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Phase-field-based lattice Boltzmann model for multiphase ferrofluid flows
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In this work, the phase-field-based lattice Boltzmann model is extended to simulate the multiphase ferrofluid
flows. The hydrodynamical behavior of the ferrofluids is modeled by the incompressible Navier-Stokes equations
with the nonlinear Langevin magnetization law. The phase interface is tracked by the conservative Allen-Cahn
equation. A modified magnetic potential equation is used to describe the magnetic field. All governing equations
are solved by the lattice Boltzmann method. Several typical problems, including a circular cylinder in a uniform
applied magnetic field, deformation of a ferrofluid droplet under a uniform applied magnetic field, bubble
merging in ferrofluid under a uniform applied magnetic field, and ferrofluid droplets moving and merging on a
flat surface in the presence of a permanent magnet, are simulated to test the accuracy and numerical stability
of the present model. The computations are performed in the range of density ratios from 1.975 to 850.7
and viscosity ratios from 20 to 279.3. Some basic phenomenological features of multiphase ferrofluid flows
are captured.
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I. INTRODUCTION

Ferrofluids are composed of magnetic nanoscale parti-
cles coated by a layer of surfactants and the carrier liquid
(water, oil, and biocompatible liquids), which can be strongly
magnetized in the presence of applied magnetic fields. These
nanoparticles dispersed in ferrofluids are suspended stably
due to the effects of Brownian motion and the surfactants.
Because ferrofluids can be controlled by the external magnetic
fields, they have been extensively used in many engineer-
ing and biomedical applications, such as seals, lubrication,
vibration damping, sensors, actuators and transducers, heat
transfer enhancement, and delivery of therapeutic drugs. As
early as the 1960s, Rosensweig and his coworkers established
the fundamental motion laws of ferrofluids and named them
ferrohydrodynamics [1,2].

It should be noted that multiphase ferrofluid flows can
be frequently encountered in many application fields. For
example, in the ferrofluidic seal system, the gases or
vapors are obstructed by the ferrofluid O ring, which involves
gas-ferrofluid interfacial interactions [3]. When ferrofluid is
used for treatment of retinal detachment, the motion of fer-
rofluid droplets through immiscible viscous media needs to
be considered [4]. In addition to the motivation by practical
applications, the interfacial behavior of ferrofluids is also a
significant theoretical problem. One famous example is the
Rosensweig instability (normal-field instability), which is a
unique phenomenon in ferrohydrodynamics [5]. In such case,
the ferrofluid is subjected to a strong static perpendicular
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magnetic field, and the surface forms a regular pattern of
peaks and valleys. To investigate the multiphase ferrofluid
flows in detail, some theoretical and experimental studies
have been done in recent years [6–8]. With the rapid ad-
vance of computer hardware and the development of effi-
cient numerical methods, the numerical simulation method
has been a power alternative tool to obtain better insight
into the interfacial behavior of ferrofluids. Lavrova et al.
proposed a decoupled algorithm to solve the Maxwell equa-
tions, Young-Laplace equation, and Navier-Stokes equations
[9]. Interfacial interactions in dissipative systems, rotary shaft
seals, equilibrium shapes of ferrofluid droplets, and pattern
formation in the normal-field instability of ferrofluid layers
were studied. Gollwitzer et al. applied a similar method to
study the surface topography of ferrofluids and the numerical
results agreed well with the experimental data [10]. However,
their methods can only be used for the stationary free sur-
face problems. To simulate the time-dependence multiphase
ferrofluid flows, some well-validated methods, such as the
volume-of-fluid method [11], the level set method [12,13], and
the diffuse interface method [14,15], were introduced. Korlie
et al. developed a volume-of-fluid method to model the motion
of bubbles and droplets in ferrofluids, where the ferrofluids
were assumed to be a linear magnetizable fluid [16]. Later
Afkhami et al. applied a volume-of-fluid algorithm with the
piecewise linear interface reconstruction scheme to simulate
field-induced motion of ferrofluid droplets through immisci-
ble viscous media under an externally nonuniform magnetic
field and deformation of a hydrophobic ferrofluid droplet
suspended in a viscous medium under a uniform magnetic
field [17,18], where the nonlinear magnetization behavior of
ferrofluids was considered. Lee et al. utilized a volume-of-
fluid approach which incorporated a multiple-color function
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scheme to simulate the bubble aggregation and deformation
in ferrofluids, where the relation between the speed of bubble-
pair coalescence and its centroid separation was investigated
[19]. Liu et al. presented a numerical study of the formation
process of ferrofluid droplets using the particle level set
method. The influences of the magnetic Bond number and the
susceptibility on the droplet size were investigated [20]. Zhu
et al. adopted the level set method to study the deformation of
a ferrofluid droplet on a super-hydrophobic surface under the
effect of a uniform magnetic field [21]. The good agreement
between the experimental and numerical results indicated that
the numerical model can predict the behavior of the ferrofluid
droplets. Because the original volume-of-fluid methods suffer
from the challenge of accurately reconstructing the interface
based only on the fluid volume fraction and the original level
set methods lack mass conservation property, some improved
volume-of-fluid methods or level set methods were also used
to simulate multiphase ferrofluid flows. The corresponding
works can be found in Refs. [22,23].

Unlike the volume-of-fluid method and level set method,
the phase field method, because of its solid physical back-
ground and simple calculation process, has been particularly
attractive in recent years. In the framework of the phase field
method, the phase interface is treated as a thin but diffuse
layer where the two components mix to some extent. The
order parameter is used to identify the different phases and
calculate certain properties of the interface between different
fluids such as gradients and curvature. Note that there are
very few works on describing the behavior of multiphase
ferrofluid flows using the phase field technique. Very recently,
Nochetto et al. developed a phase field model for two-phase
ferrofluid flows [24]. The Cahn-Hilliard equation was chosen
to capture the phase interface. They also proposed an energy-
stable finite element method to solve the Cahn-Hilliard equa-
tion, the Navier-Stokes equations, the magnetization equation,
and the magnetostatics equations. This phase field model
was capable of capturing basic phenomenological features
of ferrofluids such as the Rosensweig instability and the
ferrofluid hedgehog. However, their model can only be used
for multiphase ferrofluid flows with matching density.

The purpose of this paper is to propose a phase-field-based
lattice Boltzmann model for multiphase ferrofluid flows. Dif-
ferently from the conventional methods based on the Navier-
Stokes equations, the lattice Boltzmann method (LBM) is
derived from kinetic theory [25]. Because the LBM incor-
porates the intermolecular interactions in a straightforward
way, it is very suitable to deal with the complex interfacial
dynamics [26,27]. To combine the advantages of the LBM
and the phase field method, some phase-field-based lattice
Boltzmann models have been proposed. The Cahn-Hilliard
equation was used to track the interface in the earlier studies
of the phase-field-based LBM. He et al. proposed a double-
population multiphase LBM which can reduce the effect of
numerical errors in calculation of molecular interactions [28].
However, this model can only be applied for multiphase
flows with low density ratio due to numerical instability. To
obtain stable phase-field-based lattice Boltzmann models for
high density ratio problems, the pressure-correction method
[29] and three-step stable discretization scheme [30] were
developed. However, these algorithms lose the advantage in

simplicity of the LBM. Liu et al. developed several kinds
of phase-field lattice Boltzmann models for the multiphase
flows with soluble surfactants [31] and thermocapillary flows
[32,33]. It should be pointed out that in addition to the
Cahn-Hilliard equation, the Allen-Cahn equation which only
has a second-order derivative term is also used for interface
tracking. The original Allen-Cahn equation cannot conserve
the mass. The conservative Allen-Cahn equation was pro-
posed by Sun and Beckermann [34] and improved by Chiu
and Lin [35]. Geier et al. constructed an LB model for the
conservative Allen-Cahn equation [36]. Later Fakhari et al.
applied the LB model based on the conservative Allen-Cahn
equation to simulate immiscible two-phase flows [37] and
moving-contact-line problems with large density ratio (up to
1000) [38]. To recover the conservative Allen-Cahn equation
completely, the improved models were given by Ren et al.
[39] and Wang et al. [40]. In this paper, we develop a uni-
fied lattice Boltzmann model (LBM) to simulate multiphase
ferrofluid flows under a magnetic field. The Navier-Stokes
equations, the phase field equation, and the Poisson equation
of magnetic potential are solved by three lattice Boltzmann
equations. Numerical simulations for a circular cylinder in a
uniform applied magnetic field, deformation of a ferrofluid
droplet under a uniform magnetic field, two bubbles merging
in a ferrofluid under a uniform magnetic field, and ferrofluid
droplets moving and merging on a flat surface in the presence
of a permanent magnet are performed. The numerical results
indicate that the proposed model is an effective tool for direct
numerical simulation of multiphase ferrofluid flows. It should
be noted that Falcucci et al. have presented a pseudopotential
lattice Boltzmann model for simulating ferrofluid droplet de-
formation [41]. As pointed out by Chen et al. [42], this model
can only be used for the multiphase flow with low density
ratio. However, the density ratio considered in this paper is up
to 850.7.

II. MATHEMATICAL MODELS

A. Governing equations for two-phase ferrofluid flows

To describe the behavior of the ferrofluids, Resensweig
and Shliomis proposed two well established partial differen-
tial equation models [2,43]. In this work, we focus on the
interfacial dynamics of ferrofluids. The internal rotation effect
of ferrofluids is neglected. In the diffuse interface framework,
the governing equations of multiphase ferrofluid flows include
the Maxwell equations, the Navier-Stokes equations, and the
phase field equation. The Maxwell equations for a noncon-
ducting ferrofluid are

∇ · B = 0, (1)

∇ × H = 0, (2)

where B and H are the magnetic induction and the magnetic
field, respectively. B can be expressed as

B = μ0(H + M) = μ0(1 + χ )H = μH, (3)

where M is the magnetization. μ and χ are the permeability
and the magnetic susceptibility, respectively. The vacuum
permeability μ0 is 4π × 10−7 N/A2.
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Considering the irrotationality condition (2) of the mag-
netic field H, a magnetic scalar potential ψ is introduced,
which is defined as

H = −∇ψ. (4)

Substituting Eqs. (3) and (4) into Eq. (1), we have the follow-
ing magnetic potential equation:

∇ · (μ∇ψ ) = 0. (5)

The mass and momentum conservative equations for
ferrofluids are

∇ · u = 0, (6)

ρ

[
∂u
∂t

+ ∇ · (uu)

]
= −∇p + η∇2u + ∇ · τm + fs + fb,

(7)

where ρ, u, and p are the density, velocity, and pressure,
respectively. η is the kinetic viscosity. fs and fb are the surface
tension and body force, respectively. τm is the magnetic stress
tensor proposed by Cowley and Rosensweig [5], which is
defined as

τm = −μ0

2
|H|2I + HB, (8)

where I is the identity operator. The Kelvin force fm is
calculated as

fm = ∇ · τm = −μ0

2
∇(|H|2) + (∇ · μH)H + (μH · ∇)H

= −μ0

2
∇(|H|2) + (μH · ∇)H

= −μ0

2
∇(|H|2) + μ

[
1

2
∇(H · H) − H × (∇ × H)

]
(9)

= μ − μ0

2
∇(|H|2) = μ0χ

2
∇(|H|2). (10)

The magnetic susceptibility χ can be calculated using the
Langevin law

χ = M

H
= Ms

H

[
coth

(
3χ0H

Ms

)
− Ms

3χ0H

]
, (11)

where χ0 is the initial value of magnetic susceptibility. When
H � Ms , we have χ ≈ χ0. Note that the Langevin magneti-
zation law and the numerical method proposed in this paper
are independent. If the ferrofluid does not obey the Langevin
magnetization law [44], we only need to modify Eq. (11).

Instead of the Cahn-Hilliard equation, the conservative
Allen-Cahn equation is used to track the interface [36]:

∂φ

∂t
+ ∇ · (uφ) = ∇ ·

{
Mφ

[
∇φ + 4

ξ
φ(φ − 1)n̂

]}
, (12)

where φ is the order parameter, Mφ is the mobility, and n̂ is
the normal vector, which is calculated by

n̂ = ∇φ

|∇φ| . (13)

Once the distribution of the order parameter is obtained,
the surface tension fs can be computed by

fs = μφ∇φ, (14)

where μφ is the chemical potential, which can be written as

μφ = 4βφ(φ − 1)
(
φ − 1

2

) − κ∇2φ, (15)

where β and κ are the parameters relating to the surface
tension coefficient and the interfacial thickness:

β = 12σ

D
, κ = 3Dσ

2
. (16)

B. Lattice Boltzmann model for the conservative
Allen-Cahn equation

The D2Q9 lattice velocity model is used in this study, and
the corresponding discrete velocity set is given as

eα = (eαx, eαy ) =

⎧⎪⎨
⎪⎩

(0, 0), α = 0,{
cos

[
(α − 1)π

2

]
, sin

[
(α − 1)π

2

]}
c, α = 1, 2, 3, 4,√

2
{

cos
[
(2α − 1)π

4

]
, sin

[
(2α − 1)π

4

]}
c, α = 5, 6, 7, 8,

(17)

where c = �x/�t . �x and �t are the lattice spacing and the
time step, respectively.

The corresponding multiple-relaxation-time (MRT) LB
equation for the phase field parameter φ can be expressed as

gα (x + eα�t, t + �t )

= gα (x, t ) − (M−1SgM)αβ

[
gβ (x, t ) − g

eq

β (x, t )
]
, (18)

where gα (x, t ) is the distribution function for the discrete
velocities eα . The equilibrium distribution function g

eq
α is

given by

geq
α = ωαλφ + ωα

eα · u
c2
s

+ ωα

4Mφ

ξ
φ(1 − φ)

eα · n̂
c2
s

, (19)

where cs = c/
√

3 is the speed of sound. M is the orthogonal
transformation matrix and it can be constructed as

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 1 1 1 1 1 1
−4 −1 −1 −1 −1 2 2 2 2

4 −2 −2 −2 −2 1 1 1 1
0 1 0 −1 0 1 −1 −1 1
0 −2 0 2 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1
0 0 −2 0 2 1 1 −1 −1
0 1 −1 1 −1 0 0 0 0
0 0 0 0 0 1 −1 1 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(20)
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Sg is a diagonal matrix, which can be written as

Sg = diag
(
s
g

0 , s
g

1 , s
g

2 , s
g

3 , s
g

4 , s
g

5 , s
g

6 , s
g

7 , s
g

8

)
, (21)

where s
g

3 and s
g

5 can be determined by the mobility coefficient
1

s
g

3

= 1

s
g

5

= Mφ

c2
s �t

+ 0.5. (22)

The other s
g
α can be chosen in the range of 0 < s

g
α < 2. In this

work, they are chosen as

s
g

0 = 1.0, s
g

1 = s
g

2 = 1.1, s
g

4 = s
g

6 = s
g

3 ,

s
g

7 = s
g

8 = 1.2. (23)

The order parameter φ can be calculated by

φ =
∑

α

gα. (24)

Once φ is obtained, the density ρ is given by

ρ = ρl + φ(ρh − ρl ), (25)

where the subscripts h and l identify the heavy and light
fluids, respectively. Note that the present method needs to
calculate the gradient terms ∇φ and ∇2φ. To ensure the mass
and momentum conservation, the following isotropic centered
difference schemes are used [45]:

∂φ

∂x
= 2(φi+1,j+1 − φi−1,j+1) + 8(φi+1,j − φi−1,j ) + 2(φi+1,j−1 − φi−1,j−1)

12�x
, (26)

∂φ

∂y
= 2(φi+1,j+1 − φi+1,j−1) + 8(φi,j+1 − φi,j−1) + 2(φi−1,j+1 − φi−1,j−1)

12�x
, (27)

∇2φ = 4(φi+1,j + φi−1,j + φi,j+1 + φi,j−1) + φi+1,j+1 + φi+1,j−1 + φi−1,j+1 + φi−1,j−1 − 20φi,j

6�x2
. (28)

C. Lattice Boltzmann model for the Navier-Stokes equations

The MRT LB equation with a force term can be expressed
as

fα (x + eα�t, t + �t )

= fα (x, t ) − (M−1Sf M)αβ

[
fβ (x, t ) − f

eq

β (x, t )
]

+
[

M−1

(
I − Sf

2

)
M

]
αβ

Fβ�t, (29)

where fα (x, t ) is the density distribution function for the
discrete velocities eα . The equilibrium density distribution
function f

eq
α is defined as

f eq
α = ωαp + ρc2

s (�α − ωα ), (30)

where

�α = ωα

[
1 + eα · u

c2
s

+ (eα · u)2

2c4
s

− u2

2c2
s

]
. (31)

Sf is a diagonal matrix, which can be written as

Sf = diag
(
s
f

0 , s
f

1 , s
f

2 , s
f

3 , s
f

4 , s
f

5 , s
f

6 , s
f

7 , s
f

8

)
, (32)

where s
f

7 and s
f

7 in the single flow simulations can be deter-
mined by the viscosity of the fluid

1

s
f

7

= 1

s
f

8

= η

ρc2
s �t

+ 0.5. (33)

Note that s
f

7 and s
f

8 are related to the phase field parameter φ

in the multiphase flow system. Here a harmonic interpolation
is used to ensure the continuity of viscosity flux [19]. As a
result, we have

s
f

7

1 − 0.5s
f

7

= s
f

8

1 − 0.5s
f

8

= ρlc
2
s �t

ηl

+ φ

(
ρhc

2
s �t

ηh

−ρlc
2
s �t

ηl

)
.

(34)

As suggested by Luo et al. [46], the other parameters are

s
f

0 = s
f

3 = s
f

5 = 0, s
f

1 = s
f

2 = s
f

7 , s
f

4 = s
f

6 = 8
2 − s

f

7

8 − s
f

7

.

(35)

The discrete forcing term is given by

Fα = eα − u
c2
s

· [
c2
s ∇ρ(�α − ωα ) + (fs + fm + fb )�α

]
.

(36)

After the collision and stream steps, the macroscopic
velocity and the pressure can be obtained by

u = 1

ρc2
s

∑
α

eαfα + �t

2
(fs + fm + fb ), (37)

p =
∑

α

fα + �t

2
c2
s u · ∇ρ. (38)

D. Lattice Boltzmann model for the magnetic potential equation

To solve the static magnetic potential equation, a time
derivative term and a free parameter ε are introduced. As a
result, we have

∂ψ

∂t
= ∇ · (εμ∇ψ ). (39)

The MRT LB equation for the magnetic potential is

hα (x + eα�t, t + �t )

= hα (x, t ) − (M−1ShM)αβ

[
hβ (x, t ) − h

eq

β (x, t )
]
, (40)

where hα is the distribution function for the discrete velocities
eα . The local equilibrium distribution function h

eq
α can be

expressed as

heq
α = ωαψ. (41)
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The diagonal matrix Sh is expressed as

Sh = diag
(
sh

0 , sh
1 , sh

2 , sh
3 , sh

4 , sh
5 , sh

6 , sh
7 , sh

8

)
, (42)

where sh
3 and sh

5 are obtained by

1

sh
3

= 1

sh
3

= εμ

c2
s �t

+ 0.5. (43)

The other parameters sh
α are given by

sh
0 = 1.0, sh

1 = sh
2 = 1.1, sh

4 = sh
6 = sh

3 ,

sh
7 = sh

8 = 1.2. (44)

The magnetic potential ψ and the magnetic field H are
updated by taking the zeroth and first moments of the
distribution function:

ψ =
∑

α

hα, (45)

H = −∇ψ =
∑

α eαhα

τhc2
s �t

. (46)

III. NUMERICAL RESULTS AND DISCUSSION

In this section, the present LB model is validated by
considering several interesting problems. Unless otherwise
state, the free parameter ε in Eq. (39) is determined by
1/sh

3 = 1/sh
3 = 4.0. In the code implementations, all physical

parameters and physical quantities are used in lattice units.
These physical parameters and physical quantities in lattice
units can be obtained by a nondimensionalized method.

A. A circular cylinder in uniform applied magnetic field

The capability of the present LB solver for the magnetic
potential equation is investigated first. In the polar coordi-
nates, the Laplace equation for the magnetic potential has the
form

∂

∂r

(
r
∂ψ

∂r

)
+ 1

r

∂2ψ

∂θ2
= 0, (47)

where r and θ are the radial coordinate and the angular
coordinate, respectively.

Here we consider a circular cylinder in a uniform applied
magnetic field. The far-field boundary condition and circular
interface conditions are

lim
r→+∞ H = H0(er sin θ + eθ cos θ ), (48)

μ1H1,n = μ2H2,n, (49)

H1,t = H2,t , (50)

where er and eθ are the unit vectors in the radial and an-
gle directions. The subscripts 1 and 2 represent the com-
putational domains inside and outside the circular cylinder.
The subscripts n and t represent the normal and tangential
components.

Based on the separate variable method and the properties
of the Legendre polynomials, the solution of Eq. (47) can be

written as [47]

ψ =
{

Ar sin θ, r � R,(
Cr + D

r

)
sin θ, r > R,

(51)

where R is the radius of the circular cylinder. The correspond-
ing magnetic field can be written as

H=−∇ψ =
{

−A sin θer − A cos θeθ , r � R,(
D
r2 − C

)
sin θer − (

D
r2 + C

)
cos θeθ , r > R.

(52)

Three boundary (interface) relationships (48), (49), and
(50) can be used to obtain the unknown constants A, C, and
D. These yield the solution

A = − 2μ2

μ1 + μ2
H0, C = −H0, D = μ1 − μ2

μ1 + μ2
R2H0.

(53)

In this simulation, a circular cylinder with radius R = 20
is placed at the center of a 200 × 200 lattice domain. The
boundary conditions on the bottom and top boundaries are

∂ψ

∂y
= H0. (54)

The magnetic insulation conditions are applied for the left and
right boundaries:

∂ψ

∂x
= 0. (55)

The magnetic field lines and distribution of magnetic field
strength for μ1/μ2 = 2 are plotted in Fig. 1. It can be
seen that the magnetic field lines inside the circular cylinder
and near the outer boundaries are collinear with the applied
magnetic field. However, they are distorted in the vicinity
of the circular cylinder due to the jump in permeability
across the interface. We can also find that the magnetic field
inside the circular cylinder remains uniform which is expected
in the exact solution. In Fig. 2, the present numerical results of
the magnetic field strength inside the circular cylinder versus
the permeability ratio μ1/μ2 are compared with the analytical
solutions. A good agreement between them is found.

B. Deformation of a ferrofluid droplet
under a uniform magnetic field

In many application fields of droplet-based microfluidics,
the ferrofluid is an important working fluid because of its
contact-free, wireless, and programmable manipulation ca-
pabilities [48]. Deformation of a ferrofluid droplet under a
uniform magnetic field is one of the common key scientific
issues. As shown in Fig. 3, a water-based ferrofluid droplet
is placed at the center of a confined cavity. The other organic
liquid (white spirit) is around the ferrofluid droplet. When a
uniform magnetic field with the strength H0 is imposed in the
vertical direction, the shape of the ferrofluid drop begins to
change due to the Maxwell stress. Flament et al. had done an
experiment to measure the ferrofluid surface tension [49]. In
their work, the ferrofluid droplet was placed in a narrow gap
between two parallel plates. The flow can be treated as the
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(a) (b)

FIG. 1. Magnetic field lines (a) and distribution of magnetic field strength (b) about a circular cylinder subjected to a uniform impressed
magnetic field for μ1/μ2 = 2.

two-dimensional flow. As a result, their experimental results
can provide the benchmark solutions to validate the present
model. The physical parameters in this simulation are the
same as those in the experimental work. The densities of the
ferrofluid and organic liquid are 1.58 × 103 kg/m3 and 0.8 ×
103 kg/m3, respectively. The surface tension coefficient is
3.07 mN/m2 and the initial value of the magnetic susceptibil-
ity is χ0 = 2.2. The saturation magnetization Ms is 40 kA/m.
Note that the saturation magnetization is much greater than
the strength of the external magnetic field considered in this
simulation. The magnetic susceptibility χ is fixed at χ0. The
viscosities of the ferrofluid and organic liquid are 16 × 10−3

Pa s and 0.8 × 10−3 Pa s, respectively. The density ratio and
viscosity ratio are 1.975 and 20, respectively.

Initially, a circular ferrofluid droplet with radius of 1 mm
is placed at the center of a square domain with a side length
of 16 mm. The reference density, length, and velocity are set
to be 0.8 × 103 kg/m3, 0.8 mm, and 5 m s, respectively. The
computational domain is divided into 200 × 200 lattice units.
The mobility coefficient Mφ and the interfacial thickness ξ

are set to be 0.1 and 4, respectively. The physical param-
eters and quantities in lattice units are ρl = 1, ρh = 1.975,
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FIG. 2. The magnetic field intensity inside the circular cylinder
versus the permeability ratio μ1/μ2.

μl = 0.0025, μh = 0.05, and σ = 0.00191875 by simple
calculation. The no-slip boundary conditions are used for all
boundaries.

Figure 4 shows the shapes of ferrodroplets at the equi-
librium state for H = 1.2 kA/m, 2.4 kA/m, 2.9 kA/m,
3.7 kA/m, and 5.5 kA/m. In fact, during the deformation pro-
cess, there is a competition between the surface tension and
magnetic interfacial force. The surface tension tries to make
the droplet maintain circular shape. However, the ferrofluid
droplet can be elongated and becomes thinner along the
vertical direction due to the effect of the magnetic interfacial
force. As a result, the final equilibrium shape depends on the
ratio between the two forces. From Fig. 4, the ferrodroplet
has a circular shape when the external magnetic field is weak
(H = 1.2 kA/m). As the external magnetic field strength
increases, the droplet shape changes from circle to ellipse.
When H = 5.5 kA/m, we find that the semimajor axis b of
the ferrofluid droplet is much great than the semimajor axis
a. In Fig. 5, the numerical results are compared with the
experimental results for the equilibrium state aspect ratio b/a.
It can be observed that the present model can give quite good
results.

FIG. 3. A schematic illustration of deformation of a ferrofluid
droplet under a uniform magnetic field.
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FIG. 4. Shapes of the ferrofluid droplet for different applied
magnetic fields: (a) H = 1.2 kA/m, (b) H = 2.4 kA/m, (c) H =
2.9 kA/m, (d) H = 3.7 kA/m, (e) H = 5.5 kA/m.

C. Two bubbles merging in a ferrofluid under
a uniform magnetic field

In this section, the present LB model is used to simulate
two gas bubbles merging in a ferrofluid under a uniform
magnetic field. The large topological changes of the interface
can be observed during the merging process. Zheng et al.
studied two gas bubbles merging in an ordinary liquid [50].
Their results indicated that the merging only occurs due to
surface tension force when the gap between the two bub-
bles is less than twice the interface thickness. However, the
phenomenon of aggregation will occur when bubbles are im-
mersed in a ferrofluid under a uniform magnetic field, which is
independent of the separation distances between the bubbles
[19]. Here the water-based ferrofluid with 2.0%-vol 10-nm
Fe4O3 nanoparticles (EMG707, Ferrotec, USA) is used. The
densities of the gas and the ferrofluid are 1.293 kg/m3 and
1100 kg/m3, respectively. The dynamic viscosities of the gas
and the ferrofluid are 1.79 × 10−5 Pa s and 5.0 × 10−3 Pa
s, respectively. The surface tension coefficient is 50 mN/m2

and the initial value of the magnetic susceptibility is

1 2 3 4 5 6
1

2

3

4

5

6

H(kA/m)

b/
a

Present results
Experimental results

FIG. 5. Comparison between the numerical results and experi-
mental results for the equilibrium state aspect ratio b/a.

χ0 = 1.51. The saturation magnetization Ms is 8.8 kA/m.
Simple calculation gives ρh/ρl = 850.7 and μh/μl = 279.3.
It is a great challenge for numerical methods in simulating this
case with such high density/viscosity ratios.

The radius of the bubble is 1 mm in SI units. The refer-
ence density, length, and velocity are set to be 12.93 kg/m3,
0.04 mm, and 10 m s, respectively. The computational domain
is set as [−80, 80] × [−160, 160] in lattice units. Two gas
bubbles with an identical radius of R = 25 are placed at
(0,−32) and (0,32) in the initial moment. The interfacial
thickness is set to be ξ = 4. Obviously, the gap between
the two bubbles d = 14 is far more than twice the inter-
face thickness 2ξ = 8. The physical parameters and quanti-
ties in lattice units are ρl = 0.1, ρh = 85.0735, μl = 3.461 ×
10−4, μh = 9.667 × 10−2, and σ = 9.667 × 10−3 by simple
calculation. The no-slip boundary conditions are implemented
at all boundaries.

Figure 6 shows the evolution process of two bubbles
merging in a ferrofluid under a uniform magnetic field of
H = 3 kA/m. At the beginning of the evolution process, a
low-pressure region is formed between the bubbles due to the
magnetic interfacial force and surface tension. As a result, the
two bubbles get close each other. At t ≈ 0.2496 s, the two
bubbles begin contact. Compared with the bubbles’ moving
process, the time of the merging process is very short. When
t = 0.2624 s, a large oval bubble is formed. Differently from
the cases in Refs. [51,52], due to the effect of the magnetic
interfacial force, the bubble oscillation cannot be observed in
the present problem. At t = 0.4 s, the bubble stays in a static
state. Figure 7 shows the time of two bubbles moving as a
function of the strength of the magnetic field. The numerical
results indicate that the time of two bubbles moving shows an
H−2 dependence. Moreover, note that the large topological
change occurs during the merging process. Here the total
mass of the system is checked to verify the mass conservation
property of the model. The total mass of the system M is
calculated by

M =
∑
i,j

φi,j�x2. (56)

The evolution of the dimensionless total mass M/M0 for
different strengths of magnetic field are plotted in Fig. 8,
where M0 is the initial total mass. As can be seen, the total
mass loss of the present model is within 0.03%.

D. Ferrofluid droplets moving and merging on a flat surface
in the presence of a permanent magnet

The motion of ferrofluid droplets on solid surfaces has
important applications in droplet-based microfluidics [53] and
the self-assembly process [54]. In this section, the present
model is adopted to simulate wetting and moving contact
problems of the ferrofluid. In the presence of fluid interaction
with solid walls, the wetting boundary condition needs to be
considered. According to Young’s law, a finite steady-state
contact angle can be reached due to the balance of surface
tension forces at the contact line. In the framework of the
LBM based on the Cahn-Hilliard equation, Lee and Liu pro-
posed a treatment method for the wetting boundary conditions
which can eliminate the parasitic currents in the vicinity of
the contact line [55]. To ensure the mass conservation law and
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FIG. 6. Two bubbles merging in a ferrofluid under a uniform magnetic field of H = 3 kA/m: (a) t = 0 s, (b) t = 0.2 s, (c) t = 0.2496 s,
(d) t = 0.2512 s, (e) t = 0.2544 s, (f) t = 0.2624 s, (g) t = 0.3 s, (h) t = 0.4 s.

minimize the total free energy contributed to the specified wall
free energy, the following boundary conditions were used:

nw · ∇μφ,w = 0, (57)

nw · ∇φw = −4

ξ
cos θeqφw(1 − φw ), (58)

1 2 3 4 5 6 7
0

0.2

0.4

0.6

0.8

1

1.2

H(kA/m)

t(
s)

FIG. 7. Time of two bubbles moving as a function of strength of
magnetic field.

where nw is the unit vector normal and outwards to the solid
wall. θeq is the equilibrium contact angle. It should be pointed
out that the Cahn-Hilliard equation is a fourth-order partial

0 0.1 0.2 0.3 0.4 0.5
0.9997

0.9998

0.9999

1

1.0001

t(s)

M
/M

0

H=3kA/m
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H=5kA/m

FIG. 8. Evolution of the total mass for different strengths of
magnetic field.
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FIG. 9. Schematic of the contact angle and unit normal vectors.

differential equation. When it is solved, two boundary condi-
tions (57) and (58) are needed. However, when the second-
order conservative Allen-Cahn equation is solved, only one
boundary condition needs to be provided. Fortunately, for the
second-order conservative Allen-Cahn equation, the boundary
condition (58) can ensure both mass conservation law and
Young’s law at the same time. In fact, based on the mass
conservation law, we have

nw ·
[
∇φw − 4

ξ
φw(1 − φw )n̂

]
= 0. (59)

As shown in Fig. 9, according to the geometrical relation, it
can be found that the angle θ0 between the unit vectors −nw

and n̂ is equal to the contact angle θeq . It yields

nw · n̂ = −|nw||n̂| cos θ0 = − cos θeq . (60)

As expected, Eq. (59) is equivalent to Eq. (58).
To guarantee the correct implementation of wetting bound-

ary condition, the evolution process of the shape of a droplet

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

θ/π

h m
ax

/R

Analytical solution
Present

FIG. 10. Comparison of the dimensionless height of the droplet
hmax/R between the present results and the analytical data.

in the absence of the magnetic field is simulated first. A
rectangular domain with a grid size of 256 × 128 is chosen
as the computational domain. Initially, a semicircular droplet
with radius of R = 32 lattice units attaches to the domain’s
bottom boundary. The other simulation parameters are σ =
0.01, Mφ = 0.1, ξ = 4, ρh = 1.0, ρl = 0.1, and μh/μl = 10.
The no-slip boundary conditions are used on the top and
bottom boundaries. The periodic boundary conditions are
applied on the left and right boundaries. As shown in Fig. 10,
the dimensionless heights of the droplet hmax/R predicted
by the present model for θeq = π/6, π/3, π/2, 2π/3, and
5π/6 are compared with the analytical data, where hmax is the
maximum height of the droplet and can be expressed as

hmax = R(1 − cos θeq )

√
π

2θeq − sin 2θeq
. (61)

FIG. 11. Schematic and coordinate system of ferrofluid droplets moving and merging on a flat surface in the presence of a permanent
magnet.
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FIG. 12. Two ferrofluid droplets move and merge on a flat surface in the presence of a permanent magnet with M0 = 80 kA/m: (a) t = 0
ms, (b) t = 25 ms, (c) t = 50 ms, (d) t = 62.5 ms, (e) t = 68.75 ms, (f) t = 78.12 ms, (g) t = 93.75 ms, (h) t = 156.25 ms.

It can be seen that the present numerical results are in good
agreement with the analytical solution.

Finally, the present model is used to simulate two fer-
rofluid droplets moving and merging on a flat surface in
the presence of a permanent magnet. As shown in Fig. 11,
two semicircular ferrofluid droplets with radius of 1 mm are
placed on a flat solid wall. A permanent magnet is placed
below the solid wall. Under the effect of magnetic force, two
ferrofluid droplets will move, be close each other, and merge
in the end. In this study, the water-based ferrofluid (EMG508,
Ferrotec, USA) is used. The density and dynamics viscosity
of the ferrofluid are 1100 kg/m3 and 5.0 × 10−3 Pa s, re-
spectively. The surface tension coefficient is 31.66 mN/m2

and the initial value of the magnetic susceptibility is χ0 =
0.88. The saturation magnetization Ms is 5.28 kA/m. The
equilibrium contact angle is 0.4π . The physical parameters
of gas are the same as those in Sec. III C. Unlike the two
above cases in which the magnetic field and the flow field
share the same computational domain and boundaries, the two
are different in this problem. From Fig. 11, it can be seen
that the computational domain of the magnetic field is larger
than that of the flow field. The reference density, length, and
velocity are set to be 12.93 kg/m3, 0.03125 mm, and 10 m s,
respectively. The computational domain of the flow field is set
as [−128, 128] × [0, 128] in lattice units. Two semicircular
ferrofluid droplets with an identical radius of R = 32 are
placed at (−68, 0) and (68,0). The physical parameters and
quantities in lattice units are ρl = 0.1, ρh = 85.0735, μl =
3.461 × 10−4, μh = 9.667 × 10−2, and σ = 7.835 × 10−3 by

simple calculation. The no-slip boundary conditions are im-
posed on the top and bottom boundaries of the flow field. The
periodic boundary conditions are applied on the left and right
boundaries. For the magnetic field, a computational domain
[−228, 228] × [−200, 148] is used. The domain [−20, 20] ×
[−70,−10] is occupied by a permanent magnet. For magnetic
field generated by a permanent magnet, the magnetization
of the permanent magnet (0,M0) is given. The governing
equation of the magnetic field can be written as

μ0∇2ψ = μ0∇ · M, (62)

where the magnetization field M is defined as (0,M0) within
the permanent magnet, χH in the ferrofluid regions, and (0,0)
in other regions. As in Sec. II D, Eq. (62) can be reformulated
by adding a time derivative term and a free parameter ε:

∂ψ

∂t
= εμ0∇2ψ − εμ0∇ · M. (63)

To treat the term −εμ0∇ · M, a discrete source term
ωα (−εμ0∇ · M)�t should be added on the right side of
Eq. (40). The magnetic insulation conditions are applied for
all boundaries

∂ψ

∂nm

= 1

μ0
nm · B = 0, (64)

where nm is the unit normal vector of the boundaries of the
magnetic field.

Figure 12 displays the evolution process of two ferrofluid
droplets moving and merging on a flat surface in the presence

FIG. 13. Two ferrofluid droplets move and merge on a flat surface in the presence of a permanent magnet with M0 = 160 kA/m: (a) t = 0
ms, (b) t = 7.81 ms, (c) t = 15.6 ms, (d) t = 18.2 ms, (e) t = 20.3 ms, (f) t = 28.1 ms, (g) t = 37.5 ms, (h) t = 62.5 ms.
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FIG. 14. The position of the contact point on the right side of the
left droplet versus the time.

of a permanent magnet with M0 = 80 kA/m. With the effect
of magnetic field, the droplets become flattened and move
towards each other. When t = 50 ms, two droplets begin
contact. A static droplet is formed at t = 156.25 ms. When
a stronger magnetic field (M0 = 160 kA/m) is applied, as
shown in Fig. 13, the moving and merging processes are faster.
From Fig. 14, we find that the position of the contact point on
the right side of the left droplet changes with time. Note that
there is an almost linear relation between the time and the
position of the contact point. This indicates that the moving
velocity of the contact point is almost a constant. The driving
magnetic force and the friction force are almost in balance
during the sliding motion. The same behavior can be observed
in the experimental work of Nguyen et al. [56].

IV. CONCLUSIONS

In this paper, a phase-field-based lattice Boltzmann model
is presented to simulate the multiphase ferrofluid flows with
large density ratio. In the work of Nochetto et al. [24],
the diffuse interface model was first proposed to deal with
two-phase ferrofluid flows. In their model, the Cahn-Hilliard
equation was adopted to track the interface and all governing
equations were solved by an energy-stable finite element
method. However, their model was designed for multiphase
flows with matching density (or almost matching density).
Differently from the existing model, in our model the

conservative Allen-Cahn model is used for evolution of the
phase field variable. The ferrofluid is treated as a Newtonian
fluid. A modified Poisson equation is derived to describe
the magnetic potential. Three lattice Boltzmann equations are
formulated for all governing equations for physical fields.

The magnetic field solver in the present model is verified
by an example: a circular cylinder in uniform applied mag-
netic field. The present numerical results agree well with the
analytical solutions. Deformation of a ferrofluid droplet under
a uniform magnetic field is also simulated using the present
model. The equilibrium droplet aspect ratios are compared
with the experimental data and a good agrement is achieved.
Moreover, the present LB model is used to simulate two
bubbles merging in a ferrofluid under a uniform magnetic field
with density ratio ρh/ρl = 850.7 and viscosity ratio μh/μl =
279.3. The results indicate that the present model can deal
with multiphase ferrofluid flows with large density/viscosity
ratio. Finally, ferrofluid droplets moving and merging on
a flat surface in the presence of a permanent magnet are
studied. The results demonstrate the capacity of the present
method in the modeling of three-phase contact line dynamics
of ferrofluids.

It should be pointed out that the present work needs to
be improved in some respects. First, the LB solver of the
Poisson equation has low accuracy. It is necessary to solve the
Poisson equation using a higher accuracy solver. Second, the
numerical results obtained by using the conservation Allen-
Cahn equation are very sensitive to the mobility Mφ . However,
the effect of Mφ is not studied. Third, the non-Newtonian
effect of the ferrofluids is not considered. Last, only simple
two-dimensional problems are simulated in this paper. More
complex flow problems, such as the Rosensweig instability
and the three-dimensional multiphase ferrofluid flows, are not
involved. These issues will be investigated in the future.
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