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Using analytic and numerical approaches, we study the spatiotemporal evolution of a conserved order parameter
of a fluid in film geometry, following an instantaneous quench to the critical temperature 7, as well as to
supercritical temperatures. The order parameter dynamics is chosen to be governed by model B within mean-field
theory and is subject to no-flux boundary conditions as well as to symmetric surface fields at the confining walls.
The latter give rise to critical adsorption of the order parameter at both walls and provide the driving force for
the non-trivial time evolution of the order parameter. During the dynamics, the order parameter is locally and
globally conserved; thus, at thermal equilibrium, the system represents the canonical ensemble. We furthermore
consider the dynamics of the nonequilibrium critical Casimir force, which we obtain based on the generalized force
exerted by the order parameter field on the confining walls. We identify various asymptotic regimes concerning
the time evolution of the order parameter and the critical Casimir force and we provide, within our approach,
exact expressions of the corresponding dynamic scaling functions.
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I. INTRODUCTION

A fluid at its critical point exhibits scale-invariant long-
ranged fluctuations and a drastic slowing-down of its dynamics.
The critical behavior is characterized by universal features
which are determined by general properties of the fluid, such as
the dimensionality of the order parameter (OP), conservation
laws, and possibly secondary fields coupled to the OP [1]. We
recall that, in a one-component fluid, the OP ¢ is proportional
to the deviation of the actual number density n from its critical
value n., i.e., ¢ x n — n., while for a binary liquid mixture,
¢ is proportional to the deviation of the concentration C4 of
species A from its critical value Cy ,i.e.,¢p & Cqg — Cy .

Dynamic critical phenomena have been extensively studied
in bulk fluids (see, e.g., Refs. [2,3] for reviews) and in a semi-
infinite geometry [4—10]. However, in the case of more strongly
confined systems, such as films, theoretical results on dynamic
criticality are more scarce. In fact, previous studies [11-16]
mostly addressed purely relaxational dynamics, i.e., model A
in the nomenclature of Ref. [1], which captures the dynamics
of a single non-conserved density, e.g., the magnetization in the
case of a uniaxial ferromagnet near its Curie point. The critical
dynamics of a fluid, instead, is described by model H, which,
in its simplest realization, encompasses an advection-diffusion
equation for the conserved OP, coupled to a diffusive transport
equation for the transverse fluid momentum [1]. In passing, we
mention that a significant number of studies of (partly) confined
fluids exists addressing specific sub-critical phenomena, such
as surface-induced phase separation [17-21].

Introducing confinement in a near-critical fluid gives rise
to the so-called critical Casimir force (CCF) acting on the
confining boundaries [22,23]. Generally, the CCF can result
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from a confinement-induced long-wavelength cutoff of the
fluctuation spectrum as well as from the appearance of slowly
decaying OP profiles in the film (see, e.g., Refs. [24-26] for
reviews). In the latter case, the CCF lends itself to a description
within mean field theory (MFT), which entails neglecting
effects of thermal noise. Similar to critical dynamics, studies
on the dynamics of thermal Casimir-like forces in films focused
so far mostly on model A [14,16,27-32], with the exception of
Ref. [33], where model B-like dynamics in a quench far from
criticality has been investigated.

Here, we consider a film after an instantaneous quench from
a quasi-infinite temperature right to the critical point as well
as to supercritical temperatures. Thus, in the initial state the
mean OP profile across the film vanishes [34]. However, at
finite temperatures, the presence of effective surface fields at
the confining walls gives rise to the build-up of a spatially
varying adsorption profile across the film at late times (r —
00). Accordingly, in the present MFT case the dynamics of the
OP and of the resulting CCF is induced solely by the action of
surface fields. To facilitate an analytical study, we approximate
the actual critical fluid dynamics in terms of the mean-field
limit of model B, which describes the diffusive dynamics of
a single conserved OP but neglects fluctuations. Accordingly,
we also assume heat diffusion to be sufficiently fast to provide
an effective isothermal environment directly after the quench.

In Ref. [34] it has been shown that in a film, which is
close to criticality and confined by the walls of the container,
the behavior of the equilibrium CCF depends crucially on
whether the OP of the confined fluid is conserved or not. In
particular, for so-called (4++) boundary conditions, i.e., if the
confined fluid is adsorbed with equal strength at both walls, the
CCF is attractive in the grand canonical ensemble (globally
nonconserved OP), while it is repulsive in the canonical
ensemble (globally conserved OP). For model B dynamics
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in a film with no-flux boundary conditions, the total OP is
conserved at all times, i.e.,

dJ(t)E/ddrqS(t,r):const, (1)
|4

where the integral runs over the d-dimensional volume V of
the film. In Ref. [35], ensemble-induced differences for the
CCF have been discussed within a field theoretical treatment
and for further boundary conditions. In the present study, we
investigate how the equilibrium CCF in the canonical ensemble
considered in Ref. [34] emerges dynamically within model B
after a temperature quench.

II. GENERAL SCALING CONSIDERATIONS

Here, we formulate the general dynamic scaling behavior
expected for the OP and the CCF for a confined fluid (see,
e.g., Refs. [14,34,36]). We consider systems which are trans-
lationally invariant along the lateral film directions, such that,
as a consequence of the mean-field approximation, only the
transverse coordinate z enters the description. We consider
symmetric [(++-)] boundary conditions, such that the influence
of the confining walls, placed at z = O and z = L, is accounted
for by a single parameter %, describing the strength of both
surface fields. In a near-critical film of thickness L, the OP ¢
fulfills the general homogeneity relation

¢t 2, T, hi, L) =b P ¢tb™ 2 /b, tb"", i b™", L/b),
2)

where b is a scaling factor,

T =

- 3)

is the reduced temperature, 8 and v are standard bulk critical
exponents, A is a surface critical exponent [34,36], and z (not
to be confused with the spatial coordinate z) is the dynamic
bulk critical exponent. In model B, one has z = 4 — n, where
n is a standard static critical exponent [1,3]. Within MFT, one
has n = 0 and thus

z=4. (4)

Upon setting b = L in Eq. (2) and by introducing appropriate
length and timescales, one obtains the following finite-size
scaling relation [14,34]:

—B/v
L
¢t 2, T, hy, L) = ’%W) m(,¢,x, H), (5

+

where m is a universal scaling function. We have introduced
the following scaling variables:

¢t =z/L, (6a)

I 1/v L 1/v
— T =\|— , (6b)
() =)
Ay /v
L
Hl = (l(_o)) hl, (60)
hy

AN EN® .t T\ ¢
) o-@)m -6 @

=
|

The nonuniversal amplitudes éfro) and ¢>,(0) are defined in terms
of the critical behavior of the bulk correlation length & above
T.,ie., £(t — 0) = &7, and of the bulk OP ¢, below T,
ie., ¢p = ,(0) (—7)P. The nonuniversal amplitude l,(l?) relates
the characteristic length scale /,, for the OP decay close to the
wall (i.e., the so-called “extrapolation length”) to the strength
h; of the effective surface field via [, = l;l(l))|hl|"’/Al (see

Ref. [34] for further details). The nonuniversal amplitude tg(_))
is defined via the critical divergence of the relaxation time #g
above T, i.e., tg = tf)r‘”z. The bulk correlation length and
the relaxation time can be inferred from the exponential decay
in space and time of the dynamical bulk correlation function.
In thermal equilibrium, the CCF K can be defined as the
difference of the thermodynamic pressure py = —dFy/dL of
the film and the pressure p; of the surrounding bulk medium:

’Ceq = Pf — Pb- @)

Here, 7 denotes the total free energy of the film (per area A
of a single wall and kg T'), while the bulk pressure is obtained
as pp = lim; . ps. Note that the limit is to be performed by
keeping the relevant thermodynamic control parameter fixed,
which is the external bulk field p in the grand canonical
ensemble and the mean mass density ®/(AL) [see Eq. (1)] in
the canonical ensemble. In the presence of an OP constraint,
the definition of the CCEF is, in fact, subtle and we refer to
Ref. [34] for further discussion. In Sec. VI, we shall extend the
definition of the CCF to nonequilibrium situations and we shall
show that this definition reduces to Eq. (7) in the equilibrium
limit.

Since near criticality the correlation length & and the re-
laxation time tx represent the dominant length and timescales,
one expects a scaling form analogous to Eq. (5) to apply also
for the general nonequilibrium CCF K, i.e.,

K(t,t,h)) = L™E(0, x, H), ®)

~

where E is a scaling function and the scaling variables 0, x,
and H, are given in Eq. (6).

III. MODEL

In this section we introduce the dynamic model to be
analyzed below. In the following all extensive quantities are
understood to be divided by the transverse area A. Within our
approach the static properties of the OP field ¢(z, z) follow
from the standard Landau-Ginzburg free energy functional
(defined per area and per kpT):

L
J'"[¢]=/ dz[(3,0)* + Up(#) + Us(P)], 9
0
where
Uy($) = ~¢* + S ¢ (10)
2 4!
and

Us(p) = [3¢0° — mo]8() + 8z — L) (11)
denote the bulk and the surface contribution, respectively.
In Eq. (9), the integral runs from z=0" up to z=
L*. Within MFT, the coupling constants r = (Sfro))_zt and
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g = 6(q>,(0)$fro))_2 are given in terms of the nonuniversal
amplitudes £'* and ¢ introduced in Egs. (5) and (6) [37].
The parameters ¢ and & in Eq. (11) represent the surface
enhancement and the surface adsorption strength for the OP,
respectively. Here, we focus on the case ¢ =0 and h; > O,
corresponding to the (4+) surface universality class, which
describes critical adsorption as observed generically for a
confined fluid [38]. Minimization of F leads to the well-known
equilibrium boundary conditions [34],

0.¢(t,z=0)=—h; and 0.¢(t,z=1L)=hy, (12)

which we will impose also during the nonequilibrium time
evolution.

The dynamics of ¢ is governed by model B, which, within
MFT, is given by [1]

dp = —8.J = D3’ = D{-3]p + ] [Uy(@)]}. (13)

Here, the diffusivity D is a kinetic coefficient, J/ = —Dd_u is
the flux, and
8 F

— 2 8 13
=Sy = HS e Se (14)
is the bulk chemical potential, defined in terms of the corre-
sponding bulk free-energy functional F, = F — fOL dzUs(9).
To ensure global mass conservation, no-flux boundary con-
ditions are imposed, i.e., J(t,z=0)=0= J(¢t,z = L), or,
equivalently,

0= =0 = 03(1.2) = [r + 362, )90, ).
for z=0,L. (15)

The boundary conditions in Eqgs. (12) and (15) are imposed at
all times ¢ > 0. They have also been derived in Ref. [5] within
a full field theoretical treatment of model B in a half-space.

We focus on the dynamics induced by Eq. (13) after an
instantaneous quench from a high temperature (t — o0) to a
temperature close to 7. In the limit T — oo the equilibrium
OP profile resulting from Eq. (9) vanishes so that, accordingly,
the initial condition is

¢t =0,2)=0. (16)

In the course of time, the OP profile attains its equilibrium
shape characteristic for critical adsorption under (++-) bound-
ary conditions [34]. In the present case, owing to no-flux
boundary conditions [Eq. (15)], the OP is globally conserved.
Equation (16) therefore implies

L
/ dz(t.7) = 0. a7
0

i.e., the so-called “mass” ®(¢) [perarea A, see Eq. (1)] vanishes
at all times 7.

Within MFT, the dynamical critical exponent is z=4
[Eq. (4)] and the finite-size scaling variables in Egs. (5) and
(6) take the forms

¢t =z/L,

X = Lzr,

(18a)
(18b)

H = \/§L2h1, (18¢c)

D
6 = i (18d)
m(®,¢) = \/§L¢(L46/D, cL). (18e)

According to Eq. (6d), the kinetic coefficient D can be
expressed in terms of nonuniversal amplitudes as D =
(Efro))“/ ts(r)). Using Eq. (18), the dynamic equation of model
B [Eq. (13)] assumes the dimensionless form

Jpm =07 (—;m~+x m+ m’), (19)
and the boundary conditions in Egs. (12) and (15) become

dm®,¢=0)=—H, dm@,¢=1)=H,, (20a)
9;m (0, £)— [x +3n (6, )19, m(6,£)=0, for ¢=0,1.
(20b)

In the following we proceed with an analysis of this set of
equations.

IV. LINEAR QUENCH DYNAMICS

To facilitate an analytical study of Eq. (19), in the free
energy functional [Eq. (10)] we disregard the term o< ¢*. This
amounts to studying the linearized (or Gaussian) model B,

Jgm = —03}m+ x9;m, (1)

together with Eq. (12) and the linearized no-flux boundary
conditionin Eq. (20b), i.e., 83 m— x9; m = 0. Uponintroducing
the Laplace transform

fn(s,;)=/ do m(8, £)e™?, (22)
0

Eq. (21) turns into
sin(s, ) =m@ =0,¢) — G?fn(s, Z) —I—xaczfn(s, ). (23)

Assuming as initial condition a flat profile m(@ =0,¢) =0
[see Eq. (16)], Eq. (23) reduces to a homogeneous fourth-order
differential equation:

sin(s, §) = —d} (s, ¢) + xd7 (s, ¢). (24)

This equation is solved by the ansatz m(s, ¢) o exp(€2¢),
with the parameter €2 taking one of the four possible values
{As+, —Ay}, where

1
Ay = —\/x £ Vx2—4s. (25)
+ NG
Imposing the (linearized version of the) boundary conditions
in Eq. (20) yields [39]
X — )»i
s(er — DA_(W2 =A%)
x — A
T 2 2
s(er+ — DAL(A — A7)

(s, )/ Hy = [t 4 (0]

[ef% 4 (1=

(26)
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as the solution of Eq. (24). Since Eq. (26) has only a simple
pole in s, at s = 0, the long-time limit follows from Eq. (26)
as [40]

Meg(§) = m(® — 00,¢) = lim sin(s. )

_ Hi( ~cosh[(1/2—0)Vx]
- 7(”‘ sinh(y/x/2) 2)’ @D
corresponding, in unrescaled quantities, to
_h cosh[(L/2 = 2)y/r]
¢eq(Z) = E <L«/; sinh(Lﬁ/Z) 2) (28)

These expressions agree with the ones obtained by minimizing
the equilibrium free energy in Eq. (9) under the constraint of

vanishing total mass, fOL dz ¢eq(¢) = 0 [34]. For later use, we
determine ., in a few particular limits. At criticality (i.e.,
x = 0), Eq. (27) reduces to

Meq(O)lxzo = Hi (2 — ¢ +¢7), (29)

and, for general x > 0 and at ¢ = 0, to

coth(y/x/2) 2
=0 =H|——-=]. 30
Meq (¢ N0 1|: NG T (30)
Asymptotically for x — oo, instead, the OP profile behaves as
H
Meg(©list = (e 4T3

We remark that, within linear MFT, the strength H; of the
surface field appears as an overall prefactor in the expression
for the OP profile. Within nonlinear MFT, the limit H; — oo,
corresponding to the fixed-point of the critical adsorption
universality class [36], is ill-defined in the presence of the
global OP conservation (see Ref. [34]). In fact, studying the
limit H; — oo requires to include thermal fluctuations, which
is beyond the scope of the present study.

Using Eq. (27), the solution for the OP profile can be
conveniently written as

_ Meq($)
o S

(s, ) +(s.0), (32)
where the first term describes the equilibrium profile and v
encodes the relaxation toward it. The function ¥ (s, £) has a
regular expansion around s = 0 in terms of positive integer
powers of s and, therefore, it is defined over the whole complex
plane without a branch cut. The time dependence of mfollows
from the inverse Laplace transform of 7, i.e.,

1
m(0, ) = %fcdsfn(s,;)e“’, (33)

where the contour C runs parallel to the imaginary axis and
to the right of the pole of 7 at s = 0. Inserting Eq. (32) into
Eq. (33), the contribution from the pole at s = O renders mq(¢)
as the residue. The contribution involving ¥ reduces to an
inverse Fourier transform since the contour C can be shifted
onto the imaginary axis. One accordingly obtains

[ee]

1 R .
m(e,c>=meq(c>+g/ dv v, e (34)

where the second term on the right-hand side must vanish as
0 — oo.

Closed analytical expressions for the Laplace inversion in
Eq. (33) can be obtained in certain asymptotic limits, which
are discussed in the following sections. In the general case, the
Laplace inversion has to be computed numerically. An efficient
and robust approach, which we use here, is provided by the
Talbot method [41].

A. Quench to the critical point (x = 0)
For x = 0, Eq. (25) reduces to
1
NG

and the expression for the profile in Laplace space given in
Eq. (26) becomes

Ay = — (1 +i)s/4, (35)

m(s,¢) = %[cos(w{)cot(a)/Z) — cosh(w¢ ) coth(w/2)
+ sin(w¢) + sinh(w?)], (36)
where we introduced
w=(—s)/* =1, =sYexp(in/4). (37)

For definiteness, we consider (—1)!/4 = ¢/7/4 as the principal
branch of the complex root. Since all physical quantities
considered here are real-valued, they are not affected by this
particular choice. Figure 1(a) illustrates the time evolution of
the scaled profile m (6, ¢) for the linearized model B and for
x =0 as determined by the numerical Laplace inversion of
Eq. (36). The profile starts from a flat configuration [Eq. (16),
not shown] and evolves towards the equilibrium solution given
in Eq. (29) (dashed-dotted curve). We proceed with an analysis
of the characteristic spatial and temporal scaling behavior of
the profile.

1. Order parameter at the boundary: m(0, ¢ = 0)

To determine the time evolution of the profile ar the
boundary, we evaluate Eq. (36) at £ = 0:

H
(s, ¢ =0) = 2—15[cot(a)/2) — coth(w/2)]. (38)
w
To determine the Laplace inversion of this expression, we

expand the functions cot and coth in terms of simple fractions
(see Sec. 1.42 in Ref. [42]), resulting in

H < 16722
s, =0=—Y — 39
(s, ¢ ) w?* p ot — 16wtk (39)
and finally
1 = exp(—167k*0)
0,0 =0)=H|-—-Y ———— 7|, 40
m(©,¢ =0) 1[6 ; — (40)

where we used Y ;- k=2 = 7% /6. The first term on the right-
hand side can be identified with m.q (¢ = 0) [see Eq. (29)]. We
note that the expression in Eq. (40) occurs in similar form in
various contexts and its asymptotic behavior has been analyzed
previously (see Ref. [43] and references therein). For times
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FIG. 1. Time-evolution of the OP profile m(6, ¢), subject to the linearized model B dynamics according to Egs. (21), (20a), and (20b) and
to the initial condition Eq. (16), at criticality x = O [see Eq. (18b)]. (a) Profile shape for times # = 107%, 3 x 10~>, 3 x 107, oo corresponding
to the solid (blue), dashed (orange), dotted (red), and dashed-dotted (black) curves, respectively. For § > 1072, the OP has essentially reached
equilibrium. (b) OP at the wall at early times § < 6 ~ 10~ [see Eq. (41)]. The dashed (black) line indicates the asymptotic result in Eq. (44).
(c) OP at the wall at late times 6 2 0. The dashed (black) line indicates the asymptotic result in Eq. (42). (d) Short-time scaling function of the
profile, obtained asymptotically for ¢ — 0 and for short times & — 0, as function of the scaling variable ® = ¢/6'/* [Eq. (49)]. (e) Position
Cmin Of the global minimum of the OP profile for 0 < ¢ < 1/2 as a function of the rescaled time 6, as determined numerically via the Laplace
inversion of Eq. (36). The dashed (black) line represents the prediction given in Eq. (47).

by replacing the sum by an integral, i.e.,
1 —exp(— 1674k%0)
72k?

= 91/4ﬂ /w dpl——e‘f”.

2w Jo p4
Numerical analysis shows that this approximation is reliable up
to times O >~ 6, such that the asymptotic early-time behavior

6 > 07, with

o0
1 (7 0,=0>~H dk
o~ 03107, 0= 0.6=0) ‘fo

~ 41
¢ 167 “1

the term for k = 1 in Eq. (40) dominates the sum, implying (43)

that

1
m(0 > 1,7 = 0) 2 g (0) — — Hye o7 (42)  of the OP at the wall results, upon evaluating the integral in
672 E
q. (43), as
. _ . . . H
provides the late-time asymptotic behavior of the OP. The m@,¢ =0 1 94, 9 < 0r. (44)

asymptotic behavior of Eq. (40) for & — 0 can be obtained )= V2T(5/4)
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The early-time and late-time behavior of the OP at the wall for
x = 0 are illustrated in Figs. 1(b) and 1(c), respectively, where
we find excellent agreement between the numerical Laplace
inversion of Eq. (38) (solid curves) and the asymptotic results
in Egs. (42) and (44) (dashed lines).

2. Short-time scaling function of the profile
Next we consider the full spatiotemporal evolution of the
profile [Eq. (36)] at short times near one wall, i.e., for 6 —
0 and 0 < ¢ « 1/2. Inserting Eq. (36) into Eq. (33) and
changing the integration variable to o = s6 yields

m(@, ) = e““% / do (o) xo((=a/0)*, £)e?
Tl C

(45)

with  xo(k, ¢) = cos(k¢)cot(k/2) — cosh(x¢) coth(x/2) +
sin(k¢) + sinh(k¢) and k = (—o/0)"/*. The integration path
C in the above integral is parametrized as 0 = € + io” with
o” € Rand € € R fixed to avoid the pole at ¢ = 0 (with the
final result being independent of the choice of €). Decomposing
Kk into its real and imaginary parts, k = k' + ix”, for 6 — 0
one has |«’|, [k”| = oo and, correspondingly, in this limit,
keeping the dominant terms of yy, leads to [44]

X0k, §) = —exp(—=« &) — i exp(ik{). (40)
Accordingly, Eq. (45) takes the scaling form
m® <607, ¢ < 1/2)=H0"* M /6"* = ©), (47

with the scaling function
1
M©) = o= [ do CorPixiorton.  as)
c

where x(x) = xo(k,1). A numerical analysis of the in-
volved approximations reveals that Eq. (47) holds reliably if
(lo12*/6)/* > 0(10). Since ¢ « 1/2 and contributions from
the integral in Eq. (48) are negligible for large o” [45], it
follows that Eq. (47) applies for times 0 < 107* « 67, as
indicated. The inverse Laplace transform in Eq. (48) can be
calculated analytically [46], yielding
))

(©))-e

(49)

) )

—
& @

| =
AW

2 11
M(©®) = ;F(3/4)1F3(—Z;Z,

| W

35
’4’4’

I

1 5
+—=0T(5/4)1F3
T

where | F3 is a standard hypergeometric function [47]. For
¢ = 0 and by using Eq. (49), Eq. (47) reduces to Eq. (44).
M(®), which is displayed in Fig. 1(d), represents the exact
asymptotic short-time scaling function of the film profile in
model B for ¢ <« 1/2 and coincides with the corresponding
expression obtained for a half-space (see the Appendix).
Since, according to Eq. (47), m(8, ¢)/(H,0'/%) is solely a
function of the scaling variable ® = ¢ /0!/4, in the asymptotic
short-time regime any spatial feature of the profile scales
subdiffusively oc8'/# with time 6. This applies, in particular,
to the position i, of the global minimum of m (0, ¢ < 1/2),

for which one finds
Cmin = 2.3 x 04, 0 « 6. (50)

The prefactor follows from the numerically determined min-
imum of the scaling function M in Eq. (49). In terms of
dimensional quantities, Eq. (50) corresponds to zmin =~ 2.3 X
(Dt)'/*. As shown in Fig. 1(e), the time evolution of the
position of the global OP minimum, as obtained from the
numerical Laplace inversion of Eq. (36), is accurately captured
by Eq. (50).

B. Quench to a supercritical temperature (x > 1)

Here, we focus on the case of large reduced temperatures,
x > 1, and study the associated asymptotic behavior of the OP
dynamics, which is expected to differ from the one discussed
in the preceding section. In Fig. 2(a), the time evolution of the
profile for large x is illustrated, based on the numerical Laplace
inversion of Eq. (26). To proceed with the asymptotic analysis,
we note that the time dependence of m(6, ¢) is essentially
encoded in the dependence of AL on s [Eq. (25)] and that,
according to Eq. (33), the dominant contribution to m (0, ¢)
stems from values of |s| ~ 1/6. For x > 1, one thus infers
from Eq. (25) the occurrence of three characteristic regimes: (i)
Is| > x2, (i) x < |s| <« x2, and (iii) |s| < x, which translate
to an early-, intermediate-, and late-time asymptotic regime
defined by (i) < x72, (i) x> < 6 < x~!, and (iii) 6 >

x~!, respectively.

1. Early-time asymptotic regime

The behavior of m(6,¢ = 0) for 6 — 0 can be inferred
in Laplace space from studying the limit s — oo [48]. In
this limit, Egs. (25) and (26) reduce to the expressions in
Egs. (35) and (36), respectively. This implies that the short-time
properties of the profile for any large but finite x in fact obey
the critical scaling discussed in Sec. IV A. Accordingly, at
early times, the OP m (6, ¢ = 0) at the wall increases as in
Eq. (44), and the spatial behavior of the OP near the wall is
described by Eqs. (47) and (49). This is confirmed by the plots
in Figs. 2(b) and 2(c), where the position ¢, of the global
minimum of the OP within the range 0 < ¢ < 1/2 and the
time evolution of m (6, ¢ = 0), respectively, is illustrated for
x > 1. As discussed above, for x > 1, the early-time regime
(i) crosses over to the intermediate regime (ii) approximately at
atime 6 ~ x~2, which is indicated in Fig. 2 by dotted vertical
lines.

2. Intermediate asymptotic regime

For large x > 1, an intermediate asymptotic temporal
regime is expected to arise for times 6 such that x~2 <«
0 <« x~!. To determine the behavior of m(6, ¢ = 0) within
this regime, we expand the inner square root in Eq. (25)
around s = 0 up to leading order in s/xz, ie., Vx2 —4s ~
x — 2s/x + O(s?/x?), which gives

x+:,/x—s/x:ﬁ(1—2i)cz), Ao~ s/x. (51

Inserting Eq. (51) into Eq. (26) and keeping only the dominant
terms for x > 1 with x < |s| <« x? yields, after Laplace
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FIG. 2. Time-evolution of an initially vanishing [Eq. (16)] OP profile m (8, ¢), subject to the linearized model B dynamics [Egs. (21)
and (20)] in the supercritical regime x > 1 [see Eq. (18b)]. (a) m(6, ¢) as a function of ¢ for rescaled times # = 10~%, 107, 107>, and oo
corresponding to the solid, dashed, dotted, and dashed-dotted curves, respectively. (b) Position ¢, of the global minimum of the profile (within
the left half 0 < ¢ < 1/2 of the film) as a function of the rescaled time 6. The dashed line indicates the prediction of Eq. (47), where the
proportionality factor resulting from a fit is ~2.3 [Eq. (50)]. (c) OP m (8, ¢ = 0) at the wall at early times # < x~2. The dashed line indicates
the asymptotic prediction given in Eq. (44). (d) OP m(6, ¢ = 0) at the wall at intermediate times, i.e., for x> < 6 < x~!. The dashed line
represents the intermediate asymptotic law in Eq. (53). (e) At late times & > x~! the OP m(6, { = 0) saturates exponentially. The dashed
line indicates the asymptotic prediction given in Eq. (57). The dotted vertical lines in panels (b), (c), and (d) mark the approximate boundary
between the early- and intermediate asymptotic regimes [see the discussion in Sec. IV B as well as Eq. (63) below]. The specific values of x in
the various panels are chosen for illustrative purposes, as being representative of the various behaviors of the system.

inversion, the OP profile in the intermediate asymptotic regime:

2
exp <_f_)
40x
1
x/m6
12
X exp (—u>] (52)

H,;

1
m(0, $)les1 = ﬁ[exp(—@/}) TS

+ exp(—(1 — )v/x) —

40x

The first and the third term on the right-hand side render to-
gether the asymptotic equilibrium profile reported in Eq. (31).
Accordingly, the approach of the OP at the wall toward its
long-time value m.q(¢ = 0) is described by
H, —1/2

Meq(§ =0) —m(0,¢ =0) >~ me . (53)
which, as shown in Fig. 2(d), accurately describes the nu-
merical Laplace inversion of Eq. (26) within the intermediate
asymptotic regime. One recognizes the expression in Eq. (52)
as the superposition of the two corresponding asymptotic
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profiles obtained in a half-space [see Eq. (A9) in the Appendix].
Within the intermediate asymptotic regime, the position pyin
of the global minimum of the profile in, e.g., the left half of the
film (0 < ¢ < 1/2), effectively follows, as function of time, a
logarithmic behavior [see Eq. (A11)]:

min =~ X 2[In(x?0) — 1], for x 20 < x ' (54)

3. Late-time asymptotic regime

The late-time asymptotic regime pertaining to the case
x> 1, arises for times 6 > x 1, corresponding to |s| < x
in Laplace space. To determine the corresponding behavior of
the OP, we proceed as in the preceding subsection and insert
in Eq. (26) the expansion given in Eq. (51), keeping only the
most relevant terms for |s| < x and x > 1. In Laplace space,
this way one obtains the asymptotic profile

(s K x, O)lesi
2 s Jx 1
~rer (a5 )59

1 s
NG exp (4x3/2>

ol ()

Note that, except from a pole at s = 0, this expression has
a regular Laurent expansion in terms of s, with no branch
cut. At the wall (¢ = 0), Eq. (55) reduces to (s, ¢ =0) =
exp(s/(4x32)x~12[1/s — coth(y/s/x/2)/(«/5x)]. Using the
series representation of coth in terms of simple fractions (see,
e.g., Sec. 1.421 in Ref. [42]), the Laplace inversion is obtained
as

m(0 > 1/x,¢ =0)/H,

L_2 4i a2 (0 +
~————— ) exp|—4n x
Voox x = P 4./x

L (0 [—4 2(9 +L>]> (56)
_ﬁ pLE , eXp T X W )

where 93 denotes the elliptic Jacobi theta function [47]. In the
limit & — oo, the leading contribution to the sum is given by

J

H —1/4
V2T(3/4) ’

9;m(6,0) ~

where we note that 8} 1eq(0)|x—co = Hi/X.

02meg(O)(1 4 34207, x 2O <x7,
021meq (0)(1 + L7 g =47%40)

the term with £ = 1, such that

H 4H
MmO — 00, ¢ = 0) ~ 7% - Tl exp(—4720x),
for x> 1. (57)

Accordingly, the equilibrium OP at the wall, meq(¢ = 0) =~
H;/+/x [see Eq. (30)], is approached exponentially at late
times. As shown in Fig. 2(e), Eq. (57) accurately matches the
behavior of the OP determined numerically from the exact
expression in Eq. (26). A numerical analysis reveals that
Eq. (57) is, in fact, reliable for x > 10%.

C. Behavior of the second derivative of the profile
1. Critical quench (x = 0)

For the purpose of analyzing the CCF (see Sec. VI below),
it is useful to determine also the behavior of the second
derivative of the OP profile m(6, {) at the boundary ¢ =0
(or, equivalently, at ¢ = 1). Focusing first on a critical quench
(x = 0), Eq. (36) yields

H
B (5. O)le—o = —5 = [coth(w/2) + cot(@/2)]  (58)

for the Laplace transform of m. Proceeding as in Sec. IVA 1,
one finds

H, p-1/4
V2T(3/4)

as the short-time asymptotic behavior [49]. At late times
0 2 67, instead, agm approaches the equilibrium value [see

Eq. (29)]

9;m (6, )lg=0 , for 0565 (59)

07 1eq (0] x—0 = 2H, (60)

exponentially.

2. Off-critical quench (x > 1)

From Eq. (27) one obtains the late-time limit of B?m for
x> las

07 eq (0) = Hyy/x. (61)

Performing an analysis analogous to the one in Sec. IV B yields
the following asymptotic behaviors of 3§2mfor x> 1[49]:

0« x72, (62a)
(62b)
6> x71, (62¢)

D. Summary

We have shown that, for x = 102, the behavior of the OP ar the wall, (0, ¢ = 0), exhibits three characteristic regimes (see

Sec. IVB):

H, 1/4

e
m®,¢ =0)~

meq(0)(1 = =

e—4rr2x9)’

6 < x72, (63a)
Meq(O)(1 — 76717), 177 <o <x7!, (63b)
2] > X_l, (630)
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where we have used the relationship meq(0) ~ H;/+/x for x — oo [see Eq. (30)]. For x < 102, the intermediate asymptotic
regime in Eq. (63b) effectively disappears, leaving only the early- and late-time regimes, which are characteristic for a critical

quench (see Sec. IVA1):

H,
m(e,;=0>|x_o:{ﬁ“5/4) |-t
eq(0)(1 = re™177),

where 0 ~ 10~ [see Eq. (41)].

At the time 0* € {6, x72}, at which the crossover from
the early-time growth [Eq. (63a)] to the saturation regime
[Egs. (63b) and (63c)] occurs, one typically has m(6*, 0) ~
Meq(0),1.e., the OP is almost fully equilibrated. Indeed, for x >>
1,Eq. (30) gives meq(0) =~ H,//x. Approximately at ~ x =2,
i.e., at the end of the early-time regime, this value is reached by
m(0, ¢ = 0)evolvingaccording to Eq. (63a). Forx <« 1, corre-
spondingly, the equilibrium value m.q(0) ~ H, /6 predicted by
Eq. (29) is reached at atime 6 ~ (v/2I'(5/4)/6)* ~ 2 x 1073,
which follows by equating m.q(0) with m (6, 0) in Eq. (64a)
and which is consistent with the estimate of 8 in Eq. (41).

Notably, for large x > 0, at the wall the OP m attains
equilibrium much earlier than far from the wall. Indeed, at
the end of the early-time regime, i.e., at a time 6 ~ 6* ~ x2
the OP minimum has propagated only a distance i, (6%) ~
x~1/2 « 1/2 into the bulk [see Egs. 50 and 2(b)]. A numerical
analysis of the full solution in Eq. (26) reveals that the two OP
minima in the film [see Fig. 2(b)] merge in its middle around
a characteristic time,

*
min

~ min(x~", 0)). (65)

This timescale is close to that of the onset of the exponential
saturation regime of the profile [see Eqs. (63c) and (64b)].
This regime is characteristic for a film, whereas the profile in

6!/, 0 < 07,

(64a)

0> 0", (64b)

(

a half-space only shows the algebraic growth and saturation
behaviors reported in Egs. (63a) and (63b) (see the Appendix
as well as Ref. [5]). Accordingly, within the linear model B
and for (++) boundary conditions, the time 6.  in Eq. (65)
can be understood as the typical timescale for the onset of the
interaction between the two walls after a quench.

V. NONLINEAR QUENCH DYNAMICS

In this section, within MFT, we determine the dynamics of
the fully nonlinear model B. This is carried out numerically by
discretizing Egs. (19) and (20) in terms of finite differences ona
spatial grid and by integrating the resulting system of first-order
ordinary differential equations in time [50]. As before, a flat,
vanishing profile [Eq. (16)] is used as initial configuration [51].

Within the linearized model B, H; merely appears as an
overall scaling factor of the profile m (6, ¢) [see Eq. (26)].
The characteristic timescales are independent of H; [see
Egs. (63) and (64)]. In contrast, the dynamics of the fully
nonlinear model B [Egs. (19) and (20)] is expected to exhibit
an interplay between H; and the scaling variable x. As shown
in Ref. [34], this applies already to the properties of the
equilibrium profile. Specifically, for x > 0, MFT predicts the
following equilibrium behavior of the OP value at the wall
[34]:

Hl(é - ;‘—0), H <1, x <1, (66a)

Mo (2 = 0) =~ { 3k H Sx, x> 1, (66b)
1/4 gy 1/2 x 1/2

2 / Hl — W’ Hl > x, H] > 1. (66C)

Equations (66a) and (66b), in fact, coincide with the results
of linear MFT [see Eqgs. (29) and (30)], while Eq. (66¢c) can
be obtained from a short-distance expansion within nonlinear
MEFT (see Ref. [34]). The ranges of validity of the asymptotic
behaviors reported above result from a comparison between
linear and nonlinear MFT. Notably, in the presence of a mass
constraint, linear MFT remains a valid approximation for H; <
1,evenasx — 0[34].For H; > 1 and x < Hj,instead, linear
MEFT fails to accurately capture the equilibrium profile [34].
Accordingly, we expect the nonlinear term 7> [see Eq. (19)]
to play also a role in the dynamics.

Figures 3 and 4 summarize the dynamics of the OP profile
governed by the nonlinear model B for (++) boundary condi-
tions after a quench to criticality (x = 0) and to a supercritical
temperature (x >> 1), respectively. As in the linear case (see
Figs. 1 and 2), the increase of the OP at the wall is supported
by transport of mass from the interior of the film, giving rise

(

to a pronounced minimum of the profile moving towards the
center. A numerical analysis, illustrated in Fig. 3(b), shows that
this minimum follows a subdiffusive law:

Cmin =~ 2.4 x 0174, (67)

Except for the slightly larger value of the prefactor [52], this
relation is identical to the one obtained within the linear model
B [see Eq. (50)]. Figures 3(c)-3(e) illustrate the increase of the
OP atthe wall, m(6, ¢ = 0). Forlarge H, one can identify three
asymptotic regimes: in addition to the initial algebraic growth
m (6, 0) oc 61/4 [Fig. 3(c)] and the late-time exponential satura-
tion [Fig. 3(e)], an intermediate asymptotic regime emerges for
H; > 1, in which the OP saturates algebraically. For x = 0,
the latter regime is not present in linear MFT [see Eq. (64) and
Fig. 1)]. Below, these various regimes are analyzed further.
The effect of a nonzero reduced temperature x > 0 on the
OP dynamics is illustrated in Fig. 4. As shown in Fig. 4(a),
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FIG. 3. Time evolution, within the nonlinear model B [Eq. (19)], of the OP profile at criticality (x = 0) and for H; > 1, starting from a flat,
vanishing initial configuration [Eq. (16)]. (a) Profile m (6, ¢) near one wall for various rescaled times 6. (b) Position of the global minimum
of m(6, ¢) as a function of time ; for all values of H; > 1, {ni, exhibits essentially the same behavior. (c) Increase of the OP at the wall
m(0, ¢ = 0) for various values of H;. The dashed line indicates the scaling behavior implied by Eq. (64a). (d) Relaxation of the OP at the wall
to its equilibrium value mq(¢ = 0). For large H; >> 1, an intermediate asymptotic law [Eq. (70)] emerges. (e) For times 6 > 6* ~ 107%, the

relaxation of the OP proceeds exponentially [see Eq. (71)].

upon increasing x, the intermediate asymptotic law identified
in Fig. 3(d) crosses over from a behavior dominated by the
nonlinearity toward that of the linear model B reported in
Eq. (63b). At late times, the OP at the wall m(0, ¢ = 0)
always saturates exponentially. Figure 4(b) shows that, upon
increasing x atfixed H; >> 1, the dynamics of the OP minimum
significantly deviates from Eq. (67), which holds at criticality
x = 0. Due to limited numerical accuracy, for large x the
evolution of {nin cannot be followed up to values of iin ~
O(1). However, an inspection of the actual profile m (0, ¢)
reveals that, at a time around 8 ~ x~!, the two minima in the
film profile have merged at the center of the system and the
profile has essentially reached equilibrium. Accordingly, we
conclude that, also for the nonlinear model B, the characteristic

timescale for the onset of the interaction between the two walls
is given by Eq. (65).

We now return to a quantitative discussion of the OP
dynamics at the wall, i.e., of m(6, { = 0), within the nonlinear
model B. The asymptotic behavior can be analyzed based on
the relative weight of the individual terms on the right-hand
side of Eq. (19), i.e., —a§m+ xm+ m3. We emphasize that
the term Bgm is always relevant, because it is responsible for
the emergence of the nontrivial equilibrium profile mq (see
also Ref. [34]). In fact, it provides the driving force for the
evolution of the profile away from the flat initial configuration.
The analysis of the asymptotic dynamics is facilitated by
the knowledge of the linear mean-field solutions reported in
Sec. IV.

032103-10



SURFACE-INDUCED NONEQUILIBRIUM DYNAMICS AND ...

PHYSICAL REVIEW E 98, 032103 (2018)

s , Hy = 4x108

3@ 10 ? . X/H]Z

(9] [ J—

£ 109 100

SN — 10

‘ﬂf 10 1

& ;

T 1075 — 01

i gl — 0.01
10—13

H, =107
x/Hy=
i — 0
0.0025
0.05

3 — 0.2
—1

— 2

é/ min

ul

ul ul ul ul 1

1073

1077 107°

0
(b)

1071 107

FIG. 4. Evolution of the rescaled OP profile m(6, ¢ ) in a film within the nonlinear model B. (a) Temporal crossover of the OP at the boundary
m(@, ¢ = 0) between the linear and the nonlinear intermediate asymptotic behavior, as characterized by the value of x/H;. The dashed and the
dotted lines represent the intermediate asymptotic laws given in Egs. (63b) and (70), respectively. (b) Position of the global minimum of m (6, ¢)
as a function of time 6 for large H; > 1 and various values of x/H;. The dashed line represents the asymptotic law in Eq. (67), identified
from the numerical data. Due to the limited numerical resolution, the evolution of ¢, could not be followed up to ¢ = 1/2. However, a visual
inspection of the profiles reveals that at the times at which the plotted curves end, the two minima of the film profile (corresponding to ¢, and

1 — &min) have in fact merged.

At sufficiently early times 6 <« 1, m is small owing to
the initial condition in Eq. (16). Consequently, xm and m>
are negligible and the behavior reported in Eqs. (59) and
(63a) applies, which is solely driven by the term Bfm on the
right-hand side of Eq. (19). In the course of the early-time
dynamics given in Egs. (63a) and (59), the term x m increases
and it becomes comparable to 8§2m around the time

0r ~x72, (68)
while Bgmbecomes comparable to 7> around the time

6r ~ H2. (69)

The relative magnitude of 6 and 65 plays a central role in
characterizing the deviation of the time evolution from the
linear mean-field behavior, as it is analyzed in the following.

A. Case H; € x,x = 100

Since in this case 8} < 65, the evolution of m (6, 0) crosses
over at 6 ~ 0} from the behavior described in Eq. (63a) to
the intermediate asymptotic regime of linear MFT reported in
Eq. (63b), which requires x 2 100. According to Egs. (63a)
and (66b), one has m (6}, 0) > 0.78 x mq(0) at the time 6.
Since, in addition, mzq [ (Xteq) ~ H12 /x2 <« 1, we conclude
that in the present case, the term m> never exceeds xm.
Accordingly, the time evolution for 6 2 67 closely follows
the behavior of the linear model B given in Eq. (63). A
numerical analysis confirms that, as expected from Eq. (63c),
the crossover to the final exponential saturation regime occurs
atatime 0 ~ x~!. This crossover corresponds to the point of
maximum curvature of the curves plotted in Fig. 4(a).

B. Case H; < x,x < 100

For x < 100, the early-time regime, which is described
by the linear model B behavior in Eq. (63a), proceeds up
to the time 6 ~10~* [Eq. (41)], at which m(6},0) >~
0.48 x meq(0) [see Eq. (66a)]. Since mgq/(xmeq) ~

H?/(36x) < 1, the dynamics is governed by the linear model

B also for 6 > 67, where m(6,0) follows the exponential
saturation law reported in Eq. (63c).

C. Case H; >» x, H; = 100
In this case one has 65 < 0 (and 0 < 107%), such that

the initial algebraic growth law in Eq. (63a) is expected to
cross over at  ~ 65 to a different behavior characteristic of
nonlinear dynamics. A numerical analysis, which is illustrated
in Fig. 3(d) for x = 0, reveals an effective intermediate asymp-

totic behavior of the form
m(6 2 05,0) 2 meg(0)(1 — CO3),

with C ~0.2 x H; ', (70)

where the dependence of C on H; as well as the value of the
exponent of 8 have been determined from a fit of the numerical
data. Using Eq. (66¢), one obtains m (65, 0) > 0.66 X 11q(0)
and furthermore mgq [ (Xt1eq) ~ 2'2H, /x > 1, indicating that
the linear term x mremains negligible compared to 73 for times
0 2 65. Accordingly, no further intermediate asymptotic law
is expected in this case. Instead, we find that, at a time 6, >
65, the dynamics crosses over to a final exponential saturation
regime,

m(6 2 0F,0) ~ meg(0)(1 — Ce™ %), (71)
which s illustrated in Fig. 3(e) for x = 0. The parameters A and
C are numerically found to depend on H; and x in a way which
does not lend itself to a meaningful fit based on the presently
available data. As one infers from Fig. 3(d), for x = 0 and for
the considered values of Hj, the crossover time 6 depends
only weakly on Hj, and it can be estimated as

0r ~ 1074, (72)
which agrees with Eq. (41). For x > 1, instead, a numerical
analysis (data not shown) indicates that the crossover time is
approximately given by 6* ~ x~!, which is the same scaling
law as in Eq. (63c). Equations (70) and (71) replace the
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FIG. 5. Behavior of Bgm as a function of time within the nonlinear model B for various strengths of the surface field H; and at criticality
x = 0. For small H;, Bfm varies in accordance with Eq. (62a) [dashed line in panel (a)], which follows from the linear model B. For large H;,
panel (b) shows that an intermediate asymptotic regime emerges, where Bfm approaches its equilibrium value algebraically, i.e., [8§2 M=o =
[8527119(1];:0 — CO~?3 with C ~ 9 as determined from a fit [see Eq. (73)].

intermediate and late-time asymptotics in Eq. (63) in the
nonlinear case.

D. Case H; >» x, H; < 100

Inthis case onehas 05 2> 6, suchthat, according to Eq. (64),
before the nonlinearity becomes relevant, the dynamics crosses
over from the early-time growth to an exponential saturation
regime at a time 6 >~ 6. A numerical analysis reveals that
this exponential saturation in fact persists until equilibrium is
reached. The irrelevance of the nonlinear term is consistent
with the fact that, in this case, static linear MFT accurately
approximates meq [see Eq. (66a)].

In Fig. 5, the temporal evolution of the second derivative of
the profile at the wall, agm(e, ¢)|¢=0, is illustrated for x =0
and for various values of the surface field H;. For times 6 < 63
[Eq. (69)], B?m generally evolves following the predictions of
the linear model B [see Eq. (62a)]. For large values of H; >
1 and for x < Hi, the nonlinear term becomes relevant and
causes the appearance of an intermediate asymptotic saturation
regime of the form [see Fig. 5(b)]

O mle—o ~ 0} hegle—o — COT?, for 05 <6 <67, (73)

where C =~ 9 follows together with the value of the exponent
of 6 from a fit to the numerical data, while 8 coincides with
Eq. (72).

In conclusion, except for the case H; > x, H; = 100, the
expressions in Egs. (63) and (64), based on the linearized
dynamics, generally provide an accurate description of the
asymptotic dynamics of the nonlinear model B.

VI. CRITICAL CASIMIR FORCE

Following Ref. [29], in this section we obtain the dynamic
CCF based on the notion of a generalized force associated
with the interaction between the OP field ¢ and the boundary.
To recall the corresponding formalism, we first consider
an arbitrary volume V containing a single plate with finite
transverse area [see Fig. 6(a)] and subsequently show how this
approach renders the CCF in a film. For simplicity, we assume
the plate to be perpendicular to the coordinate axis i € {x, y, z}
and to be located at the position r; = [;. The OP ¢ gives rise

to the free energy functional,
F = / dr{Ho(p(x), V() + Uy (i, (1))}
4

_ / dr Hl;, $(r), Vo (r)), (74)
\%4

where H = Ho + U, Ho is an arbitrary bulk Hamiltonian
density (energy per volume), and the boundary potential

Up(li, ¢) = 8(ri — 1)U, (9), (75)

accounts for the interaction with strength U,(¢) between the
plate and the OP field. (Note that, in contrast to Eq. (9), here
F is defined not per unit area and per kz7T.) According to
the principle of virtual work, for any configuration of ¢ the

_______

film iJ; bulk

FIG. 6. (a) The generalized force K;, which is acting along the
coordinate directionr; (i € {x, y, z}) onto a plate of finite extent (thin
black rectangle), is obtained via an integration of the derivative of the
Hamiltonian density over an arbitrary enclosing volume V), [shaded
rectangle; see Eq. (76)]. This plate of transverse area A is located
at r; = [; and lies in the plane spanned by the lateral coordinates
T =) ictyon i€+ (b) Here, the plate represents one of the two
boundaries between the film and the surrounding bulk system. Along
the lateral directions, both the plate and the volume V), are infinitely
extended. The force acting on the plate can be interpreted as the CCF
[see Eq. (81)], which is determined by shifting the surfaces of V,
(dashed lines) directly next to the corresponding surfaces of the plate.
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generalized force K; acting on the plate is given by [29]
oF aU,(l;, oHUi, ¢,V
[ a2l [ g, Hlli, ¢, V)
V, Vi

’

Bli all
(76)

where V, is an arbitrary volume enclosing the plate as sketched
in Fig. 6(a). The last two expressions in Eq. (76) follow from
the spatially localized nature of the interaction I, i.e., from
the finite extent of the surface. Note that K; depends only on
the static free energy functional and is therefore independent
of the actual dynamics or conservation laws. Introducing the
bulk chemical potential associated with F [see Eq. (14)],

8F OH oH

u=-—=—-V; , a7
¢ 8¢ oV ;¢

K; can, after some algebra, be expressed as

-,

P

Ki ddr V]77] —/ ddruV,-qb
Vp

_/ dd‘ISj(7?1+u¢>8ij)+/ d'r (Vipg, (78)
v,

Vp

in terms of the standard stress tensor,

oH

Tij = mvjéb — i H, (79
where, in the previous expressions, summing over repeated

indices is understood and 9V, denotes the boundaries of V.
We now apply this formalism to a film, i.e., a volume
bounded by two infinitely extended plates located at [, = 0 and
I, = L. At each plate, the volume V), is chosen such that its
surfaces are located directly next to the corresponding surfaces
of the plate, as sketched in Fig. 6(b). We define the CCF K as the
generalized force [Eq. (76)] per area A acting on the boundary,

K=K,/A, (80)

in the limit A — oco. We describe the location of the right
and the left boundary as [, = L/2 %1, respectively, and
compute the derivative in Eq. (76) with respect to l;, which
ensures that at each boundary a variation dI, > 0 increases
the film thickness. Accordingly, Eq. (76) turns into K, =
FAF/dl, at the right and the left boundary, respectively.
Consistent with Eq. (7), the resulting CCF is therefore repulsive
if the film free energy decreases upon increasing the film
thickness. Owing to the no-flux boundary conditions [Eq. (15)],
the last term in the second equation of Eq. (78) vanishes. Upon
taking into account the direction of the surface normals, the
CCEF finally follows from Eq. (78) as

K= 7_;z|z=0,L - ﬁz,bv (81)
where
- IH
T =Tij + nedj = mvﬂﬁ —8i;(H —ne), (82)

and 7;;, denotes the corresponding expression of 7;; in the
bulk (where, within MFT, gradient terms are absent). Note
that Eq. (81) has to be evaluated for the actual time-dependent
solution ¢(z, z) of the model B equations [Eq. (13)].
Henceforth, we shall call 7_fj the dynamical stress tensor
[53]. Remarkably, Eqgs. (81) and (82) coincide with the formal
expressions for the equilibrium CCF and the equilibrium stress

tensor in the canonical ensemble, respectively, as derived in
Ref. [34]. The dynamical stress tensor 7_?j differs from the
standard equilibrium stress tensor 7;; used in the grand canon-
ical ensemble [24] by the term p¢3;; involving the chemical
potential [Egs. (14) and (77)]. In fact, in an unconstrained
(grand canonical) equilibrium, u = 6 F /¢ = 0, such that in
this case 7;; = 7;,;. However, in nonequilibrium, one generally
has ¢ # 0, independently of the presence of a global or
a local OP conservation law (see also Ref. [29]). For the
Landau-Ginzburg free energy functional considered in Egs. (9)
and (10), one has

T.. = 20.0) + 3r¢” + 139" — ¢329. (83)

In Ref. [54], a related nonequilibrium stress formulation has
been analyzed for fluids far from criticality.

To proceed, we recall that the film is taken to have a
vanishing mass [see Eq. (17)]. In accordance with Ref. [34],
we therefore also assume that the bulk medium surrounding
the film has a vanishing mean OP:

¢p = 0. (84)

Consequently, the associated bulk pressure p, =T, =0
vanishes, too. Upon introducing the MFT scaling variables
defined in Eq. (6), Eq. (81) [taking into account Eq. (84)] can
be brought into the scaling form given in Eq. (8):

K = L™ No[5@cm)® + gxnd + Jmi* — mdim] _ . (85)
where
Ao =8 = (9" (86)

represents a mean-field amplitude, which can be expressed
in terms of the nonuniversal critical amplitudes gbr(o) and Sf)
defined in Eqs. (5) and (6). Consequently, the expression
multiplying L~* on the right-hand side of Eq. (85) represents
the suitably normalized scaling function E(0, x, H;) of the
CCF. A ratio of observables independent of A is provided by
K/Keq, where Keq = K|, o denotes the equilibrium CCF.

A. Critical Casimir forces within linear mean-field theory

Here, we analyze the dynamics of the CCF [Eq. (81)]
emerging within the linear model B, using a flat profile
[Eqg. (16)] as initial condition. Accordingly, the CCF is com-
pletely determined by the expression of the profile given in
Eq. (26). Due to the boundary conditions in Eq. (20a), the first
term in the square brackets in Eq. (81) is constant and equal
to le /2. Therefore, the scaling function E of the CCF [see
Egs. (8), (81), (85), and (86) reduces to

E/Ao = SH + jxnt — md}m. (87)

Note that, within the linear model B, & le, because H,
enters the profile m as an overall prefactor [see Eq. (26)].

1. Critical quench (x = 0)
According to Egs. (64) and (59), at early times one has

0 <6r (88)
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FIG. 7. Scaling function E of the CCF as a function of time 6 within the linear model B and for various values of the rescaled temperature
x. In (a), the scaling function Z is normalized by AyH?, which is a common prefactor arising within linear MFT and which can be expressed
in terms of physically accessible quantities [see Egs. (86) and (6¢) and the related discussions]. The dotted and dashed lines represent the early-
and late-time (equilibrium) values of the CCF reported in Egs. (89), (90), and (91). In (b), instead, E is normalized by its late-time, equilibrium
value. For large x > 1, the CCF follows an intermediate asymptotic behavior E o< 8! [Eq. (92b); dashed line in (b)]. At late times the scaling

functions smoothly attain the value 1.

This implies that, correspondingly, the CCF in Eq. (87) attains
a nonvanishing value:

1 2
a@ge;x=0thA0:(§—%;)Hﬁ>o (89)

At late times (§ — 00), instead, by using Eq. (29), we recover
the equilibrium CCF at criticality in the canonical ensemble
(see Ref. [34]):

Eeq(x =0, H)) = E(0 — 00,x =0, H}) = LH}Aq. (90)

The CCF scaling function E(6, x = 0, H;) at criticality is
illustrated as a function of time in Fig. 7(a). Interestingly,
the CCF shows a nonmonotonic transient behavior which
interpolates between the early- and the late-time behaviors
indicated above.

2. Noncritical quench (x # 0)

From Eqgs. (63) and (62) one concludes that, for x > 1, the
early-time behavior in Eq. (89) applies to times # < x~2. For
6 — o0, instead, the equilibrium value of the CCF [34],

- . 211}
Deq(x >1,H)=8(0 — 00, x> 1, H) >~ TAO’
oD
is recovered. The nonequilibrium CCF for x > 0 is generally
weaker than that at criticality [see Fig. 7(a)], while one observes
that, according to Egs. (89) and (91), for x > 1 the magnitude
of the CCF generally decreases with time. In the same limit but
at intermediate times 6 with x ™2 < @ < x~!, the CCF decays
as B ~ (2w x20)~! [see Fig. 7(b)]. This asymptotic expression
follows upon inserting the corresponding expressions for m
[Eq. (63b)] and 8?111 [Eq. (62b)] into Eq. (87) and by identi-
fying the dominant term in the result. For times 6 > x~! the
CCF relaxes exponentially towards its equilibrium value (not
shown).
In summary, within the linear model B and far from
criticality (i.e., x > 1) the scaling function of the CCF exhibits

the following asymptotic behavior:

E(6, x > 1, Hy)/(AoH})

-2 h«x? (92a)
~1mm0 <o <x, (o)
3 0> a7 (92¢)

For 0 < x < O(1), instead, the critical early- and late-time
expressions given in Egs. (89) and (90) apply, which occur for
times & < 10~* and 6 > 1072, respectively.

B. Critical Casimir force within nonlinear mean-field theory

For the nonlinear model B, the time-dependent OP profile
required to evaluate the CCF is determined numerically based
on a finite-difference approximation of the dynamical equa-
tions as described in Sec. V. However, this approach can lead to
numerical inaccuracies whenever the gradient of the OP profile
is large, which is typically the case near a wall. To reduce the
influence of this source of error for the CCF, we evaluate the
latter by using the freedom in the choice of the integration
volume V, [see Ref. [29] and Eq. (76)]. Specifically, we
consider a volume V(") enclosing the right plate which has
a surface within the film at positionz = wwith L/2 < w < L
(see Fig. 8). Since this surface is not infinitesimally close to
the plate, the second term in in the second equation of Eq. (78)
does not vanish and the generalized force (per area) is given by

L—e
Kw) =Tl:=w — Tezp + / dz’ ¢ ). (93)
Here, € is an infinitesimal quantity which ensures that the
integration ends just next to the inner surface of the boundary,
noting that next to the outer boundary (i.e., in the bulk) the
corresponding contribution would vanish owing to no-flux
boundary conditions. The CCF (which is taken per area),
being actually independent of w, can be conveniently obtained
from Eq. (93) as an average over all possible locations w
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o

L)2 L

FIG. 8. Illustration of the method used for determining numeri-
cally the CCF within the nonlinear model B. To minimize numerical
errors, the CCF is calculated as an average over various integration
volumes Vp(“’) [see Eq. (94)], which, starting from the outer one,
progressively shrink towards the confining surface, as indicated by
the dots in the figure. The left surface of V§w> is located at z = w with
L/2 <w< L.

between L/2 and L [55]:

1 L—e
L/2 ),

/2
1 L—e¢ _ L—e¢ , , ,
=in /L/z dw |:7;z|z=w + fw dz' ¢(z)0u(z )}
— Tz
=2 / T aw [mz:w + (w - £>¢<w>3wu(w)}
L L2 2
T (94)

We have checked numerically that this procedure renders the
equilibrium value of the CCF reported in Egs. (90) and (91)
as well as in Ref. [34].

In Fig. 9, the CCF obtained from Eq. (94) is shown as a
function of time at criticality (x = 0) for various values of the
surface field H;. According to the analysis in Sec. V, forx = 0
the dynamics of the profile is governed by the linear model
B for times 6 S 65 ~ H % [Eq. (69)]. This applies also to
the CCF, which, in this regime, follows the prediction given
in Eq. (89) (black dots in Fig. 9). Conversely, at times

i

mi ol

1072 1077 107° 1073

0

FIG. 9. Dynamical CCF [Eq. (81)] within the nonlinear model B,
computed according to Eq. (94). The values of the surface field H, are
(from bottom to top) H; = 10, 30, 130, 103, 10%, and 10°. The black
dots correspond to the values of E at early times [Eq. (89)], which are
determined by the linear MFT. The dashed line indicates an algebraic
behavior with an effective exponent n ~ 0.8.

6 > 100 x 0 ~ 1072, the CCF has essentially reached its
equilibrium value, given by (see Eq. (90) and Ref. [34])

Eeq(x =0, H)/Ag=E(0 > 6, x=0,H)/Ag
LH?, H, <« 100, (95a)

1.5 x (1[1 H1)4, Hl > 100. (95b)
We recall that the monotonic increase of E¢q upon increasing
H; in Eq. (95b) is a consequence of the conserved mass in the
film [Eq. (17)] and of the fact that meq({ — 0) ~ ¢~ within
the nonlinear MFT (see Ref. [34]). For large H; > 1, the
dynamics of the profile is affected by the nonlinear term (see
Sec. V), which is reflected in the CCF by the emergence of
a characteristic intermediate asymptotic regime occurring for
times 0 < 6 < 6; (see Fig. 9). A numerical analysis reveals
that, within this regime, the CCF follows an algebraic decay,
E o 67", with an effective exponent n ~~ 0.8 (dashed line in
Fig. 9).

It was shown in Ref. [34] that, as a consequence of the mass
constraint, the equilibrium CCF in the canonical ensemble is
repulsive for (4+4) boundary conditions. Here, we find that
this repulsive character applies also to the nonequilibrium CCF
over the whole time evolution.

VII. SUMMARY AND OUTLOOK

In the present study, we have investigated the dynamics
of the order parameter (OP) and of the critical Casimir
force (CCF) in a fluid film after an instantaneous quench
from a homogeneous high-temperature phase to a (rescaled)
near-critical temperature x [Eq. (6b)]. The dynamics of the
medium is taken to be described by model B within mean
field theory, i.e., by a diffusive transport equation without
noise. Initially, the OP profile m(0 =0,¢) =0 vanishes
across the film [Egs. (5), (6d), and (6a)]. The driving force for
the dynamics stems from the presence of symmetric surface
fields, which, in the long-time limit & — oo, give rise to an
inhomogeneous OP profile across the film characteristic of
critical adsorption with (4-4) boundary conditions. The model
B dynamics is supplemented by no-flux boundary conditions
acting at the boundaries of the film, such that the total integrated
OP within the film is constant at all times: fol dtm@,¢)=0.
Accordingly, the model used here realizes the canonical
ensemble—the equilibrium, time-independent properties of
which have been previously studied in Ref. [34] and have been
shown to lead to pronounced differences in the behavior of the
CCF compared to the usual grand canonical ensemble. The
analytical solution of the linearized model B is supplemented
by a numerical solution of the full nonlinear model B
equations. Our main findings are summarized as follows:

(1) For small values of the surface field H; < 100
[Eq. (6¢)] as well as for large rescaled temperatures x > Hj,
the linear model B provides an accurate description of the full
mean field dynamics of the OP in the film.

(2) Bothatcriticality (x = 0) and away fromit (x > 1), the
OP m(0, ¢ € {0, 1}) at the walls increases algebraically oc8'/%
at early times, where z = 4 is the dynamic critical exponent
of model B within MFT [see Figs. 1(b), 2(c), and 3(c)]. At
late times, the OP at the wall saturates exponentially towards
its nonzero equilibrium value [see Figs. 1(c), 2(e), and 3(e)].
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These two characteristic behaviors occur both within linear
and nonlinear model B dynamics.

(3) For quench temperatures far from criticality (x > 1)
as well as for large values of the surface field (H; > 1), an
intermediate asymptotic regime emerges between the early-
and late-time regime of the OP. Within this intermediate
asymptotic regime the OP at the wall saturates algebraically
[see Figs. 2(d) and 3(d)].

(4) As a consequence of the diffusive nature of the OP
transport, in the film two symmetric minima of the OP profile
emerge immediately after the quench, moving subdiffusively
(with a temporal exponent 1/z) from each boundary towards
the center of the film [see Figs. 1(e), 2(b), and 3(b)].

(5) We have introduced a dynamical nonequilibrium CCF
K [see Eq. (85)] based on the notion of a generalized force
generated by an OP field interacting with an inclusion [29].
In the presence of no-flux boundary conditions, the dynamical
CCF can be expressed in terms of a dynamic stress tensor [see
Eq. (82)], which, in equilibrium, reduces to the expressions
well-known for the canonical [34] and for the grand canonical
ensemble [24], respectively.

(6) For model B in the film geometry with (+-+) boundary
conditions, we find that the nonequilibrium CCF K is typ-
ically repulsive at all times. At late times, K approaches the
equilibrium value of the CCF in the canonical ensemble, which
has been analyzed previously in Ref. [34]. At short times, the
nonequilibrium CCF is nonvanishing and its value is reliably
predicted by the linear model B (see Fig. 9). Depending on the
values of the various parameters, the time-dependence of K
may be nonmonotonic.

As far as future studies are concerned, it would be inter-
esting to assess to which extent the actual critical dynamics
of a fluid film (model H) differs from that of model B. This
could be addressed, e.g., via molecular dynamics or lattice
Boltzmann simulations [56-58]. Extending the present study
to (+—) boundary conditions appears to be a natural and
rewarding step. Furthermore, the quench dynamics of the CCF
for boundary conditions, which differ from the ones describing
critical adsorption, deserves to be studied. In particular, for
nonsymmetry breaking boundary conditions, such as Dirichlet
boundary conditions, the CCF stems solely from thermal
fluctuations and the resulting quench dynamics in such films
is yet unexplored. Finally, the nonequilibrium dynamics of
colloids immersed in a near-critical solvent and driven by CCFs
[59] promises to be a fruitful topic for future studies.

APPENDIX: MODEL B IN A HALF-SPACE

We consider Eq. (24) in Laplace space:
siu(s, &) = =0} (s, {) + xd7 (s, ), (A1)

subject to a flat initial configuration [see Eq. (16)] and to the
appropriate boundary conditions in the half-space:

dm0, ¢ =0)=—H,
Rm®, ¢ =0)—xdm®,¢=0)=0,

(A2a)
(A2b)
ag'”m(e, {—00)=0, foralln >0,

(A2¢)

which represent the critical adsorption and no-flux conditions
of the OP at the wall, and the flatness of the OP profile far from
the wall, respectively. Following Refs. [17,20], we introduce
the Fourier cosine transform,

in(s, k) = f d¢ m(s, ¢)cos(k¢), (A3)
0
and its inverse,
m(s,¢)= %/ dk (s, k) cos(k¢). (A4)
0

Applying these transforms and using the boundary conditions
in Eq. (A2) yields the solution of Eq. (A1) in Laplace-Fourier
space:
k> 8, (s, ¢ = 0) . Hik?

s+ K2(k2+x)  sls + k2K + )]
In the second equation, we have used the fact that in Laplace
space Eq. (A2a) turns into 9, fn(s, { = 0) = —H;/s. Perform-
ing the Laplace inversion of Eq. (AS5) yields
1 — exp(—k%(k* + x)0)

k2 +x '

Atecriticality (x = 0), the inverse Fourier transform of Eq. (A6)
yields

(s, k) =

(A5)

o, k) = H (A6)

m(@, ¢, x, H)ly=o = Hi0* M(2/0'%), (A7)

with the scaling function

2 /3 1113 /0\
=T )Bl---.2 5=
M®) =2 (4)‘3(4424<4>>
1 5 1353 /0\
+_®2F - ]F3 _;_7_’_; - _®’
T 4 4’4 42\ 4

(A8)

where | F;3 is a hypergeometric function [47]. This expression
also provides the asymptotic short-time scaling function for
model B in a film [see Eq. (49)]. Accordingly, for m(6, { = 0)

25F -
20F -
s . f
o\% 155 E
10 x>1 |1
5F half-space| 7
10? 10* 10° 108

A

0

FIG. 10. Rescaled position Coin = /XCmin of the minimum of
the profile m(@,%) in the half-space ¢ > 0 for x > 1 [Eq. (A10)]
as a function of the rescaled time § = x26. For fmm > 1 it turns
out that the numerical data for Z;, are captured accurately by a
logarithmic dependence on 6: fmin ~ 1.4 x In(§) — 1 (dashed line).
The numerical prefactor and the constant involved follow from a fit.
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we recover the same expression as that given in Eq. (64a) and
obtain the same scaling behavior of the global minimum of
m(6, ¢) as in Eq. (50). However, in contrast to the film, the
critical profile in a half-space does not saturate but instead
increases at all times according to Eq. (A7).

Asymptotically for large x > 1, in Eq. (A6) one can use the
approximation k> 4+ x ~ x, which renders the inverse Fourier
transform,

m(©,¢ 3> x )i

P exp(—tx) — — £ o)
~ —exp(—¢{x) — —————=exp|—— ).
Jx P NN ARANETT:
This expression applies to distances ¢ > x~'/? from the wall.
The first term on the right-hand side in Eq. (A9) represents the
asymptotic equilibrium profile [see Eq. (31)]. In fact, for x # 0

the profile saturates at late times, in contrast to the situation at
criticality [see Eq. (A7)]. To proceed, we introduce the rescaled
variables = /x¢ and 6 = x20, in terms of which Eq. (A9)
turns into

R H, . 1 2
m@,¢ > Dlis1 = ﬁ[exp(—f) - ﬁ exp <—E)i|
(A10)

The position ¢min of the global minimum of these profiles is
found to increase approximately logarithmically in time,
Cmin(@) ~ 1.4 x In(@) — 1, (A11)

as illustrated in Fig. 10. Accordingly, in terms of the original
scaling variables, one has {min 2 x~1/2[1.4 x In(x260) — 1].
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