 8 using
the parameters from the case of an oil sphere located at
pressure antinodes and immersed in water. Obviously, curves
are totally different for the four Rayleigh angles. The value

FIG. 4. The negative value of Ypx is clearly depicted in the
bandwidths 0 � xs � 8 and 0◦ � β � 90◦ by setting all the positive
value to zero and using the parameters from the case of an oil sphere
located at pressure antinodes and immersed in water.

of Yx overall drops down with the increase of the Rayleigh
angle. Furthermore, when the Rayleigh angle is 80◦, Yx can
be negative for particles with certain sizes. Thus, the SSAW-
based microfluidics can be used to attract particles in the
height direction.

The negative behavior is also observed in the case of spher-
ical particles illuminated by a Bessel beam, for which the phe-
nomenon is caused by the suppression of the backscattering
[35]. We find that the explanation also holds for the attractive
behavior of the SSAW. The time- and amplitude-independent

FIG. 5. The negative value of Ypx is clearly depicted in the
bandwidths 0 � xs � 8 and 0◦ � β � 90◦ by setting all the positive
value to zero and using the parameters from the case of an oil sphere
located at pressure nodes and immersed in water.
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FIG. 6. The value of Ypx from Eq. (17) is plotted in the range 0 �
xs � 8 using the parameters from the case of an oil sphere located at
pressure antinodes and immersed in water. In addition, four different
Rayleigh angles (20◦, 40◦, 60◦, and 80◦) are considered in the figure.

form of the scattering potential magnitude |φs/(φ0e
−iωt )| with

polar angle being 90◦ is plotted by varying the azimuthal
angle in Fig. 7, where both the attractive and repulsive
cases are considered with the parameters (xs, β, y0) being
(2.5, 72◦, 0) and (1, 72◦, 0), respectively. Obviously, lower
values of |φs/(φ0e

−iωt ) | for (2.5, 72◦, 0) are found in the
vicinity of ϕ = 1800, which supports the argument that the
attractive behavior is due to the suppression of the scattering
into the backward hemisphere. While for the repulsive case,
the scattering into the forward hemisphere is suppressed, since

FIG. 7. The time- and amplitude- independent form of the scat-
tering potential |φs/(φ0e

−iωt )| is plotted by varying the azimuthal
angle and fixing the polar angle θ = 90◦. In the figure, the scattered
potential for both the attractive and repulsive behavior are analyzed
with the parameters (xs, β, y0 ) being (2.5, 72◦, 0) and (1, 72◦, 0),
respectively. In addition, parameters used in the figure are from the
case of water medium with a suspended oil sphere.

FIG. 8. Both the exact and approximate expressions for the radi-
ation force function in the x direction (i.e., Ypx and Yapx−b, respec-
tively) are plotted by varying the size factor xs using the parameters
from the case of an air sphere (ρp = 1.161 kg/m3, cp = 347.4 m/s)
immersed in water (ρf = 996.6 kg/m3, cf = 1502 m/s). In addi-
tion, two different Rayleigh angles (i.e., 20◦ and 40◦) are considered
in the numerical calculations.

lower values of |φs/(φ0e
−iωt ) | are observed in the vicinity of

ϕ = 00.

The resonance of bubbles in the x direction

Theoretical analysis of the resonance of bubbles caused by
the SSAW is extremely meaningful for manipulating them
[64] and inducing acoustic streaming [65]. Following the
method used by Lee and Wang [62], we allow the possibility
that ρ can be comparable with xf

2 and simplify the dimen-
sionless factor Ypx using Taylor expansion and truncation,
such that

Yapx−b = 16(
xs

sin β

)2 + ( 3κf sin2β

κpxs
2 − 1

)2 cos2(ksy0) cos β. (20)

When 3κf sin2β/(κpxs
2) − 1 = 0, the motion corresponds to

the monopole oscillation resonance of bubbles. The resonance
point xsx−peak can thus be evaluated by

xsx−peak =
√

3
κf

κp

sin β. (21)

Substituting Eq. (21) into Eq. (20), the magnitude of the
resonance peak Yapx−peak is obtained:

Yapx−peak = 16κpcosβ

3κf

cos2(ksy0). (22)

In Fig. 8, the values of the radiation force functions
(i.e.,Ypx and Yapx−b) are estimated by considering the case of
an air sphere (ρp = 1.161 kg/m3, cp = 347.4 m/s) immersed
in water (ρf = 996.6 kg/m3, cf = 1502 m/s). Comparison
of the values calculated based on the exact and approximate
solutions for two different Rayleigh angles (i.e., β = 20◦ and
40◦) reveals high accuracy of the expression Yapx−b. In Fig. 9,
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FIG. 9. The approximate expressions for the resonance point and
peak in the x direction (i.e., Eqs. (21) and (22), respectively) are
plotted by varying the Rayleigh angle using the the parameters from
the case of an air sphere immersed in water.

both the resonance point and peak are plotted by varying
the Rayleigh angle using the same parameters considered in
Fig. 8. It is clear that both the resonance point and peak exhibit
great dependence on the Rayleigh angle. Furthermore, as the
angle increases, so does the resonance point, but the peak
value drops. Therefore, the Rayleigh angle can be used to
actively tune the resonance of bubbles in the SSAW.

IV. ACOUSTIC RADIATION FORCE IN THE y DIRECTION

Similarly, the radiation force in the y direction (Fy) also
consists of four terms,

Fy = Fynn + Fytt + Fynt + Fyt , (23)

where each term is expressed by

Fynn = −1

2
ρf a2

∫ π

0

∫ 2π

0
〈uf r

2〉|r=asin2θ sin ϕdϕdθ,

(24a)

Fytt = 1

2
ρf a2

∫ π

0

∫ 2π

0
〈uf θ

2 + uf ϕ
2〉|r=a sin2 θ sin ϕdϕdθ,

(24b)

Fynt = −ρf a2
∫ π

0

∫ 2π

0
(〈uf ruf θ 〉 cos θ sin ϕ

+〈uf ruf ϕ〉 cos ϕ)|r=a sin θdϕdθ, (24c)

Fyt = − ρf

2cf
2
a2
∫ π

0

∫ 2π

0

〈
Re

[
∂φ

∂t

]2
〉∣∣∣∣∣∣

r=a

sin2 θ sin ϕdϕdθ.

(24d)

Substituting Eq. (24) into Eq. (23) and noting Fy =
YpyScE, the radiation force function in the y direction is
obtained. The real and imaginary parts (i.e., αn and βn,
respectively) of the scattering coefficient sn are employed to

simplify the expression for Ypy , such that

Ypy = 8

xf
2

∞∑
(n=0)

(βn − βn+1 − 2αnβn+1 + 2αn+1βn)En,

(25)

where

En =
n∑

(m=0)

sin(2ky0 sin β ) sin(2m + 1)β

[
(n − m)!

(n + m)!

×P m
n (0)P m+1

n+1 (0) + (n − m + 1)!

(n + m + 1)!
P m+1

n (0)P m
n+1(0)

]
.

(26)

Two special Rayleigh angles (i.e., 0◦ and 90◦) are con-
sidered to examine the expression for Ypy . When β = 0◦,
the value of Ypy equals zero, consistent with the prediction
according to the symmetry configuration. When β = 90◦, the
SSAW degenerates into a PSW and we recover the formula
of the acoustic radiation force function derived in the PSW
[Eq. (19) in Ref. [19]].

In the same way, Taylor expansion and truncation are
employed to simplify the expression for Ypy , resulting in an
approximate solution Yapy valid for the case xf � 1,

Yapy = 8xf

3

[(
1 − κp

κf

+ 3

2

ρ − 1

2ρ + 1

)
sin β

− 3

2

ρ − 1

2ρ + 1
sin 3β

]
sin(2ky0 sin β ). (27)

Note that this expression is not applicable to bubbles. When
β = 90◦, the approximate formula is identical to that derived
in PSWs [i.e., Eq. (1)]. Inspection of Eq. (27) reveals that the
Rayleigh angle can have profound influences on the force,
such that researchers may have to take it into account to
further improve their designed application devices.

In Fig. 10, the value of the position-independent form of
acoustic radiation force function Ypy/sin(2ksy0) is plotted in
the bandwidths 0 � xs � 8 and 0◦ � β � 90◦ by considering
the case of an oil object immersed in water. Inspection of
Fig. 10 reveals that the Rayleigh angle plays a dominant
role in both the magnitude and direction of acoustic radiation
force exerted by the SSAW. In practical applications, the
microchannel is configured with a designed angle or parallel
to the IDTs, such that the pressure nodal or antinodal lines are
crossed with or parallel to the microchannel. For the former
case [i.e., tilted angle SSAW (taSSAW) configuration [66]],
particles with diverse physical properties deviate from the

flow direction with different distances as a consequence of the
different radiation force caused by SSAWs. In this configu-
ration, the magnitude of the radiation force is important for
particle motion. As shown in Fig. 10, the acoustic radiation
force derived in SSAWs can deviate remarkably from that
obtained in PSWs (i.e., β = 90◦). Our expression provides a
more refined prediction, and thereby has great potential in the
design of taSSAWs for particle manipulations.

When the sign of Ypy/sin(2ksy0) is positive, the particle
in SSAWs experiences a force directed towards pressure
nodes. While it is negative, the force is directed towards
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FIG. 10. The value of Ypy/ sin(2ksy0) based on Eq. (25) is
plotted in the bandwidths 0 � xs � 8 and 0◦ � β � 90◦ using the
parameters from the case of an oil sphere immersed in water.

pressure antinodes. This is the working mechanism of the
SSAW-based microfluidics with parallel configuration. The
acoustically soft particles (i.e., the case considered in Fig. 10)
are expected to be focused at pressure antinodes according
to the theory developed in PSWs, but a different prediction
is obtained based on our expression. This means the PSWs
theory can provide a wrong prediction in designing SSAWs
for particle manipulations. The areas with positive values of
Ypy/sin(2ksy0) are clearly shown in Fig. 11, which is depicted
by setting all the negative values in Fig. 10 to zero. The

FIG. 11. The positive value of Ypy/ sin(2ksy0 ) is clearly depicted
in the bandwidths 0 � xs � 8 and 0◦ � β � 90◦ by setting all the
negative value to zero and using the parameters from the case of an
oil sphere immersed in water.

FIG. 12. The positive value of Ypy/ sin(2ksy0) based on Eq. (25)
is plotted in the bandwidths 0 � xs � 0.1 and 0◦ � β � 90◦ by
setting all the negative value to zero and using the parameters from
the case of a water sphere (ρp = 996.6 kg/m3, cp = 1502 m/s) im-
mersed in chloroform medium (ρf = 1487 kg/m3, cf = 1001 m/s).

equilibrium positions (i.e., pressure nodes or antinodes) for
particles with predetermined sizes can be actively tuned by
changing the Rayleigh angle. Note that two different particles
can be separated in the parallel configuration, only if they
are predicted to be focused at different equilibrium positions.
Thus, our expression is exceedingly meaningful for practical
applications.

Furthermore, noting that the maximal separation distance
is limited to a quarter of the wavelength λs/4, the abil-
ity to actively tune equilibrium positions in the longwave-
length limit is significant for practical particle separation.
In Fig. 12, the value of Ypy/sin(2ksy0) for a water droplet
(ρp = 996.6 kg/m3, cp = 1502 m/s) suspended in chloro-
form medium (ρf = 1487 kg/m3, cf = 1001 m/s) is plotted
by varying the Rayleigh angle, and the size factor is limited
to 0 � xs � 0.1. Figure 12 shows that Ypy/ sin(2ksy0) can
change its sign, when the Rayleigh angle is equal to 72◦.
This reveals that the Rayleigh angle can be used to change
equilibrium positions for particles in the long-wavelength
limit, and thereby assist in particle handling.

The resonance of bubbles in the y direction

In this part, we also allow the possibility that ρ can be
comparable with xf

2 to simplify the dimensionless factor Ypy

for bubbles using Taylor expansion and truncation, such that

Yapy−b = −(3κf sin2β/κpxs
2 − 1

)
xs

2

sin2β
+ ( 3κf sin2β

κpxs
2 − 1

)2 8

xs

sin2β sin(2ksy0).

(28)
In Fig. 13, the values of acoustic radiation force functions

are evaluated according to both Eqs. (25) and (28) by using
the parameters from the case of an air sphere immersed in
water. Comparison of the values computed based on the exact
and approximate solutions for two different Rayleigh angles
(i.e., β = 20◦ and 40◦) shows that Yapy−b has great accuracy
to capture the value of acoustic radiation force exerted on
bubbles. Additionally, inspection of Fig. 12 reveals that the
resonance of bubbles occurs in the position very close to the

zero point (i.e., xs =
√

3κf
κp

sin β). This inspires us to further

evaluate the resonance peak. We rewrite Yapy−b as

Yapy−b = −1
xs

2/sin2β(
3κf sin2β

κpxs 2 −1
) + ( 3κf sin2β

κpxs
2 − 1

) 8

xs

sin2β sin(2ksy0).

(29)
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FIG. 13. Both the exact and approximate expressions for the ra-
diation force function in the y direction (i.e., Ypy and Yapy−b, respec-
tively) are plotted by varying the size factor xs using the parameters
from the case of an air sphere (ρp = 1.161 kg/m3, cp = 347.4 m/s)
immersed in water (ρf = 996.6 kg/m3, cf = 1502 m/s). In addi-
tion, two different Rayleigh angles (i.e., 20◦ and 40◦) are considered
in the numerical calculations.

In the vicinity of xs =
√

3κf
κp

sin β, only the term
xs

2/sin2β

(3ρcp
2sin2β/xs

2cf
2 −1)

is sensitive to the value of xs . In addition,

for xs <
√

3κf
κp

sin β,

xs
2/sin2β( 3κf sin2β

κpxs
2 − 1

) +
(

3κf sin2β

κpxs
2

− 1

)
� 2xs

sin β
, (30)

FIG. 14. The approximate expressions for the resonance point
and peak in the y direction (i.e., Eq. (21) and Eq. (22), respectively)
are plotted by varying the Rayleigh angle using the the parameters
from the case of an air sphere immersed in water. Additionally, the
exact values of the resonance peak for several Rayleigh angles are
also plotted in the figure.

and for xs >
√

3κf
κp

sin β,

xs
2/sin2β( 3κf sin2β

κpxs
2 − 1

) +
(

3κf sin2β

κpxs
2

− 1

)
� − 2xs

sin β
, (31)

such that

Yapy−peak = ± 4

xs
2

sin3β sin(2ksy0). (32)

Note that the resonance point is very close to the zero point.
Substituting xs =

√
3κf
κp

sin β into Eq. (32), the two resonance
peaks can be expressed by

Yapy−peak = ±4 sin βκp

3κf

sin(2ksy0). (33)

Figure 14 shows the approximate values of the resonance
point (i.e., xsy =

√
3κf
κp

sin β) and the first resonance peak

[i.e., Yapy−peak = − 4 sin βκp

3κf
sin(2ksy0)] by considering an air

bubble immersed in water. In addition, the exact value of
the resonance peak according to Eq. (25) is also depicted in
Fig. 14. Inspection of Fig. 14 reveals that the approximate
expression for Yapy−peak is accurate enough to calculate the
resonance peak.

V. CONCLUSION

In this paper, the theory for acoustic radiation force exerted
by SSAWs is extended to a compressible sphere in inviscid
fluids, based on which the resonance of a gas bubble is further
analyzed to provide better estimations for both the resonance
point and peak. The derivation starts from the scattered theory
and is accomplished using the near-field derivation approach.
Our extended theory is examined by recovering the formulas
derived in PTWs and PSWs, when Rayleigh angles are equal
to 0◦ and 90◦, respectively. Numerical calculations are carried
out to illustrate the Rayleigh angle effects on the radiation
force.

In the direction normal to the piezoelectric substrate, the
radiation force caused by the SSAW shows great dependence
on the Rayleigh angle. More specifically, with the increase of
the Rayleigh angle, the acoustic radiation force exhibits an
overall decreasing trend, and reverses its direction when the
Rayleigh angle approaches 90◦. In the direction parallel to the
piezoelectric substrate, the Rayleigh angle plays a dominant
role in both the magnitude and direction of the radiation
force, providing an approach to actively tune the equilibrium
positions (i.e., pressure nodes or antinodes) for particle po-
sitioning. When a bubble is illustrated by SSAWs, both the
resonance point and peak exhibit great dependence on the
Rayleigh angle. We provide simple and accurate expressions
to estimate the two values. These have great potential in
SSAWs-based bubble manipulations.
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APPENDIX: SPECIAL FUNCTIONS USED IN THE DERIVATION

In the derivation of Eq. (4), we use the following identity,

eik·r =
∞∑

n=0

injn(kr )(2n + 1) ×
[
Pn(cos(θk ))Pn(cos(θr )) + 2

n∑
m=1

(n − m)!

(n + m)!
P m

n (cos(θk ))P m
n (cos(θr ))eim(ϕr−ϕk )

]
. (A1)

In the derivations of Eq. (17) and Eq. (25), the following equations are used,

∫ 2π

0
cos nθ cos mθ cos θdθ =

⎧⎪⎨
⎪⎩

π (n + m = 1)
π
2

(n − m = ±1,

n 
= 0,m 
= 0)
0 otherwise

, (A2a)

∫ 2π

0
sin nθ sin mθ cos θdθ =

⎧⎨
⎩

π
2

(n − m = ±1,

n 
= 0,m 
= 0)
0 otherwise

, (A2b)

∫ 2π

0
cos nθ sin mθ sin θdθ =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0 (n = 1,m = 0)
π (n = 0,m = 1)
−π
2 (n − m = 1,m 
= 0)

π
2 (m − n = 1, n 
= 0)
0 otherwise

, (A2c)

∫ 2π

0
cos nθ cos mθ sin θdθ = 0. (A2d)

In Eq. (A2), Fn(xf ) could represent either jn(xf ) or nn(xf ),

xf F ′
n(xf ) = nFn(xf ) − xf Fn+1(xf ), (A3a)

xf F ′
n+1(xf ) = xf Fn(xf ) − (n + 2)Fn+1(xf ). (A3b)

The relation between jn(xf ) and nn(xf ) can be written as

jn+1(xf )nn(xf ) − jn(xf )nn+1(xf ) = 1/x2
f . (A4)
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