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Classical “kicked Hall systems” (KHSs), i.e., periodically kicked charges in the presence of uniform magnetic
and electric fields that are perpendicular to each other and to the kicking direction, have been introduced and
studied recently. It was shown that KHSs exhibit, under generic conditions, the phenomenon of “superweak
chaos” (SWQ), i.e., for small kick strength « a KHS behaves as if this strength were effectively « rather than k.
Here we investigate quantum-dynamical and spectral manifestations of this generic SWC. We first derive general
expressions for quantum effective Hamiltonians for the KHSs. We then show that the phenomenon of quantum
antiresonance (QAR), i.e., “frozen” quantum dynamics with flat quasienergy (QE) bands, takes place for integer
values of a scaled Planck constant 7, and under the same generic conditions for SWC. This appears to be the most
generic occurrence of QAR in quantum systems. The vicinity of QAR is shown to correspond semiclassically to
SWC. A global spectral manifestation of SWC is the fact that a scaled QE spectrum as function of 7, at fixed
small value of k / /i, features an approximately “doubled” structure. In the case of standard (cosine) potentials, this
structure is that of a universal (parameters-independent) double Hofstadter butterfly. Also, for standard potentials
and for small /i (semiclassical regime), the evolution of the kinetic-energy expectation value exhibits a relatively
slow quantum-diffusive behavior having universal features. These approximate spectral and quantum-dynamical
universalities agree with predictions from the effective Hamiltonian.

DOI: 10.1103/PhysRevE.98.012219

I. INTRODUCTION

Low-dimensional quantum systems, whose classical coun-
terparts are nonintegrable with chaotic dynamics, exhibit a rich
variety of behaviors both in semiclassical and fully quantum
regimes. Two basically different classes of such systems
have become paradigmatic in the field of “quantum chaos.”
The first class includes the kicked rotor (KR) and several
variants of it [1-15]. The classical KR features unbounded
chaotic diffusion on a cylindrical phase space for sufficiently
strong nonintegrability or kicking parameter [2—5]. Quantally,
this diffusion is suppressed due to dynamical localization in
angular-momentum space for generic (irrational) values of
a scaled (dimensionless) Planck constant 7g [1,7,9,14]. The
dynamical localization is a consequence of an essentially
discrete quasienergy (QE) spectrum [7]. For rational 7Zg, the
QE spectrum is band continuous, leading to the diametrically
opposite phenomenon of quantum resonance (QR) [8,10-12],
i.e., a quadratic growth in time of the expectation value of
the quantum KR kinetic energy. Experimental realizations of
both dynamical localization [13] and QR phenomena [14,15]
were achieved using atom-optics methods with cold atoms or
Bose-Einstein condensates.

A second class of systems, introduced by Zaslavsky and
coworkers [16,17] and subsequently generalized in other works
[18-22], are charged particles periodically driven or kicked by
a spatially periodic potential in a direction perpendicular to
a uniform magnetic field B. Unlike the classical KR, these
systems can exhibit, at least for some parameter values, an
unbounded chaotic diffusion on an infinite “stochastic web” in
the phase plane for arbitrarily small nonintegrability strength
[16,17,21,22]. Quantally, the QE spectrum of such weak-chaos
web systems was numerically shown to have a fractal structure
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for generic /iy [23], leading to quantum diffusion [23-25],
i.e., an almost linear increase in time of the kinetic-energy
expectation value. QR again occurs in these systems for
rational 7.

Recently, another class of systems has been introduced and
their classical dynamics was studied. These are the “kicked
Hall systems” (KHSs) [26], obtained from the Zaslavsky
systems by adding a uniform electric field E perpendicular
to both the magnetic field B and the kicking direction. It
was shown [26] that for resonant values of B and E and
for small kicking strength « there exists a generic family of
periodic kicking potentials for which the Hall effect from B
and E significantly suppresses the weak chaos in the Zaslavsky
systems, replacing it by “superweak” chaos (SWC). This
means that the system behaves as if the kicking strength were « 2
rather than «. Classical manifestations of SWC are a decrease
in the instability of periodic orbits, a narrowing of the chaotic
layers, and slower chaotic diffusion on stochastic webs, relative
to the ordinary weak-chaos case (£ = 0) [26].

In this paper, we investigate quantum-dynamical and spec-
tral manifestations of SWC in KHSs by restricting ourselves,
for simplicity, to stochastic webs with square rotational sym-
metry. The content and organization of the paper are as follows.
In Sec. II, we present a summary of relevant properties of
classical KHSs (see more details in Ref. [26]). In Sec. III,
the basic evolution operator for the quantum KHS and general
expressions for quantum effective Hamiltonians are given. In
Sec. IV, we show that for integer values of 7, and for the same
generic family of kicking potentials for which SWC occurs,
there takes place the phenomenon of quantum antiresonance
(QAR), i.e., frozen quantum dynamics with flat (infinitely
degenerate) QE bands. This QAR in KHSs is much more
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generic than the rare QAR occurring in the KR [8] (or variants
of it [9]) and in the Zaslavsky systems [21,25]. We also show
that the vicinity of QAR (/g close to integers) corresponds
semiclassically to SWC. In Sec. V, we show the following
global spectral manifestation of SWC: A scaled QE spectrum
as function of &g, at fixed small value of «/hs, features an
approximately “doubled” structure. In the case of standard (co-
sine) potentials, this structure is that of a universal (parameters-
independent) double Hofstadter butterfly. In Sec. VI, we study
numerically the evolution of the kinetic-energy expectation
value of the KHS for standard potentials in a semiclassical
regime (small irrational 7). This evolution is found to exhibit
an approximate quantum-diffusive behavior which is slower
than that in the ordinary weak-chaos case and has universal
features under variations of the electric field. The observed
approximate universalities are in accordance with predictions
from the effective Hamiltonian. A summary and conclusions
are presented in Sec. VII. Detailed derivations of several results
are given in the Appendices.

II. SUMMARY OF PROPERTIES OF CLASSICAL KHSs

The KHS is a charged particle in uniform magnetic and
electric fields, B = BZ and E = EY¥, respectively, and period-
ically kicked by a spatially periodic potential V (x) in the x
direction. Assuming, without loss of generality, a particle of
unit mass and charge, the Hamiltonian is

I’ N
H== —Ey+xV() > 8@t —sT), (1)
§=—00

where IT = p — B x r/(2c¢) is the kinetic momentum, « is
a nonintegrability parameter, and T is the time period. It is
useful to express (1) in the two natural degrees of freedom
in a magnetic field [27], given by the independent conjugate
pairs (x¢, ¥.) (coordinates of the cyclotron-orbit center) and
(u =I,/w,v=1I1,/w), with o = B/c being the cyclotron
angular velocity. From simple geometry one has x = x. — v
and y = y. + u. Defining the variable u’ = u — E/w?, which
we redenote by u, the Hamiltonian (1) can then be expressed
as follows:

H =W’ +v")/2 = Eye + kV(xe —v) Y 8(t—sT),

§=—00
(2)
where a constant E?/(2w?) was omitted. Choosing units such
that w = 1 from now on, the conjugate pairs above have
Poisson brackets {y., x.} = {u#, v} = 1. From the Hamilton
equation x, = —dH/dy. = E, we see that x. evolves linearly
in time (Hall effect):

xe = xO + Et. 3)

Using Eq. (3), we see that the Hamiltonian (2) is just that of a
harmonic oscillator [in the conjugate pair (u, v)] periodically
kicked by a time modulated potential V (x{?’ + Et — v). For
E =0, x. is a constant of the motion.

From {u, v} = 1, the Hamilton equations for (u, v) are u =
dH/dv and v = —dH /du, where H is given by (2) with (3).
Integrating the latter equations from t =s7 —0tot = (s +
1)T — 0 and denoting u; = u(t = sT —0), vy, = v(t =sT —

0), one obtains the one-period Poincaré map for the KHS:
My,n s+l = [Zs + Kf(xc(O) +sn — vs)]eiiya 4

where z; = uy +ivg, f(x) =—dV/dx, y =T =T, and
n = ET. We assume the period of V(x) to be 27, without loss
of generality, and that y and 7 satisfy the resonance conditions:

y _m n _k
2 £
where (m, n) and (k, £) are two pairs of coprime integers. Let

r = lem(n, £) be the least common multiple of n and £. Then,
the map from z; to z,, is given by

— )

27 n’

r—1

M;.n D Zear =25+ K Z f(xéo) +(s+jn— vxﬂ)euy_

j=0
(6)

The map (6) is the smallest iterate of the map (4) that is a near
identity (z,4, ~ zy) for small x. Thus, (6) may be considered
as the basic map for the system.

The map (4) forn = 1,2 (y = 0, m) is integrable for all n,
so that chaos may emerge only for n > 2. We say that the map
(6) for n > 2 and small k¥ < 1 exhibits SWC if its expansion
in powers of « starts from «2,

Myt Zopr =25+ O(K7). ©)

This is unlike ordinary weak chaos, with z;,, = z; + O (k).
Equation (7) implies [26] a decrease of the instability of
hyperbolic fixed points (or periodic orbits), i.e., the local
Lyapunov exponent of such a point in a SWC regime is
significantly smaller than that in a case of ordinary weak chaos.
Asaconsequence, a SWC layer emanating from this fixed point
is narrower than an ordinary weak-chaos layer (see Figs. 3 and
4 in Ref. [26]). Also, the SWC diffusion on stochastic webs
is significantly slower than the ordinary weak-chaos one (see
Figs. 1, 2, 6, and 7 in Ref. [26]).

Given the general family of 2m-periodic potentials with
finite Fourier expansion,

N
V(x)= > Vyexp(igx), Vo =0, ®)

§=—N

one can show the following [26]. For E = 0, Eq. (7) holds only
if n is even and the function V(x. — v) is odd: V(x. + v) =
—V(xc — v). For E # 0, with the resonance conditions (5),
let us write n/¢ = n’/¢', where (n’, £') are coprime integers.
Then, if

¢ >N, )

Eq. (7) for SWC holds for arbitrary potential (8) and initial
value x{” in Eq. (6), independently of the parity of n. Thus,
unlike the case of E = 0, SWC for E # 0 occurs under quite
generic conditions.

From now on, we shall restrict ourselves to the case of
y =mn/2,i.e.,m/n = 1/4in Eq. (5), corresponding to chaotic
motion on stochastic webs having translational invariance in
both u and v with period 27 and an approximately square web
cell for small «; see, e.g., Fig. 1. This case was extensively
considered in the study of classical KHSs [26].
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FIG. 1. Portions of stochastic webs in the 27 x 27 unit cell of
periodicity —7 < u, v < 7 for V(x) = —cos(x), y = /2, x¥ =
0, and (a) « = 0.6, n = 0 (ordinary weak-chaos case); (b) k = 0.1,
n = 4w /3 (SWC case). Notice the approximately square web cell in
both cases. The web-cell area in case (a) is approximately twice that
in case (b).

III. QUANTUM EVOLUTION OPERATOR AND
EFFECTIVE HAMILTONIANS

The quantum analogs of the Poisson brackets {y., x.} =
{u, v} = 1 are the commutators [J., X.] = [&#, D] = ih, where
the quantum variables (operators) are indicated by carets as
usual. From Eq. (2) (with @ = 1 in our units), the quantum
Hamiltonian is written as

o0
H=rn@'a+1/2)— E$c + kV (% — ) Z 8t —sT),
§=—00

(10)
where @ = (9 — iit)/~/2h. The basic evolution operator for
the Hamiltonian (10), from t =sT —0tot = (s +r)T — 0,
corresponding to the basic classical map (6), is derived in
Appendix A in the case assumed in this paper, i.e., y = /2.
After omitting nonrelevant terms, the final result is

,
O, = [Jexpl—inV (e — jn— 01, (11)
j=1
where u = k/h, X. can be considered from now on as a
constant number x., and the factors in the product are arranged
from left to right in order of increasing j after defining 0; = i,
by = —0, 03 = —iI, 4 = D, with §; being periodic in j with
period 4.
The operator (11) is a unitary one and can then be formally
written as

U, = exp(—inH,), (12)

where H,. is a Hermitian operator, the quantum effective
Hamiltonian. Denoting /iy = 7 /(27), the following results are
derived in Appendix A:

A. = Ay(@, ) + iel 1,(1, 03 hy), (13)
where B
Ho(a, ) = ivuc —jn—19)), (14)
j=1
€ = usin(why) = g%, (15)

and I:Il (it, 0; hy) is 2w -periodic in both (#, 1) and nonvanishing
for integer /ig. The ith term in the expansion (13) is a
linear combination of (repeated) commutators, each involving
1 + 1 operators (A3) [for example, [A, [A, 13’]] in Eq. (A4)
involves three operators]. An explicit general expression for
I:II (&, D; hig) is derived in Appendix B, see Eq. (BS).

IV. QAR, QAR VICINITY, AND SWC
A. QAR

The QAR phenomenon in time-periodic systems occurs
when the evolution operator in some basic time interval (given
by a fixed number of time periods) is equal to the identity
operator times a constant phase factor for some parameter
values [8,9,21,25]. This implies a frozen quantum dynamics,
i.e., no wave packet evolves after times multiples of the above
time interval. In the case of the basic operator (11) or (12) in
r time periods, QAR occurs only if H. is equal to the identity
times a constant, which can be chosen to be zero without loss
of generality. Then, since the eigenvalues of a unitary operator
(12) must have the form exp(—i&), where the phases £ are
the QEs, all the QE spectrum collapses into a flat (infinitely
degenerate) band £ = 0 under QAR conditions.

From Eq. (13), we see that H, = 0 identically provided
two conditions are satisfied: (1) € = 0, i.e., /iy is integer from
Eq. (15); (2) Hy(i, 9) = 0. Using Eq. (14) with Eq. (8) and
r =lecm(n = 4, £) = 4¢' (see Sec. II), we get

r N
Ho(dt,0) =) Y Vel /memish

j=1g==N
N 4 -1
= Y Vs YN sttt
g=—N =1 1=0

N ; 4 g 0n) 1— 672m‘kn’g
— 2 : VegXCE :e ig(nn+os
8 1 — e—2mikn'g/t’’
g=—N

n=1

(16)

where we used the periodicity of ; with period n = 4 and the
fact that 4n = 2wkn /€ = 2mkn’ /€' [see Sec. II, in particular
Eq. (5)] to perform the sum over /. The latter is a geometric sum,
equal to the ratio in the last line of Eq. (16). Clearly, this ratio is
identically zero for all g only if £ > N, which is precisely the
SWC condition (9). We thus see that QAR in KHSs occurs for
integer /i under the same generic conditions as SWC, i.e., for
general potential (8) with N < ¢ and for arbitrary constant x..

B. QAR vicinity and SWC

Consider the close vicinity of QAR, i.e., iis close to an
integer value hgo) (assumed to be odd, for simplicity and
without loss of generality): /iy = h£0) —6,0 <8 « 1. Then,
from Eq. (15),

, Ké

Since ﬁo(ﬁ, ?) = 0 under the QAR condition £’ > N (see
Sec. IV A), the evolution operator (12), with u = «/h and
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the expansion (13), is approximately given by

U, ~ ex —iﬂlfl(ﬁ 0 h)|, B=———, (18)
r p h/ 1 ’ b S ’ z(hgo)_(s)a

after using Eq. (17). Equation (18) is a quantum map deviating
from the identity by quantities of order (x')?, k¥’ < 1. This
quantum map is precisely a semiclassical approximation of
the classical SWC map (7) with k = «’ and effective small
Planck constant 7’ < 1. Thus, the QAR vicinity corresponds
to semiclassical SWC.

V. SWC AND NEARLY DOUBLED GLOBAL QE SPECTRUM

We study here the QE spectrum under SWC conditions. We
recall that a QE is the phase £ determining the eigenvalues
exp(—i&) of the basic evolution operator (11): U,|\Ilg) =
exp(—i&)|We). The QE spectra can be calculated for rational
values of 7 using, e.g., the formalism in Ref. [28], which we
summarize in Appendix C for the reader convenience.

Under the classical SWC condition (9), the leading term
(14) in the expansion (13) vanishes (see Sec. IV A), so that
for sufficiently small w = «/h the basic operator (12) is
approximately given by

A

U, ~ exp[—ipeH,\ (@, 0; k)], (19)

where an expression for ﬁl (@1, U; hig) is derived in Appendix
B, see Eq. (B8). Let us now assume that ¢/ > 2N, a condition
stronger than the SWC one (9). Then, the second sum in
Eq. (B8) does not appear, so that H, (@, 0; k) does not
depend on x. and the phases of V,. Also it depends on (i, D)
only through the new phase-space variables &’ = &i + 9 and
9" = 0 — 4i. This implies that the unit cell of periodicity of
H, (1, 0; 7iy) in phase space is half the size of the ordinary
27 x 27 unit cell. Classically, this means that the SWC web
cellis expected to be approximately half the size of the ordinary
weak-chaos web cell. This is demonstrated by the example in
Fig. 1(b) [to be compared with Fig. 1(a)], showing the case of
¢/ =3>2N=2for N = 1.

Quantally, the eigenvalues of the operator (19) only approx-
imate the exact eigenvalues exp(—i&), so that the scaled QE
E/(pe) should approximate the eigenvalues of A, (@, 0; hy).
The latter operator depends on the variables i’ and 9" above
which satisfy [@', 9] = 27ihi,, where /i, = 2. Now the exact
QE spectrum of the operator (12) at fixed w is periodic in
hig with period 1 since the matrices in Eq. (C4) exhibit this
periodicity, as one can see from Eq. (C12). Similarly, the
spectrum of H (i, ¥; /i) must be periodic in R, with period
1. But when /i covers the interval 0 < fis < 1, 7, = 2/
will cover the interval 0 < i; < 2. Therefore, the scaled QE
spectrum & /(pe) at fixed p should exhibit an approximately
double structure, i.e., this spectrum for 0 < /g < 1/2 should
look almost the same as that for 1/2 < iig < 1.

Let us illustrate this in detail in the case of standard
potentials (8) with N = 1 and ¢’ > 2N = 2; in this case, other
results can be derived. Choosing, for the sake of definiteness,
|[Vi| = 1/2 [corresponding to the cosine potential V(x) =
cos(x + «) for arbitrary phase «], Eq. (B8) can be rewritten in

this case as

2005(’7)}2(&’ D7) _ _feos@@) +cos@)l,  (20)

using J(1;hs) =1 from Eq. (A7). Since the eigenvalues
of Hi(i, 0; k) are approximately &/(ue) (see above), the
eigenvalues of the operator on the left-hand side of Eq. (20)
will approximate £ = 2 cos(n)E/ (¢ ue) = 8 cos(n)E /(rue).
The operator on the right-hand side of Eq. (20) is the Harper
one [29,30], whose spectra for all 7 in the interval 0 < 7}, < 1
form the well-known Hofstadter “butterfly” [30]. Therefore,
by the above general considerations, the exact spectra £ at
fixed p will be approximated by a double Hofstadter butterfly,
as shown in Fig. 2 for several values of 5. In terms of the
variable £, obtained by scaling the QE £ by quantities including
cos(n), the spectra assume an almost universal form, nearly
independent of 7.

Measures of the small deviations of the exact spectra from
the universal form of the double Hofstadter butterfly for small
u are studied in some detail in Appendix D; we briefly
summarize here the main results. While the exact spectra for
hs = 0, 1 coincide with those from Eq. (20), there will be small
differences between the two spectra at general values of 7.
In particular, the exact spectra slightly depend on x. [due to
high-order terms in the expansion (13)], unlike the spectra from
Eq. (20). For example, for iy, = 1/2 the difference between the
width of the exact spectrum and that of the approximate one
(which coincides with that for i, = 0, 1) is an expansion in
powers of j starting from 2 and featuring a dependence on x,.
from sufficiently high-order terms. Also, the exact spectrum for
n #% 0 and hig = 1/2 generally consists of two bands separated
by a small gap, which is visible in Fig. 2(a).

VI. QUANTUM EVOLUTION AND DIFFUSION

In this section, we study the time evolution of wave packets
and expectation values in semiclassical weak-chaos and SWC
regimes for a generic, irrational value of /. Let us apply
s’ times the basic evolution operator (11) to an initial wave
packet @y (u) in the u representation. Since the operator (11)
corresponds to r time steps (kicks), the final wave packet will
be labeled by s = rs’ time steps:

Dypy(u) = U Do(u). 1)

As in Sec. V, we shall consider a N =1 potential (8),
V(x) = —cos(x), and we shall assume the strong SWC
condition ¢/ > 2N = 2. Then, Eq. (20) holds, so that, using
Egs. (19), (20), and ¢’ = r/4, we get

!/

75" A exp 1ipe [cos(d') +cos(D)]f.  (22)
8 cos(n)
Defining the scaled time variable

rs’ S

T = = .
8lcos(n)| 8| cos(n)]

we see that the approximate evolution operator (22) exhibits, in
terms of 7, a universal form independent of n. This is analogous
to the universal double Hofstadter butterfly in terms of the
scaled QE & = 8 cos(n)E/(rue), see Sec. V and Fig.2.Indeed,
one may include in 7 a factor e, in analogy to &, so that

(23)
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FIG. 2. Scaled QE spectra £ = 8cos(n)E/(rue) for u = 0.1,
x =0, and (@) 1/Q27) =2/3; (b) n/Q27) =3/5; (¢) n/Q@n) =
8/13. The scaled Planck constant /i takes the rational values g/ p for
all coprime integers p and g with p < 30andg < p. The approximate
structure of a double Hofstadter butterfly is evident in all the plots.

the operator (22) will be approximately independent also of 1
and e for small ;. We shall not consider here this generalized
definition of t, since we shall not vary p and €.

To verify the universality predicted by Eq. (22) with Eq. (23)
and to study other topics, we calculate expectation values in the
evolving state (21) as functions of s using the exact evolution

operator (11). These calculations can be easily performed by
well-known methods [10,25], which we briefly summarize in
Appendix E.

As the initial wave packet, we choose a normalized coherent
state centered at a hyperbolic fixed point 7’ = u’ 4 iv’ of the
basic classical map (6) (i.e., z, = zo for z9 = 2):

Do) = (wh) Vexplivu/h — u—u)?/2R)].  (24)

Denoting it = it — u’ and 8§90 = © — v’, we consider the ex-
pectation value

oo
(8% + 80%), = / du®*(u)(8a° + 80%)ds(u)  (25)
—o0
(0 = —ihd/du)inthe evolving state (21) with (24). A classical
quantity analogous to (25) is

(s — uo)* + (vy — v9)*), (26)

where (uy, vy) (s = rs’) is determined from the map (6) and
() denotes average over an ensemble of initial conditions
(up, vo) uniformly distributed over a disk centered at (u’, v")
and of radius +/27. Since (u, v') is a hyperbolic fixed point
from which there emanates a stochastic web (see Fig. 1), the
quantity (26) will reflect both the classical chaotic diffusion
on the web and the stable (elliptic) motions near the web.
Our calculations of (25) and (26) were performed for u© = 0.1,
fis = 1/[11 + (+/5 — 1)/2] (corresponding to x &~ 0.054), and
for several values of n/(27) and x..

The results are shown in Fig. 3. In Fig. 3(a), the quantities
(25) and (26) are plotted in the ordinary weak-chaos case of
n/(2mx) =0/1 (= 0) and in the SWC case of n/(27) = 2/3,
with x, = 0 in both cases. The plots of (25) (thick solid line and
dashed line) start with a transient behavior almost coinciding
with the classical quantity (26) (thin solid lines) up to some
crossover time s ~ s*. For s > s*, the quantity (26) saturates
to a constant value, due to the fact that for the small value
of k =~ 0.054 the classical chaotic diffusion is very close to a
regular motion on separatrix lines approximating the stochastic
web and connecting the hyperbolic fixed points (see Fig. 1).
This motion essentially stops when du and §v are of the order
of the size of the web cell, i.e., du, Sv ~ 27 in the weak-chaos
case [Fig. 1(a)]and §u, v ~ m inthe SWC case [Fig. 1(b)]. On
the other hand, the quantum wave packet continues to spread
because of tunneling between neighboring web cells, leading to
quantum diffusion of (25) for s > s*. The quantum diffusion is
due to the fractal nature of the spectrum (approximately given
by a double Hofstadter butterfly, see Fig. 2) for irrational 7
[23,24]. As expected, the quantum-diffusion rate in the weak-
chaos case is significantly larger than that in the SWC case.

Figure 3(b) shows, for n/(27) = 2/3 and s not too large,
that the quantities (25) for two extreme values of x. almost
coincide, in consistency with the approximate evolution op-
erator (22), which is independent of x.. The dependence on
x. emerges only at large s, due to high-order terms in the
expansion (13). A similar independence on x, is featured by
the corresponding classical quantities (26) [almost coinciding
thin solid lines in Fig. 3(b)], due to an analog of Eq. (22) for
the classical map (6) [26].

Figure 3(c) shows the quantities (25) for n/(2m) =
2/3,3/5,8/13 and x. = 0. The closeness of these quantities
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FIG. 3. Plots of the quantities (25) for u = 0.1, i, = 1/[11 +
(V35— 1)/2], and several values of n/(2m) or x., as specified in
the legends. The classical quantities (26) [close to their quantum
counterparts (25) for small s] are plotted as thin solid lines. (a) Cases
of n/(2r)=0/1,2/3 for x. = 0. (b) Cases of n/(2mw) =2/3 for
x. =0,m/2. (c) Cases of n/(2mw) =2/3,3/5,8/13 for x. = 0; the
classical quantities (26) (thin solid lines) correspond to n/(27) =
2/3,8/13,3/5 in order of descending lines at s = 5000. (d) Same
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FIG. 4. Probability distributions |®,(x)|? in real space x for the
wave packet ®,(x) after s time steps in the two cases of Fig. 3(a)
with x, = x{¥ = 0: (a) Ordinary weak-chaos case of n/(27) = 0/1;
(b) SWC case of n/(2w) = 2/3. In both cases, the values of s in
the three plots, from above to below, are s = 120, 3600, 48 000. The
wave packet d, (x) was calculated using the relation x = x. — v, so
that ®;(x) = ®,(v = x, — x), where ®,(v) is the wave packet in
the v representation, see Appendix E. Also, in case (b), the time (s)
dependence of x. as x. = x{¥ + nrs [see Eq. (3) with # = rsT and
n = ET]was removed by plotting | &, (x)|? in the moving Hall frame,
so that x, = x{¥ = 0.

to the corresponding classical ones (26), up to some crossover
time s ~ s*, can now be seen for different SWC values of 7.
Again, for s > s*, the classical quantities (26) saturate while
the quantum ones (25) feature quantum diffusion. If all these
quantities are plotted versus the scaled time variable (23), as in
Fig. 3(d), we get an almost perfect coincidence of the quantities
(25) for all values of 7, provided s is not too large. This is in
agreement with the predictions from Eqs. (22) and (23); the
deviations from coincidence for large s are due to high-order
terms in the expansion (13). The very good coincidence of the
classical quantities (26) for all 5 is again due to the analog of
Eq. (22) for the classical map (6).

Figure 4 shows the probability distributions in real space x
for the evolving wave packets in the two cases of Fig. 3(a). It
is clear that the quantum diffusion of the wave packet in the
ordinary weak-chaos case [Fig. 4(a)] is much faster than that
in the SWC case [Fig. 4(b)].

VII. SUMMARY AND CONCLUSIONS

In this paper, we have studied quantum-dynamical and
spectral manifestations of classical SWC in KHSs, defined
by the general Hamiltonian (1). The presence of an electric
field E = E,, satisfying the resonance conditions (5) with

FIG. 3. (Continued) plots as in (c) but versus the scaled time variable
(23); there is an almost perfect coincidence of the quantities (25) for
the different values of 1/(27) and even a better coincidence of the
corresponding classical quantities (26).
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n = ET # 0, causes SWC, defined by Eq. (7), to be a generic
phenomenon in KHSs, occurring for arbitrary potential (8) with
N < ¢’ [Eq. (9)] and arbitrary initial value x”’ in Eq. (3) [26].

We have shown that quantum antiresonance (QAR), with the
QE spectrum of the basic evolution operator (11) consisting of
just one flat (infinitely degenerate) band, occurs for integer
values of a scaled Planck constant 7 and under the same
generic classical conditions for SWC. Thus, QAR may be
viewed as a quantum analog of SWC. In fact, in the close
vicinity of QAR (7% close to an integer), the evolution operator
(12) was shown to describe a regime of semiclassical SWC.
The generic QAR in KHSs should be compared with the rare
one occurring in other systems [8,9,21,25].

We remark that a phenomenon similar to QAR is known
to take place for tight-binding electrons in two-dimensional
periodic structures perpendicular to a magnetic field [31].
When the magnetic flux per unit cell is some rational multiple
of the quantum of flux, the energy eigenstates are localized
on just a finite number of sites, forming a bounded region
known as “Aharonov-Bohm cage,” and the energy spectrum
then consists of a finite number of flat bands [31].

A global spectral manifestation of SWC was shown in the
general case of ¢ > 2N, a condition stronger than the usual
SWC one (9): The plot of a scaled QE spectrum versus 7
at fixed small value of u = «// exhibits an approximately
doubled structure, i.e., it is approximately periodic in /iy with
period 1/2 rather than the ordinary period 1. This reflects the
classical fact that the unit cell of the SWC web cell for £/ > 2N
is approximately half the size of the ordinary weak-chaos web
cell, see Fig. 1. In the case of standard (cosine) potentials,
with N = 1 and ¢’ > 2, the plot of a scaled QE spectrum is
approximately a double Hofstadter butterfly having universal
features; see Sec. V and Fig. 2.

This universality is reflected in the quantum evolution
of wave packets for standard potentials. This evolution was
predicted to exhibit an approximately universal behavior,
independent of 1 and x., in terms of the scaled time variable
(23). We have verified this prediction for times not too large
by numerical studies of the evolution of the kinetic-energy
expectation value for a small generic (irrational) value of 7;
see Sec. VI and Fig. 3.

For an electric field in an arbitrary direction on the (x, y)
plane, the generic conditions for SWC and its quantum man-
ifestations in KHSs will depend only on the y component E,
of the field. In fact, one can easily show that the directed Hall
drift (3) will always hold exactly with E replaced by E, while
E, will essentially add only a constant phase to the argument
x. — v of the kicking potential in the Hamiltonian (2). This
phase is equivalent to a change in the initial condition x{*’ in
Eq. (3). However, SWC in KHSs occur for arbitrary values of
x{® (see Sec. Il and Ref. [26]), so that E, will not affect the
SWC conditions.

If the kicking potential in the KHS is replaced by a time-
independent two-dimensional periodic potential in the (x, y)
plane, one gets a system studied in works [32,33]. Unlike
the quantum manifestations of SWC in KHSs, the quantum
properties of this system strongly depend on the direction of
the electric field in the (x, y) plane [33]. Also, for fields in
some fixed direction, say y, the directed Hall drift may take
place only for specific initial conditions and for electric-field

104 | 1
—-—-nl(2n)=1/4
o — — y2m)=1/8
B
+
~ 2 A
2 10
=

10 s 10° 106

FIG. 5. Similar to Fig. 3(a) but in the ordinary weak-chaos case
of n/(2r)=1/4 (¢’ =1) and in the SWC case of n/(2mw) =1/8
(¢ = 2); in both cases, x. = 0.37/2. It is evident that the asymptotic
quantum evolution is now that of a ballistic motion rather than
quantum diffusion. Again, however, the rate of this motion in the
SWC case is significantly smaller than that in the weak-chaos case.
The thin solid lines are the corresponding classical quantities (26),
calculated as explained in Sec. VI, which again agree reasonably well
with the quantum behaviors.

magnitudes smaller than a critical value; otherwise, wave
packets spread ballistically in both directions orthogonal to the
electric field [32]. In KHSs, an asymptotic quantum ballistic
spreading in the (u,v) or (x,y) variables may occur for
irrational 7 only in special cases, e.g., £’ = 1, 2 for standard
potentials; see Fig. 5. This is in contrast with the asymptotic
quantum-diffusive behavior, illustrated by Fig. 3, occurring
under much more generic conditions.

We remark that since the general KHS is essentially equiv-
alent to a modulated kicked harmonic oscillator, as explained
after Eq. (3), the quantized KHS may be experimentally
realizable as it was done for the ordinary quantum kicked
harmonic oscillator using either atom-optics methods with
Bose-Einstein condensates [34] or paraxial-optics methods
with light beams [35].

APPENDIX A

Results in Sec. III are derived here in some detail.

Basic evolution operator. The one-period evolution oper-
ator for the Hamiltonian (10), from t =sT —0tot = (s +
1)T — 0, is given by

U =0,0) exp[—ipV (% — )], (A1)
where Oy =exp[—iy(@'a +1/2)] (y =T =T), lAJ,; =
exp(in¥e/h)(n = ET),and u = «k/h. The operator Uy isaro-
tation by angle y in the (u, v) phase plane: l%,f(&f, &)0;1 =
f(ate™v ae'”), for arbitrary function f(af,a) [36]. In the
case assumed in this paper, i.e., y = 7 /2, this is a clockwise
rotation by 7/2: v > u - —v — —u — v. From [J., X.] =
ih, one has y. =ihd/dx., so that U,; = exp(—nd/dx.), a
translation of %, by —n. Using all this and Eq. (5), one
can then write the basic evolution operator for the KHS, U
[r =lcm(n =4, £) = 4¢/, see Sec. 11], corresponding to the
basic classical map (6):

U" = U,.(—1)" exp(—2nn'kd /dx.), (A2)
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where 0, is defined by Eq. (11). The two terms besides 0, in
Eq. (A2) are as follows: (-t = 0;, since 0;‘ =—landr =
4¢'; exp(—2nn'kd /dx.) = (LA/,’])’ from Eq. (5) and r = n'¢.
Since the first term is just a constant and we shall consider only
wave functions in the (u, v) degree of freedom, independent
of (x¢, ), these terms will be ignored from now on, so that
U is given by just Eq. (11) with %. replaced by a constant
number x..

Effective Hamiltonian. We shall now derive an expression
for the effective Hamiltonian H, in Eq. (12). Assuming a
general potential (8), the argument of the exponent under the
product sign in Eq. (11) is given by

Oj = —ipV(xe— jn—19;)
N
=—ip Y Veexpligxe — jm)lexp(—igd;). (A3)
g=—N

Now, given two operators A and B, one has [37]
exp(A)exp(B) = exp (A + B + 3[A, B]1+ S[A,[A, B]]
+5MA, B, B1+...), (A4)

involving a series of repeated commutators on the right-hand
side. Equation (A4) can be applied to derive systematically an
expansion for A, in Eq. (12) as follows. From the definition of
D; after Eq. (11), we see thatif §; = fi or 9; = ¥ (up to sign)
thend;;1 = Dord;; = @i (up tosign), respectively. Therefore,
the commutator [0 s 0 i+1] of two adjacent operators (A3) will

be a linear combination of commutators of the form
[ipne'®", ipe'®"] = 2ip® sin(g g fig)e' #1420 (AS5)

for integers g, and g,, after using Eq. (A4) with [4, 0] =ih
and denoting /iy = i /(27 ). More generally, for integers g1, g2,
83, 845

[iuei(glﬁJrgzﬁ) iuei(gsﬁJrgM)]
= 2ip*sin[(g184 — gag3)mlise! @ HeIHE800 1 (AG)
We also note that for nonzero integer a one has
sin(amwhs) = J(a; hig) sin(w k), (A7)

where the function J(a; %) does not vanish for integer 7.
It is then easy to see from Eqs. (A5)—-(A7) that the repeated
commutators of operators (A3) in Eq. (A4) imply the expansion
(13) with Egs. (14) and (15).

APPENDIX B

We derive here an explicit expression for H 1(it, 03 hig) in
Eq. (13) for the general potential (8). From what we mentioned
at the end of Sec. III, we see that this expression results entirely
from the simple (nonrepeated) commutators in Eq. (A4). Using
then Egs. (11), (A3), and (A4), we can write

i ) = —5- 3" 3710, 01
H j=lj'=j
in R
_7 Z Z Vg,g'(xC)Fg,g’, B
g=—Ng'=-N

where V, o/(x;) = V, Vye! €)% and

gg_zzc(ll) (B2)

j=1j'=j

with
Al i) i (it
C;][’j) — [e ig(jntd)) o=ig'(/'n+d; )].

We decompose Fg,g/ in Eq. (B2) into three summations as
follows:

r—4 r
-y ¥ OUHDD
8.8

j==3j'=j+4
-
= —t4gn§ : E : C(Jj)
j'=1j=-3

j=t \Jj=t j=-3 j=j'"-
r r 0 r
__ —idgny E A3 § AT
Cg‘g/ + Cg g/
Jj=1j'=j j==3j'=l1
r J
AT
=Y ¢, (B3)
j=1j=j'-3

where we used the periodicity of §; in j with period 4 to get
the second equality. The first summation in the last parentheses
of Eq. (B3) is Fg, ¢ itself [see Eq. (B2)] and the second one
does not contribute since »_’_, e~'8'Unt0) = ( under the
SWC condition ¢’ > N, as shown in the derivation of Eq. (16).
Therefore, F, ¢, 1s expressed by the third summation as

R —idgn A
F, . = C /J
8.8 e 14877 § : 2 :
J '=1j=j'-
-1
— § :6714(g+g )rzl§ :eflgnn
e~ 14g7]
4
x E e*t(ngg ) n[eftgvﬁ_*_ﬁ/’ e 8 v,—,/]’ (B4)
n'=1

where the second equality is obtained after the successive
replacements j — j'+ 7 — 4, j/ — 41 4+ i/, and by using the
periodicity of §; in j with period 4 in C';,] ;),j, ). For ¢’ > N, one
has |g + g| < 2¢/, so that the geometric sum over [ in Eq. (B4)
gives

-1

Ze"‘““g M ¢ (8grg 0+ Sgsge + Sgrg—t). (BS)

1=0
Using Egs. (B5) and (A5), and also the fact that the commutator

in Eq. (B4) is nonzero only for 7 = 1, 3, we find, after some
lengthy but straightforward calculations,

ngg’ = %(fgg + feo): (B6)
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where

,sin(gg’'mhs)

o o = —40
Jes sin(2gn)

(5g+g’,0 + 8g+g’.i’ + 5g+gh—€’)

x [e7¥" cos(g'ti + g0 + (g + &)

—e'®"cos(g't — g0 + (g + g M)l (B7)

Note that the denominator sin(2gn) in Eq. (B7) does not vanish,
since its argument 2gn = wkn'g /¢’ is never an integer multiple
of m except for g = 0, which can be ignored since we take
Vo = 0 by definition in Eq. (8). Substituting Eq. (B6) with (B7)
into (B1) and using (A7), we obtain the explicit expression for
Hi(@, ; hiy):

|V, |?
H (4, vh)_—2£/ J( 2 h)——
X {cos[g(ft + 0)] + cos[g (it — D)]}
N
- V,Ve_
—4es [t 3T Tig( — g Rl K
N sin(2gn)
x {e7 8" cos[(£ — g)it + g0 + £'n]
e'$" cos[(¢' — g)ii — gd + £'n]} (B3)

We see from Eq. (B8) that the dependence on x. and the phases
of V, in H (i1, ¥; i) arises only from the second sum, which
does not appear for £’ > 2N.

APPENDIX C

We present here a general expression for the QE eigenstates
and consider some basic properties of them, as well as useful
matrix representations of the evolution operator U, based on
them. Clearly, U, in Eq. (11) commutes with translations by
27 in @ and 9. Since [#, 0] = 2wihs, one has it = 2wihyd/dv
and 0 = —2mihed/du, so that the translations above are given
by the operators Dy = exp(id/his) and D = exp(—iii/hs).
In general, the latter operators do not commute. However,
for rational /i, = g/p, where g and p are coprime integers,
the operators D; and D, = Dg = exp(l p?) commute and, of
course, they commute also with U,. The simultaneous QE
eigenstates of U,., Dy, and D5 in the v-representation can be
written as [28]:

p—1

Z¢b(d w) Z i1 wi/q+2md/p)

d=0 I=—c0
X 8(v — wy + 2ml/p).

(U|\I’bw

(ChH

Here the index b = 1, ..., p labels p QE bands &,(w), where
w = (w;, wy) is a Bloch wave vector ranging in the Brillouin
zone 0 < wy < 2mq/p,0 < wy < 27/ p; {p(d; W)Y_ (;,b =
1,..., p,are p 1ndependent vectors of coefficients. Assuming
the QE eigenvalues to be all different at any fixed w, i.e.,
exp[—i&(W)] # exp[—i&y(W)] for b # b/, it is easy to see
that each QE band Sb(w) is q -fold degenerate. In fact, the
g operators D], ; =0, . — 1, commute with U, but not

with Dy. Thus, the q states D(’) |W, w) are all different and are
degenerate eigenstates belonging to QE band b.

The eigenvalue problem for U, can be written as that of
a p X p unitary matrix in the basis of general states (C1), as
follows. We first define the operator U, = SU, 8T, where § =
exp [—ipnV (x. — 0)]. Then, using Eq. (11), we find that

r—1
U =] Jexpl—inV e — jn— )
j=0

(C2)
where
0@, ) = expl—ipnV (xe — 2jn — (—1)/ )]

(2j + hn— (=1)/a)]
(C3)

x exp[—inV(x. —

is a generalized “kicked Harper” evolution operator [28]. In
the basis (C1), the operator (C3) is represented by a p x p w-
dependent unitary matrix M(j ) 1 (W), whose elements are given
below in an explicit and compact form. Then, the operator (C2)
is represented by the p X p unitary matrix

r/2—1

M, (w)= [] Mgiw). (C4)

whose diagonalization gives the QE eigenvalues of U,. By
definition of Z],, its eigenvalues are the same as those of U,.
As explained below, the eigenstates (v|Wj, ) of . are given
by Eq. (C1) with ¢,(d; w) replaced by exp(—idws )¢, (d; w),
where {¢)(d; w)}g;(; are the eigenvectors of the matrix (C4).
lfinally, the eigenstates of U, are obtained as |Wpy) =
ST Wp,w)-

We now derive the matrix elements of M, (w) in Eq. (C4). To
this end, we start from a generalized kicked-Harper evolution

operator [28] defined by
Uk = exp [—iuWa()]exp[—iuWi(@)],  (C5)

where W (x) and W,(x) are arbitrary 2 -periodic functions.
Each factor in Uy can be expanded in a Fourier series as

Z‘Ilé >

§=—00

Z Jgse

§=—00

exp [—iuWi(d)] =

exp[—iuWa(D)] = (C6)

By applying the operator (C5) to the states (C1) and using
Egs. (C6), we get
p—1

= Z Fl,l(w1)qul/(wz)ei(lwl-kl’u@)
1,I'=0

(V| U | Wp.w)

p—1

. w2ildhs
XY dp(ds W Yy i (V)
d=0

(€7
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where, for j = 1, 2,

o0
Fiaw) = Y Jjsprie™™ (C8)

§=—00

and

Yw)= Y IS —wy +2ml/p) (€Y

l=—00

are “kq” distributions [38]. Defining
Pp(d; W) = &y (d W),

and using the independence of the kg distributions (C9) for
different w’s [38], we obtain from Eq. (C7) the eigenvalue

equation for the column vector V,(w) = {¢,(d; w)}g;é:

Min (W)V5 (W) = exp[—i & (W)IV, (W), (C11)

(C10)

where Mgy (w) is a p X p unitary matrix with elements

p—1
Z expl—i Wi (wy + 27 higd’)
s=0

—iuWr(wy +2ms/p)

—i(wy + 27s/p)(d — d)], (C12)
d,d =0,..., p—1. The matrix M,(w) in Eq. (C4) is the
product of matrices M(’ ) 1 (w) having elements (C12) with
Vixe—(2j 4+ Dy — (=1)x],
Vixe —2jn — (=1)/x].

(Mkn)d,a (W) =

Wix) =

Wo(x) = (C13)

Since the eigenvalue equation for each matrix M%& (w) has
the form (C11), also the eigenvalue equation for the matrix
(C4) will have this form, where V,(w) = {¢,(d ;w)}g;é and
¢p(d;w) are given by Eq. (C10) with ¢,(d;w) being the
coefficients in Eq. (C1).

APPENDIX D

We evaluate here the spectrum width and gap width for iz, =
1/2 and several SWC values of 7 in the case of the potential
V(x) = —cos(x). For iy, =1/2 (p = 2) M, (w) in Eq. (C4)
is the product of 2 x 2 matrices MKH(W) having elements
(C12) with (C13). For V(x) = — cos(x), these matrices can
be compactly written as

Mgﬁ(w) =D, it eoslie=2jn—(=1Y ws]o,
2

X eiﬂcos[xc_(z.j+l)77_(_l)jWI]UTD;zls (Dl)

where o, and o, are Pauli matrices and D,,, = diag(1, ev?),
Equations (C4) and (D1) imply that detM,(w) = 1.
Thus, if the QE eigenvalues of M, (w) are exp[—i&(W)]
and exp[—i&(w)], we must have &j(w)=—&E(W).
Also, Tr[M,(w)] =2cos[AE(W)/2], where AE(W)=
E1(w) — &(w) = 2E1(W).

Forn =0 (r =4, ¢ = 1), SWC occurs only at x. = /2.
In this case, we get from Egs. (C4) and (D1) the exact result

AE(W) = 4 arcsin{sin[u sin(wq )] sin[u sin(w,)]}. (D2)

It is clear from Eq. (D2) that the spectrum width A =
AE(r /2, /2) and the gap width § = AE(W'), where W' =
(w1, 0), (0, wy):

234 -.4),
§=0. (D3)

A = 4arcsin[sin’(n)] = 4’ (1 — p

Thus, there is no gap in this case.

For n # 0 with odd ¢, Tr[M,(w)] has symmetries in the
Brillouin zone of w. This can be shown by the following
calculation, using Eq. (C4) with r = 4¢’:

201

Tt[M, (—w)] = Tr ]_[ M) (—w)

[e—1 ] 201
[ [M&Ew ] Mdh(-w)
j=0

j=t

=T

-

M20—1 -1

1_[ M(] 5)( W)HM(]'FZ)( W)

j=t

=Tr

(D4)

In the last line of Eq. (D4), the shift by +¢" in j gives both
a sign change —w — w and a phase shift by 2¢'y = wn’k in
the cosine functions in Eq. (D1). For even n’k, this shift can be
ignored; we then get, using also the identity Tr(AB) = Tr(BA),

Tr[M, (—w)] = Tr[M,(w)]. (D5)

In the case of odd n'k, the phase shift leads to changes of the
sign of the exponents in Eq. (D1); however, using the formula
e~19%: = g,e/%%: gy, for any number a, and the fact that oyz
is the 2 x 2 identity matrix, we see that Eq. (D5) holds also in
this case.

For g = 1/2 the spectrum of the matrix (C4), like that
of (C12), is periodic in both w; and w, with period 7 [28].
Therefore, Eq. (D5) can be generalized:

Tr[M, (w, — w)] = Tr[M,(w)], (D6)

where w, = (0,0), (7, 0), (0, ), (w.r). It follows from
Eq. (D6) and Tr[M,(w)] = 2cos[AE(w)/2] that AE(W) is
symmetric under inversion around four symmetry centers:
wse = (0,0), (,r/2,0), (0, /2), (7/2, r/2). Each of these
symmetry centers should be an extremum point of AE(W).
In fact, our numerical observations for all the values of n
considered below indicate that AE(w) has a global minimum
at wg. = (0, 0), a global maximum at ws. = (77/2, w/2), and
saddles at wy, = (/2,0), (0, w/2). Therefore, the spectrum
width A = AE(/2, w/2) and the gap width § = AE(0, 0).
Expressions for the latter quantities were calculated using
Mathematica. In terms of the scaled QE & = 2 cos(1)E /(£ ie)
(see Sec. V), where ¢ = u for iy = 1/2, these expressions are
given by

_ 1
A= 4[1 -+ 360685 — cos(6xo )t + - }

§ = 2%§| cos(3xc)|,u<1 — %uz +- ) (D7)
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forn/(2n) =2/3,
- 3—45
A=4<1— 2“/_;L2+

246 —107V/5 N
% H :

5= Wms(smm(l — %ﬁuz + - )
(D8)
forn/(2m) =3/5, and
A =40 —ap® +ayp* + ),
§ = 0.00389344 cos(13xo)|u'! + - - (DY)

for n/(2mw)=8/13, where a; = —0.446215 and a4 =
0.324429 are roots of sixth-degree algebraic equations.

APPENDIX E

We summarize here briefly well known methods [10,25] for
calculating the evolving state (21) and expectation values in it
using the exact evolution operator (11). Let us first express
®p(u) (assumed to be normalized) by its v-representation
Dy(v):

Do(u) = h! /Oo dvexp(iuv/h)Py(v)

1
= /O dp exp(ifu) o, (1), (ED)
®op) = ) Pol(l + Pilexp(ilu).  (E2)
l=—00

Since the function (E2) is clearly 2 -periodicin u#, Eq. (E1) is a
decomposition of ®(u) into Bloch functions exp(iBu)®g g (1)
with quasimomenta B84, 0 < 8 < 1. By applying to such a
function the evolution operator (11), denoted here by U.(i1, D),
and using 0 = —ihd/du, we easily get:

U, (@, 0)eP* @ g(u) = U, g (01, 0) Do p(u),  (E3)
where
U,p(it, 9) = U (4, 0+ i) = U, (0, Bh — ihd /du). (E4)
Then, by applying s’ times the operator (11) to the initial wave
packet (E1) and using Eq. (E3), we obtain

1
d>s(u)=0f/(ﬁ,f))<bo(u)=/ dp exp(ipu)®s p(u), (ES)
0

where s = rs’ and

D p(u) = Uy (i1, 0)Po p(u)

= Y O+ B)hlexpilu). (E6)

I=—00

We thus see that the time evolution (E5) can be decomposed
or “fibrated” [10] into independent evolutions (E6) under the
operator (E4) at fixed 8. The latter evolutions are relatively easy
to calculate, as explained below, since they involve a Fourier
series rather than a Fourier transform. Also, the expectation
value of any Hermitian operator function of 9, F(?), in the
evolving state (E5) can be written as

e} 1
(F(9)), = / dud? () F (8), (u) = f dB(F (D)) 5.
— 0

o]

(ET)

where

(F(®)yp =21 Y |D,[( + BRIPFIU + )R], (EB)

I=—00

namely, the expectation value (E7) can be fibrated into the
expectation values (ES8) at fixed 8,0 < 8 < 1.

In Eq. (E6), the discrete v-representation ®,[(I + B)i] of
the evolving wave packet fors =rs' 4+ j', j'=0,...,r — 1,
can be calculated, for even j’, by multiplying ®o[(I + B)%]
by terms j = r — j’ in the product (11) with ¥ replaced by
(I + B)h; the application of the #i-dependent terms for odd j in
(11) is equivalent to a convolution in the discrete v = (I + B)A
space. We thus have

Oy jr1 [+ PIR] = expl{—ipVIxe + j'n — (=1)//?
x (I 4 BRN®,gy o [(L + B,
(E9)
for j'=0,2,4,...,r —2and

oo
IR () i N AR N CAE S D)

I'=—00
X @,y (" + BT,

for j'=1,3,5,...,r — 1, where Jy(x; 1) is defined by

(E10)

oo

exp[—ipVx +u)]= Z Ji(x;w)exp(ilu). (E11)

l=—00

As Fourier coefficients in Eq. (E11), J;(x; ) usually decay
fast with |/|, so that the sum in Eq. (E10) can be truncated to
get accurate enough results in a simple way.

Similarly, the expectation value of any Hermitian operator
function of &, G(#), in the evolving state can be calculated by
fibrating it into the expectation values at fixed quasiposition A/
forall 4,0 < A < 1;i.e.,in Egs. (E7) and (E8), one essentially
replaces 9, u, B by i, v, A, respectively, exchanging also &,
and ®;. One can then calculate expectation values such as (25)
in Sec. VL.
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