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Polarization of periodic degrees of freedom in response to cyclic transformations
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When a classical fluctuating system in contact with a thermal bath undergoes a driven transformation in a
finite time, a nonequilibrium distribution is created and an amount of energy is inevitably dissipated on average.
It is known that the average dissipation and the extent of the out-of-equilibrium are mutually bounded. Here
we elaborate the perspective of exploiting such a constraint to check the admissibility of the nonequilibrium
distributions at a given amount of average dissipation. Namely, we focus on cyclic transformations and derive
an upper bound for the statistical polarization that may be present, after the cycle, over an a priori unbiased
periodic degree of freedom of the system. The finding is then applied to establish the maximum polarization
that can be induced on the velocity of massive moieties in many-body molecular systems in response to generic
cyclic transformations.
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I. INTRODUCTION

At the nanoscale, a system subjected to a guided trans-
formation undergoes fluctuations due to the contact with the
environment acting as thermal bath. At such a scale, the ther-
modynamics becomes “stochastic” since the erratic nature of
the uncontrolled degrees of freedom makes that the amounts
of work and heat exchanged by the system are stochastic vari-
ables with distributions characteristic of the transformation
protocol [1]. After the early stage in which the pragmatic tar-
get was mainly charting the system’s free energy in the space
of the externally controlled parameters by exploiting the raw
information contained in the work distribution function, ever-
growing attention was given to relate the average amount of
work, or more directly the average energy dissipation, with the
dynamical response of the uncontrolled degrees of freedom.
For example, emergent concepts like “self-adaptation” [2,3]
and “nonequilibrium self-assembly” [4] refer to the system’s
structural organization induced by dissipative processes, and
pertain to such aspects of stochastic thermodynamics.

The present work fits into such a context. In essence, the
focus will be on investigating how a fixed amount of average
dissipation constrains the admissible out-of-equilibrium dis-
tributions on the uncontrolled degrees of freedom at the end
of a driven transformation starting from equilibrium condi-
tions. In particular, we shall consider cyclic transformations
performed on a system with a periodic internal degree of free-
dom, and explore the constraints on the statistical distribution
for such a coordinate.

Let us introduce the problem. Consider a classical system
fluctuating in contact with a thermal bath and undergoing a
cyclic transformation driven by an external agent. Suppose
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that the system possesses a periodic continuous coordinate
over which the statistical distribution at equilibrium is uni-
form. In the following, we shall use the expression “a priori
unbiased degree of freedom” to address this situation. Such
a rotational-like coordinate may correspond to a physical
degree of freedom, or it may be an abstract coordinate in all
generality. In response to a generic cyclic transformation, the
marginal distribution over such a coordinate will develop a
bias which, in this case, can be naturally termed as “statisti-
cal polarization.” The question posed here is the following:
Knowing only the average amount of energy put into play by
the external agent, which is the maximum extent of statistical
polarization that can be realized on such a kind of periodic
degree of freedom?

To quantity the polarization we adopt a parameter P
built with the averages of first-rank Fourier components. In
the context of “directional statistics” [5], such a parameter
is known as “mean resultant length” and is employed to
quantify the concentration of orientational data with respect
to the mean orientation. We shall see [statement (ii) in the
following] that it is indeed possible to provide an upper bound
for P only from the knowledge of the average amount of
energy expended in the form of performed work; the details
about external agent, system, and kind of transformation
are irrelevant. In such a system-free framework, one can
only state that P cannot exceed the upper bound, while no
statements can be made about extent and orientation of the
actual polarization realized case by case.

As a first application we shall consider the case of arbi-
trarily complex molecular systems made of massive pointlike
moieties. By representing the velocity vector of a moiety in
spherical coordinates, the azimuthal angle is exactly a periodic
coordinate with uniform distribution at the thermal equilib-
rium. In response to a cyclic transformation, the velocity of
each moiety will develop a polarized distribution onto an

2470-0045/2018/98(4)/042110(9) 042110-1 ©2018 American Physical Society

http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.98.042110&domain=pdf&date_stamp=2018-10-04
https://doi.org/10.1103/PhysRevE.98.042110


HADRIEN VROYLANDT AND DIEGO FREZZATO PHYSICAL REVIEW E 98, 042110 (2018)

arbitrarily chosen “observation plane.” Statement (iii) will
concern the maximum extent of in-plane velocity polarization
that can be realized given the amount of energy expended
on average. In terms of an ensemble of system’s replicas,
all subjected in parallel to the same transformation, such a
bound can be translated into the maximum extent of coherent
movement that can be induced by a cyclic transformation.

II. PRELIMINARIES

Let x be the set of relevant variables of the system
(general configurational variables and, possibly, their
conjugated momenta) whose fluctuations are supposed to
be describable as a stochastic Markov process. For a state of
thermal equilibrium, peq(x) = Z−1e−βV (x) is the canonical
distribution of the microstates, where Z = ∫

dx e−βV (x) is
the partition function with V (x) the configurational energy
and β = (kBT )−1 (kB is the Boltzmann constant and T

the absolute temperature of the thermal bath). The word
“distribution” is used here with a twofold meaning: it may
refer either to the probability density associated with the
statistical expectation in a single-system view, or to the
distribution of microstates in an ensemble context.

Now suppose that some external agent “picks” the system
at equilibrium and performs a transformation by acting on
some parameter(s) in a prescribed way. While the drive is ac-
tive, the system remains in contact with the thermal bath. Let
p(x) be the distribution associated with the final state of the
system. As customarily done, we adopt the relative entropy
(Kullback-Leibler divergence [6]) to quantity the deviation of
p(x) from the “underlying” equilibrium distribution peq(x) at
the final value of the controlled parameter(s):

D(p||peq ) =
∫

dx p(x) ln
p(x)

peq(x)
. (1)

The quantity D is non-negative and null only if p(x) and
peq(x) are coincident, that is, in the ideal case of absence of
lag between system’s response and external drive.

In driving the system with the prescribed schedule, the
agent performs work. Due to the fluctuations of the uncon-
trolled degrees of freedom, the amount of work is a stochastic
quantity. Let w be the average work, where the term “aver-
age” can be either intended as average over the ensemble of
outcomes from the repetition of the same transformation or
as probabilistic mean value in a single-system view. Since
the transformation is conducted in a finite time, an amount
of energy is, on average, inevitably dissipated (wasted) just
for operating in out-of-equilibrium conditions. Such average
dissipated energy, wdiss, corresponds to the difference between
w and the variation of Helmholtz free energy (denoted by
A) of the system in passing from the initial equilibrium state
to the underlying equilibrium state associated with the final
value(s) of the controlled parameter(s):

wdiss = w − (A1 − A0), (2)

where Ai = const(T ) − β−1 ln Zi with i = 0 for the initial
state and i = 1 for the final one; const(T ) is an immaterial
offset at the fixed temperature. The difference A1 − A0, which
is required to get wdiss from Eq. (2), can be obtained by
the canonical partition functions [A1 − A0 = −β ln Z1/Z0]

or, as an empirical quantity, by Jarzynski’s equality [1] if the
full work distribution function ρ(w) is available [A1 − A0 =
−β−1 ln

∫
dwρ(w)e−βw].

For cyclic transformations as those of interest here, the
final underlying equilibrium state and the initial equilibrium
state of the system do coincide, hence A1 = A0. This implies
wdiss ≡ w, i.e., the average energy dissipation is directly
identified with the average work. Thus, in the following
argumentation, the expressions “average work” and “average
energy dissipation” (all referred to a cycle) can be freely
interchanged [7].

III. DISSIPATION AND NONEQUILIBRIUM
DISTRIBUTION

The following remarkable inequality, which expresses a
mutual bound between average dissipation and deviation from
equilibrium, was derived by Vaikuntanathan and Jarzynski
[8]:

D(p||peq ) � βwdiss, (3)

where the equality holds only in the quasistatic limit. This
relation is valid regardless of the dynamical regime of the
fluctuations, overdamped or underdamped in all generality.
In a recent work [9], the same result, and even a stronger
inequality regarding the rates of variation of the quantities
in Eq. (3), was obtained from the Fokker-Planck equation
describing the evolution of the nonequilibrium distribution
during the transformation. For the validity of Eq. (3) it is
only required that, even during the driven transformation, the
dynamics of the uncontrolled degrees of freedom be a Markov
process and that the micro-reversibility holds; these are the
same assumptions invoked for the derivation of the main
work fluctuation theorems in stochastic thermodynamics [1].
In passing, note that since D is non-negative, Eq. (3) implies
the weaker inequality wdiss � 0, hence w � A1 − A0; this is
nothing but the Clausius inequality (one of the facets of the
second principle of thermodynamics) formulated in terms of
average quantities for fluctuating systems [1].

Equation (3) is rather general. In what follows we shall
focus on cyclic transformations. In such a situation, Eq. (3)
turns into

Cyclic transformation : D(p||peq ) � βw. (4)

Note that the time variable does not appear in the above
relations. In fact, it is only meant that some finite-time
transformation takes place, without the need to specify its
actual schedule, i.e., the path in the space of the controlled
parameter(s), the progression rate, and the duration.

Equation (4) [and, similarly, Eq. (3)] can be viewed from
two angles. First, it tells us that if our target is the creation of
a certain distribution p(x) via a finite-time cycle, it is required
for sure, regardless of the schedule, that an average amount
of energy at least equal to β−1D(p||peq ) has to be put into
play. On the other hand, if the involved average amount of
energy (hence of average dissipation) is known, then only the
distributions p(x) that satisfy Eq. (4) are admissible and the
following assertion can be done:

(i) Once a cyclic transformation is performed on a system
initially at thermal equilibrium, the distributions p(x) that
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violate D(p||peq ) � βw are not compatible with the final
statistical state of the system.

In practice, if p(x) is represented by a point in a multidi-
mensional space of order parameters (statistical averages of
functions of x), then some regions of such a space are surely
not allowed.

Remarkably, the inequalities Eqs. (3) and (4) are still
valid if D(p||peq ) is replaced by the relative entropy for the
reduced distributions on fewer degrees of freedom. In fact,
if x = (x1, x2) and ρ(x1) = ∫

dx2 p(x1, x2) is the reduced
(marginal) distribution on the subset x1, then [10]

D(ρ||ρeq ) � D(p||peq ). (5)

IV. POLARIZATION OF SINGLE
PERIODIC COORDINATES

A. The general case

Let us assume that one of the degrees of freedom of the
system is a periodic coordinate φ ∈ [0, 2π ). Then, let ρeq(φ)
be the associated reduced equilibrium distribution, whereas
ρ(φ) is the nonequilibrium distribution after some cyclic
transformation. According to Eq. (4) with Eq. (5), it must be

D(ρ||ρeq ) � βw. (6)

We stress that Eq. (6) is a direct consequence of Eq. (4),
and hence it holds regardless of the regime of motion of
the system, overdamped or underdamped in all generality.
Even the physical nature of the periodic degree is freedom
is generic, meaning that φ may be a geometrical variable, an
abstract internal coordinate of the system, or even a dynamical
variable (in the underdamped case).

At the computational level, some suitable functional form
has to be assigned to ρ(φ) in order to get a workable expres-
sion of Eq. (6). A helpful route might be to express ρ(φ) as

ρ(φ) = ρeq(φ)e�(φ)−ln 〈e� 〉eq , (7)

where the compact notation 〈f 〉eq ≡ ∫ 2π

0 dφf (φ)ρeq(φ) is
adopted to indicate equilibrium averages of functions of φ,
and where �(φ) is an associated function which makes Eq. (7)
an identity. In practice, �(φ) ≡ K + ln[ρ(φ)/ρeq(φ)], where
the constant K corresponds to ln〈e�〉eq. The normalization∫ 2π

0 dφ ρ(φ) = 1 is assured by construction. By using Eq. (7)
to express the relative entropy, a few algebraic steps lead to
get D(ρ||ρeq ) = 〈�e�〉eq/〈e�〉eq − ln 〈e�〉eq. Thus, Eq. (6)
becomes

〈�e�〉eq

〈e�〉eq
− ln 〈e�〉eq � βw. (8)

In all generality, the periodicity on the variable φ allows one
to expand �(φ) in terms of Fourier components:

�c(φ) =
∑
n�1

[an cos(nφ) + bn sin(nφ)], (9)

where the array c collects all parameters a1, a2, . . . ,

b1, b2, . . . of the expansion (the immaterial flat contribution
for n = 0 is excluded in the summation). A distribution ρ(φ)
is thus admissible if the set c is such that Eq. (9) fulfills Eq. (8).

Finally, we stress that ρ(φ) might be specified by
an ensemble of order parameters, that is, the aver-
ages 〈f1〉ρ, 〈f2〉ρ, · · · , 〈fN 〉ρ of suitably selected functions
f1(φ), f2(φ), . . . , fN (φ). If such functions are mutually or-
thogonal (in terms of scalar product in the φ domain), then
the corresponding point in the N -dimensional space of the
order parameters provides an increasingly sharp identification
of ρ(φ) as the set of functions is ever more enlarged. Con-
versely, low-dimensional representations in the space of a few
order parameters give a fuzzy statistical specification which,
however, might catch some peculiar features of ρ(φ).

B. Unbiased periodic coordinates

So far our discussion has been general. Henceforth we
focus on the case of an a priori unbiased periodic coordi-
nate, i.e., ρeq(φ) = 1/2π . Concerning the order parameters
adopted as descriptors of ρ(φ), we focus here only on the
first-rank order parameters 〈cos φ〉ρ and 〈sin φ〉ρ . If the system
were transformed infinitely slowly, then at completion of
the cycle all values φ would be again equiprobable [since
ρ(φ) ≡ ρeq(φ) = 1/2π ] so that 〈cos φ〉ρ = 〈sin φ〉ρ = 0; on
the contrary, for finite-time transformations, these averages
are generally non-null. The global polarization parameter

Pρ =
√

〈cos φ〉2
ρ + 〈sin φ〉2

ρ (10)

is adopted here to quantify the statistical polarization of the
nonequilibrium distribution on φ [11]. The subscript ρ serves
to remark the functional dependence on the distribution ρ(φ).
By construction, 0 � Pρ � 1. For infinitely slow transforma-
tions, Pρ = 0 and the system is not statistically polarized. On
the opposite side, a value of Pρ tending to 1 indicates that the
transformation occurred in a finite time and that the system
is largely polarized in the sense that the final distribution is
peaked around a certain value of φ. Note that Pρ does not
give information about the direction of the polarization.

Now consider the situation in which both the nature of
the external agent and the kind of transformation are totally
unspecified. Accordingly, the candidate distribution ρ(φ) may
span the whole functional space under the constraint that
Eq. (6) [or, equivalently, Eq. (8)] holds for the given w.
The following parameter in then taken as a measure of the
maximum allowed statistical polarization:

Pmax = max
allowed ρ

{Pρ}, (11)

where “allowed ρ” means that the condition Eq. (6) must be
fulfilled. A practical formulation is achieved, for instance,
by adopting the parametrization of ρ(φ) based on Eq. (7)
with Eq. (9); by denoting with Pc the polarization parameter
computed with the distribution ρ(φ) parametrized by the set
c, Eq. (11) becomes Pmax = maxallowed c {Pc}, where “allowed
c” means that the condition Eq. (8) must be fulfilled.

In practice, Pmax sets the maximum value of the polariza-
tion parameter in response to a cyclic transformation, given
only that the average work per cycle is fixed to w. Note that
Pmax is a universal and well-defined function of w.

For the present case of unbiased periodic coordinate, the
exact profile of Pmax versus βw can be found by noticing
that a von Mises distribution [5] suitably parametrized is the
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resolvent of Eq. (11) under the imposed constraint. The von
Mises distribution, ρvM(φ), has the form

ρvM(φ) = 1

2π I0(κ )
eκ cos(φ−μ), (12)

where μ is the mean orientation and κ � 0 quantifies the
orientational concentration about the mean; finally, here and
below, In(·) is the nth-order modified Bessel function of the
first kind [12]. The von Mises distribution is unimodal, cen-
tered at the value μ, and symmetric. For κ → 0 it tends to the
uniform distribution, while in the opposite limit of large κ it is
well approximated by a Gaussian profile of variance κ−1. The
key point is to recognize that ρvM(φ) is the distribution with
the maximum information entropy at given mean resultant
length (which corresponds to the polarization parameter in our
context) [13]. This implies that ρvM(φ) minimizes the relative
entropy with respect to ρeq(φ) = 1/2π at fixed P . For the von
Mises distribution, the relative entropy and the polarization
parameter have explicit expressions, namely D(ρvM||ρeq ) =
κ I1(κ )/I0(κ ) − ln I0(κ ) and P = I1(κ )/I0(κ ). Now consider
that fixing P corresponds to fix κ , and that both D(ρvM||ρeq )
and the polarization parameter monotonically increase with κ .
Thus, to determine Pmax from Eq. (6), it suffices to solve the
equation

κ
I1(κ )

I0(κ )
− ln I0(κ ) = βw (13)

with respect to κ � 0, and then compute

Pmax = I1(κ )

I0(κ )
. (14)

Note that the parameter μ does not enter the above expres-
sions. This agrees with the fact that only the extent of the
polarization can be determined but not its direction.

The profile of Pmax versus βw resulting from the numerical
solution of Eqs. (13) and (14) is displayed in Fig. 1 in a
double-logarithmic scale. What emerges is that Pmax � √

βw

for βw � 1, while for βw exceeding 1 the profile bends
tending to the limit value 1. Roughly, the behavior on the
whole energy scale is found to follow closely

Pmax �
√

tanh (βw), (15)

which corresponds to the dashed line in Fig. 1. The adoption
of tanh(·) relies only on the fact that such a simple function
well captures the features of the exact solution. The inset
shows the percentage relative deviation of

√
tanh (βw) from

the true values. Note that Eq. (15) is globally accurate within
3% and that, more importantly, it gives an overestimation of
Pmax in the whole range of βw values [14]. On this basis we
can safely make the following assertion:

(ii) Given that an external agent expends on average an
amount of energy w per cycle, the system’s polarization
parameter P over an a priori unbiased periodic degree of
freedom cannot be larger than

√
tanh (βw).

We underline the important fact that such a statement
holds, exactly as the starting point represented by Eq. (4),
regardless of the system’s regime of motion (overdamped or
underdamped) and of the physical nature of the variable φ.
In fact, all steps from Eq. (4) to Eq. (6) to statement (ii)
are sequential and the level of validity is preserved. On this

FIG. 1. Maximum polarization parameter Pmax versus the av-
erage performed work per cycle (equal to the average dissipated
energy) for the case of single unbiased periodic coordinate. The
exact solution is displayed with continuous line, while the dashed
line corresponds to

√
tanh(βw) that closely approximates the exact

profile from above. The inset shows the percentage relative deviation
of

√
tanh(βw) from the true values. (Because of overflow issues in

the computation of the Bessel’s functions of large arguments, for βw

greater than 3.7 the values of Pmax have been computed by employing
the approximation given in the note Ref. [14].)

basis, the strength of statement (ii) lies in the possibility to
apply it directly to any situation in which the requirements for
Eq. (4) (Markov character of the dynamics and validity of the
microreversibility even in out-of-equilibrium conditions) are
fulfilled at least as good approximations and, of course, under
condition that an internal periodic coordinate φ is present.
System’s specific details are not required. In Sec. V we shall
provide an example of direct application of statement (ii) to a
situation of potentially wide interest.

It is worth to highlight that the statement (ii) can be
reformulated as follows: To have a chance to achieve a certain
degree of polarization P , one has to perform an average
amount of work w � β−1 tanh−1(P2). Since the work is a
measurable quantity, this assertion may be useful to identify
the experimental conditions that may allow the realization of
a nonequilibrium distribution with the target polarization at
the end of the cycle. The relation given above shows that
the higher the target polarization, the higher must be w for
having the chance to achieve it. By recalling that for cyclic
transformations w corresponds to the average energy dissi-
pation, this also means that the higher degree of polarization
is associated with higher dissipation. Such a viewpoint might
have a practical relevance in the context of single-system
manipulations by considering that P quantifies the precision
on the localization of φ with respect to the mean (expectation)
value; our finding gives the a priori minimum average energy
cost, or dissipation, for having the chance to reach a desired
precision in response to the cyclic transformation.

Although the exact solution is obtainable as described
above, we believe that it is worthwhile to present also a
numerical methodology aiming to get an estimate of Pmax

by means of a random search in the space of the parameters
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FIG. 2. Maximum polarization parameter versus the average
performed work per cycle for the case of single unbiased pe-
riodic coordinate: outcomes from the numerical inspection. The
different symbols correspond to different setup parameters em-
ployed in the calculations (see the Appendix for details). In all
cases, Rmax = 10 and Nsectors = 500 (calculations with Nsectors = 50
give comparable results). Then, the different choices are nmax =
1, Ntrials(1) = 106 (filled circles); nmax = 1, Ntrials(1) = 105 (open
circles); nmax = 2, Ntrials(1) = 106 (squares); nmax = 4, Ntrials(1) =
106 (rhombuses); nmax = 5, Ntrials(1) = 106 (triangles); nmax = 5,
Ntrials(1) = 108 (down-triangles). The stars beyond βw = 1.2 refer
to nmax = 4, Ntrials(1) = 105; the outcomes for βw � 2.5 are limited
by the cutoff on Pmax set to 0.98. The continuous line corresponds to
the exact solution also shown in Fig. 1. The inset shows the density
of points in a small portion of the plane of the averages 〈sin φ〉c

and 〈cos φ〉c; each point corresponds to a set c for which Eq. (8) is
fulfilled. Such a pattern refers to the setup corresponding to the filled
circles and βw = 1.0. The full bi-dimensional diagram, here not
shown, appears to be a compact circular region (in accord with the
physical invariance with respect to arbitrary angular shifts) densely
filled and centered in (0,0).

c which specify ρ(φ) through Eq. (7) with Eq. (9); the
computational details are given in the Appendix. In essence,
for each set c it is checked if the candidate distribution fulfills
the requisite of Eq. (8). If the check is passed, then any
property of the distribution (for example, the polarization
parameter of interest here) can be computed for that allowed
set c. The random search in the c space might be useful to
treat the cases in which ρeq(φ) is nonuniform and the exact
solution is not attainable.

In the present application, the numerical determination
of the maximum polarization at given βw is performed by
individuating, among all sets c that fulfill Eq. (8), the set that
yields the maximum value of Pc. Clearly, any search in the
parameter space can provide only an estimate from below of
the maximum polarization. However, as the search is ever
more exhaustive, such an estimate is expected to converge
asymptotically to the value Pmax, which can be hence obtained
by a plausible extrapolation. The results are shown in Fig. 2.
The spread of the outcomes is ascribable to the different
computational setups, in particular to the maximum rank of
the Fourier components when a truncated version of Eq. (9) is

FIG. 3. Distributions ρc(φ) that maximize Pc for various values
of βw. For each distribution, the abscissa is shifted with respect to the
point of maximum. The outcomes refer to the search with nmax = 1,
Nsectors = 500, Ntrials(1) = 105 (open circles in Fig. 2).

adopted in practice. The closeness of the outcomes to the exact
solution (the continuous line) demonstrates that the strategy is
effective. It is found that limiting the summation to first-rank
components suffices to span efficiently the family of candidate
distributions ρ(φ). The inclusion of higher-rank components
does not bring relevant improvements and requires an ever
more intensive sampling which rapidly becomes prohibitive.
In the light of the analytic treatment described above, such a
trend is readily explained by considering that a single first-
rank Fourier component enters the von Mises distribution.
Thus, including components of higher rank only leads to a
worsening of the outcomes since the random search is spread
over irrelevant dimensions.

Figure 3 shows, for some values βw, the distribution ρ(φ)
corresponding to the set of parameters c that yields the highest
value of Pc; a single Fourier component has been considered
in the search. The profiles are displayed versus the variable φ

shifted with respect to the point of maximum. Note that all the
features of von Mises distribution are present and, as expected,
the profiles become narrower and well approximated by a
Gaussian as βw is ever larger (that is, at increasing maximum
polarization). As a check, we have verified that the profiles of
ρvM(φ) computed with κ corresponding to βw (for example,
κ = 1.789 for βw = 0.5) are indistinguishable from those of
Fig. 3 under the graphical resolution.

C. Numerical example

Just for illustrative purposes, let us consider a numerical
realization of a cyclic transformation on an unbiased
unidimensional rotor with angular degree of freedom φ.
For 0 � t � τ with τ the duration of the cycle, let Vt (φ) be
the time-dependent system’s energy due to the interaction
with some external means. In this example, the same kind
of energy modulation already considered in previous studies
[9,15] is applied: βVt (φ) = � ε(t ) cos [φ + 0.7ε(t )] with
ε(t ) = sin(2πt/τ ) and � = 4. By assuming overdamped
motion with constant diffusion coefficient D, the
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FIG. 4. Example of statistical polarization for the unbiased unidi-
mensional overdamped rotor described in Sec. IV C. Panel (a) shows
the energy modulation during the transformation cycle. Panel (b)
shows βw versus the cycle duration τ in double-logarithmic scale.
Panel (c) displays the polarization parameter versus τ ; red squares
refer to P and black circles to Pmax = √

tanh(βw) computed for
βw corresponding to the given τ . Panel (d) displays P and Pmax

in the same fashion of Figs. 1 and 2; the same profiles in linear
scale are shown in the inset. Panel (e) shows the nonequilibrium
distribution ρτ (φ) at the end of the cycle of duration τ = 10. Panel
(f) displays the same distribution in the fashion of Fig. 3, that is, with
the angular variable shifted with respect to the point of maximum of
the distribution (the maximum falls at 0.346 rad).

nonequilibrium distribution ρt (φ) evolves according to the
nonstationary Fokker-Planck equation ∂ρt (φ)/∂t =
−�̂(t )ρt (φ), where �̂(t ) = −D ∂

∂φ
e−βVt (φ) ∂

∂φ
eβVt (φ) is the

time-dependent Smoluchowski operator [16]; the initial
condition is ρ0(φ) = 1/2π . Such an equation has been solved
numerically by means of a finite-difference scheme with
homogeneous partition of the domain of the angle φ, and
employing the forward Euler propagation route [17] (for
details, see Ref. [15]). The average work at completion
of the cycle is then achieved by computing numerically
the double integral βw = ∫ τ

0 dt
∫ 2π

0 dφ ρt (φ)∂[βVt (φ)]/∂t .
For each value τ , the polarization parameter at the end of
the cycle, P = √〈cos φ〉2

τ + 〈sin φ〉2
τ , is also obtained by

computing numerically the required integrals 〈cos φ〉τ =∫ 2π

0 dφ ρτ (φ) cos(φ) and 〈sin φ〉τ = ∫ 2π

0 dφ ρτ (φ) sin(φ).
Figure 4 collects the results. Figure 4(a) shows the energy

modulation during the cycle. The profile of Vt (φ) features
a single asymmetric well whose shape, depth, and point of
minimum all change during the cycle; at t = 0, t = τ/2,
and t = τ , the energy profile is flat. Figure 4(b) reports βw

versus τ . The double-logarithmic scale helps to recognize the
increase βw ∝ τ for short cycles and the decrease βw ∝ τ−1

for long cycles, while a maximum falls at a certain duration

of the cycle. Such general features of the profiles of βw

versus τ have been discussed in Ref. [15]. Figure 4(c) shows
the profile of the polarization parameter versus the duration
of the cycle. The red squares refer to P , while the black
circles are the values of Pmax = √

tanh(βw) computed for
βw corresponding to the given τ . Note that, as expected, the
entire profile of P lies below the profile of Pmax. Figure 4(d)
displays the same information in the fashion of Figs. 1 and
2. As a whole, the actual polarization parameter P never
falls above Pmax. Finally, Fig. 4(e) shows the nonequilibrium
distribution at the end of the cycle, ρτ (φ), for τ = 10, which
is close to the condition of maximum average dissipation
[see Fig. 4(b)]. The system’s statistical polarization induced
by the transformation clearly emerges from the shape of
such a distribution which results to be peaked at the angle
0.346 rad. Figure 4(f) shows the distribution in the same way
of the profiles in Fig. 3, that is, by shifting the angular variable
with respect to the point of maximum. Although this profile
might resemble those of Fig. 3, ρτ (φ) is very far from the von
Mises distribution that realizes the maximum polarization. In
fact, for τ = 10 we have βw � 3.4 corresponding to Pmax �
1 in Fig. 4(d); the von Mises distribution that yields such
a high maximum polarization would appear as an extremely
sharp peak [κ = 1278 in Eq. (12)].

V. POLARIZATION OF THE VELOCITIES IN A
MANY-BODY SYSTEM

Let us consider a generic cyclic transformation performed
on a system constituted by pointlike massive moieties; for
example, it might be a molecular system in fully atomistic
or united-atom representations. The generic variables x here
correspond, in a phase-space representation, to the set of posi-
tional coordinates (with reference to a chosen frame of axes)
along with the associated velocities. The dynamics of x are
assumed to be a multidimensional Markov process, possibly
described by a Langevin equation in the underdamped regime.

Let us focus on one of the moieties. Given an arbitrarily
chosen observation plane, the angular distribution of the pro-
jection of the velocity of that moiety onto the observation
plane is clearly uniform at the thermal equilibrium [18].
On the contrary, a statistical polarization is expected at the
completion of the cycle. A pictorial representation of this
situation is given in Fig. 5. The in-plane orientation of the
velocity can be specified by an angular variable which behaves
exactly as the periodic coordinate φ considered above. Thus,
all previous findings are inherited in the present case and, in
particular, the statement (ii) is readily adapted as follows:

(iii) Consider a many-body system made of pointlike mas-
sive moieties and choose an observation plane; if an external
agent acts on the system and performs a cyclic transformation
by expending an average amount of energy w, the polarization
parameter P for the projection of the velocity of a moiety onto
the observation plane cannot be larger than

√
tanh (βw).

Such a statement is valid in all generality: it holds regard-
less of the complexity of the system and of the features of the
internal configurational energetics, regardless of the number
of the moieties and also regardless of their masses.

Finally, note that P is also a measure of the in-plane
coherent movement that can be realized in an ensemble of
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FIG. 5. Pictorial representation of the in-plane angular polar-
ization of the velocity vector for a moiety of a fluctuating system
after a cyclic transformation. The azimuthal angle φ is the (a priori
unbiased) periodic degree of freedom of interest. The shaded color
represents, in abstract way, the polarization which is induced by a
cyclic transformation performed on the system.

system’s replicas all subjected in parallel to the same cyclic
transformation. In fact, by focusing on a certain moiety, the
direction of the velocity polarization (although not known) is
the same for all replicas. Thus, P gives the extent of coherence
of the induced motion onto the observation plane. This point
of view may be of interest if the external agent is some field
that interacts simultaneously with many replicas of the same
system.

VI. CONCLUDING REMARKS

In this work we have pointed out that Eq. (3) can be
viewed as a constraint to establish, for a fluctuating system
transformed in contact with a thermal bath and initially at
equilibrium, which final nonequilibrium distributions p(x) are
admissible, and which are not, just on the basis of the amount
of energy dissipated on average. Characterizing the deviation
of p(x) from peq(x) could be crucial for the understanding
of the operation at the nanoscale, for example, in “one-shot”
molecular machines [19], which can be ascribed to complex
supra-molecular structures responding to external stimuli and
using input energy to execute a certain function. The line
pursued here consists in mapping the low-dimensional space
of a few order parameters which are supposed to catch relevant
features of p(x), and then finding the portion of such a space
which is allowed at the given average dissipation.

The practical implementation of this concept becomes
relatively simple when dealing with cyclic transformations,
so that the average dissipation is directly identified with the
average performed work [hence Eq. (3) is replaced by Eq. (4)],
and when the focus is on reduced distributions on single
degrees of freedom [use of Eq. (5)]. This is exactly the case
elaborated here. Among all possible situations, we opted to
inspect systems possessing a periodic degree of freedom over
which the equilibrium distribution is uniform. An upper bound
to the amount of statistical polarization on such a kind of
coordinate was obtained as a function of the average work
(hence of average energy dissipated) per cycle. The exact
solution has been achieved by recognizing that the von Mises

distribution is exactly the resolvent of the key relation Eq. (6)
for this specific problem. Notably, with the exact solution
at hand we could validate the effectiveness of a proposed
numerical strategy that might prove useful to face the general
case of periodic coordinates with nonuniform equilibrium
distribution, for which the exact solution is not attainable. The
example in Sec. IV C illustrates that the general expectations
are met for the case of unidimensional overdamped rotor sub-
jected to a cyclic energy modulation (here arbitrarily chosen).

As first application of Eq. (15), we have estimated the
maximum extent of the velocity polarization that can be in-
duced on a massive moiety of a system subjected to a generic
cyclic transformation. The ubiquity of such a situation, which
concerns all many-body classical fluctuating systems, justifies
our first choice of focusing on the case of periodic degrees of
freedom that are unbiased at the equilibrium.

The present analysis can be easily repeated for degrees
of freedom with nonuniform equilibrium distribution and/or
by considering other sets of order parameters in place of
the first-rank ones employed here to explore the polarization
feature. Furthermore, we emphasize that the same method-
ological approach can be pursued, at least in principle, to treat
different situations at increasing levels of complexity, possibly
considering a larger number of degrees of freedom.

APPENDIX: RANDOM SEARCH IN THE
PARAMETER SPACE

It is here illustrated the strategy to perform a random search
in the space of the parameters c specifying the distribution
ρ(φ) through Eq. (7) with Eq. (9) under the constraint in
Eq. (8). The specific target is to get an estimate of Pmax for
a given value of βw.

In the computational setup, the maximum allowed rank
of the Fourier components is set to a value nmax, hence 1 �
n � nmax in Eq. (9). The sampling of the 2 × nmax expansion
coefficients a1, a2, . . . , amax, b1, b2, . . . , bmax, collected in the
array c, was performed as described in the following. We
stress that since the purpose is only to explore the c space
for detecting the maximum of Pc, any sampling strategy
is allowed, at condition that the c space be well explored
(this has to be checked by varying the parameters of the
computational setup).

Let us introduce R = √∑
n a2

n + b2
n and choose a cutoff

value Rmax. Note that R can be interpreted as the distance,
from the origin, of a point c in a (2 × nmax)-dimensional ball
of radius Rmax. Let Nsectors be the number of sectors, of equal
width � = Rmax/Nsectors, into which the segment [0, Rmax]
is divided. The ith sector (1 � i � Nsectors) corresponds to
values (i − 1)� < R � i�. The number of trials assigned to
each sector was set to increase linearly according to Ntrials,i =
Ntrials(1) �2 (2i − 1), where Ntrials(1) corresponds to a given
number of trials within the ball of radius R = 1. The adoption
of such a linear growth is a subjective choice. Such a weak
increase of Ntrials,i implies that the sampling of the c space
is not uniform (it would be uniform only if the number of
components of c were equal to 3) and ever more rarefied as
R increases. This choice was done in purpose to privilege
the sampling in the region likely associated with smooth
distributions ρc(φ) having a bigger chance to pass the check
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of Eq. (8). In fact, as R is ever larger, the probability of
generating very irregular distributions is expected to increase
[since a large weight may be assigned to Fourier compo-
nents with large n in Eq. (9)], leading to a high rejection
ratio.

For each value of w, the following procedure was adopted.
Per each sector, a trial is made by generating a set c with
components an = αn[(i − 1)� + γ�]/N and bn = βn[(i −
1)� + γ�]/N , where the number γ is randomly drawn from
the uniform distribution in [0,1], αn and βn are randomly
drawn from the uniform distribution in [−1/2, 1/2], and N =√∑

n α2
n + β2

n . In such a way, the value of R falls in the ith
sector. Given c, the condition Eq. (8) is checked. If such a
condition is fulfilled, then the averages 〈cos φ〉c and 〈sin φ〉c,
and the polarization parameter Pc = √〈sin φ〉2

c + 〈cos φ〉2
c ,

are computed. The maximum value of Pc is updated after
each accepted trial. The search is interrupted if the number
of accepted trials in the actual sector falls below 5% or if Pc
exceeds a threshold value (here set to 0.98) which is applied

to stop lengthy calculations; otherwise, the search continues
up to explore all the sectors. For all calculations of Fig. 2,
the cutoff Rmax was set to the value 10. With such a choice
it happened that the search, in all cases, was automatically
interrupted at a certain sector whose number was found to be
ever larger as βw increases. This indicates that Rmax = 10 is
sufficiently high to assure an exhaustive search in the c space.
Random numbers were generated by means of the Fortran
subroutine “ran2” [20]. To avoid correlations, the computa-
tions have been carried out independently for each value of
w. The numerical integrations were performed by means of a
subroutine employing Romberg’s method. A Fortran code has
been developed to perform the calculations.

In summary, the setup parameters are nmax, Rmax, Nsectors,
and Ntrials(1). Although the sampling strategy described above
is subjective, the important fact to check is that the outcomes
have a converging trend with respect to independent variations
of the setup parameters. This indeed occurs in the present
application.
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