PHYSICAL REVIEW E 98, 033211 (2018)

Plasma solenoid driven by a laser beam carrying an orbital angular momentum
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A megagauss quasistatic axial magnetic field can be produced from the interaction of an intense laser

beam carrying an orbital angular momentum with an underdense plasma. Three-dimensional ‘particle in cell”
simulations and analytical model demonstrate that orbital angular momentum is irreversibly transferred from
a tightly focused radially polarized laser beam to electrons without any dissipative effect. A theoretical model
describing the individual interaction of electrons with laser shows that particles gain angular momentum during
their radial and longitudinal motion in the laser field. The electron rotation and the generated axial magnetic field
survive to the end of the laser-plasma interaction and continue over a long time. The agreement between particle
in cell simulations and the simplified model identifies routes to increase the intensity of the solenoidal magnetic
field by controlling the laser beam characteristics, such as, for example, the orbital angular momentum and/or

the pulse duration.
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I. INTRODUCTION

Magnetic fields are present in nature on different scales.
One finds them on extremely large scales of planets and stars
in astrophysics [1] to reduced scales in accelerator techniques
for the particle beams guiding and focusing [2]. Generating
high strength magnetic fields is essential for many projects
and research programs, as it is demonstrated by the Interna-
tional Conference on MegaGauss Magnetic field generation.

For less than 20 years, the laser-plasma community has
brought a growing contribution to this topic. The genera-
tion of a quasistatic long time standing magnetic field in
the laser-plasma interaction is a subject of many theoretical
[3-13] and experimental studies [14—16]. Two approaches
were considered. One consisted in designing the target in such
a way that the interaction with the laser generated controlled
azimuthal currents [10,11]. Another one proposed to transfer
angular momentum from laser to electrons by using circularly
polarized laser beam [3-9,14—16] or laser beam with a struc-
tured spatial shape [12,13]. In [3-9], the authors considered
theoretically the magnetization of a medium exposed to a cir-
cularly polarized Gaussian laser beam. Plasma magnetization
originated from the inverse Faraday effect, where the spin
angular momentum of a laser beam was transferred to the
plasma electrons due to dissipation processes such as colli-
sions, ionization, or radiation friction. This laser to electron
angular momentum transfer has been experimentally observed
[14-16]. Ali et al. [12], considered a linearly polarized laser
beam carrying orbital angular momentum (OAM) [17] and
analytically demonstrated that such a laser beam transfers its
OAM to electrons through the inverse bremsstrahlung dissipa-
tive process. Lécz et al. [13] and Wang et al. [18] numerically
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modeled the interaction of a screw-shaped laser pulse with
an underdense plasma and observed laser to electron OAM
transfer in the laser wakefield.

In this article, we present a setup where a quasistatic axial
magnetic field is generated through a purely optical process.
In contrast to previous works [3-9,12—16], this setup does
not need any dissipative process, the electrons gain OAM
irreversibly from their driven oscillatory motion in a spatially
inhomogeneous laser beam. The axial magnetic field, pro-
duced in an underdense plasma irradiated by a radially po-
larized OAM laser beam, is presented in Sec. II. A technique
allowing the emission of such laser beams was described
by Li er al. [19], who predicted the efficiency of excitation
of the radial component attaining 98%. In Sec. III, three-
dimensional (3D) particle in cell (PIC) simulations, modeling
the laser-plasma interaction, show an efficient orbital angular
momentum transfer from laser to electrons. A laser with
intensity equal to 2 x 10'® W/cm? generates a megagauss
range solenoidal magnetic field. This is a much more efficient
process compared to previous works [4,12] where similar
magnetic field strengths were expected with higher laser
intensities, 7.3 x 10> W/cm? and 10'° W /cm?, respectively.
Section IV presents a simplified model describing the laser-
electron dynamics. It demonstrates that the laser to electron
OAM transfer originates from the joint radial and longitudinal
electron motion in the laser field and does not require any
dissipative process. The agreement observed between the 3D
PIC simulations and the simplified model provides means for
controlling the magnetic field with laser parameters. Partic-
ularly, the axial B-field amplitude can be strengthened by
increasing the laser pulse duration.
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II. RADIALLY POLARIZED LASER
BEAM CARRYING OAM

A. Input laser beam

To model a tightly focused radially polarized laser beam
carrying OAM, as presented in [19], we consider the numer-
ical algorithm developed by Thiele ef al. [20]. It consists in
prescribing the temporal and spatial shape for the electromag-
netic fields at the focal point x = x( in a vacuum, and then
solving the Maxwell’s equations in a vacuum to compute the
electric and magnetic fields’ components at the box bound-
aries (x = 0 plane). This method provides the electromagnetic
fields consistent with the Maxwell’s equations and is valid
beyond the paraxial approximation for a laser beam. In our
study, the radially polarized OAM laser beam is prescribed at
the focal point x = xg in the cylindrical coordinates (r, 8, x):

E(r,0,1,x0) = Eog(1) f(r)cos (16 — wot )e,, (1)

with the radial distribution f(r) = C,(r/wo)!le=C/%0" the
temporal envelope g(t) = cos’ (n’_T’“) in the time inter-
val |t —ty| < 7/2, the laser OAM [, the focal beam waist
wo =2 um (2.5 times the laser wavelengths), the pulse
duration 7 equal to six optical periods (tp), the central
time #p, the laser amplitude Ej, the normalization factor
C; = /2I+1/]I|!, and the radial unit vector e,. The laser
frequency wy = 2.3 x 10" s~! corresponds to the laser wave-
length = 0.8 um. The electromagnetic energy distribution for
the [ = 1 laser beam is illustrated in Fig. 1. It is characterized
by two entangled helices with electric field vectors directed
along the same radial direction.

The components of such a laser beam at the numerical box
left border are computed by using the numerical algorithm
described in [20]. Then its longitudinal propagation in a
vacuum or in plasma is computed with the numerical Maxwell
solver implemented in the PIC code OCEAN.

B. Analytical expressions

By using the Maxwell-Gauss and the Maxwell-Faraday
equations, we compute the longitudinal component of the
electric field and the magnetic fields’ components at the focal
point. The electric and magnetic field components are written
at x = xq:

2
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FIG. 1. An OAM [/ = 1 laser beam helical energy distribution.

Ey =0, By=af(r)g(t)cos(¢), 3)
E, =a ir)g<r>sin(¢), B, = —lay’- ir)ga)cos@),
)

where ¢ = wot — [0 — kox is the phase term, ky is the wave
number, and ag = eEy/m.woc (m, is the electron mass, e is
the electron charge, and c is the light speed in a vacuum) is
the dimensionless field amplitude.

Figure 2 displays the transverse cut of the electric field
components at the focal point, xo = 46 c/wy, for ag =1,
I =1, and wp =2 um. As expected, the radial component
dominates. Its transverse cut presents two lobes containing an
electric field oriented along the same direction. A small lon-
gitudinal component, dephased with the radial component by
a factor /2, appears in agreement with previous equations.
The azimuthal component is zero.

Similar electric field components are presented in Fig. 3,
but at a longitudinal position localized before the focal point,
x = 30 c¢/wy, only three laser wavelengths from the focus.

We still observe two lobes for the radial and longitudinal
electric fields, but this time the field azimuthal component is
nonzero. It contains also two lobes nearly phase-matched with
the radial component, but a smaller amplitude. This nonzero
azimuthal component appears out of the focal point because
the radially polarized laser beam prescribed in Eq. (1) is not
the eigensolution of the Maxwell equations. The Laguerre
Gauss (LG) beams are known to verify the wave equation in
the paraxial approximation [17,21], with a linear polarization.
For our study, the laser beam is a LG-like beam with a radial
polarization, where the polarization vector ¢, = cosfe, +
sinfe; depends on the azimuthal angle (ey, e, are the unit
vectors in the transverse plane). This analytical expression is
not an eigensolution of the Maxwell equations. Moreover, we
consider a strongly focused laser beam so that the paraxial
approximation is no more valid to model the laser beam. As a
result, the electromagnetic fields do not propagate by keeping
the spatial characteristics described in Egs. (2), (3), and (4); a
nonzero azimuthal component appears out of the focal point.
Figures 3 and 4 show that this azimuthal component can
reach at maximum 20% of the radial electric field amplitude.
It varies along the propagation direction. Its amplitude is
reduced down to zero at the focal point, and then, after the
focal point, is increased from zero value up to 20% of the
radial electric field amplitude.

We do not have access to the analytical expressions for
the electromagnetic fields defining this radially polarized LG
beam. However, their numerical expressions can be computed
from the Maxwell solver developed in the PIC code OCEAN
and from the numerical algorithm developed by Thiele et al.
[20]. Both numerical solutions give the same electromagnetic
patterns which can be approximated by

E. =aof(r)g(t)cos(¢), B, = —lapaf(r)g(r)cos(¢),

(&)

Eg = lagaf (r)g(t)cos(¢), By = ao f(r)g(r)cos(¢), (6)
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FIG. 2. (a) Longitudinal, (b) radial, and (c) azimuthal components of the laser electric field computed at the focal point xo = 46 c/w, in

PIC simulations with no plasma.
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where o = 0.1 models an averaged variation of the ratio
between the azimuthal and the radial field component along
the propagation direction.

III. MAGNETIC FIELD GENERATION

A. Particle in cell simulations

Interaction of such a laser beam with a collisionless un-
derdense plasma is studied with the 3D PIC code OCEAN
[22]. The numerical box is composed of 640 cells along the
longitudinal axis x, and 512 x 512 cells in the transverse
plane (y, z), with a spatial resolution of 19 nm. Absorbing
conditions for the electromagnetic fields and particles are
defined at the box boundaries. The laser pulse with an OAM
[ =1 and an intensity 2 x 10'® W/cm?, corresponding to the
dimensionless field amplitude ag = 1, is injected into the
numerical box from the left border. The total laser energy is
2.5 mJ. The plasma composed of electrons and protons has
an initial density equal to 1.74 x 10" cm~3, corresponding
to 1% of the plasma critical density n. = 1.74 x 10?! cm~3.
The plasma has a cylindrical shape with a 1.52 um length
and a 6.9 um diameter. These small plasma dimensions have
been chosen to reduce the CPU time of 3D PIC simulations.
However, it is verified that the presented results hold for any
plasma geometry provided that the plasma transverse size is

larger than the laser beam waist. Ten macroparticles per cell
are considered.

In PIC simulations, we compute the average longitudinal
orbital angular momentum gained by electrons in the laser
beam

1
(Lx) =+~ > wili = y0) X pei — (zi — 20) X py.i]
bici,

®)

with the total number of “electron” macroparticles N,, laser
beam axis (yg, zo), transverse coordinates (y;, z;), and trans-
verse momenta (p,;, p.;) of the macroparticle i defined
with the weight w;. Protons do not gain any significant
angular momentum due to their mass 1836 times heavier
than the electron’s one. The solid curves in Fig. 5 display
the temporal evolution of (L,): the red and green curves,
distinguishing electrons rotating in opposite directions, show
a similar temporal behavior but of an opposite sign. As
the laser interacts with the plasma bulk, from wyt = 50 to
wot = 100 (1/wy = 0.4248fs), the absolute value of (L)
increases up to 0.5 m,c? /wo, and then decreases to a value
close to 0.15-0.2 m,c*/w,. The black curve, displaying the
total average electron angular momentum, exhibits a break
around wot ~ 70. (L,) remains nonzero once the electron-
laser interaction ends: equal to —0.08 mec?/wy at wot =~ 75,
it slightly increases up to —0.063 m,c?/wq at wot ~ 250. The
dashed curves in Fig. 5, displaying the relative number of
electrons with positive and negative angular momentum, show
that the part of electrons with negative angular momentum
continuously increases during their interaction with the laser.
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FIG. 3. (a) Longitudinal, (b) radial, and (c) azimuthal components of the laser electric field computed before the focal point at x = 30 ¢/wg

in the PIC simulations with no plasma.
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FIG. 4. (a) Longitudinal, (b) radial, and (c) azimuthal components of the laser electric field computed after the focal point at x = 63 ¢/wy

in the PIC simulations with no plasma.

At the end of their interaction with the laser, more than 70%
of electrons have acquired a negative angular momentum.

The transversal cut of the electron longitudinal OAM dis-
tribution, shown in Fig. 6, displays a ring (a tube in 3D)
containing the highest electron L, amplitude with an external
radius r; ~ 15 ¢/wq and an internal one ry ~ 6 ¢/wq. These
rotating electrons, characterized by L, slightly lower than
—0.4 m.c?/wy, form a solenoidal structure with an axial mag-
netic field inside (see Fig. 7) The central hole shows L, close
to zero, in agreement with the laser intensity distribution.

Figure 7 displays an isocontour of the longitudinal mag-
netic field B, once the laser has left the plasma area. The
quasistatic B, field presents a cylindrical shape: its axial
length is equal to the plasma length (~2.5 pwm) and its radius
is limited by the contour where the laser intensity is maximal
(r =12 c¢/wp). The cylinder axis coincides with the laser
one. The B, maximal amplitude reaches 0.004 B., where
B, =m,wp/e = 13382T. In the International System of
units, this corresponds to 53 T magnetic field, i.e.,
0.5 megagauss.

B. Solenoid model

We compare this value to the B, field generated by elec-
trons localized in a hollow cylinder with a length d, an internal
radius rg, and an external radius ;. The electron density is set
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FIG. 5. Longitudinal orbital angular momentum averaged over
all the electron population (black solid curve), over electrons with
positive L, (red solid curve), and negative L, (green solid curve).
Fraction of electron population with positive (red dashed curve) and
negative (green dashed curve) L, .

to n, and the electron longitudinal orbital angular momentum
is equal to /. We consider the laser unit system, where lengths
are expressed in ¢/wog = 127.3 nm, density is expressed in 7,
and magnetic field is expressed in B.. The derivation of the
Biot-Savart law [23], presented in Appendix A results in

B, ~ —O.Snelx[i - ii| )

ro r

We consider the values computed in PIC simulations:
I, = (Ly) = —0.4m.c?/wy, ne =0.01 ne, d = 19 ¢/wy, ro =
6 c/wg, and r; = 15 c¢/wy. Note that due to the longitudi-
nal ponderomotive force experienced by the electrons, the
plasma has been longitudinally expanded from its initial size
d=11.9 c/wytod =19 c/wy. By applying these numerical
values to Eq. (9), we obtain B, = 0.0038 B, which perfectly
agrees with the B, value computed from PIC simulations
and equal to 0.004 B.. This perfect agreement confirms that
the magnetic field observed in the PIC simulations originates
from the efficient electron OAM gain.

0.60
70
0.45
60
0.30
50
0.15
n40 0.00
30 ~0.15
- ~0.30
~0.45
10
~0.60

10 20 30 40 50 60

y

FIG. 6. Transversal cut of the electron L, distribution near x =
30 c¢/wy for wot = 120. The dashed black curve displays the field
maximum amplitude contour.
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FIG. 7. Solenoidal magnetic field B, for wyt = 120.

IV. LASER TO ELECTRON OAM TRANSFER
A. Electron tracking in simulations

To understand how electrons gain their angular velocity, we
implemented in the OCEAN code a particle tracking module.
This diagnostic consists in adding some arbitrarly chosen
electrons that experience the electric and magnetic fields but
do not produce the self-consistent fields, automatically com-
puted in PIC simulations. Figure 8 displays the longitudinal
OAM acquired by these “test electrons” at the end of their
interaction with the laser beam as a function of their initial
radial coordinate (ry), when the plasma motion is active (green
circle) so that plasma self-consistent fields influence the laser-
electron dynamics and when the plasma motion is “frozen”
(gray markers) where these “test electrons” only experience
the laser electromagnetic fields.

The green circles show that L, values lower than
—0.4 m.c*/w, are obtained for electrons initially localized
in the zone where the laser intensity is maximum, i.e.,
r = 7-12 c¢/wy. Moreover, the L, spatial distribution follows
the laser intensity spatial shape. Same characteristics are ob-
served for the L, radial distribution when the plasma motion
is frozen (gray markers), except that the electron angular
momenta reach higher absolute values. This demonstrates
that the OAM transfer from laser beam to each electron is
a pure optical process for which the efficiency increases as
the plasma self-consistent fields are turned off. When the
plasma motion is active, a longitudinal charge separation field
is generated on the rear plasma surface due to the ion inertia.
This electrostatic field keeps the electrons confined in the
plasma zone reducing their interaction time with the laser, and
then their angular velocity gain. To overcome this limitation,
the plasma length should be increased.

0.2
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|
o
o

L, [units of m,c? /w1

—0.8}* * PIC active plasma
PIC frozen plasma

* Numerical

« Theory

_1'00 2 4 6 8 10 : 12 14 16
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FIG. 8. Longitudinal orbital angular momentum (L,) computed
at wot = 97 versus the initial electron radial position with (green
circle) and without (gray markers) active plasma motion. The red
dotted curve and the black circles display the L, values com-
puted, analytically by using the perturbation theory and numerically,
respectively.

B. Reduced model and the perturbative development

The PIC simulations demonstrate that the laser to electrons
OAM transfer results from a nondissipative optical process.
We confirm it by developing a reduced numerical model
describing the laser beam induced electron dynamics. It solves
the relativistic equations of electron motion in the electric (E,,
Ey, E.) and magnetic fields (B,, By, B,) of which analytical
expressions are given in Egs. (5), (6), and (7)

pr = —E, — vy By + v By + pof, (10)
ﬁg = _EO_UxBr+Uer_prg’ (11)
pr=—E, —v,By +vyB,, (12)

where p, = yv, = yF, pg = yvg = yr6, and p, = yv, = %
are the radial, azimuthal, and longitudinal electron momenta,
respectively, and y = ~/'1 4 p? 4+ pZ + p? is the Lorentz
factor.

First, we assume a low laser intensity (ap << 1) which
allows a perturbative expansion of Egs. (10), (11), and (12)
in powers of ag. The details on the analytical computations
are given in Appendix B. Integrated over the pulse duration,
the first order of electron OAM is zero, so that it does not
contribute to the final electron OAM. The second-order term
of L, solves

e)) . dEy . -
L.~ = r(l)pe(l) — rop)(cl)Br—l—ropﬁl)Bx - ro—d? (r(l) —1p).

13)

Only the —rodd#(r(l) —rp) and —rodd%(x(l) — Xxg) terms fi-
nally contribute to

2
LO(r) = —alagfz(ro)%[l - <;—°) } (14)
0
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FIG. 9. Longitudinal orbital angular momentum of electrons ver-
sus their initial radial position computed from the numerical integra-
tion of motion equations (black circle) and the theoretical prediction
according to Eq. (14) (red curve) for ag = 0.4 and ¢ = 0.1. The other
laser parameters are identical to the PIC simulations: wy = 2 pum,
T =067,l=1.

Figure 9 compares the electron L, radial distribution
computed from the numerical integration of Egs. (10), (11),
and (12) (black circle) and from the analytical expression
[Eq. (14)] (red curve) for ap = 0.4. We note a perfect agree-
ment between both curves. As already observed in the PIC
simulations (Fig. 8), even at low intensity, most of the elec-
trons acquire a negative longitudinal OAM. This analysis
evidences that the laser to electron OAM transfer originates
from the radial and longitudinal electron drift in the laser
field. For ry = wy/ V2 (where the intensity is maximum),
the electrons acquire the maximum angular rotation, and the
theoretical development of Lg) (not shown here) enables to
quantify that the electron longitudinal motion contributes for
2/3 and the radial one for 1/3 to the final angular momentum
value.

For higher laser intensity, ap = 1, the black circles and
the red curve in Fig. 8 display the L'» values computed by
numerically integrating Eqs. (10), (11), and (12) and with
the theoretical formula [Eq. (14)], respectively. The analytical
expression deviates from the numerical integration of motion
equations, but demonstrates a qualitatively similar behavior.
We observe negative longitudinal OAM gained by electrons,
and the correct order of magnitude for the L, values. A
relatively good agreement between numerical results and PIC
simulations is evident even though the azimuthal component
of the field is chosen constant along the laser propagation
in the numerical model. In both cases, the laser transfers to
electrons negative L, values, and the OAM transfer efficiency
follows the laser intensity radial distribution.

C. Control of the magnetic field strength

Equation (14) predicts that the sign of the electron OAM
values should change by inverting the sign of the OAM laser
beam. This is confirmed in Fig. 10 where the L, spatial distri-
bution computed for @y = 1 and [ = —1 displays positive val-
ues. Note that, similarly to the [ = 1 case, a discrepancy is ob-
served between the theoretical perturbative expression and the

L, [units of m,c? /w,]

20

ry [units of c/uw; ]

FIG. 10. L, versus the electron initial radial position computed
with PIC simulations with active plasma (gray dot), with the nu-
merical resolution of motion equations (black circle) and with the
perturbative formula given in Eq. (14) (red curve) for ap = 1 and
l=—1,7 =671, wy =2 um.

numerical values of L,. This originates from the limit of the
perturbative theory which disregards some kinetic processes
of higher orders, like, for example, the ponderomotive force
that increases the longitudinal displacement of the electrons.
Despite this discrepancy, both curves show positive electron
longitudinal OAM values, opposite to the laser OAM value.
Moreover, we note a relative good agreement between the
numerical integration of motion equations (black circles) and
PIC simulations (gray dots). Once again, the PIC computed
L, values are smaller because of the plasma induced self-
consistent fields which reduce the time interaction between
electrons and laser.

By controlling the electron OAM values with the laser
OAM values, we choose the direction of the solenoidal mag-
netic field direction. Figure 11(a) shows the longitudinal cut
of the solenoid magnetic field generated with a laser beam
carrying [ = —1 OAM. The B, amplitude is equal to the one
computed for / = 1, but now the solenoid B field is oriented
along the decreasing x values.

Equation (14) predicts also that the electron OAM ampli-
tude is higher as the pulse duration increases. Figure 11(b),
displaying the longitudinal cut of B, computed to a pulse
duration equal to 12 optical cycles, shows that its amplitude
is two times higher than for a pulse duration equal to 6
optical cycles; the axial magnetic field reaches 100 T. The
longitudinal extension of the magnetic field is larger than for
the shorter pulse duration because the electrons have acquired
higher longitudinal momenta resulting in a larger plasma
expansion.

These results clearly evidence that this laser-plasma inter-
action setup not only can generate a quasistatic magnetic field,
but also enable a perfect control of its generation.

V. CONCLUSION

In conclusion, we demonstrate that a tightly focused radi-
ally polarized laser beam is able to transfer its orbital angular
momentum to electrons without any dissipative effects like
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FIG. 11. Longitudinal cut of B, computed from PIC simulations for (a)/ = —1 and = 67y and (b)/ = 1 and T = 127, five optical periods
after the laser-electron interaction ends. The others laser parameters are kept unchanged.

collision or ionization. A nondissipative optical process is
responsible for the irreversible electron rotation secular gain,
which originates from the radial and longitudinal electron
drift in the laser field. Both radial and azimuthal components
of the laser fields are needed for the laser to electron OAM
transfer. By using 3D particle in cell simulations, we show
that the rotating electrons produce a quasistatic magnetic field
of megagauss range over more than 80 fs after the end of the
laser-plasma interaction. The lifetime is limited by the plasma
expansion due to the laser-induced ponderomotive force. This
magnetic field is homogeneous over spatial dimensions (a
2.5 um length and a 1.5 um as transverse size) defined by
the plasma length and the laser transverse size. An accurate
choice of laser parameters, such as focal beam waist, laser
intensity, laser OAM, and/or pulse duration, make then pos-
sible a control of the quasistatic magnetic field production. A
simple analytical model provides a quantitative estimate of the
electron longitudinal orbital angular momentum values and
the solenoidal magnetic field up to ap = 1. This work opens
alternative ways to optically generate megagauss quasistatic
magnetic fields from plasma interacting with mJ laser beam.
We can expect a gigagauss axial B-field from a laser beam in
a Joule range.

ACKNOWLEDGMENTS

This work was granted access to HPC resources of TGCC
under the allocation A0010506129 made by GENCI and
under the allocation 2017174175 made by PRACE. The au-
thors acknowledge support from MEPhI Academic Excel-
lence Project (Contract No. 02.a03.21.0005-27.08.2013) and
from the project ELITAS (ELI Tools for Advanced Simula-
tion) CZ.02.1.01/0.0/0.0/16_013/0001793 from the European
Regional Development Fund.

APPENDIX A: QUASISTATIC MAGNETIC FIELD

We detail here the computation of the quasistatic magnetic
field produced from an electron solenoid. The solenoid shape
is a hollow cylinder with a length d, an internal radius ry,
and an external radius r;, as drawn in Fig. 12. The electrons
localized in the hollow cylinder are characterized with a
density n, and with an longitudinal orbital angular momentum
equal to /.

According to the Biot-Savart law [22], the magnetic field
generated at the point M from electron localized at the point

Pis
P)x PM
B( y=2 /%dV,
4 174

(AD)
I1PMIP

with f(P) the electron density current at the point P.

Due to the cylindrical symmetry, the magnetic field is
oriented along the x axis, so that the point M is localized
on the x axis (OM = xé,). The electrons are localized at the
point P such that OP = ré,. We then write ](P) x PM =
—en, vy x (—re, + xé,), where vy is the electron azimuthal
velocity. The axial magnetic field then writes

d r| r
lx/O dx /}:0 md}" (A2)

After spatial integration, the magnetic field writes:

Lt (5) s ()]
l,|sinh™" | — ) — sinh —]1]. (A3)
me ro ry

Expressed in units of B, = m,wp/e and in the limit d < ry,
d < ry, the axial magnetic field is approximated by Eq. (9).

enejlo

B (M) = -

= —0. 5110

>

e

r

FIG. 12. The electron solenoid with a length d, an internal radius
ro, and an external radius r. Electrons are localized in the blue zone.
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APPENDIX B: PERTURBATIVE TREATMENT

The theoretical analysis is performed in the laser units
system where the electric field, the magnetic field, the momen-
tum, the velocity, the distance, and the time are normalized
to E. = m.woc/e, B. = m,wy/e, mec, c, c/wy, and 1/wy,
respectively, with ¢ the light speed in a vacuum. The perturba-
tive development of the electron motion equations, Egs. (10),
(11), and (12), is performed in the low laser intensity regime,
ay<Llandy = 1.

The physical quantities are developed in a power series
of ap

X; = Za()x") (B1)

where X; =r,0,x, pr, ps, px, Ly are the cylindrical coor-
dinates, the associated electron momenta, and the electron
longitudinal orbital angular momentum. Inserting these devel-
opments in Egs. (10), (11), and (12) and assuming that the
laser pulse duration contains a large number of optical cycles,
we obtain the first-order terms

r® =~ ag f (ro)g (1) cos(t — ¢o), (B2)
oW ~ qq lf( )g(t)cos(t — o), (B3)
x ) 2 g, L0 ( ) g(t)sin(r — ¢y), (B4)
py = —aof(ro)g(r> sin(t — ¢o), (BS)
Py = —alag f(ro)g(t) sin(t — o), (B6)
Py ao@gmcos(r — ¢0), (B7)

where ro =r© and ¢y =10 — x@. The time derivative
of the electron angular momentum verifies L, = 7 py + 7 py.
Because, the initial electron angular velocity is zero, the L,
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FIG. 13. L, versus the electron initial radial position computed
with the numerical integration of motion equations (black circle) and
with the perturbative formula given in Eq. (14) (red curve) for ay =
O.landl =1, 7 = 679, wy = 2 pum.
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FIG. 14. L, versus the electron initial radial position computed
with the numerical integration of motion equations (black circle) and
with the perturbative formula given in Eq. (14) (red curve) for ¢y =
O.landl = —1, 7t = 670, Wy = 2 pum.

first-order time derivative is L") = rop{", and then writes:

L) = —aaorol f (ro)g (1) sin(r — ¢o). (BS)
Integrated over one laser optical period, we obtain (L"), =
0. Thus, the first-order term of electron longitudinal OAM
does not contribute to the laser to electron angular momentum
transfer.

The second-order term of electron longitudinal OAM
solves

) ) dEg
L? =rDp" —rop"B, + ropV B, — ro—— 7 O —6y)

dEy

1)
—ro——(x
de(

dE
—xo)—rod—e(r(')—ro). (B9)
r

Integrated over pulse duration, the first four terms in the right-
hand side of Eq. (B9) are zero, so we only keep the last two
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FIG. 15. L, versus the electron initial radial position computed
with the numerical integration of motion equations (black circle) and
with the perturbative formula given in Eq. (14) (red curve) for ay =
Oland/ =1,7 = 1279, wy = 2 um.
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terms
. dE dE
LY = —n— 2" —r) —ro— M —x0).  (BI0)
dr dx
: 1 df*(r)
LY = —alagsro=——lr=n,8*(t) cos’(t = ¢v)
—alad f3(ro)g*(t) sin®(t — ¢). (B11)

By integrating Eq. (B11) over the laser pulse duration, we
obtain the analytical expression of L® given in Eq. (14).
It predicts that the electron angular momentum is linearly
dependent on the pulse duration and on the laser OAM.
Figure 13 draws the electron L, distribution versus their
initial radial position computed with the numerical integration

of motion equations (black circle) and with the perturbative
expression given in Eq. (14) (red cuve) for ag = 0.1, [ =
1, T =61, wo =2 um. We observe a perfect agreement
between both curves. As predicted by Eq. (14), the L, values
are opposite to the laser OAM value, and are maximal in
amplitude near wo/~/2. This confirms that the electron an-
gular momentum originates from their longitudinal and radial
motion in the laser field.

In Fig. 14, the laser OAM is now setto/ = —1. We observe
that the electrons gain positive angular momentum, but with
absolute values equal to the previous case.

Equation (14) predicts a linear dependence with the pulse
duration. This is confirmed in Fig. 15 where the pulse duration
is two times larger.
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